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q

d�I-i-c<B<Ua\<f c<j-i-DFE�DNd6DHG-I-D{IJ€

q

W-U�DHV�c<ŠMc c�x��*DHYJ\PU

I

q

Y;Ua€•Ua\<f§DHŠMc XHB�c<r-XM\�ByUJK �9i-DFE�V�DM\�c<V G6U �TDHŠMc U�G6Uod�IJ€RU=x

q

E

q

\§G-D_XHI-XN\<DHV�l I

c<x��*DMYJ\<l B<c<c<x! TD!"˜U \PU�Y§G6Ua€HlzByU�DHV�lzD

Ÿ

E�IJG6U�V�I-W-DMXHY-IJD XMI-XM\�DHV�l

Ÿ

B�V]Ua\<DMV]Ua\<I �

W-DMXHY2c<V j-c�G-I-V]U�G-IJI �N\<c<ŠMc \<DMi-V�I-G6U�� O � t�� K

����
����������������! "�#�
�#$%���&�'�(���)�&�*$%���&�*$+�
���������! ,��-��	�/.10

�9cHE�;<AB?B=��*A
� C��1 LS
� � A �IE C �*S ��j-c�G-I-V]U�• \‚d�•ux<c�r c<x��*DMYJ\�IZd�Iªj-iJc<k-DHXMX!"

E6d6[ Y2c�\<c�i-c<ŠHc`cHE�G-c�€HG6URW-G-cTc�j-i-DeE�DNd�DMG-cTj-c�GJ[J\�I-DuXMc<XM\�co[JG-IJ[ Y;U�Y^XMc<B<c<Y

q

j-GJc<XM\�I

G-DMY;ca\<c<i-lCpTB<Ded�I-W-I-G`BCE“U�G-G-lzr`V�c<V�DHGZ\uB<iJDHV�DHGJI "oI`€RURE“U�Gn€RU�Y2c<G "RY2c�\�c<i-lzr c�j-I �

XHlzB<U�DM\�IZ€•V�DHGJDHG-I-D � �HB�cad�•ukJI-• �zG6URW6UPd�f�G-c<ŠHc XHc<XN\<cR[-GJIJ[ Xn\<DHWJDHG-I-DMV•B<i-DHV�DMG-I•K

�

\<ca\�€RU�Y2c<GbjJc�€•B<cPd6[-DN\�j-c^G-UoW-UPd�f<G-c�V

q

XMc<XM\�co[JG-I-• jJi-c<ŠHGJc�€•I-iJc<ByUa\�f�x

q

E

q

 DHD

XHc�XM\<cR[JG-I-D{E�IJG6U�V�I-W-DMXHY2c<r XMI-XM\�DHV�l�I1DMŠHc G6UP€•lzByU�• \^€•U�Y2c<G-c<V �MB<cad�• k-I-I•K-STI �

G6U�V�IJW-DHXMY-I-D XMI-XM\�DHV�l � �M\�c'V�DNpyU�G-I-WJDHXHYJI-D!"ymnIJ€HI-W-DHXMY-I-D "PpZI-V�I-W-DMXHY-IJDzITx<I-cPd�c��

ŠHIJW-DHXMY-I-DTc�x��*DHYJ\�l "6B<lzW-I-Xed�IJ\�DNd�f<GJlzDTj-i-c�k-DHXMXHl‚I_j-i-c�k-DHXMXHl‚j-iJDHc<x<i-Ua€•c<B<U�G-IJ[

I-G-mnc<iJV]U�k-I-I " XHc<B<DMi �•UaDHV�lzD_BbXHc�c�\<B<DN\<XN\<B<I-I(X�Y2c<G-Y-i-DN\<G-lzV�I(UPd�ŠMc<i-IJ\�V]U�V�I•K

�

j-I-XHU�G-I-D E�I-G6U�V�I-WJDHXHYJIZp XMI-XM\�DHV�B1XHV�lzXed�D €RURE“U�G-IJ[8€RUaY;c�G6U��HB�cad�•ukJI-I \PU�Y �

¡

D E�c<j

q

XHY;U�DN\•x<cad�f � c<D i6Ua€HG-c<c<x�i6Ua€•IJD�22c<G-c{c<X

q

 TDHXM\�Bad6[JDM\<X%[_X j-c<V�c  f<• E�I-m �

mnDHi-DMG-k-I6Uod�f<G-lCp

q

i-U�B<G-DMG-I-r "6E�I-XHYJi-DM\�G-lCp=c�\�c<x<i6U

¡

DHG-I-r "“X`j-c<V�c! Tf<•s\�DHc<i-IJI

ŠHi-U�mnc<B�" \<DMc<i-I-I(V]U�i-Y2c<B<XMY-IZp kJDHj-DMr�I \oK E�K™AClzx�c<i c•E�G-c<ŠHc8IJ€�XHj-c�XHc<x<c�B8c�j-I �

X•UaG-IJ[1€•UoE“U�DN\ Y2c<G-YJi-DM\�G-lzr=B<I;E �"=@E C �"=@EKA
� C��1 LS � �*ST;WCPXDA XHc�c�\<B<DN\<XN\<B

q

•  TDHr

E�I-G-U�V�I-W-DMXHY2c<rbXMI-XM\�DHV�l9K



� �

 

Ua\�DHV]Ua\�I-W-DMXHY;Ua[ V�cHE�DNd�f E�I-G6U�V�I-WJDHXHY2c<r¢XMI-XM\�DHV�l XHW-IJ\PUaDM\<X%[ €RURE“U�G-G-c�r "aDMX �

d�I B�B<DeE�DMG-l¤j6U�i-U�V�DM\�i-l��� LS<S FD;>AB?B=WE"��� XHI-XN\<DMV�l "Jc<j-iJDeE�Ded6[-•  I-D9cHE�G-ca€•G6URW-G-c

DHD � S5� E S�
B?BADC�"6I

q

Y;Ua€RUaG�:<=t LST?�� �@SYX�� �BABA^XMc<XM\�cR[-G-IJ[�B<c¢B<i-DMV�DHG-I K

A €•U�B<I-XMI-V�c<XM\�I¤c�\ XN\<DMj-DHG-I•j-iJI-xad�I

¡

DHG-IJ[�cHE�G-c<r I(\<c<r

¡

DƒXHIJXM\<DMV�D V�c��

Š

q

\=x<l \�f j-c<XN\PU�Bad�DMG-l B1XHc<c�\�B<DM\�XM\�B<I-D_i6Ua€Nd�I-W-G-lzD�V]UP\<DHV]UP\<I-W-DMXHY-IJDƒV�cHE�Ded�I•K

�9XHXed�DeE�c�ByU�G-I-D i-D•Uod�f<G-lCp§XHIJXM\<DMV�I;E�DM\bj-c�j

q

\�I IJ€

q

W-DMG-IJ[ XHc<c�\�B<DM\�XM\�B

q

•  I;p

V]Ua\�DHV]Ua\�I-W-DHXMY-IZp�V�cHE�DNd6DHr "6XMc<B<DHi � DHGJXM\<B�c<ByU�G-IJD`I_i6Ua€HB<IJ\�I-DnY;ca\<c<i-lCp�c<j-i-DFE�D �

d6[JDM\<X%[1U�G6Uod�IJ€•c�V��MY;XMj-DHiJI-V�DHGJ\PUod�f<G-lCpbI_\�DHc<iJDM\<IJW-DHXMY-IZp1i-DM€

q

d6fo\PUP\<c<B j-i-IƒIZp

XHc�j-c<XM\PUaBad�DHGJI-I•K2A XMB�[J€HI•X �M\�I-V§jJc•ETE�I-G6U�V�IJW-DHXMY;c�r XMI-XM\�DHV�c<r¢V�l x

q

E�DHV=j-c�G-I �

V]Ua\�f9I-V�DHG-GJc'DHD V]UP\<DHV]UP\<I-W-DMXHY

q

••V�cHE�DNd6f-K �9XHXed�DeE

q

[¢cHE�G

q

IT\

q

¡

D�E�I-G6U�V�IJW-D �

XHY

q

•�XMI-XM\�DHV

q

� Y_j-i-IJV�DHi

q

"-E�B<I

¡

DMG-I-D9V]Ua[Z\<G-I-Y;U � "6B•€RU�B<IJXHI-V�c<XN\<I�c�\¢XM\�DHj-DMG-I

q

W-DM\PU i-Ua€Md�IJW-G-lCp m{U�YJ\<c�i-c<BTV�l�j-cad

q

W-I-V i6Ua€Md6I-W-G-lzD'V]UP\<DHV]UP\<I-W-DMXHY-IJD'V�cHE�D �

d�I•K-A•Y;URW-DMXM\<B�D{jJi-I-V�DHi-U i6UaXHXHV�ca\<i-I-V(V�cHE�DNd�f¢G-Ded�I-G-DMr-G-c<ŠMc Y2c<GJXHDHiJByUa\<IJB<G-c<ŠMc

c<XMk-IZd-d6[Z\<c<i-U 2

•x + sinx = 0; •x = d2x=dt2:
� O<K O �

hnU�Y IJ€•B<DMXM\�G-c�"Jm

q

G-Y-kJIJ[

sinx
UaG6UPd�IJ\�I-W-DMXHY;Ua[�I DHD i6Ua€Md6c

¡

DHG-I-D B`iy[2E 
 DMr �

d�c<i-U B<lzŠ d-[;E�IJ\ \PU�Y�2

sinx = x �
x3

3!
+

x5

5!
� � � � =

1X

n=0

x4n+1

(4n + 1)!
�

1X

n=0

x4n� 1

(4n � 1)!
:

� O<K

Z

�

�9i-IbV]UPd6lCp

x � 1
"

sinx ' x
K




q

B<Ded�I-W-DMG-I-DHV

x
\<iJDHx

q

DM\<X%[

q

W-DM\ B�\<c<iJc<ŠHc�"

\<iJDM\<f�DHŠHc1I=\oK E�K˜WZd6DHG-c<Bƒiy[;E“U "•WJ\<c�x<l X €•UoE“U�G-GJc<r8\�c<W-G-c�XM\<f�• U�jJj-i-c<Y2XHIJV�I-i-c��

ByUa\�f

sinx
K �9c	�N\<c<V

q

BƒXed

q

W6U�D

x � 1
V�lsjJcad

q

W6U�DMV X•UaV

q

• j-iJc<XM\

q

• V�cHE�DNd6f

V]Ua\�DHV]Ua\�I-W-DHXMY2c<ŠHc�V]Ua[Z\<G-IJYZU 2

•x + x = 0:
� O�K Q �




d�DFE

q

•  IJV¤j-i-I-xad6I

¡

DHGJI-DHV x

q

E�DM\ V�c•E�DNd�f G-DNd6I-G-DHrJG-c<ŠHc V]Ua[J\�G-I-Y;U 2

•x + x �
x3

6
= 0;

� O<K

ˆ

�

I§\PUaY=E“UPd6DHD�K�©nU_i-I-X�K]O<K O¢j-i-I-B�DeE�DMG-lªi-DM€

q

d�fR\PUa\<l U�j-j-iJc<Y2XHI-V]U�kJI-I m

q

G-Y-k-IJI

sinx
Y2c<G-DHWJG-lzV W-I-XNd6c<V WZd�DMG-c<BTiy[2E“UnE6d6[

n = 0; 1; : : : ; 43
K�S{d6[ YZU

¡

E�c�ŠHcTY2c<G �

Y-i-DN\<G-c�ŠHc €•G-UoWJDHG-IJ[

n
V�l x

q

E�DMVªj-cad

q

W6UP\<f G-c�B

q

•gE�I-G-U�V�I-W-DMXHY

q

• XMI-XM\�DHV

q

"

B�€•UoE“U�GJG-c<V‚j-iJI-xad�I

¡

DHG-I-I c<j-I-XMlzByU�•  

q

• j-i-c�k-DHXMX^Y2cad�DMxyU�G-I-r m{IZ€•I-W-DMXHY2c<ŠMc

V]Ua[Z\<G-I-Y;UJK



� �

���������	�
�	�

% r�r�f�/Y.�X-(�q3d���(�
��

i

'�.���(�( sin x .�/8'*+���'�� q���(�X-`*/8q���`�+-'*/gTof�
:R5d��

�

"

���

R�`	
 n = 1; : : : ; 43

� ��
�������$+�
�
���#���! �

�$ ����������$/� �
�� �#�
�#$%���"! �	��#$# ������
��
��%

�!.10*
&!('*)+�����*
���
���,

‰ UaXHXHV�ca\<i-I-V E�I-G-U�V�I-W-DMXHY-I-D XMI-XM\�DHV�l "zV�cHE�Ded�I-i

q

DHV�lzD=Y2c<G-DHWJG-lzV WJI-XNd�c�V

c<x<lzYJG-c<B<DMG-G-lCp E�IJm{mnDMi-DHG-kJI6UPd�f<GJlCp

q

i-U�B<G-DMG-I-r•K �9i-IJV�DHG-IJ\�DNd�f�G-c Y‚\PU�YJI-V

XHIJXM\<DMV]U�V XMc•pJi-U�G-IZd�IJXHf{j-i-DeE�XM\PU�Bad6DHG-IJ[ I \<DMi-V�I-G-cPd�c<ŠHIZ[ "yj-DMi-B<c<G6URW6Uod�f<G-c9B<ca€ �

G-I-Y � I-D{B¢V�DNp2UaG-I-Y2D�K“A¤i6U�XHXMV]Ua\<iJI-ByU�DMV�c<V�Xed

q

W6U�D'E6d6[_c<j-iJDeE�Ded�DHG-IZ[_E�IJG6U�V�I �

W-DMXHY2c<r^XMI-XM\�DHV�l•G-DMc<x•pycHE�I-V�c

q

Y;Ua€•Ua\<f`c<x��*DMYJ\ "aE�c<j

q

XHY;U�•  I-r c�j-I-X•UaG-I-D XHc<XN\<c��

[-GJIJ[_€RUoE“UaG-I-DHV�B<DNd�IJW-I-G

x1; x2; : : : ; xN
B G-DHY2c�\�c<i-lzrbV�c<V�DMGJ\ B<i-DHV�DMG-I

t = t0
K

ACDed�I-W-I-GJl

x i
V�c<Š

q

\ j-i-IJG-I-V]Ua\�f j-iJc<IJ€•B�cad�f<G-lzD9€HG6URW-DHG-IZ[ "�j-i-I-WJDHV E�B

q

V�i6UP€ �

d�I-WJG-lzV‚G6U�x�c<i6U�VLB<DNd�IJW-I-G

x i
I

x0
i

ca\<B<DMW6U�• \�E�ByU_i6Ua€HG-lCp8XHc�XM\<cR[JG-IJ[•K

Œ

U�Y2c<G

�HB�cad�•ukJI-I{E�I-G-U�V�I-W-DMXHY2c<r•XHIJXM\<DMV�l(B�c B<iJDHV�DHGJIT€RU�jJI-XHlzByUaDM\<X%[¢XMI-XM\�DHV�c<r•c�x<lzY �

G-c<B�DHG-G-lCp E�I-mnm{DMi-DHGJk-I6UPd�f�G-lCp

q

i-U�B<G-DMG-I-r

dxi

dt
= _x i = f i (x1; x2; : : : ; xN ); i = 1; 2; : : : ; N:

�„O<K t!�

��XNd�I(i6U�XMXHV]Ua\�i-I-ByUa\�f B<Ded�I-W-IJG-l

x1; x2; : : : ; xN
Y;U�Y Y2c<c<i�E�I-G-Ua\<l|\�c<W-Y-I

x
B

N
� V�DHiJG-c<V j-i-c<XN\<i6U�GJXM\<B�D!"6\<c¢j-cad

q

W-U�DM\�X%[1G6UaŠ d6[;E�GJc<D9ŠHDMc<V�DM\�i-I-W-DMXHY2c<DTjJi-DeE �

XM\PUaBad�DHGJI-DbXHc�XM\<cR[JG-IJ[ E�I-G6U�V�I-WJDHXHY2c<r�XHI-XN\<DHV�lgB§B<I;E�D �M\�c<r�\<c�W-Y-I•K �9c<XNd6DeE �

G-• •�G-Ua€•lzByUa• \ IJ€•c<x�i6U

¡

U�•  DMr "�U W-U  D�� �2=>:WS��@S
�VE S �  LS
� "�U•j-i-c<XN\<i6UaG-XM\�B<c

XHc�XM\<cR[JG-I-r � �-=>:WS � � � O@FDSP� EGFL=@? � E.�@S ��E�I-G6UaV�I-W-DHXMY2c<r1XMI-XM\�DHV�l9K	�'€•V�DHGJDHG-I-•

XHc�XM\<cR[JG-IJ[(XHI-XN\<DHV�l B<c B<i-DMV�DHG-I c�\<B�DHW6U�DN\=E�B<I

¡

DMG-I-D�m{Ua€•c�B<c<r \<c<WJY-I(BoE�cad�f

G-DMY;ca\<c<i-c�rTd�I-G-I-I "�G6Ua€HlzByU�DMV�c<r �-=<:WS��@S
� EGFL=\C1 E SYFBADC��6KPA m{Ua€•c�B<c<Vbj-iJc<XM\�i6U�G �

XM\�B<D XMI-XM\�DHV�l

q

i6U�B<G-DMG-IJ[JV�I � O<K t	�'c<j-i-DFE�DNd-[-DM\�X%[ B<DHYZ\<c<i-GJc<D j-cad6D XMY;c�i-c<XM\�DHr "

XHc�j-c<XM\PUaBad6[-•  DMDTY;U

¡

E�c<r_\<c<W-Y2D

x
B<lCp<cHE�[  TI-rbIJ€{G-DMD{B�DHYJ\�c<i1XMY;c�i-c<XM\�I

F (x)
"6Y2c<V�j-c<GJDHGJ\�l"Y;ca\<c<i-c�ŠHc E“U�• \�X%[1jJi6U�B<lzV�IƒW6U�XN\R[-V�I

q

i6UaB<G-DHGJI-r �„O<K t	� 2

[f 1(x1; x2; : : : ; xN ); f 2(x1; x2; : : : ; xN ); : : : ; f N (x1; x2; : : : ; xN )]:
� O<K w �



� �

STI-G6U�V�IJW-DHXMYZUP[�XMI-XM\�DHV]U �„O<K t	�CV�c

¡

DM\ x<l \�f €•U�j-I-XHU�G6U¢B B<DMYJ\<c�i-G-c<rƒmnc<i-V�D�2

_x = F(x);
� O�K }	�

Š E�D

F(x)
�^B<DMYJ\<c�i � m

q

G-Y-k-IZ[1i6UP€•V�DHiJG-c<XM\�I

N
K

©9DHc<x•p<c•E�I-V�c

q

\<c<WJG-IJ\<f=B�€•U�I-V�c<XMB�[J€Hf1j-c�GJ[J\�I-r W-I-Xed�U1XN\<DHjJDHG-DMr(XMB<c<x<cHE�l I

i6Ua€HV�DHi-GJc<XM\�I m`UP€•c<B<c�ŠHc1jJi-c<XM\�i6U�G-XN\<ByU�E�I-G6U�V�IJW-DHXMY;c�r XHI-XN\<DHV�l9K �ncHE � A �PXHS �

�IE C ODCI?DC � �-�WS>R<ST;�� j-c�G-I-V]U�DN\<X%[�G6U�I-V�DMG-f!� DMDnW-I-XNd6c G-DN€RU�B�I-XHI-V�lCpƒY2c<c�i<E�I-G6Ua\ "

G-DMc<x•pycHE�I-V�lCp E6d6[8cHE�G-ca€•G6URW-G-c�ŠHcƒc<j-i-DFE�DNd�DMG-IJ[§XHc<XN\<cR[-GJIJ[ XMI-XM\�DHV�l9K
�9c•E Y2c��

c<i�E�I-G-Ua\PU�V�I jJDHi-B<c�G6URW6UPd�f<GJc(j-c�G-I-V]UPd�IJXHf I-V�DHG-GJc�j-i-c�XM\<i-U�G-XM\�B<DHGJG-lzD j-DMi-D �

V�DHGJG-lzD!"˜p2U�i-U�YJ\<DMi-IJ€

q

•  I-D^B�€RU�IJV�c<i6U�XMj-cad�c

¡

DMG-I-D¢\<DNd I§c�x��*DHYJ\�c<B-K*A‚\<c

¡

D

B<i-DMV [1E6d6[=cHE�G-ca€•G6URW-G-c�ŠHcƒi-D��TDHG-IJ[§XHc�c�\<B<DN\<XN\<B

q

•  TIZp

q

i-U�B<G-DMG-I-rbE�B<I

¡

DMG-IJ[

G-DMc<x•pycHE�I-V�c�"�j-c<V�I-V�c1Y;c�c<i�E�I-G6Ua\ "�€RUoE�Ua\<fbXMc<c�\�B<DM\�XM\<B

q

•  I-DƒG6URW6UPd6f<G-lzD^€HG6U �

W-DMG-IJ[ IJV�j

q

d�f<XHc�B IZd�I(XHY2c<i-c<XN\<DMr•KzA XMB�[J€HI X �M\<IJVªXHI-XN\<DHV]U X

n
XN\<DMj-DHGJ[JV�I

XHB�c<x<cHE�l(pyU�i6U�YJ\�DHi-IZ€

q

DN\<X%[ƒm{Ua€•c�B<lzV j-iJc<XM\�i6U�G-XN\<B<c<V i6UP€•V�DHiJG-c<XM\�I B'E�ByUni6Ua€RU

x<cad6f!� DMr �

N = 2n
�NK

� .����/�#��# ����� �
�  �	�


�����
�
���#����'"������$ ���

��XNd�I=E�I-G6U�V�IJW-DHXMYZUP[ XHI-XN\<DMV]U1€RUoE“UaG6U

q

i6U�B<GJDHG-I-DMV � O<K }	� "•\�cbj-c<XN\

q

d�I-i

q

DM\ �

X%[ "™WJ\�c Y;U

¡

E�c<V

q x (t0)
B m{Ua€•c�B<c<V jJi-c<XM\�i6U�G-XN\<B<D XN\PU�B<IJ\�X%[•B XMc<c�\<B�DM\<XN\<B<IJD

XHc�XM\<cR[JG-I-D

x (t) (t > t0)
"�Y

q

E“Ub€RU B<i-DMV [

t � t0
j-DHiJDHV�DHXN\<IJ\�X%[¤m{Ua€•c�ByUa[ \�c<W �

Y;U ";E�B�I

¡

q

 Ua[-X%[ƒB•XHc�c�\<B<DN\<XN\<B<I-I�X

q

i6U�B<G-DMG-I-DMV � O<K }	�eK-A¤c<j-DMi6Ua\<c�i-G-c<r_mnc<i-V�D

� O�K }	�CV�c

¡

G-c•€RU�jJI-X•Ua\�f^B¢B<I;E�D

x (t) = T tx (t0);
� O<K

]

�

Š E�D

T t
� €RU�Y2c<G � c<jJDHi6Ua\�c<i�� �HB�cad�•ukJI-I•K ��XNd�I �M\�c�\^c�j-DHi6UP\<c<iƒj-i-I-V�DMG-IJ\�f^YƒG6U �

W6UPd6f<G-c<V

q

XHc<XN\<cR[-G-IJ•

x (t0)
"�\<c V�l j-cad

q

W-IJV

x (t)
"�\oK DaK XHc<XN\<cR[-GJI-D_BbV�c<V�DHGZ\

B<i-DMV�DHG-I

t > t0
K 
 UaY Y;U�Y

x (t0)
I

x (t)
j-iJI-G6UoE6d6D

¡

Ua\ c•E�G-c<V

q

I \<c<V

q

¡

D

m{Ua€•c�B<c<V

q

j-i-c�XM\<i-U�G-XM\�B

q

E�I-G6U�V�IJW-DHXMY;c�r XHI-XN\<DHV�l "�\<c V]Ua\<DMV]Ua\<I-YJI ŠHc<B<c�i2[Z\ B

E“U�GJG-c<r�XHIZ\

q

Uak-I-I�2-c�j-DHi6UP\<c<i

T t
c�\<c<x�i6U

¡

U�DN\•m{Ua€•c�B<c<DujJi-c<XM\�i6U�G-XN\<B<c¢XMI-XM\�DHV�l

G6U XMDHxR[•K˜ALXHc<c�\�B<DM\�XM\�B<I-I X �M\<IJVLV�c

¡

G-c G6Ua€HlzByUa\�fƒc�j-DHi6UP\<c<i

T t
c�j-DHi6UP\<c<i-c�V

c�\�c<x<i6U

¡

DHG-IJ[8IZd6I j-i-c�XM\<c�c�\<c�x<i6U

¡

DMG-I-DMVzKc��Xed�I IJ€HB<DHXN\<G-c1c�\<c<x�i6U

¡

DMG-I-DTE6d6[

V�c<V�DMGJ\<c<B8B<i-DMV�DHG-I

t > 0
I

s > 0
" \<c8XHc�c�\<B<DN\<XN\<B

q

•  TDHD c�\�c<x<i6U

¡

DHG-IJD E-d6[

V�c<V�DMGJ\PU8B�i-DHV�DMG-I

t + s
B c<j-i-DFE�DNd6DHG-G-lCp Xed

q

W6Ua[;p V�c

¡

DM\=x<l \�f=j-cad

q

W-DMG-c§B

XHc�c�\<B<DN\<XN\<B<I-I X9jJi6U�B<IZd6c<V�2

T tT s = T t+ s; t > 0; s > 0:
�„O<K …	�



���

STI-G6U�V�IJW-DHXMY-I-D'XMI-XM\�DHV�lŽV�c

¡

G-c{YZd�U�XMXHI-mnI-kJI-i-c<ByUP\<f•B`€•U�B<I-XMI-V�c<XN\<I�c�\TB<I �

E“U9c<j-DMi6Ua\�c<i6Unc�\<c<x�i6U

¡

DMG-IJ[¢I¢XM\�i

q

YJ\

q

i-l•m{Ua€•c�B<c<ŠHc9jJi-c<XM\�i6U�G-XN\<ByUZK ��XNd6I c<jJD �

i6Ua\�c<i^jJi-DeE

q

XHV]Ua\�i-I-ByUaDM\•I-XMYZd�• W-IJ\<Ded�f<G-c{d�I-G-DMr-G-lzDujJi-DHc<x�i6Ua€•c�ByU�G-IJ[ G6URW6Uod�f��

G-c<ŠMc^XMc<XM\�co[JG-IJ[ "�\�c^c<GƒG6Ua€HlzByU�DN\<X%[�d6I-G-DHrJG-lzVzK“œ{I-G-DMr-G-lzr�c<j-DHi-Ua\<c<i1c<xad�UoE�U �

DM\bXHB<c<rJXM\<B�c<V"X

q

j-DMi-j-c�€HI-k-I-I�2

T [x (t) + y (t)] = T x (t) + T y(t)
Kc��XNd�I c<jJDHi6U �

\<c�i^G-Ded�I-G-DMr-G-lzr "2\<c{I XMc<c�\�B<DM\�XM\<B

q

•  •Ua[¢E�I-G6UaV�I-W-DHXMY;Ua[^XMI-XM\�DHV]UTG-Ua€•lzByUaDM\<X%[

G-Ded�I-G-DMr-G-c<r•K�‰�Ua€Md�IJW6U�• \ G-DMj-i-DHiJlzB<G-lzD{I E�I-XHY-iJDM\<GJlzDTc<j-DMi6Ua\�c<i-l I_XMc<c�\<B�DM\��

XM\�B<DHGJG-c �IA � E C ��� �8?DC O@FHCPF����<?
� � AV;>A �� FDCIEK?
� � �NFHC �UC ?DC �nK




I-XN\<DHV�l "6E6d6[

Y2c�\<c�i-lCp�c�\�c<x<i6U

¡

DHG-IJD

x (t)
Xuj-c<V�c  f<•Lc<j-DHi-Ua\<c<i-U

T
V�c

¡

DN\•x<l \<fTc<j-i-DFE�DNd�D �

G-c9E6d6[•d�•ux�lCp

t > t0
� G-DMj-i-DHiJlzB<G-c B<c{B<i-DMV�DHG-I � ";G6Ua€•lzB<U�• \{\PU�Y

¡

DUODSTE SD =
�"A

j-c¢U�G-UPd�c<ŠMI-I�XHc XN\PU�k-I-c�G6U�i-G-lzV \<DMW-DHG-IJDHV

¡

I;E�Y2c<XN\<I•Ke�]Xed�I�c<j-DMi6Ua\�c<i_c�\<c<x�i6U �

¡

DMG-IJ[ c<j-i-DFE�DNd�DMG G6UuE�I-XMY-i-DM\�G-c<V V�G-c

¡

DMXM\�B<D €HG6URW-DHG-IJr^B<i-DMV�DHG-I ";\�c`XMc<c�\<B�DM\��

XM\�B

q

•  TI-D^E�I-G6U�V�IJW-DHXMY-I-D�XHIJXM\<DMV�l G-Ua€•lzByUa• \  =t�� =@;>=��*A "�IZd�I XMI-XM\�DHV]U�V�I X

E�I-XMY-i-DN\<G-lzV•B<i-DMV�DHG-DMVzK




j-c<XMc<x<lŽ€RUoE“UaG-IJ[ƒc<j-DMi6Ua\<c�i6U c�\�c<x<i6U

¡

DHG-IZ[

T
\PU�Y

¡

D{V�c<Š

q

\ i6Ua€Nd�I-W6Ua\�f<X%[•K

�

j-DHi-Ua\<c<i

T
V�c

¡

G-cT€•UoE“Ua\�f•B•B<I;E�D E�I-mnmnDHi-DMG-k-I6UPd6f<G-c<ŠMc I;d�I_I-GJ\<DMŠHi6Uod�f<G-c<ŠMc

j-i-DMc<x<i6UP€•c<ByUaG-IJ[ "ZB•B<I;E�D9V]UP\<i-I-kJlLIZd6I_\PUaxad�I-k-l "JB•B<I;E�D'ŠMi6U�mnI-Y;U•IZd�I�m

q

G-Y �

k-I-IƒI_\oK E�K

AŽ€•U�B<I-XMI-V�c<XN\<I=c�\^\�c<ŠHc "“Y;U�Y2c<rbiy[2E=€•G6URW-DMG-I-r V�c<Š

q

\�j-i-I-GJI-V]Ua\<f�m{Ua€Hc<B<lzD

Y2c<c<i�E�I-G-Ua\<l "-c�j-i-DeE�DNd6[J•  IJD'XHc<XN\<cR[-GJI-D9XHI-XN\<DMV�l "-i6Ua€Nd�I-W6U�• \ ?DC O@FHCPF����<?DS>C*A

;>A �� FHC EK?DS>C �-=<:WS�� �)C O@FHS5�IEGFL=W? �IE.�W=aK

� -!.���� �*$%�/.10*
&! � �#�
�#$%���"! �(��',�/��- ,��#$%���

A U

¡

G

q

•‡ŠHi

q

jJj

q

E�I-G6U�V�IJW-DHXMY-IZp�XHIJXM\<DMV
j-i-DFE�XM\PU�BPd6[-• \‚XHIJXM\<DMV�l "`BŽY2c��

\<c�i-lCp B<c�€HV�c

¡

G-l Y2cad�DMxyU�G-IZ[•K�h9cad�DMxyUa\�DNd�f<GJlzDƒXMI-XM\�DHV�l|X \<c<W-YJI €Hi-DHGJIJ[ IZp

V]Ua\�DHV]Ua\�I-W-DHXMY-IZpbV�c•E�DNd�DMrbi6Ua€eE�DNd6[J• \^G6U c�j-i-DeE�DNd�DMG-G-lzD YZd�U�XHXMl9K“‰�Ua€Md6I-W6U�• \

XDAB?DC��B?
�)CnI ?DCPXHAB?DC �B?
�)C9Y;cPd�DHxyUP\<DNd6f<G-lzD XMI-XM\�DHV�l " �ISP�QFHCI;<STE S � C ?B?
�)C A
FL= �$�

O@FHC ;WCPXHCI?B?
�)CNMm LS>? �ICPF��<=@EKA��<?
�)C A ;>A ���IABOB=@EKA��<?
�)C M*=&�WE ST?DS �"?
�)C A ?DC =��<E S��

?DS �"?
�)CMK

�

XHc�x<lzr Y;d�U�XHX j-i-DFE�XM\PUaBad6[-• \ \PU�Y G6Ua€•lzB<U�DHV�lzD =��WE SD LSYXHCIR =WE C XDJ ?
�)C

�IA � E C ����K

�

XHGJc<B<G-lzD`XHB<c<rJXM\<B<U

q

Y;Ua€RU�GJG-lCpbXMI-XM\�DHV•j-cHE�i-c�x<G-c^c�x<X

q

¡

E“U�• \�X%[bB

i6U�x�c�\PUPpƒj-c•\<DMc<i-I-I�Y2cad�DHx<U�G-I-r•K

h9cad�DMxyUa\<Ded�f<G6UP[^XMI-XM\�DHV]U G6Ua€HlzByU�DN\<X%[ XDAB?DC��B?DS
�TI;d�I
?DCPXHAB?DC �B?DS
�TBn€RU�B<IJXHI �

V�c<XN\<I c�\�\<c<ŠMc�"*d6I-G-DHrJG6UbIZd�I GJDNd�I-GJDHr-G6Ubc�j-I-XHlzB<U�•  Ua[ DMD^XHIJXM\<DMV]U�E�I-mnmnD �

i-DMG-k-I6UPd6f<G-lCp

q

i6U�B�G-DHG-IJr•K�œ{I-G-DMr-G-lzD�XMI-XM\�DHV�l [JBad6[J• \<X%[ W6U�XM\�G-lzV�XNd

q

W6U�DMV

G-Ded�I-G-DMr-G-lCp“K

�

E�G6UaY;c "6B XMIZd

q

j-i-IJG-k-I-j-I-UPd�f<G-c�r1ByU

¡

G-c<XN\<I d�I-GJDHr-G-lCp�XMI-XM\�DHV

j-i-I^I-XHXed�DeE�c�ByU�G-I-I^B<c<j-i-c�XHc<B

q

XN\<c<r-WJI-B<c<XN\<I_Y2cad�DHx<U�G-I-r ";Un\PU�Y

¡

D BTB<ca€•V�c

¡

GJc��

XM\�I¢I-XHj-cPd�f�€•c�ByU�G-IJ[Tj-i-I-GJk-I-j6U'X

q

jJDHi-j-ca€•I-k-IJI iJD�� DMG-I-r•\PU�Y;Ua[•Y;d�U�XHXMI-mnI-Y;U�k-IJ[

c<j-i-U�BPE“U�G-UJK



���

STI-G6U�V�IJW-DHXMY-I-D8XHI-XN\<DHV�l " V�cHE�Ded�I-i

q

DHV�lzD Y2c<GJDHW-G-lzV W-I-XNd6c<V c<x�lzY-G-c<B<DMG �

G-lCpnE�I-mnmnDHi-DMG-k-I6Uod�f<G-lCp

q

i6UaB<G-DHGJI-r "�G-Ua€•lzByUa• \ �ISP�QFHCI;<STE S � C ?B?
� �*AnIZd6I E S��

� C�� ?
� �*A XHI-XN\<DHV]UaV�I•K

�

G-Iƒc<j-IJXHlzByU�• \<X%[1X{jJc<V�c! f�•�Y2c<GJDHW-G-c�V�DHi-G-c�ŠHc^m{Ua€Hc��

B<c<ŠMcuj-iJc<XM\�i6U�G-XN\<ByU'Inp2U�i6UaYJ\<DMi-IJ€

q

• \<X%[ Y;c�G-DHW-GJlzV8WJI-XNd�c�VbXM\�DHj-DMG-DHr¢XHB�c<x<cHE�l9K

�

E�G6U I�\PU

¡

D{XMI-XM\�DHV]U B i6Ua€Nd�I-W-G-lCp

q

XNd�c<B�IJ[Zp�V�c

¡

DM\ i6U�XMXHV]Ua\�i-I-ByUP\<f<X%[ Y;U�Y

XHc�XHi-DFE�c�\<c�W-DHG-G-Ua[ d6I-x<c Y;U�Y i6U�XMj-i-DeE�DNd�DMG-G6Ua[ K

 

Ua\<DMV]Ua\<I-WJDHXHYJI-D1V�cHE�Ded�I FL= �$�

O@FHC ;WCPXHCI?B?
���bXHIJXM\<DMV � �N\<c_E�I-mnm{DMi-DHGJk-I6UPd�f�G-lzD

q

i6U�B<GJDHG-IJ[ B�W-U�XM\�G-lCp jJi-c��

IJ€HB<cHE�G-lCp "JI-GZ\<DHŠMi6UPd�f�G-lzD

q

i6U�B<GJDHG-IJ[ IZd�I c<x<lzY-GJc<B<DHGJG-lzD

q

i6U�B�G-DHG-IZ[ X €RU�j6UP€ �

E�lzByUa•  IJV U�i-Š

q

V�DMGJ\<c<VzK �9I-XNd6cTXM\�DHj-DMG-DHr�XMB<c<x<cHE�l(i6U�XMj-i-DeE�DNd�DMG-G-c<r�XMI-XM\�DHV�l

x<DMXHY2c<G-DMW-G-c�";I \�i-DHx

q

DM\�X%[�x<DHXMY2c<G-DHWJG-c<D'W-IJXNd�c9E“U�G-G-lCp E-d6[^c�j-i-DeE�DNd�DMG-IJ[ DMD XMc��

XM\�cR[-G-IJ[ K�A"\�DHc<iJI-I �ed�DHYJ\�i-I-W-DMXHY-I;p Y2cad�DMxyU�G-IJr§XMI-XM\�DHV

q

i6U�XMXHV]Ua\�i-I-ByU�• \1Y;U�Y

XHc�XHi-DFE�c�\<c�W-DHG-G

q

•�B{\<DNp^XNd

q

W-Ua[Zp "JY2c<Š E�U{E6d�I-G6U`B<cad�G-l�Y;cPd�DHxyUaG-I-r�X

q

 TDHXM\�B<DHG �

G-c j-i-DHB�l �•U�DN\nŠHDHc�V�DM\<iJI-W-DHXMY-I-D i6Ua€HV�DHi-l XHU�V�c<r`XHI-XN\<DHV�l9K �]Xed�I i6UP€•V�DHiJl j-i-I �

x<c<i-U XHc<IJ€HV�DHi-IJV�l XƒE6d6I-G-c<r•B<cad6G-lgŠHDHGJDHi-I-i

q

DHV�lCpLY2cad�DMxyU�G-IJr " \�c XMI-XM\�DHV

q

G-DMc<x•pycHE�I-V�c i6U�XHXMV]Ua\<iJI-ByUa\�f^Y;U�Yƒi6U�XHjJi-DeE�Ded�DHGJG

q

•TK

�9c �MG-DHiJŠHDM\�I-W-DMXHY2c<V

q

j-i-IZ€•G6U�Y

q

E�I-G6U�V�I-WJDHXHYJI-D XHIJXM\<DMV�lªE�DNd6[Z\<X%[ G6UƒY2c<G �

XHDMi-ByUa\�I-B<G-lzD I G-DHY2c<G-XMDHi-B<Ua\<I-B�G-lzD�K�� ST? � CQF��W=WEKA��W?
�)CƒXHI-XN\<DHV�l
p2Uai6U�YJ\�DHi-I �

€

q

• \<X%[‚GJDHIJ€HV�DHG-G-lzV B�c(B<iJDHV�DHGJIŽ€•U�j6U�XMc<V �MG-DHi-ŠMI-I•K A V�Dep2U�GJI-Y2D IZp•G-Ua€•l �

ByU�• \ +N=��*ALXDJ E ST?DS � � �*A6K�S{d6[ Y2c<G-XMDHi-B<Ua\<I-B�G-lCp(XHI-XN\<DHVªX��§XM\<DMj-DHGZ[-V�I XMB<c��

x<cHE�l c<j-iJDeE�Ded6[-DN\<X%[ \PU�Y G6Ua€HlzByU�DMV�lzr +N=��*ALXDJ E ST?BAB=@? XHIJXM\<DMV�l

H (p; q)
"�Š E�D

qi
��c<x<c<x  DHGJG-lzD§Y2c<c�i<E�I-G6Ua\�l "

pi
��c<x<c�x! DMG-G-lzD8I-V�j

q

d�f<XMl XHI-XN\<DMV�l "

i =
1; 2; : : : ; n

K #ZU�V�IZd�fR\<c�G-I6U�G�j-cad�G-c�XM\<f�•sp2U�i-U�YJ\<DMi-IJ€

q

DM\ E�IJG6U�V�I-W-DMXHY

q

• jJi-I-i-c��

E

q

XHI-XN\<DMV�l‹I X�mnIJ€•I-WJDHXHY2c<r¤\�c<W-Y-I�€Hi-DHGJIJ[¤B x<cPd�f!� IJG-XM\�B<DbXNd

q

W-U�DHB j-iJDeE �

XM\PUaBad6[-DN\ XMc<x<c<r DHD j-cad�G

q

• �HGJDHi-ŠMI-•TK

�

B<cad�• k-IJ[ B<c{B<i-DMV�DHG-I Y;c�G-XHDMi-ByUa\�I-B<G-lCp

XHIJXM\<DMV¤c<j-I-XMlzByU�DN\<X%[

q

i-U�B<G-DMG-IJ[-V�I�V�DNpyU�G-I-Y-I�#JU�V�I;d�fR\<c<G6U

_qi = @H (p; q)=@pi ; _pi = � @H (p; q)=@qi :
�„O<K O

[

�

�'€

q

i-U�B<G-DMG-I-r � O<K O

[

�CXed�DeE

q

DM\

nX

i =1

(@_qi =@qi + @_pi =@pi ) = 0:
� O<K O<O �

A \�DHi-V�I-G-UPp¤c<x�c<x! DMG-G-lCp(m{Ua€•c�B<lCp(Y;c�c<i�E�I-G6Ua\ XMc<c�\�G-c!� DMG-I-D �„O<K O<O �•V�c

¡

G-c

j-i-DFE�XM\PUaB<IJ\<f^YZUaY

NX

i =1

@_x i =@x i = 0;
� O<K O

Z

�

WJ\�c‚c�€•G-UoW-U�DM\ i6U�B<DMG-XM\�B<c‚G

q

d�• E�I-B<DMi-ŠHDMG-k-I-IªB�DHYJ\�c<i-G-c<ŠMc‚j-cad-[ XMY;c�i-c<XM\�DHr•K

STB<I

¡

DMG-I-DƒIJ€•c�x<i6U

¡

Ua•  I;p \<c<WJDHY�B8m{Ua€•c�B<c<V�j-i-c<XN\<i6U�GJXM\<B�D1I-GJ\�DHi-jJi-DM\�I-i

q

�
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_x = mx + y � xz; _y = � x; _z = � gz + gI (x)x2;
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� �*��.�� ����
����

A G6UaXM\<cR[  DHrbd�DMY-k-I-I=V�lLE“Uod�I c<x! TDHD c<jJi-DeE�Ded�DHGJI-D`E�I-G6UaV�I-W-DHXMY2c<r=XHI-XN\<D �

V�l¤I¢E�DM\PUPd�f�G-c c�€HG6U�Y2c<V�IZd�IJXHf X E�I-G6UaV�I-W-DHXMY-I-V�I�XMI-XM\�DHV]U�V�I "Zc<j-I-XMlzByU�DMV�lzV�I

c<x<lzYJG-c<B<DMG-G-lzV�I=E�I-mnm{DMi-DHGJk-I6UPd�f�G-lzV�I

q

i6U�B�G-DHG-IZ[-V�I•K

 

l

q

XN\PU�G-c<B�IZd�I "�WJ\<c

\PU�Y-IJD¢E�I-G-U�V�I-W-DMXHY-I-D^XHI-XN\<DHV�lªV�c�Š

q

\bI-V�DN\<fbWJDM\<lziJD \<IJj6U�i-D � DMG-I-r�2�XHc<XN\<cR[ �

G-I-D�i-U�B<G-c<B�DHXHIZ[ " jJDHi-I-cHE�IJW-DHXMY;c�D E�B<I

¡

DMG-I-D!" Y-ByUa€HI-j-DHiJI-cHE�I-W-DMXHY2c<D E�B<I
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¡

I-B�c<r¤ILGJD

¡

I-B<c<r
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GJY-k-I-c<GJI-i-c<ByUaG-IJ[`I`i-c

¡

E�DHGJI-DHVbGJc<B<lCp "

q
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¡
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¡

I-V m

q

G-Y-k-IJc<G-I-i-c�ByU�G-IJ[ E�IJG6U�V�I �
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 TDHG-IJ[^Bnc<Y-i-DMXM\��

G-c<XN\<I �N\<c<ŠMc i-D

¡

I-V]Un€RUa\

q

pyU�• \¢B�cTB<i-DMV�DHG-I "ZXN\<i-DMV [-XHf•Y G

q

d�•TK ��XNd�I �N\<c<ŠMc G-D

j-i-c�I-X pycHE�IJ\8I V]Uod�lzD^c�\�YZd�c<GJDHG-IJ[ ca\bi-D

¡

I-V]Uƒm

q

GJY-k-I-c<GJI-i-c<ByUaG-IJ[ XMI-XM\�DHV�l
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¡

IJV x

q

E�DN\ ?DC�� � E S
�
� A�� � � � XHVzKyœ{DHY-kJI-•

Z

�eK



� �

� �/.
�


��,

�-���$ 0


 DMj-DHiJf c�x<X

q

E�I-V E�i

q

ŠMc<D=ByU

¡

G-c<D1XMB<c<r-XN\<B<c XNd6c

¡

G-lCp XHI-XN\<DHV � ?DC XDAB?DC��
�

?DS5�IEKJyK �

q

XM\�f_V�l"I-V�DHDMV E�DNd�c�X GJD

q

XN\<c<rJW-I-B<lzVLi-D

¡
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d�DHŠMY;U G6U�i

q

� IJB

i-D

¡
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q

x

q

E�DMV mnI-Y2XHI-iJc<ByUa\�f•G6U�i6U�XN\PU�G-I-D

B<c�€HV

q

 DHGJIJ[•Kzž

q

E�DM\ d�I�c<G-c x<DMXHY2c<G-DMW-G-lzV �8A i-D•Uod�f<G-c<r

¡

IJ€HG-I � GJI-Y2c<Š E“U �

�

\<YZd6c<G-DHGJI-D'x

q

E�DN\TG6Uai6U�XM\PUP\<f`E�cn\<Dep^jJc<i "2j-c<Y;UnG-DuB<XN\

q

j-IJ\TBnE�DMr-XM\�B<I-D G-DHY-IJr
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�
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q

E�l�GJD`V�c

¡
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¡

DM\•G6Uai6U�XM\PUP\<f-K

†
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q

c<ŠHi6UaG-I �

W-DMG-G-c<XN\<I �HG-DMi-ŠHDN\<I-WJDHXHYJIZp i-DMX

q

i-XHc�B XHI-XN\<DHV�l " �M\<c1G6U�i6U�XN\PU�G-I-D E�cad

¡

G-c�jJi-D �

Y-i6UP\<IJ\�f<X%[¢IZd�I`XHV�DHGJIJ\<f<X%[

q

V�DMG-f!�TDHG-I-DMV UaV�jZd�IJ\

q

E�l ca\<YZd�c�G-DHG-IZ[•Koœ`• x<c<r`G-c��
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¡
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¡
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q
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q

E

q

I
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q
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¡

D

x
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q

W6U�D � QJK

Z

�
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q
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bx3 K$�9i-I GJDHY2c�\<c�i-lCp €HG6URW-DHG-IZ[Zp

x
B<Ded�I-W-IJG6U(c�\�YZd�c<GJDHG-IJ[ � QJK

Z
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q
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q

d�•	ILB<XHD=G6URW-GJDM\��
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q
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q
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q
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q
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XN\<c<r-WJI-B

q
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q

• XHIJXM\<DMV

q

X

q

W-D �
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q
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q
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�
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 DMG-I-D G6URW-G-DM\`G6U�i-U�XM\PUa\�f`BnXMIZd

q

G-D

q

XM\�c<r-W-IJB<c<XM\�I•K;S UPd�DMD G-U�i6U�XN\PU�G-I-D B<c�€•V

q
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q

�

j-IJ\ B§XMIZd

q

V�DNpyU�G-IJ€HV GJDNd�I-GJDHr-G-c�ŠHc c<ŠMi6U�G-I-WJDHG-IJ[ �NK �'\<c V�c

¡

G-c c

¡

I;E“Ua\�f B

�M\�c<r XHIJ\

q

U�k-IJI��1ACc�� j-DHiJB<lCp#2�B XHIZd

q

G-DNd6I-G-DHrJG-c<ŠHc8c<ŠMi6U�G-I-WJDHG-IJ[ c�\�YZd�c<GJDHG-I-D

q
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q
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¡
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I-X p<c•E�G-c<D{XHc<XN\<cR[-G-IJD`i6UaB<G-c<B<DMXHIJ[_GJD

q
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q

�
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q
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q
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q

G-D

q
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q
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�
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q
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q
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i-lCpƒXMj-DHk-I-UPd�f<G-lCp

q

XNd�c�B<I-r•K
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¡

I-V "ZWZ\<c V�l IJV�DHDHV E�Ded�c X E�B

q

V�DHiJG-c<r E�I-mnmnDHiJDHG-k-I-UPd�f<G-c�r E�I �

G6U�V�IJW-DHXMY;c�r XHI-XN\<DHV�c�r•K �9i-c<XN\<i6UaG-XM\�B<cbDHD XHc<XN\<cR[-GJI-r �=m{Ua€Hc<ByUa[8j-iJc<XHY2c<XN\<fbX
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x
I

y
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q

 DMG-I-DzXMc<XM\�co[JG-IJ[Ti6U�B<G-c�B<DHXMIJ[ B \PU�Y2c<r

XHIJXM\<DMV�D_x

q

E�DM\=G6Uai6U�XM\PUP\<f�"]U1B iJDM€

q

d�fR\PUa\�D_G-DNd�IJG-DHr-GJc<ŠHc8c<ŠHi-U�G-I-W-DMG-IJ[ E“Uod�DHD

q

V�DHG-f �•Ua\�f<X%[ "C\�c B<c�€HV�c

¡

G-l E�ByU ByU�iJI6U�GJ\PU 2™j-cR[-BPd�DHG-IJDbG-c<B<lCp

q

XN\<c<rJW-I-B<lCp

XHc�XM\<cR[JG-I-r¤i6U�B�G-c<B<DMXHIJ[(B<xad�IZ€•I G-D

q

XN\<c<r-WJI-B<c<ŠMc�"™d�IJx<c B<lCp<cHE•\<i6UaDHYJ\�c<i-I-I¤G6U
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¡
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A \�c<i-c<r¤ByUai-I6U�GJ\ I;d-d�•uXN\<i-IJi

q
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q
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V

q
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q
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q

d�fR\PUa\<D¢B<V�DMXM\�c j-c�\�DHiy[-B!�TDHŠMc

q

XM\�c<r-W-I-B�c<XM\�fƒXMc<XM\�cR[-G-IJ[bi6U�B<G-c�B<DHXMIJ[1jJco[JB��

d6[JDM\<X%[ G-c�B<lzr i-D

¡

I-V �8j-DMi-I-cHE�I-W-DMXHY-IJD1U�Ba\<c<Y2cad�DMxyU�G-IZ[ " Y2c�\�c<i-lzV ca\<B<DMW6U�DM\

j-i-DFE�DNd6f<G-lzrbk-IJYZd

�
G6U•m{Ua€•c�B<c<r_jZd�c<XMY2c<XM\�I•K

©9D

q

XM\<c�r-W-I-B<c�XM\<f1XHc<XN\<cR[-G-IZ[§i-U�B<G-c<B�DHXHIZ[§B^E�B

q

V�DMi-G-c<r8XHIJXM\<DMV�D^j-iJI§G6Uod�I �

W-I-I¤V�Dep2U�GJIJ€•V]U G-Ded�I-G-DMr-G-c<ŠMc c�ŠHi6U�GJI-W-DHGJIJ[•G6U�i6UaXM\PU�G-IZ[•B<c�€•V

q

 TDHG-I-r•j-c�i-c��

¡

E“U�DM\`G-c<B�lzr i-D

¡

IJV �Ti-D

¡

I-V

q

XM\�c<r-W-IJB<lCp jJDHi-I-cHE�IJW-DHXMY-IZp^Y;cPd�DHxyUaG-I-r•K ��XNd6I

V�l•B<c<c<x�i6Ua€•IJV XHDMx<D'I-G

q

•‚XMIJ\

q

U�k-I-• "6Y2c<Š E“U c�\�YZd�c<G-DMG-I-D'ca\•XHc<XN\<cR[-GJIJ[�i6U�B�G-c��

B<DMXHIJ[ B�G6URW6UPd�D`G6U�i6U�XN\PU�DM\ "•U €RUa\�DHV•B^XMIZd

q

G-DNd6I-G-DHrJG-c<XM\�I§B�G-c<B<f XM\<iJDHV�IJ\�X%[§Y

G

q

d�• "6V�l j-i-I2E�DHV(Y�j-iJc�\<I-B�c<i-DHWJI-• 2�m{Ua€•c�ByUa[ \�i6U�DHYZ\<c<i-IZ[1c<xR[Z€RU�G6U•x

q
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Z
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q
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q

 TDHXN\<B

q
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q
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�
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¡
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q
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¡
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q

d�fR\PUa\<c<BJK6STDNd�UPd�X%[�B<lzB<cHE=c

\<c�V "ZWJ\�c �

q

V�c<j-cHE�c�x<G-lzD'Y2cad�DMxyU�G-IZ[ c<x

q

XNd�c�Bad�DHGJl¤d6I-x<cnE�DHr-XN\<B<I-DMV(m'd

q

YJ\

q

U �
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q
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DHrJW6U�X]j-cad�c

¡

DMG-I-D]IJ€HV�DHG-IZd6c<XHf-KP©nU � U

¡

IJ€HG-f B<XHD�x<cPd�DHD]G6U�XN\<cR[J\�DNd�f�G-c \�i-D �

x

q

DM\ Y2cad�I-W-DMXM\�B<DHG-GJc<ŠHc

q

WJDM\PU•\PU�Y-IZp m`UaYJ\<c<iJc<B•Y;U�Y_XHB<DMiypZB<lzXMc<Y;Ua[ƒjZd�c�\�G-c<XN\<f�"

XHB�DHi<pZB<lzXHc<Y;Ua[(\<DMV�j-DHi6UP\

q

i6U " E“U�Bad6DHG-I-D "�XHB<DMi<pJB�lzXHc<Y-IJD1XHY2c<iJc<XM\�I "]jZd�c�\�G-c<XM\�I

G6U�XMDNd�DMG-IJ[LI¤\oK E�K

†

" Y;U�YLIZ€•B<DMXM\<GJc�"

q

WJDM\ �M\�IZpŽm{U�YJ\<c�i-c<B \<i-DMx

q

DN\ j-i-IJG-k-I �
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�

\�I

j-i-c�k-DHXMXHl|V�cHE�Ded�I-i

q

• \�X%[�I U�G-UPd�IJ€HI-i

q

• \�X%[�X�j-c�V�c! f<• Y;c�V�j-f<• \�DHi-c�B�"�E6d6[

Y2c�\<c�i-lCp G-DNd6I-G-DHrJG-c<XM\�f V�cHE�DNd6I(G-D [JBad6[JDM\<X%[(j-i-DMjJ[J\�XM\�B<I-DHVsE-d6[ DHD^E�DN\PUPd�f��

G-c<ŠMc U�G6UPd6IJ€RUJK �
B<l [-XMG-IZd�c�XHf�" WJ\<c B \PUaY-IZp¤XMI-XM\�DHV]UPp�p2U�c�\�I-W-DMXHY-I-r•i-D

¡

IJV

m

q

G-Y-k-I-c�G-I-i-c<B<U�G-IJ[�XHY2c<i-DMD`jJi6U�B<IZd6c�"-W-DMV�I-XMYZd�•uWJDHG-I-D �
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Ua\�DHV]Ua\�I-W-DMXHY-I-Vgc<x�i6Ua€•c�V i-D

¡

I-V]U m

q

G-Y-k-I-c�G-I-i-c<B<U�G-IJ[¤E�I-XMXHI-j6UP\<I-B<GJc<r

E�I-G-U�V�I-W-DMXHY2c<r XMI-XM\�DHV�l XNd

q

¡

IJ\ =@EKEGFL=& E SYF �9jJi-DeE�Ded�f<G6UP[`\�i6U�DHYZ\<c<i-IZ[ IJ€Hc<x��

i6U

¡

U�•  TDHr \�c<W-Y-I Bnm`UP€•c<B<c�V j-i-c�XM\<i-U�G-XM\�B<D!";Y Y;ca\<c<i-c�r^XM\�i-DHV [Z\<X%[�B�XHD I-X pycHE �

G-lzD iJD

¡

I-V�l9K ��XNd6I �M\<ca\ni-D

¡

I-VbDMXM\<f

q

XM\<c�r-W-I-B<c�DzXHc<XN\<cR[-G-IJDzi6U�B<G-c�B<DHXMIJ[ �nUa\��

\<i-U�YJ\<c�i§XMI-XM\�DHV�l x

q

E�DM\_j-i-c�XM\<c_G-DMj-cHE�B<I

¡

G-c<rb\�c<W-Y2c<r " DHXNd6I �N\<c

q

XM\<c�r-W-I-B<c�D

j-DMi-I-cHE�I-W-DMXHY2c<D9E�B<I

¡

DMG-I-D � Ua\a\<i6U�YZ\<c<i-c�V�x

q

E�DN\ €•U�V�Y-G

q

\PUa[ƒY-iJI-ByUa[ "-G6Ua€HlzByU �

DHV]UP[ j-i-DFE�DNd6f<G-lzV k-I-YZd6c<VzK ‰�U�G-f!�TD1XHWJIJ\PUPd�c<XMf�" WJ\�c Ua\a\<i6U�YZ\<c<i•DHXN\<f c<x�i6Ua€

I-XMYZd�•uWJIJ\<Ded�f<G-c

q

XM\�c<r-W-I-B�c<ŠHc i-D

¡

I-V]U•m

q

GJY-k-I-c<GJI-i-c<ByUaG-IJ[ƒXHI-XN\<DMV�l9K
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V�l jJc<G-I-V]U�DMV " WJ\<c i-D

¡

I-VªE�DM\�DHi-V�I-GJI-i-c<ByUaG-G-c<ŠMc p2Uac<X•U \<c

¡

D8Ua\�\�i6U�YJ\�c<i‚B
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�
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q
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G-D{€RU�V�lzY;U�DN\<X%[��uI�i-D

¡

I-V¤m

q

G-Y-k-IJc<G-I-i-c�ByU�G-IJ[1G-D

q

XM\�c<r-W-I-B � V]UPd�lzDTca\<YZd�c�G-D �

G-IJ[ ca\§iJD

¡
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d�DHŠMY2c<r1i

q

Y-Iƒmni6U�G-k

q

€HXHY2c<ŠMc

I-XMXNd�DFE�c<ByUa\�DNd6[ ~ K�
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� �*A6K

hnU�Y2c<B YJi-IJ\<DMi-I-r

Ÿ

XN\<i6U�GJG-c<XM\�I

Ÿ

�8h{UaY

q

XN\PU�G-c<BPd�DHG-c \�DHc<i-DN\<I-Y;U�V�I " c<XHGJc<B��

G-lzV Y-i-IZ\<DHiJI-DHV(XM\<i-U�G-G-c<XN\<I�Ua\�\�i6U�YJ\�c<i6U [-BPd6[-DN\<X%[_G-D

q

XM\�c<r-W-IJB<c<XM\�f \�i6U�DMYJ\<c��
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q

XM\�c<r-W-I-B�c<XM\�f c<xR[J€•U�G6U9x<l \<f �HY2XMj-c<G-DMG-k-I6UPd6f<G-c<r �

�

\�cTc�€HG6URW6U �

DM\ "2WJ\�c`V]Uod�c<D B<c�€HV

q

 TDHG-IJD i-D

¡

IJV]U

D(0)
E�cad

¡

G-cnB<cnB<i-DHV�DMG-I

q

B<Ded�I-W-IJByUa\<f�X%[
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t !1

1
t
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D(t)
D(0)

;
� QJK

ˆ

�

Š E�D

�
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q
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�
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¡
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�
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q
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¡
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q

XN\PU�G-c<Bad6DHG-c�"aWJ\<cuI-XHXed�DeE

q

DHV�lzr¢i-D

¡

I-V1I-V�D �

DM\

� > 0
"<\�c XNd6DeE�XN\<B<I-DMV x

q

E

q
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d�DMxyU�G-I-rTj-i-I-X

q

\�XM\�B

q
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q

GJY-k-IJ[ K-STc¢G-DFE“U�B<G-DMŠHc B<i-DHV�DMG-I1X9\PU�YJI-V
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q
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G-IJ[8c_XNd

q

W-U�r-G-c<V j-i-c<k-DMXHXMD�K,
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V�c

¡

DM\ c<xad�UoE�Ua\<f jJi-c<k-DMXHX!" j-c<i-c

¡

E“U�DMV�lzr E�DM\�DHi-V�IJG-I-i-c<B<U�G-G-lzV�I•€RU�Y2c<G-U�V�I•K

�
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q

¡

I;d�cnc<XHG-c�ByU�G-I-DMV§G-Ua€•lzByUP\<f9\PU�Y-I-D j-iJc<k-DHXMXHl E�D �
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�
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A¤i-DM€

q

d�fR\PUa\<D`j-i-c<XN\<c<ŠMc Y;URW-DHXN\<B<DMG-G-c<ŠMc^i6UaXHXHV�ca\<i-DMG-IJ[�c<XHc<x�DHG-G-c�XM\<DMr1G-Ded�I �

G-DMr-G-lCp E�I-XHXMI-j6Ua\�I-B<G-lCp E�I-G-U�V�I-W-DMXHY-IZp�XHIJXM\<DMVªV�l|j-i-I �`d�I Y iy[;E

q

G-c�B<lCp
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q
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¡

G-l

q

XM\PU�GJc<B<I-B!�TI-DHX%[§G-DMj-DHi-IJc•E�I-W-DHXMY-I-D

iJD

¡
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Z
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q

XN\<c<r �

WJI-B<c<XN\<f�";WJ\<c•jJi-I-B<cHE�IJ\ Y^W

q
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q

 DMG-I-r•K

QJK ©9D

q

XM\�c<r-W-IJB<c<XM\�f G-Ded�I-G-DMr-G-c<rLXHI-XN\<DHV�l
B XHc�B<c<Y

q
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¡

DN\ B�l €•lzByUa\�f^j-DMi-DHV�D � I-B<U�G-I-DaK

ˆ
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UP\�\<i-U�YJ\<c�i6U�V�IbY;U�Y_G6U�IJx<cad�DMD

q

E�c<x�G-c<ŠHcJK

�9DHi-DMW-I-Xed�DHG-GJlzDbi-DM€

q

d�fR\PUa\<l

q

x<D

¡

E“Ua• \8G6U�X_B \<c<V " WJ\<c8i-D

¡

I-V�l m

q

G-YJk-I-c��

G-I-iJc<ByU�G-IZ[ E�DM\�DHi-V�IJG-I-i-c<B<U�G-G-lCp_GJDNd�I-GJDHr-G-lCp�XHI-XN\<DHV(XHc XN\<i6UaG-G-lzV�I�Ua\�\�i6U�Y �

\<c�i6U�V�IbE�DHr-XN\<B<IZ\<DNd6f<G-c1c�xad�UoE“Ua• \_iy[;E�c�VLXMj-DHk-IJm{IJW-DHXMY-IZp§XHB<c�r-XM\�B�"•XHc�B<c<Y

q

j �

G-c<XN\<f Y;ca\<c<i-lCpƒB�YZd�•uW-U�DM\�X%[1B j-c<GJ[Z\<I-D

Ÿ

E�DM\<DMi-V�I-G-IJi-c<ByU�GJG-lzr�p2Uac<X

Ÿ
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E�G-I-V�IJ€�c�XHG-c<B�G-lCp V�DN\<cHE�c<B=I-XMXNd�DFE�c<ByU�GJIJ[(U�B�\<c�Y;cPd�DHxyUP\<DNd6f<G-lCp XMI-XM\�DHV

[-BPd6[-DN\<X%[ mnc<iJV

q

d6I-i-c<B<Y;U=I�UaG6UPd�IJ€�i-D � DHGJI-r

q

i6U�B<GJDHG-I-r "™c�j-I-XHlzB<U�•  TIZp(IZp

E�I-G-U�V�I-Y

q

K �nc!�M\<c�V

q

V]Ua\�DHV]Ua\�I-W-DHXMY-I-r(i6Ua€NE�DNd � E�IJG6U�V�I-W-DMXHY-IJDƒXMI-XM\�DHV�l ��[JB��

d6[JDM\<X%[ŽcHE�G-IJV IZ€ c<XHGJc<B<G-lCp�j-i-I•m

q

G;E“U�V�DMGJ\PUPd�f<GJc<r•j-cHE�ŠHc�\�c<B<Y2D j-c \�DHc<i-IJI

Y2cad�DMxyU�G-I-r K

†

B�\<c�Y;cPd�DHxyUP\<DNd6f<G-lzDTiJD

¡

I-V�l V�c<Š

q

\ IJV�DM\<f V�DHXN\<c I-XHYZd6•uW-IJ\�DNd�f �

G-c B¢G-DNd�IJG-DHr-GJlCp1I E�I-XMXHI-j-Ua\<I-B�G-lCp�E�I-G6U�V�IJW-DHXMY-IZp�XHI-XN\<DMV]UPp“K

A XHIZd

q

X

¡

Ua\<IJ[ m{Ua€Hc<B<c<ŠMc{c�x��*DHV]U9j-i-DFE�DNd6f<G-c<D V�G-c

¡

DHXN\<B<c`m{Ua€•c<B�lCp•\<i6UaDHY �

\<c�i-I-r B^E�IJXHXHIJj6Ua\<IJB<G-lCp§XHI-XN\<DMV]UPp8B<XHDMŠ E“U�x

q

E�DM\ƒI-V�DM\�f�G

q

d6DHB<c<r8c<x��*DMVzK

�

E �

G6U�Y2c XM\<i

q

YZ\

q

i6U j-i-DFE�DNd6f<G-c<ŠMc^V�G-c

¡

DMXM\<B<U j-i-I �M\�c<V V�c

¡

DM\ x<l \�f i6UP€Md�I-WJG-c<r�2

\<c�W-Y;U " d�I-GJIJ[ " j-c<B<DMiypZG-c�XM\<f IZd6I¤V�G-c

¡

DHXN\<B<c j-c�B<DHi<pZG-c<XN\<DHr " IJV�DH•  TDHD B XMD �

W-DMG-I-I �

q

UaG-Y;U�i-D XN\<i

q

YJ\

q

i

q

\�I-j6U(Y;U�GZ\<c<i-c�B<c<r•K

�

\<I‚ca\•d�I-W-IJ[LB�XN\<i

q

YJ\

q

i-D

j-i-DFE�DNd6f<G-c<ŠMc V�G-c

¡

DMXM\<B<U8m{Ua€Hc<B<lCp \�i6U�DMYJ\<c<iJI-r�XMc<XM\PU�BPd6[-• \ c<XMG-c<B

q

YZd�U�XMXHI �

mnI-Y;U�k-I-Iƒ\<I-jJc<B^UP\�\<i-U�YJ\<c�i-c<B¢E�I-G6U�V�I-WJDHXHYJIZp�XHI-XN\<DHV)� Oot � K

STcad�ŠMc<D¢B<i-DHV [8X¢c<x<i-Ua€•c<V E�I-G-U�V�I-W-DMXHY2c<ŠHc_p2U�c�X•U_XHB�[Z€•lzByUPd6X%[§\PU�Y§G6Ua€HlzByU �

DHV�lzr �IEGFL=W?B?
� �
=@EKEGF =t E S F�K6ACXMDnG-DM\�i-I-B<I6Uod�f<G-lzD`i-D

¡

I-V�lLU�B�\<c�Y;cPd�DHxyUaG-I-r "

c<x! TI-V1XMB<c<r-XN\<B<c�V�Y2c�\�c<i-lCpn[-BPd6[Zd�c�XHf c�\<X

q

\<XM\�B<I-D j-DHi-IJc•E�I-W-G-c<XN\<I B�czB<i-DHV�DMG-I "

U�XMXHc<k-IJI-i-c<ByUod�I-XHf^I-V�DHG-GJc XHc XM\<i-U�G-G-lzVŽUa\a\<i6U�YZ\<c<i-c�VzK �9c�€NE�G-DHD`B<l [-XMG-IZd�c<XMf�"

WJ\�c p2Uac�\<I-WJDHXHYJI-D U�Ba\<c<Y2cad�DMxyU�G-IZ[ j-c XMB<c<I-V XHB<c<rJXM\<B<U�V V�c<Š

q

\�X

q

 TDHXN\<B<DMG-G-c

i6Ua€Nd�I-W6UP\<f<X%[ "�WJ\<c=c<x

q

XNd�c�Bad�I-ByUaDM\=i6Ua€Nd�I-W-IZ[ B XM\<i

q

YZ\

q

i-DƒXHc<c�\�B<DM\�XM\�B

q

•  I;p

I-V UP\�\<i-U�YJ\<c�i-c<B-K

�

Y;Ua€RUPd6c<XHf�"2WJ\�c`XN\<i6UaG-G-lzr�Ua\a\<i6UaYJ\<c<i�DMXM\�fTc<x<i-Ua€ G-DHY2c�\�c<i-c��

ŠHc �„I;E�DHUPd�f<GJc<ŠHc �•pyU�c<XHU "

q

E�c�Bad�DM\�B<c<iy[-•  DMŠHc=iy[;E

q

V]Ua\<DMV]Ua\<IJW-DHXMY-IZp \�i-DHx<c�ByU �

G-I-r Kaž lCd�c

q

XM\PU�GJc<Bad�DMG-c�"PWJ\<c B iJD•UPd�f�G-lCp{XHI-XN\<DMV]UPp`i-D

¡

I-V1XN\<i6UaG-G-c<ŠMc � B XM\�i-c��

ŠHc�V XHV�lzXNd6D��CUa\a\<i6UaYJ\<c<i-U G-Dui-DHUPd�IJ€

q

DN\<X%[•K�
�c�"yWJ\�c V�l¤G6U�xad6• E“U�DHV B �HY2XHjJDHi-I �

V�DHGZ\PUPp "•W6U  TD B<XHDMŠHc�c�\�B<DHW-U�DM\_i-D

¡

IJV]U�V  '�W=>:<A�+ ABODCQFDR<SYXDA
� C��� LS�+ S`Ua\a\<i6UaYJ\<c<i-U

IZd�I  '�W=>:<AB=@EKEGFL=& E S FL=�KHhnB<Ua€•I6UP\�\<i-U�YJ\<c�i-l x<cad�DMD�XNd�c

¡

G-c

q

XN\<i-c<DMG-l9K

�

\•d�I-W-I �

\<Ded�f<G-c�r1c<XMc<x<DHGJG-c<XM\�f<•�ŠHI-jJDHi-x<cPd�I-W-DMXHY-IZp "“Y-ByUa€HI-ŠHI-jJDHi-x<cPd�I-W-DMXHY-IZp1Ua\a\<i6UaYJ\<c��

i-c<B I_Y-ByUa€HI6Ua\a\<i6U�YZ\<c<i-c�B^[-Bad-[-DM\�X%[ �P �IODST?DC ?
�BAB= XDJ ?B= 
V?DC�� �IE S
�
� A��@S5�IEKJ{m{U �

€•c�B<lCp \<i-U�DHYJ\�c<i-I-r§I1E�i-c<x<G-Ua[=i6Ua€HV�DHi-G-c�XM\<fJK

�

Y2XMj-c<G-DMG-k-I6UPd6f<G6Ua[8G-D

q

XM\�c<r-W-I �

B<c<XN\<f{[-Bad6[JDM\�X%[ Y-i-IZ\<DHiJI-DHV pyU�c�\<IJW-DHXMY;c�ŠHc•j-c<B�DeE�DMG-IJ[ XHI-XN\<DHV�l9KySTi-c<x<G6UP[ V�DN\��

i-I-WJDHXHY;Ua[ i6UP€•V�DHiJG-c<XM\�f XMB<I;E�DN\<DNd6f<XM\�B

q

DN\ c \<c<V " WZ\<c8Ua\�\�i6U�YJ\�c<i � Xed�c

¡

G-lzr

ŠHDMc<V�DM\�i-I-W-DMXHY-IJr c<x��*DHYZ\&� Q "

ˆ

� K

AgG6U�XM\�cR[  DMr d�DHYJk-I-I‚j-iJI-B<cHE�[J\�X%[‚c<jJi-DeE�Ded�DHGJIJ[‚ILXHB<c<rJXM\<B<U(ŠHIJj-DHi-x�cad�I �

W-DMXHY-IZp I8jJc<WJ\<I=ŠMI-j-DHiJx<cad�I-WJDHXHYJIZp§Ua\�\�i6U�YJ\�c<i-c<B E�I-mnmnDHiJDHG-k-I-UPd�f<G-lCp8I�E�I-X �

Y-i-DN\<G-lCpLE�I-XHXMI-j6Ua\�I-B<G-lCp�GJDNd�I-GJDHr-G-lCpLE�I-G6U�V�IJW-DHXMY-IZp�XMI-XM\�DHV X Y2c<G-DHWJG-lzV

W-I-Xed�c<V XN\<DMj-DHG-DMrbXHB�c<x<cHE�l9K



� �

� $%- $��*��-��)�*$+$��
�*�
$%- � �

�'€•V�DMG-DHG-IJD§B<c B<i-DMV�DHG-IŽXHc�XM\<cR[JG-IJ["UaB�\<c<GJc<V�G-c<r�E�I-G-U�V�I-W-DMXHY2c<r‚XMI-XM\�DHV�l

c<j-IJXHlzByU�DN\<X%[Td6I-x<c XHI-XN\<DHV�c�r c<x<lzY-GJc<B<DHGJG-lCp9E�I-mnmnDHi-DMG-k-I6UPd6f<G-lCp

q

i-U�B<G-DMG-I-r "

d�I-x�c XMI-XM\�DHV�c<r�E�I-XHYJi-DM\�G-lCpbca\<c<x<i-U

¡

DHGJI-r�2

dxi

dt
= _x i = f i (x1; : : : ; xN ; � 1; : : : ; � k)

�

ˆ

K O �

IZd�I

x i
n+1 = f i (x1

n ; x2
n ; : : : ; xN

n ; � 1; : : : ; � k);

i = 1; 2; : : : ; N:
Œ

E�DMXHf

x i (t)
� IZd�I

x i
n

� �(j-DHi-DMV�DHG-GJlzD!"zcHE�G-c�€HG6URW-G-c c<jJI-XHlzByUa•  IJD8XMc<XM\�cR[-G-I-D

XHIJXM\<DMV�l � DMD m{Ua€•c�B<lzD•Y2c<c<i�E�I-G6UP\<l � �

� l (l = 1; 2; : : : ; k)
�ƒj6U�i-U�V�DM\�i-l XMI-XM\�D �

V�l �

f i (x; � )
�`Buc<x! DMV=XNd

q

W6U�DzGJDNd�I-GJDHr-G-lzD m

q

G-Y-k-I-I Ky‰�D � DHGJI-D XHI-XN\<DHV�l �

ˆ

K O �

X

q

 TDHXM\�B

q

DN\ "�DFE�I-G-XN\<B<DMG-G-c E6d6[_E“U�G-G-lCpbG6URW6UPd�f�G-lCp

q

XNd�c�B<I-r

x i (0)
� IZd�I

x i
0

� I

Š d�UoE�Y;c €RU�B�I-XHIJ\ c�\ IJ€HV�DHG-DMG-IJ[�G6URW6UPd�f<GJc<ŠHc XHc<XN\<cR[-GJIJ[ � \<DMc<i-DMV]U^h9c!� I �NK

ž

q

E�DMV8ŠMc<B<c<iJIJ\<fnI-XMYZd�•uWJIJ\<Ded�f<G-c{c<x9U�Ba\<c<Y2cad�DMxyUa\�DNd�f<GJlCp i-D

¡

I-V]UPpnE�B<I

¡

D �

G-IJ[ XHIJXM\<DMV�l �

ˆ

K O �eK

�

\<cTca€•G6URW6U�DN\ "2WJ\<c`B`XMI-XM\�DHV�DuX

q

 DHXN\<B

q

• \

q

XM\PUaG-c<B<I-B � I-D �

X%[ƒY2cad�DHx<U�G-IJ[ "Zp2U�i-U�YJ\<DMi-I-XN\<I-Y-I Y2c�\�c<i-lCpƒG-D'€•U�B<I-X%[Z\ B c�j-i-DeE�DNd�DMG-G-lCp�j-i-DFE�D �

d�UPp•c�\{B<lzx<c<i6U9G6URW6Uod�f<G-c<ŠMcnXHc<XN\<cR[-G-IZ[•K;A YZURW-DMXM\�B<Duj-iJDeE�Ded�f<G-c<ŠMcTXed

q

W6Ua[ XH• E“U

¡

DnV�l ca\<G-DMXHDHV�I�i-D

¡

IJV

q

XM\<c�r-W-I-B<c�ŠHc XMc<XM\�co[JG-IJ[ƒi6U�B�G-c<B<DMXHIJ[ K

�

x<i6Ua\�I-V�X%[ Y�m`UP€•c<B<c�V

q

jJi-c<XM\�i6U�G-XN\<B

q R N XHI-XN\<DHV�l �

ˆ

K O � "6€RU�mnI-Y2XHIJi-c<ByU�B

€•G-UoWJDHG-IJ[ B<XHDep^j-U�i6U�V�DN\<i-c<BTXHI-XN\<DHV�l

� k
K��

q

XM\�f•I-V�DHDN\<X%[�G-DMY2c�\<c<i-Ua[�Y2c<G-DMW-G6Ua[

� I;d�I x<DMXHY2c<G-DMW-G6Ua[ �{c<xad�U�XM\�f

G1
"*j-i-I-G6URE6d�D

¡

U  •Ua[

R N "*Y;ca\<c<i6UP[ B<YZd6•uW6U�DN\bB

XHDMxR[bj-cHE�c<xPd�U�XM\�f

G0
K

�

xPd�U�XM\�I

G1
I

G0
q

E�c<BPd�DM\�B<c<iy[-• \�XNd�DFE

q

•  TI-V

q

XNd6c<B<I �

[-V�2

O<K S{d6[ d�• x<lCpŽG6URW6UPd6f<G-lCp

q

Xed�c<B<IJr

x i (0)
� IZd6I

x i
0

� IJ€8c<xad�UaXM\<I

G1
j-i-I

t ! 1
� IZd6I

n ! 1
� B<XHD`m`UP€•c<B<lzD9\�i6U�DHYZ\<c<i-IJI i6U�G-c IZd�I1jJc�€NE�GJc¢E�c<XN\<I-ŠeUa• \

c<xad�U�XM\�I

G0
�

Z

K

�

xad�U�XN\<f

G0
jJi-DeE�XN\PU�Bad6[JDM\¢XMc<x<c<r V�I-G-I-V]UPd6f<G-c<D Y;c�V�j6U�YJ\�G-c<DujJc•E�V�G-c

¡

D �

XM\�B<c B m{Ua€Hc<B<c<V j-i-c<XN\<i6UaG-XM\�B<DTXMI-XM\�DHV�l �

QJK5��XNd6I m{Ua€•c<B<Ua[n\<i6U�DMYJ\<c�i-IJ[ jJi-I-G6UoE-d�D

¡

IJ\'c�xad�U�XN\<I

G0
B V�c<V�DHGZ\uB<iJDHV�DHGJI

t = t1 (n = n1)
"]\<c§c<G6U§x

q

E�DM\ j-iJI-G6UoE6d6D

¡

Ua\�f

G0
B<XHDMŠ E“U "]\oK DaK]E6d-[ d�• x<lCp

t � t1 (n > n1)
m{Ua€Hc<ByUa[ \<i6UaDHYJ\�c<i-IJ[�x

q

E�DM\|G6UPpycHE�IZ\<f<X%[vB c<xad�UaXM\<I

G0
K

��XNd�I��M\<I

q

XNd�c�B<IJ[ B<lzjJcad�GJ[J• \<X%[ "“\�c c<xad�UaXM\<f

G0
G-Ua€•lzByUaDM\<X%[ =@EKEGFL=& E S��

FHS � ;>AB?B=
�"A
� C��� LS
� �IA � E C � � �

ˆ

K O �NK“STi

q

ŠMI-V�I Xed�c<ByU�V�I "*Ua\�\�i6U�YJ\�c<i

G0
� �M\<c

I-G-B<U�i-I6U�GZ\<G-c<D{c�\�G-c<XHIZ\<DNd6f<G-c €•U�Y2c<G6U �

ˆ

K O �CV�I-GJI-V]UPd�f<GJc<Dnj-i-DeE�DNd�f<GJc<D`V�GJc

¡

D �

XM\�B<c \<i-U�DHYJ\�c<i-I-rƒXHIJXM\<DMV�l "6Y

q

E“U XM\�i-DHV [Z\<X%[ƒI \PU�V c<XN\PU�• \�X%[_d6•ux<lzDu\�i6U�DMYJ\<c��

i-I-I8IJ€ c<xad�U�XM\�I

G1
"•c•pZByUa\�lzByU�•  TDHr

G0
K

�

xad�U�XM\�f

G1
G6Ua€•lzB<U�DM\�X%[ STRNXD= � EKJ	�



� �

� ALXDA R =t���IC��B?DS � ��O@FDABE 
 , C ?BA�
 =WEKEGFL=t E S FL=

G0
K A c<xad�U�XM\�I

G1
V�c<Š

q

\§X

q

�

 DMXM\�B<c<ByUa\�f^I-XMYZd�• W-IJ\<Ded�f<G-c^j-DHi-DepycHE�G-lzD " G-DMXM\PU�kJI-c<G6U�iJG-lzD`\�I-j-lŽE�B�I

¡

DHGJI-r•K

�9i-DeE�DNd�f<GJc<DnV�G-c

¡

DHXN\<B<c

G0
ca\<B<DMW6U�DM\

q

XM\PU�GJc<B<I-B!�TI-V�X%[ � j-i-DFE�DNd�f�G-lzV �C\<I-j6UaV

E�B<I

¡

DHG-IZ[•K

� ��� ) .
 +�

&! � ��$+$ ���*�
$%- �&!

STc=c�\<Y-iJl \<IJ[ E�DM\�DHi-V�IJG-I-i-c<B<U�G-G-c<ŠMc§p2Uac<X•U=x<lCd�c=IJ€HB<DHXN\<G-c§B<XHDMŠHc=\<i-I \<I �

j6U

q

XM\�c<r-W-IJB<lCp

q

XM\PU�G-c�B<I-B!�TIZpyX%[=i-D � DMG-I-r�E�I-G-U�V�I-W-DMXHY2c<rbXMI-XM\�DHV�l �

ˆ

K O � 2�XMc��

XM\�cR[-G-I-D•i-U�B<G-c<B�DHXHIZ[ "�Y;c�Š E“U j-c<Xed�D j-DMi-DNp<c•E�G-c<ŠHcƒj-i-c�k-DHXMX•U XHIJXM\<DMV]U E�c<XM\�I-ŠeU�DN\

XM\PUak-I-c<G6Uai-G-c<ŠMc � GJD{V�DMGJ[-•  DMŠHc<X%[1B<c•B<i-DMV�DHG-I��zXHc�XM\<cR[JG-IJ[ "

q

XM\<c�r-W-I-B<c�D`j-DMi-I �

cHE�I-W-DMXHY2c<D i-D � DMG-I-D I

q

XM\�c<r-W-I-B�c<D Y-ByUa€HI-j-DMi-I-cHE�I-W-DMXHY2c<D=i-D � DHGJI-D�K




c<c�\<B�DM\��

XM\�B

q

•  TI-V�I�Ua\a\<i6U�YZ\<c<i6UaV�I¢E�I-mnmnDHiJDHG-k-I-UPd�f<G-c�r XMI-XM\�DHV�l¤B �M\�IZp XNd

q

W-Ua[Zp•[JB��

d6[J• \<X%[/2 \<c<WJYZU Bbm{Ua€Hc<B<c<V"jJi-c<XM\�i6U�G-XN\<B<D "]j-i-DeE�DNd�f<GJlzr(k-IJYZd I j-i-DFE�DNd�f�G-lzr

n
� V�DHi-GJlzr^\<c<i K




IJŠHG6Ua\

q

i6UTXHjJDHYJ\�i6U{d6[Jj

q

G-c<B<XMY-IZp¢p2U�i-U�YJ\<DMi-I-XN\<I-W-DMXHY-I;pƒj-c<Y;U �

€RUP\<DNd6DHr � œ{¦ � �Cm`UP€•c<B<c�r_\�i6U�DMYJ\<c<iJI-IbB �M\�IZpƒXNd

q

W6UP[Zpƒx

q

E�DN\ � Q�� 2

� ; � ; : : : ; �
�^XHc<XN\<cR[-G-IJDTi6U�B�G-c<B<DMXHIJ[

0; � ; � ; : : : ; �
�^j-i-DeE�DNd�f<GJlzrbk-I-YZd

0; 0; : : : ; 0| {z }
n

; � ; : : : ; �
�

n
� V�DMi-G-lzr�\�c<i "

n � 2
K

©9DHj-DMi-I-cHE�I-WJDHXHYJI-Vbi-D � DHGJIJ[-VbXMI-XM\�DHV�l��

ˆ

K O �“V�c<Š

q

\ XMc<c�\<B�DM\<XN\<B<c�ByUa\<f XM\�i6U�G �

G-lzD_p2U�c�\�I-W-DMXHY-I-DbUa\�\�i6U�YJ\�c<i-l XNd6c

¡

G-c<r(ŠHDMc<V�DM\�i-I-W-DMXHY2c<r¤XM\�i

q

YJ\

q

i-l "CY;ca\<c��

i-lzD IJV�DH• \ "�j-cbY-i-U�r-G-DMr V�DHi-D "�cHE�I-G j-cad�c

¡

IJ\<Ded�f<G-lzr d6[Jj

q

G-c<B<XMY-I-r j-c<Y;Ua€•U �

\<Ded�f=I "�YZUaY XNd�DFE�XM\�B<I-D!"�E�i-c<x<G

q

•|i-Ua€•V�DMi-G-c<XN\<f�" c�j-i-DeE�DNd6[JDHV

q

•gj-cbmnc<i-V

q

d�D

hnU�jZd�UaG6U ���9c<iJYZU � Q�� 2

D = j +
P j

i =1 � i

j� j +1 j
;

�

ˆ

K

Z

�

Š E�D

j
�ƒG6UaI-x<cad�f � DHDTk-DNd�c�D•W-I-XNd6c�"�E6d-[bY2c�\<c�i-c<ŠHc

� 1 + � 2 + � � � + � j � 0
K�œn[ �

j

q

G-c<B�XHY;Ua[ i6UP€•V�DHiJG-c<XM\�f

D
"*i6U�XMXHW-IJ\PUaG-G6Ua[ j-c�mnc<i-V

q

d�D �

ˆ

K

Z

� "�j-i-DFE�XM\PU�BPd6[-DN\

XHc�x<c<r cHE�G

q

IZ€_m{i-U�YJ\PUPd�f�G-lCp i6Ua€HV�DHi-G-c�XM\<DMr�V�G-c

¡

DMXM\�ByU I Xed

q

¡

IZ\§c�k-DHG-Y2c<r

XHGJIJ€

q

E6d-[�V�DN\<i-IJW-DHXMY;c�rbi6Ua€HV�DHi-G-c�XM\<IbUa\�\�i6U�YJ\�c<i6UJK	��XNd�Iƒj-i-IJV�DHG-IJ\�f mnc<i-V

q

�

d

q

�

ˆ

K

Z

�`Y

q

Y;Ua€RUaG-G-lzVs\�i-DHV�\<IJj6U�VsUa\�\�i6U�YJ\�c<i-c<B�" \�c=V�l jJcad

q

W-I-V�G

q

d�DHB

q

•

i6Ua€HV�DHi-GJc<XM\�f E6d6[�\�c<W-Y-I "

D = 1
�¢E6d6[ƒj-i-DFE�DNd6f<G-c<ŠMc^k-I-Y;d�U I

D = n
�¢E6d6[

n
�

V�DHiJG-c<ŠHc \<c<i6UZK�ACcuB<XHDepTXed

q

W6Ua[;p mni6U�YZ\PUPd�f<G6UP[ i6Ua€HV�DHi-GJc<XM\�f9XM\<iJc<ŠHc9XMc<B<j6UoE�U�DM\

XuV�DN\<i-IJW-DHXMY;c�rƒi-Ua€•V�DMi-G-c<XN\<f<•"UP\�\<i-U�YJ\<c�i-c<B-K3
 c`c<x<XM\�cR[J\<Ded�f<XN\<B<c�"ZWJ\<c

q

Y;Ua€•U�G �

G-lzDC\�I-j-l i-D � DHGJI-r [-Bad-[-• \�X%[¢U�XMI-V�jJ\<ca\<I-W-DMXHY-I

q

XM\<c�r-W-I-B<lzV�I "2U i6Ua€HV�DHi-GJc<XM\�f



� �

D
E�U�DM\�X%[bk-Ded�lzV¤W-I-Xed�c<V¤I1XN\<i-c�ŠHc XMc<B<j6UoE�U�DM\ XTV�DN\<i-I-WJDHXHY2c<r " j-c�€HB<cad6[JDM\^G6U �

€•B<Ua\<f

q

Y;Ua€•U�G-G-lzDƒ\<I-j-l Ua\a\<i6UaYJ\<c<iJc<B i-DMŠ

q

d6[-iJG-lzV�I•K ©nU�i

q

�TDHG-IJDbcHE�G-c<ŠMc IJ€

XHmnc<iJV

q

d6I-i-c<ByUaG-G-lCp

q

XNd�c�B<I-r=I-XHY;d�•uW6UaDM\ƒUa\a\<i6U�YZ\<c<i=IJ€•Y;d�U�XHXHU i-DHŠ

q

d6[-i-GJlCp K

hnU�Y�XM\PUod�c [-XMG-lzV "-G-DMi-DHŠ

q

d-[-i-G-lzD � p2U�c�\�I-W-DMXHY-I-D � UP\�\<i-U�YJ\<c�i-l \�i-DHx

q

• \ B<B�D �

E�DMG-IJ[
XMj-DHk-I-UPd�f<G-c�r1YZd�UaXHXHIJm{IJYZUak-I-I �

ˆ

" Oot�� K

� $ ���*


�! ��� ' � -*$+�
�
���#�
�
������$+$ ���*�
$%- �&!

©9c<B<lzr�\<IJjbUa\a\<i6U�YZ\<c<i6U E�I-G6UaV�I-W-DHXMY2c<r1XMI-XM\�DHV�l �

ˆ

K O �Cx�lCdbB<jJDHi-B<lzDnc<x�G6U �

i

q

¡

DMG œ{c<i-DMG-k-DMV§B•OR…�w<QuŠFK<j-iJI WJI-XNd�DMG-G-c<V§I-XHXed�DeE�c<ByU�G-IJI €HG6U�V�DHGJIJ\<c<r¢\<DMj-DHiJf

V�cHE�DNd6Ibœ`c�i-DHG-k-UJK




\�i-c<ŠMc<D•V]Ua\<DMV]Ua\<IJW-DHXMY;c�D E�c<Y;Ua€RUa\�DNd�f�XM\<B�c�X

q

 DMXM\<B�c<ByU�G-IZ[

G-DMj-DHi-IJc•E�I-W-DHXMY-IZpbi-D��TDHG-I-r1XHI-XN\<DHV�l �

ˆ

K O��Cx<lCd�c¢E�U�G-c BƒO•…y}ZO{ŠHcHE

q

‰�•��ed�DHV I


 UaY;DMG-XHc�V ";IJV�I

¡

D x<lCd6c`B<B�DeE�DMG-cTj-c�GJ[J\�I-D XN\<i6UaG-G-c<ŠMc Ua\a\<i6U�YZ\<c<i6U`YZUaY^c<x<i-Ua€RU

E�DN\<DHiJV�I-G-I-i-c�ByU�G-G-c�ŠHc p2U�c�X•UJK




\<DepbjJc<i�[JBad�DHGJI-DnE�DN\<DMi-V�I-G-I-iJc<ByU�G-GJc<ŠHc^pyU�c<X•U

ITjJc<GJ[J\�I-DCXN\<i6UaG-G-c<ŠMc9Ua\�\�i6U�YJ\�c<i6U'B<c V�G-c<ŠMIZp`i6U�x<ca\PUPp`j-i6U�YJ\�I-W-DMXHY-I•cHE�G-ca€•G6URW �

G-c�XMB�[J€HlzByU�• \ E�i

q

Š•X`E�i

q

ŠHc<VzK

�

E�G-U�Y2c�j-i-I=x<cad�DMD`E�DM\PUod�f<G-c<VŽi6U�XMXHV�c�\�i-DHGJI-I

�M\�c^c<Y;Ua€HlzB<DM\�X%[1GJD{B�XHDHŠ E�U XHjJi6U�B<DFE6d�I-B<lzV�I_\�i-DHx

q

DM\ j-cR[-XHGJDHG-I-r K

�]��&˜–�?¢� �a�
���2��–��6� ��:��Z�<�����8+J>->-��+-��>J����?

STc<Y;Ua€RUP\<DNd6f<XM\�B<c X

q

 DHXN\<B<c�ByU�G-IJ[`XM\�i6U�G-GJc<ŠHc Ua\�\�i6U�YJ\�c<i6U x<lCd�cCE“U�GJc B

¡

DHXM\ �

Y2c<V¤j-i-DFE�j-cad6c

¡

DHG-I-I "“WJ\�c E�I-G-U�V�I-W-DMXHY;Ua[ XMI-XM\�DHV]U �

ˆ

K O �C[JBad6[-DN\<X%[ ŠMi

q

x<c<r�ŠHI �

j-DMi-x<cad�IJW-DHXMY;c�r•K��'\<c �M\�c¢c�€•G6URW6UaDM\ �




I-XM\�DHV]U [-BPd6[-DN\<X%[_ŠHIJj-DHi-x�cad�I-W-DMXHY2c<r "6DMX �

d�I B<XMD^m{Ua€Hc<B<lzD^\�i6U�DHYZ\<c<i-IJI XMDeE6d6c<B<lzD�Kc
 c<WJYZU�YZUaY c<x<i6UP€^\<i-U�DHYJ\�c<i-I-I BbXMD �

W-DMG-I-I �

q

U�GJYZUai-DTB ŠHI-j-DMi-x<cad6I-W-DHXMY2c<r XHI-XN\<DMV�D•B<XHDMŠ E“U [-BPd6[-DN\<X%[bXMDeE6d6c<VzK #˜i

q

�

x<c<XN\<f c�€•G6URW6UaDM\ "PWJ\<c j-i-I{V]UPd�c<V�B<c�€•V

q

 TDHG-I-ITj-i6U�B<lCp{W-U�XM\�DHr �

ˆ

K O��˜I{ByU�iJI6U�k-I-I

q

j-i6U�BPd6[-•  IZp j6Uai6U�V�DM\�i-c<BnB9Y2c<G-DMW-G-c<r c<xad�UaXM\<I¢IZpT€•G6URW-DMG-I-r B<XHD \�i6U�DMYJ\<c<iJI-I

j-i-cHE�cPd

¡

U�• \^c<XN\PU�ByUa\�f<X%[�XHDeE-d�c<B<lzV�I•K

#˜I-j-DMi-x<cad�IJW-DHXMY-I-D Ua\a\<i6UaYJ\<c<iJl8E�cad

¡

G-l

q

E�c<Bad�DN\<B<c<iy[Z\<f XNd�DFE

q

•  IJV

q

Xed�c��

B<IJ[JV�2

O �`XMc<XM\�cR[J\<fsIJ€ŽY2c<GJ\<IJG

q2q

V]U

Ÿ

G-D

q

XM\�c<r-W-I-B�lCp d�IJXM\<c�B

Ÿ

IZd�I Y-i-I-B�lCp "¢B<XM• E

q

j;d�c�\<GJlCp B=Ua\�\�i6U�YJ\�c<i-D "™BoE�cad�fbY2c�\�c<i-lCp xPd�IJ€•YJI-D�\<i6U�DMYJ\<c�i-I-I �HY2XHj-c�G-DHG �

kJI6UPd�f<GJc i-U�X pycHE�[Z\<X%[ �

Z

�`B c<Y-i-DMXM\�G-c<XM\�I1d�•ux�c<r�\�c<W-Y-IbIJV�DM\<f�ŠMDHc<V�DN\<i-IJ• j-i-c<IZ€•B<DFE�DHG-IZ[bY;U�GJ\�c<i-c<ByU

V�GJc

¡

DHXM\�ByU¢G6U IJGJ\<DMi-ByUPd �

Q �`IJV�DM\<f_c<YJi-DHXN\<G-c<XN\<fƒB�B<I;E�D•i-U�X� TDHjZd�DMG-G-lCp

q

XM\<c�r-W-I-B<lCp8Xed�c<DMB�" BPE�cad�f�Y2c��

\�c<i-lCpƒxad6IJ€•Y-IJD{\�i6U�DHYZ\<c<i-IJIbX pycHE�[Z\<X%[bYƒUa\a\<i6UaYJ\<c<i

q

K


 UaY-I-V c<x�i6Ua€•c�V "yŠHi

q

x<c<XN\<f ca€•G6URW6U�DN\ "JWJ\�cTXMB<c<r-XN\<ByU^O �ZQ{XMc•pJi-U�GJ[-• \<X%[�jJi-I^B<ca€ �

V

q

 DMG-IJ[Zp“K



� �

������� � �
�	�

$ +IR�`*/gT:d 
xhN/ ��.�d Qi
.1dg.x/ �8f*dgQ �-(�r*+-f��Y/g`�(��*+�X�.�/ �xhNf�d8+�.�hN/Yf1(�(WT X�+ ��+-'�(�(

�

i

dg'*.1dgf�+

©nU§i-IJX�K

ˆ

K O�j-i-DeE�XM\PU�Bad6DHG6U XHDFE6d�c<ByUP[�\<i-U�DHYJ\�c<i-IJ[

�
I XHc�c�\<B<DN\<XN\<B

q

•  TI-D

\<c�W-Y-I

Qi
DHD j-DMi-DHXMDHW-DMG-IJ[ŽXbXHDMY

q

 DMrLj-c�B<DHi<pZG-c<XN\<f<• �

q

U�GJYZUai-D

S
K]S U�G-G-lzr

i-I-X

q

G-c<Y IZdJd�•uXN\<i-I-i

q

DM\•\PUaY

¡

Dzd�c<Y;UPd�f<GJc<D jJc<B<DeE�DHG-I-D

q

XN\<c<rJW-I-B<lCp^I^G-D

q

XN\<c<r �

W-I-B�lCpƒV�G-c<ŠHc�c<x<i6Ua€HI-rƒXHDeE-d�c<B<c<r_\<c�W-Y-I

Qi
K

�

E�G6U�Y2c \�c<ŠHc�"“WJ\<c^d6c<Y;UPd�f<G-c \<c<W-Y;U

Qi
j-DMi-DHXMDHW-DMG-IJ[

�
X

S
[-BPd6[-DN\<X%[ ŠMi

q

x<lzV

XHDFE6d�c<V "�c<Y;Ua€•lzByUaDM\<X%[¢GJDeE�c<XN\PUa\<c�W-G-lzV8E6d-[•ŠHi

q

x<c�r•ŠHI-j-DMi-x<cad6I-W-G-c<XN\<I•K2©9DMc<x•pyc��

E�I-V�lLG-DHY2c�\�c<i-lzD

q

Xed�c<B<IJ[_ca\<G-c<XMIJ\<Ded�G-c Š d�c<xyUPd6f<G-lCp � G-DNd�c�YZUod�f<G-lCp��zXHB<c<rJXM\<B

q

XN\<c<rJW-I-B<lCp I G-D

q

XM\�c<r-W-I-B�lCp¤V�G-c<ŠMc<c<x<i-Ua€•I-r K

�

x<i6UP\<I-V�X%[�Y�i-I-XaK

ˆ

K

Z

K™A XHI �

d

q

G-UPd�I-W-IZ[�UP\�\<i-U�YJ\<c�i6U

q

XM\<c�r-W-I-B<lzDƒI G-D

q

XM\<c�r-W-I-B<lzD�V�G-c<ŠMc<c<x<i6UP€•IJ[

W s I

W u c�xo[Z€RU�GJlLx<l \�f¢XHc<XMi-DeE�ca\<c<W-DMG-l‚B¢c<xad�U�XM\�I

G0
K �9i-I �N\<c<V(c<G-I_V�c<Š

q

\ j-DMi-D �

XHDMY;Ua\<f<X%[8X c�x<i6Ua€Hc<ByU�G-IJDHV¤ŠHc�V�c<YZd�I-GJI-W-DHXMY-IZp \�c<W-DMY � j-c<B<DMi<pJGJc<XM\�DHr�� "˜c<x<i6Ua€

q

[

\PU�YLG6Ua€•lzB<U�DHV�lzD8ŠHc<V�c�YZd�I-G-IJW-DHXMY-I-D XN\<i

q

YJ\

q

i-l "uY2c�\�c<i-lzD8B(ŠMi

q

x<lCpŽŠHI-jJDHi �

x<cad6I-W-DHXMY-IZp XHI-XN\<DHV]Uop¤c<xR[J€•U�G-l x<l \�f ŠHi

q

x<lzV�I K

�

\<c ca€•G6URW6U�DN\ " WJ\�c X�\�c<j-c��

d�c<ŠMI-W-DMXHY2c<r \�c<W-Y-I8€•i-DMG-IJ[ XN\<i

q

YJ\

q

i6Ubj-DHiJDHXHDMW-DHGJIJ[

W s I

W u E�cad

¡

G6U�XHc�c�\��

B<DN\<XM\�B<c<ByUP\<f_i-I-XaK

ˆ

K

Z

" = IbG-D V�DMGJ[J\�f<X%[=Y;URW-DHXN\<B<DMG-G-cƒj-i-IbB<ca€•V

q

 DMG-IJ[Zp“K




d

q

�

W6U�I=i-IJX�K

ˆ

K

Z

" R`I �TIJXHYZd�• W6U�• \<X%[§IJ€•i6U�XMXHV�c�\�i-DHGJIJ[ "˜\PU�Y=Y;U�Ybp2U�i-U�YJ\<DMi-IJ€

q

• \

E�ByU GJDHŠHi

q

x�lCpb[-BPd�DHG-IZ[�2“[JBad�DMG-I-D €RUaV�lzYZUaG-IJ[ V�G-c�ŠHc<c<x�i6Ua€•IJr X c<x<i6UP€•c<ByUaG-I-DHV

j-DN\•d�I�� i-I-XaK

ˆ

K

Z

" R�� Ib[-BPd�DHG-IJD Y;U�X•U�GJIJ[

q

XM\<c�r-W-I-B<c�ŠHc_IbG-D

q

XM\�c<r-W-IJB<c<ŠHcƒV�G-c<ŠMc��

c<x<i-Ua€•I-r � i-IJX�K

ˆ

K

Z

" � �NKW��XNd�I GJDNd�c<Y;UPd6f<G-lzD1XMB<c<r-XN\<ByU§V�G-c<ŠHc�c<x<i6Ua€HI-r�jJi-I�B<ca€ �

V

q

 DMG-IJ[ZpƒE�I-G6UaV�I-W-DHXMY2c<r XHI-XN\<DMV�l�jJi-I-B<cHE�[Z\ YbG-DMŠHi

q

x<lzV•XMIJ\

q

U�k-IJ[JV " IJ€Hc<x��

i6U

¡

DHG-G-lzV G6U i-I-X�K

ˆ

K

Z

" R^I � "�B<ca€•V�c

¡

GJl x<IJm

q

i-Y;U�kJI-I�i-D � DMG-I-r•K A ŠMi

q

x<lCp

ŠHIJj-DHi-x�cad�I-W-DMXHY-I;p XMI-XM\�DHV]UPp G-I-Y;U�Y-IZp x<I-m

q

i-Y;U�k-I-r8j-i-c<IJX pycHE�IJ\�f1G-D`E�cPd

¡

GJc-K

�9i-I B<ca€•V

q

 DMG-IJ[Zp�XHIJXM\<DMV�l \�i6U�DMYJ\<c<iJIJ[

�
B<XMDHŠ E“U§c<XM\PU�DN\<X%[•XMDeE6d�c�B<c<r "™WJ\<c

XHc�c�\<B<DN\<XN\<B

q

DM\_XNd

q

W-U�•siJI-X�K

ˆ

K

Z

" =�K



�Yk

������� � ��� �

! /YQ�q /Jac'�� + X-`

i

�*dg( r*+-f�+�X�+��*+-'�(	


i

X�hN/ ����(�TN/ � ( '�+

i

X�hY/ ����(�TY/ �LX�+-r*d8f�d8hNf1(*X�X�+IR�`*/8TY/ �

hN/��*.�( Qi
TAX�+ �*+I'�(�(

�

i

dg'�.1d8f�+

hnU�Y V�l

q

B�I;E�I-V"B E“UPd�f�G-DHr �TDHV "�G-DHŠMi

q

x<lzD^Xed

q

W6U�I i-IJX�K

ˆ

K

Z

" R•I �•[JBad6[J• \<X%[

j-i-IJW-I-G-c<r§j-cR[-Bad6DHG-IJ[=x�cad�DHD¢Xed�c

¡

G-c

q

XM\<iJc<DHG-GJlCp8pyU�c�\�I-W-DHXMY-IZp§j-i-IZ\R[-ŠHIJByU�• �

 I;p‚V�G-c

¡

DMXM\�B �n\PU�Y‚G6UP€•lzByU�DMV�lCp‚YJByUa€•I-Ua\�\�i6U�YJ\�c<i-c<B-K




\<i6U�GJG-lzD � B'XMV�lzXNd�D

‰�•��ed6[ ��
 U�Y2DHGJX•U � Ua\a\<i6UaYJ\<c<iJl B<XHDMŠ E“U'[-Bad-[-• \�X%[¢ŠHi

q

x<lzV�I¢ŠMI-j-DHiJx<cad�I-WJDHXHYJI-V�I

j-i-DFE�DNd6f<G-lzV�IbV�G-c

¡

DMXM\�ByU�V�I•K

�

XHG-c�B<G-c<r W-DMiJ\<c�r " c�\•d�IJW6U�•  TDHr(XM\<i-U�G-G-lzD p2Uac�\<I-WJDHXHYJI-DƒUa\�\�i6U�YJ\�c<i-l c�\

i-DMŠ

q

d6[-iJG-lCp " [-BPd6[-DN\<X%[��HY2XHj-c�G-DHG-kJI6UPd�f<G-Ua[�GJD

q

XN\<c<rJW-I-B<c<XN\<f m{Ua€Hc<B<c<r \<i6UaDHY �

\<c�i-I-I_G6U Ua\a\<i6UaYJ\<c<iJD�K




j-DMYJ\<i�d6[Jj

q

G-c<B<XMY-IZp �HY2XHj-c�G-DHGJ\ B �N\<c<V Xed

q

W6U�D9B<YZd6• �

W6U�DN\ "�Y;U�Y V�I-G-I-V

q

V "�cHE�I-G jJcad�c

¡

IZ\<DNd6f<G-lzr j-c<Y;Ua€RUP\<DNd6f-K�A XMc<c�\�B<DM\�XM\<B�I-I

X �

ˆ

K

Z

�•mni6UaYJ\PUPd�f<G-Ua[ i6Ua€HV�DHi-G-c�XM\<f Ua\a\<i6UaYJ\<c<i-U B<XMDHŠ E“U x<cPd�f!� D^E�B

q

p I

Bbc<x  DHV�Xed

q

W6U�D�G-D x

q

E�DM\=B<lzi-U

¡

Ua\�f<X%[ k-Ded�lzV�W-I-XNd6c<VzK

 

IJG-I-V]UPd�f�G6Ua[ i6UP€ �

V�DHiJG-c<XM\�f(m{Ua€Hc<B<c<ŠMc j-i-c�XM\<i-U�G-XM\�ByU "zB Y2c�\�c<i-c<D V�c

¡

G-c

Ÿ

Bad6c

¡

IJ\�f

Ÿ

XM\�i6U�G-GJlzr

Ua\a\<i6U�YZ\<c<i "�c<Y;Ua€HlzByU�DM\�X%[ i-U�B<G-c<r \�i-DHVzK,
 UaY-I-V•c<x<i6UP€•c<V "•iJD

¡

I-V•E�DN\<DMi-V�I-G-I �



� �

i-c<B<U�G-G-c<ŠMc p2U�c�X•U V�c

¡

GJc G6U�xad�• E�Ua\<f B§E�IJm{mnDMi-DHG-kJI6UPd�f<GJlCp�E�I-G6UaV�I-W-DHXMY-IZp

XHIJXM\<DMV]UPp�i6Ua€HV�DHi-G-c�XM\<I

N � 3
K

A"V]Ua\<DMV]Ua\<IJY;D IJ€•B�DHXM\�G-l "�j-c_Y-i6U�r-GJDHr V�DMi-D!"“E�ByU�j-i-I-V�DMi6U�ŠMi

q

x<lCp8ŠHI-jJDHi �

x<cad6I-W-DHXMY-IZp8UP\�\<i-U�YJ\<c�i-c<B 2�Ua\a\<i6U�YZ\<c<i




V�DHrZd�U �„ACI;d�f�[-V�XHU�I§UP\�\<i-U�YJ\<c�i �ud�l �

Y-I-G-UJK]h‹XMc

¡

UPd�DHGJI-• "�B i-DHUPd�f<GJlCp XHI-XN\<DHV]Uop DHXM\�DHXN\<B<c�€HG6U�G-IZ[ i-D

¡

I-V�XM\�i-c<ŠMc

ŠHIJj-DHi-x�cad�I-W-DMXHY2c<ŠMc{ŠMi

q

x<c<ŠMc p2Uac<X•U E�cuXHI;pTjJc<iTG-D™c<x<G-U�i

q

¡

DHG Kt�9XM\�I-G-G-c

Ÿ

XM\�i6U�G �

G-lzD

Ÿ

Ua\�\�i6U�YJ\�c<i-l [JBad6[-• \<X%[¢I;E�D•UPd�f�G-c<r "aG-c9G-DeE�c<XM\�I

¡

IJV�c<r¢j-c<Y;U9V�c•E�DNd�f<• E�D �

\<DMi-V�I-G-IJi-c<ByU�GJG-c<ŠHc¢p2U�c�X•UJK

����+J)2�$���$���;��–��6� ��:��;�<�����8+->->J��+-��>-����?ƒ5
�¢>->-��+-��>J����?g>-�$��+=01�����2,�3�+

¨]XNd6c<B<IJ[¤ŠMI-j-DMi-x<cad�IJW-G-c<XN\<I‚UP\�\<i-U�YJ\<c�i6U " XHmnc<i-V

q

d�IJi-c<ByU�GJG-lzD=B<l � D "™E6d6[

i-DHUPd�f<G-lCp E�IJG6U�V�I-W-DMXHY-I;p XMI-XM\�DHV�G-D B<lzj-cad�GZ[-• \�X%[•K ACV�DHXN\<D^X¢\<DMV"IJ€•B�DHXM\�G-l

E�I-G-U�V�I-W-DMXHY-I-D XMI-XM\�DHV�l "nUa\a\<i6U�YZ\<c<i-l	Y2c�\<c<iJlCp‚[-BPd6[-• \<X%["xad6IJ€•Y-IJV�I�Y ŠHI �

j-DMi-x<cad�IJW-DHXMY-I-VzK	
 U�Y-IJD`UP\�\<i-U�YJ\<c�i-l"[-Bad6[J• \�X%[ƒpyU�c�\<IJW-DHXMY-I-V�I "“G-DnB<YZd�• W6U�• \

q

XN\<c<rJW-I-B<lCp i-DHŠ

q

d-[-i-G-lCp Ua\�\�i6U�YJ\�c<i-c<B I§XHc•pZi6U�GJ[J• \ �N\<I XMB<c<r-XN\<ByU�j-i-I B<ca€ �

V

q

 DMG-IJ[Zp“K




V]Ua\�DHV]Ua\�I-W-DMXHY2c<r

¡

Dz\�c<W-Y-I¢€•i-DMG-IJ[ "<E-d6[•\PU�Y-IZp XMI-XM\�DHV G6Uai

q

�•U �

DM\�X%[ "�j-c•Y-i-U�r-G-DMr�V�DMi-D!"6cHE�G-c¢IJ€9\�i-DNp

q

XNd6c<B<I-rƒŠHI-jJDHi-x<cPd�I-W-G-c�XM\<I "�XMmnc<i-V

q

d�I �

i-c<B<U�G-G-lCpƒB<l �TD�K

 

lLx

q

E�DHV G6Ua€HlzByUa\<f j-c<WZ\<IƒŠHI-j-DMi-x<cad6I-W-DHXMY-I-D`Ua\�\�i6U�YJ\�c<i-l"Y-B<Ua€•I-ŠMI-j-DMi-x<c��

d�I-WJDHXHYJI-V�I•K,�'€•B<DMXM\�G-l Y-B<Ua€•I-ŠMI-j-DMi-x<cad�IJW-DHXMY-I-D Ua\�\�i6U�YJ\�c<i-lsœ{c�€HI "•ž DNd�lCpyU_I

Ua\a\<i6U�YZ\<c<i-l‹\<I-j6U œ{c<i-DMG-k6U �

ˆ

� K�S`d-[

q

Y;Ua€•U�G-G-lCp•Ua\�\�i6U�YJ\�c<i-c<B X

q

 DMXM\�B

q

• \

XM\�i-c<ŠMI-D9E�c<Y;Ua€RUa\�DNd�f�XM\<B<U¢\�c<ŠHc�"JWJ\<c¢c<G-I�[JBad6[-• \<X%[_Y-B<Ua€•I-ŠMI-j-DMi-x<cad�IJW-DHXMY-I-V�IbB

q

Y;Ua€RU�GJG-c<V B<l �TD XMV�lzXNd�DaK��9Ded�DHXMc<c<x<i6UP€•G-c`B<l [-B<IZ\<f{I XMI-XM\�DHV]Ua\�IJ€•I-iJc<ByUa\�f•c�\��

d�I-WJIJ\<Ded�f<G-lzD �HY2XHj-DMi-I-V�DMGJ\PUPd�f<GJlzD§p2U�i-U�YJ\<DMi-I-XN\<I-Y-I Y-ByUa€HI-ŠHI-jJDHi-x<cPd�I-W-DMXHY-IZp

Ua\a\<i6U�YZ\<c<i-c�B�"˜Y2c�\<c<iJlzD V�c

¡

G-c�I-XMj-cad�f�€Hc<ByUa\�f^E6d6[ IZpƒE�I6U�ŠMG-c<XN\<I-Y-I§j-i-I=Y2c<V �

j-f<• \<DMi-G-c<V V�cHE�Ded�I-i-c�ByU�G-I-I K

����+J)2�$���$���;��–��6� ��:��;�<����’L+->->-��+-��>-��� � �<���<>-�2$9�10���)2�™5

�

x<c<XMG-c<ByUaG-I-D

X

q

 TDHXM\�B<c<ByUaG-IJ[bYJByUa€•IJŠHI-j-DMi-x<cad6I-W-DHXMY2c<ŠHc^Ua\�\�i6U�YJ\�c<i6U BTE�IJG6U�V�I-W-DMXHY2c<r�XHI-XN\<D �

V�DT\�i-DHx

q

DM\^E�c�YZUP€RUa\�DNd�f<XN\<ByU E�B

q

p1j-cad6c

¡

DHG-I-r/2�O � B�Ua\a\<i6U�YZ\<c<i-D•B�XHDTm{Ua€Hc<B<lzD

\<i-U�DHYJ\�c<i-I-I_[-BPd6[-• \<X%[�G-D

q

XN\<c<r-WJI-B<lzV�I "

Z

�]j-i-I ByUai-I6U�k-IJI�j6U�i6U�V�DN\<i-c�B•XHI-XN\<D �

V�l

q

XM\�c<r-W-IJB<lCp=\<i6UaDHYJ\�c<i-I-r8G-D B<ca€•G-I-Y;U�DN\oK

�

\PU�X

q

Š

q

x<c_V]Ua\�DHV]Ua\�I-W-DHXMY;Ua[§€•U �

E“URW6U�B_XHIZd

q

G-DNd6I-G-DHrJG-c<XM\�I8E�I-G-U�V�I-W-DMXHY2c<r XMI-XM\�DHV�l GJD V�c

¡

DN\_x<l \<fƒi-D � DHG-U

B�c<x! TDHVŽB<I;E�DaK

�

E�G6U�Y2c�j-iJI-V�DHG-IZ\<DNd6f<G-cƒY8GJDHY2c�\<c�i-lzV Y2c<G-YJi-DM\�G-lzV•E�IJG6U�V�I �

W-DMXHY-I-V�XHI-XN\<DHV]UaV �M\PU¢€RUoE“URW6U "6Y�XMW6U�XM\�f<• "�I-V�DMDM\ i-D��TDHG-IJD�K

‰ UaXHXHV�ca\<i-I-V�G6U�I-x<cPd�DHD9j-iJc<XM\�c<r�jJi-I-V�DHi�� =@EKEGFL=& E S F�� S :<A B`E�B

q

V�DHi-G-c�r

E�I-XMY-i-DN\<G-c<r_E�I-G6U�V�IJW-DHXMY;c�r1XHIJXM\<DMV�D�2

xn+1 = 1 � ajxn j + yn ;

yn+1 = bxn :
�

ˆ

K Q �



� �




I-XN\<DHV]U �

ˆ

K Q �Tj-i-DFE�XM\PUaBad6[-DN\ XHc�x<c<r G-DNd6I-G-DHrJG-c<D1Ba€RU�I-V�GJc8cHE�GJc�€•G6URW-GJc<D�E�I-X �

XHIJj6Ua\<IJB<G-c<D � E-d6[

b < 1
� �`ca\<c<x<i-U

¡

DHGJI-D!"�Y2c�\�c<i-c<D�B XMIZd

q

E�IJm{mnDMc<V�c<i-mnIJ€HV]U

[-BPd6[-DN\<X%[ B{XN\<i-c�ŠHc<V§XHV�lzXNd6D c�\�c<x<i6U

¡

DHG-IJDHV �

q

U�G-Y;U�i-D G-DMY;ca\<c<i-c�r¢E�I-mnmnDHiJDHG �

k-I6Uod�f<G-c<rTXHI-XN\<DHV�l XCi-Ua€•V�DMi-G-c<XN\<f<•¤m{Ua€Hc<B<c<ŠMcuj-i-c�XM\<i-U�G-XM\�ByU

N = 3
K �9c	�N\<c<V

q

XHB�c<r-XM\�ByU "-c�x<G6U�i

q

¡

DMG-G-lzDnI E�c<Y;Ua€•U�G-G-lzDuE6d-[ �M\�c<r�XMI-XM\�DHV�l "6x

q

E

q

\ E�c<XN\<c<B�DHi �

G-c j-i-I-V�DMG-I-V�l‚Yƒj-c�\�c<Y

q

B

R 3 K


 DMc<i-DN\<I-W-DMXHY-I

q

XM\PU�GJc<Bad�DMG-c�" WJ\<csB XHIJXM\<DMV�D �

ˆ

K Q � B�c<xad�UaXM\<I €•G6UaW-DHG-IJr

1:3 < a < 1:8
X

q

 TDHXN\<B

q

DM\ DFE�I-G-XN\<B<DMG-G-lzr§pyU�c�\<IJW-DHXMY-I-r UP\�\<i-U�YJ\<c�i "*Y;ca\<c<i-lzr

G-DbXMcPE�DMi

¡

IZ\

q

XM\�c<r-W-IJB<lCp•G-DMj-cHE�B<I

¡

G-lCp \�c<W-DMY•K

�

\<ca\ Ua\�\�i6U�YJ\�c<iLIZ€•B<DMXM\<DMG

B d�IJ\<DMi6Ua\

q

iJD Y;U�Y Y-B<Ua€•I-ŠMI-j-DMi-x<cad�IJW-DHXMY-I-r�Ua\a\<i6U�YZ\<c<i œ{c�€HI " E6d6[LY2c�\<c�i-c<ŠHc

G6U�i

q

� U�DM\�X%[

Z

� D

q

Xed�c<B<I-D{ŠHIJj-DHi-x�cad�I-W-GJc<XM\�I•K

©nU i-I-XaK

ˆ

K Q j-i-I-B<DFE�DHGƒUa\a\<i6UaYJ\<c<iƒœ{c�€•I�I�c<xPd�U�XM\�f � xyU�XMXHDMr-G��CDHŠMc¢j-i-IJ\R[

¡

D �

G-IJ[ K

†

\�\�i6U�YJ\�c<i œ{c�€•I

G0
�1DeE�I-GJXM\<B�DHG-G-c�D j-i-IJ\R[JŠHI-B<U�•  TDHD
V�G-c

¡

DMXM\<B�c�B

I-GJ\�DHi-B<UPd�D

1:3 < a < 1:8
j-i-I

b = 0:3
X`cHE�GJc<i-cHE�G-lzV¤xyUaXHXHDMr-G-c<V¤jJi-IJ\R[

¡

DHG-IJ[

G1
K•œ`• xyUa[{G6URW6UPd6f<G6Ua[{\<c<WJYZU �

x0; y0
� "oj-iJI-G6UoE6d6D

¡

U  Ua[`xyU�XHXMDHr-G

q

jJi-IJ\R[

¡

DHG-IJ[

G1
"-XHc B<i-DMV�DHG-DMV XM\�i-DHV�IJ\�X%[bY�Ua\�\�i6U�YJ\�c<i

q

œ{c�€•I K

¦9Uai6U�YJ\�DHi-G-c�r§[-BPd6[-DN\<X%[8€RU�B<IJXHI-V�c<XN\<f�XM\PU�i �TDHŠMcbj-c<Y;Ua€•Ua\<Ded6[§œn[Jj

q

G-c<ByU�c�\

j6U�i-U�V�DM\�i6U

a
K	�niJI mnI-Y2XMI-i-c<ByUaG-G-c<V

b= 0:3
Ua\a\<i6U�YZ\<c<i œ`ca€•I¢B<c�€HG-I-Y;U�DM\

¡

DMXM\ �

Y2c j-i-I

a = 1:3
I�c<XM\PU�DN\<X%[ pyU�c�\<IJW-DHXMY-I-V B<c B<XMDHr c<xPd�U�XM\�I X

q

 TDHXM\�B<c<ByUaG-IJ[

1:3 < a < 1:8
K

Œ

U�B<I-XMI-V�c<XM\�f

� 1(a)
GJD'I-V�DHDN\¢j-i-c<B<UPd�c<B{E�c•G

q

d6[ I�j-iJDeE�XN\PU�Bad6[ �

-2 2
-2

2

x

y

G1

G0

������� � ��� �

%�hNhNf�d8.�hN/Yf��>/YQI( G0
( �Yd8X�X�+	��' + �M/ r�f�(*h�
1ao+I'�(	
 G1

R*`�
 a = 1:5 r*f1( b = 0:3
� hNf�d8+�.�hN/Yf1(�(W(*Q�X�+-f�/ � / �8`*d8X�h8(x(*q + �#hBT .1d �*+�X-hYTN+>dghNhNf�d8.�hY/Yf*d �Y+-X�.�/8'*+���'*/8X�h �

�



� �

0 2 4 6 8 10 12 14 16 18
0.0

0.2

0.4

0.6

0.8

Yx

k
������� � ��� �

%	TYhN/Y.�/Yf�f�+-`�
���(*/g'�'Dd�
 �

i

'*.���(	
AR*`�
 a = 1:75"

�

i

'*.�hY(*f1'*/ ��`�(�'�(�+ �xr�/Y.1d8Q�dg'DdBdgr�r�f�/8.�S

X-(�q d ��(�
 ��.�X-r�/8'�+-'���(Ddg`��Y'�/ � �

i

'*.���(*+ ��� � 1 = 0:53 y X�h8d8f �,(��x`�
1r

i

'�/8TYX�.�(��Wr�/Y.1d8Q�d8hN+-`���0�X�/Y/8hYTN+-hYS

X�hYT

i

�u)>(�� rDd8f�d8q +�hNf

i a
�

DM\^XHc<x�c<r1Š d�URE�Y

q

• j-cad6c

¡

IJ\�DNd�f<GJc^c<j-iJDeE�Ded�DHG-G

q

•ªm

q

G-Y-kJI-•TK

�

\<c�\ i-DM€

q

d6fo\PUP\

c�\�i6U

¡

U�DN\bm{U�YJ\�c�\�X

q

\<XN\<B<IJ[

q

XM\�c<r-W-IJB<lCp GJDHj-cHE�B<I

¡

G-lCp8\�c<W-DHY � c<Y2c<G

q

XN\<c<r �

W-I-B�c<XM\�I�� B¢c<xPd�U�XM\�I1X

q

 TDHXN\<B<c<B<U�G-IJ[1Ua\�\�i6U�YJ\�c<i6U œ{c�€HI•K




j-DMYJ\<i8V�c! GJc<XM\�I

S(! )
"�i6U�XHXMW-IJ\PU�GJG-lzr j-c�Y2c<c�i<E�I-G6Ua\�D

xn
B�c<xad�U�XN\<I=X

q

�

 DMXM\�B<c<ByU�GJIJ[�Ua\�\�i6U�YJ\�c<i6U œ{c�€HI "J[JBad6[-DN\<X%[ Š d�UoE�Y2c<r‹m

q

G-YJk-I-DHr
I_G-D�B<YZd6• �

W6U�DN\ [-B<G-lCp B<lzx<i-c�XHc<B G6U Y;U�YJIZp � d�I-x�c pyU�i6U�YZ\<DHiJG-lCpŽW6U�XN\<c�\PUPp“K ACXed�DeE�XN\<B<IJD

�M\�c<ŠHc�U�B�\�c<Y2c<i-i-Ded6[-kJI-c<G-G6UP[=m

q

G-YJk-IJ[��

†

h'~ �uj-i-c�k-DHXMX•U

xn
XHj6URE“U�DM\_jJc_€•U�Y2c��

G

q

"6xad�IJ€HY;c�V

q

Y �HY2XHjJc<G-DHGJk-I6UPd�f�G-c<V

q

� i-IJX�K

ˆ

K

ˆ

�NK

hnU�Y

q

¡

D c�\�V�DHW6Uod�c<XHf "]E6d6[ ŠHi

q

x<lCp•ŠMI-j-DMi-x<cad�IJW-DHXMY-IZpŽUa\a\<i6UaYJ\<c<iJc<B E�cad��

¡

G-c B<lzj-cad6GJ[J\�f<X%[

q

XNd6c<B<I-D�\<i-U�G-XHB�DHi-XHUPd�f<G-c�XM\<I�j-DHi-DMXHDMW-DHG-IZ[

q

XM\<c�r-W-I-B<lCp I

G-D

q

XM\�c<r-W-IJB<lCp¤V�G-c�ŠHc<c<x�i6Ua€•IJr�XHDFE6d�c<B�c<r(\�i6U�DHYZ\<c<i-IJI•K




c<j-c<XN\PU�Bad�DMG-I-D™i-I-X�K

ˆ

K Q

I

ˆ

K t•j-c<Y;Ua€HlzByU�DM\ "�WJ\�c

q

XM\<c�r-W-I-B<lzDTV�G-c<ŠHc�c<x<i6Ua€HIJ[�XHDeE-d�c<B<lCpƒk-IJYZd�c<B c<j-i-DFE�D �

d6[J• \ ŠMi6U�G-IJk-l xyU�XMXHDHrJG6U j-i-IZ\R[

¡

DMG-IJ[¤UP\�\<i-U�YJ\<c�i6U " U=X•UaVsp2U�ca\<I-W-DMXHY-IJr•Ua\��

\<i-U�YJ\<c�i�i6U�XHjJcad�U�ŠeU�DN\<X%[�BoE�cad�f`G-D

q

XM\<c�r-W-I-B<lCp�XHDHj-U�i6Ua\�i-I-X!"Zj-c<B�\�c<iy[J[ IZp mnc<i �

V

q

K �'€9i-I-XaK

ˆ

K t`B<I;E�G-c�";WJ\<c•j-DMi-DHXMDHW-DMG-I-D{V�G-c<ŠMc<c<x<i6UP€•I-r B�XH• E

q

\�i6U�G-XMB<DHi-XHUPd�f��

G-c¢I_j-cR[-Bad6DHG-I-DnŠMc<V�c<YZd�IJG-I-W-DMXHY-IZp_\�i6U�DMYJ\<c<iJI-r1G-D9B�DeE�DN\ Y_i-c

¡

E�DHGJI-•

q

XN\<c<r �

W-I-B�lCp•j-DHiJI-cHE�I-W-DMXHY-IZpŽc�i-x<IJ\oK #˜I-jJDHi-x<cPd�I-W-DMXHY2c<Dbp2U�ca\<I-W-DMXHY2c<D8V�G-c

¡

DHXN\<B<c �

DeE�I-G-XM\�B<DHGJG-c<Dnj-i-IJ\R[JŠHI-B<U�•  TDHDnj-i-DFE�DNd�f�G-c<D'V�G-c

¡

DMXM\�B<c•BTm{Ua€Hc<B<c<V j-iJc<XM\�i6U�G �

XM\�B<D{XHI-XN\<DHV�l �

ˆ

K Q �NK




I-XN\<DHV]U œ{c�€HI [-Bad6[JDM\�X%[�cHE�G-c<r�IJ€'j-i-c<XN\<DHr � IZp "ZE6d6[ Y;ca\<c<i-lCp

q

Xed�c<B<I-DuŠHI �

j-DMi-x<cad�IJW-G-c<XN\<I \<i-U�DHYJ\�c<i-I-r G6U�pyU�c�\�I-W-DHXMY2c<V�Ua\�\�i6U�YJ\�c<i-D V�c

¡

G-c_j-i-c<B<DMi-IJ\�f

B_W-I-Xed�DHG-GJc<V �HY2XMj-DHi-IJV�DHGJ\�D�K




�M\�c<r§kJDNd�f<• x<lCd�Uƒi6UP€•i6U�x�c�\PU�G6U_XHj-DMk-I6UPd6f<G6Ua[

j-i-c�ŠHi6U�V�V]U "Cj-c�€HB<cad6[J•  Ua[ i6UaXHXHWJIJ\PUa\<f B<DMi-cR[J\<GJc<XM\�f

P(� ) q

Š d�U

�
V�D

¡

E

q

G6U�jJi6U�Bad�DMG-IJ[JV�I

q

XN\<c<r-WJI-B<c<ŠMc I GJD

q

XN\<c<rJW-I-B<c<ŠMc V�G-c<ŠMc<c<x<i6UP€•I-r XHDeE-d�c<B<c<r



� �

q

W
s

W
u

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
-0.50

-0.25

0.00

0.25

0.50

x

y

������� � ��� � �

/8TY+IRD+I'�(*+

i

X�hY/ ����(�TY/ �M/A( '�+

i

X�hN/ ����(�TN/ �M/ qs'*/ �M/Y/ �Yf*dgQ-(���X�+IR�`*/gTN/ ��/ X�/8X�hN/ 
�'�(	
 f*dJTY'*/gS

TN+-X-(	
 q /8hN/ �8f*d8a,+-'�(	
 �>/8Q-(xr�f�( a = 1:7; b = 0:3

\<i-U�DHYJ\�c<i-I-I

(xn ; yn)
j-i-I

n ! 1
� i-I-X�K

ˆ

K w " = ���

ˆ

� KZ‰�U�XHWJDM\<l

q

Š d�c<B x<lCd6I�j-i-c��

B<DFE�DHG-l E6d6[ƒO

]\[\[@[

\�c<W-DMY^G6UnUa\a\<i6U�YZ\<c<i-DaKe�'€ ŠHi-U�mnI-Y;U`B<I;E�G-c�"yWJ\�c`X

q

 TDHXN\<B

q

DM\

G-DMY;ca\<c<i-c�D V�I-G-IJV]UPd�f<G-c�D8€HG6URW-DHG-IJD!" j-i-I-G-IJV]U�DHV�c<D

q

Š d�c<V

�
IŽc<G-c c�\•d�I-W-GJc

c�\ G

q

d6[ K

 

I-GJI-V]UPd�f<GJc<Db€•G6URW-DMG-I-D

� min
€•U�B<I-XMIJ\ c�\ j6Uai6U�V�DM\�i-c<B c�\�c<x<i6U

¡

D �

G-IJ[�� i-I-XaK

ˆ

K w " R��NK�ACcbB<XMDHV�I-GJ\�DHi-B<UPd�D^€HG6URW-DHG-IJr

a
"�Š E�D�X

q

 TDHXN\<B

q

DM\=p2U�c�\�I-W-D �

XHYJI-rŽUa\�\�i6U�YJ\�c<i "zV�I-G-IJV]UPd�f<G-lzr

q

ŠHcPdŽV�D

¡

E

q

G-U�j-i6U�BPd�DHG-IZ[-V�I

q

XN\<c<r-WJI-B<c<ŠMc

I G-D

q

XN\<c<r-WJI-B<c<ŠMc8V�GJc<ŠHc<c�x<i6Ua€HI-r m{Ua€•c�B<c<r \�i6U�DHYZ\<c<i-IJI x�cad�f!�TD

400 I B1G

q

d�f

G-D'c�x<i6U  U�DM\�X%[•K

 

GJc<ŠHc<c�x<i6Ua€HIJ[^p2Uac�\<I-WJDHXHYJIZp_\<i6UaDHYJ\�c<i-I-rƒB<DeE

q

\¢XMDHxR[ \PU�Y

¡

D!"

Y;U�YƒI�V�G-c�ŠHc<c<x�i6Ua€•IZ[_XHDeE-d�c<B<c<ŠMc kJI-YZd�U 26c�G-I�B�XHDHŠ E�U \<i-U�G-XHB�DHi-XHUPd�f<G-l9K

�¢>->-��+-��>J��� 01�����2,�3�+ K-‰ UaXHXHV�ca\<i-I-V j-i-IJV�DHi�Y-ByUP€•I-ŠMI-j-DHiJx<cad�I-WJDHXHY2c<ŠMc Ua\��

\<i-U�YJ\<c�i6U•B{E�I-mnmnDHi-DMG-k-I6Uod�f<G-c<r_XMI-XM\�DHV�D�� B•XHIJXM\<DMV�D'œ{c<i-DHGJk6UJK2S{d6[�Ua\�\�i6U�Y �

\<c�i6Uƒœ{c<i-DMG-k6U "˜Y;U�Y§I E-d6[ UP\�\<i-U�YJ\<c�i6U�œ{c�€•I "˜G6U�i

q

�•UaDM\<X%[ c•E�G-c�IZ€ \�i-DHx<c�ByU �

G-I-r�ŠMI-j-DMi-x<cad�IJW-G-c<XN\<I �

q

XNd�c<B�I-D

Z

�eK

†

\a\<i6UaYJ\<c<iJlL\<IJj6UTœ{c<i-DHGJk6UTc<x<G-U�i

q

¡

DHGJl

B iy[;E�D1XHIJXM\<DMV I�[-Bad-[-• \ XHc<x�c<r(\�I-j-I-W-GJlzrŽjJi-I-V�DHi�Y-ByUa€HI-ŠHI-jJDHi-x<cPd�I-W-DMXHY-IZp

Ua\a\<i6U�YZ\<c<i-c�B-K S c�YZUP€RU�G-c " WJ\�c Ua\a\<i6UaYJ\<c<i œ{c<i-DHGJk6U B<YZd�• W6U�DM\=\�cad�f<Y2c=XHDFE6d�c��

B<lzD \�i6U�DHYZ\<c<i-IJI "*j-i-I ByU�iJI6U�k-I-I=j6Uai6U�V�DM\�i-c<B�x<IJm

q

i-Y;U�kJI-I§B�GJDHV•c�\<X

q

\<XM\�B

q

�

• \ "

q

XM\�c<r-W-IJB<lzDƒ\�c<W-Y-I IZd6I k-I-YZd�l G-D B�c�€•G-IJYZUa• \oK

†

\�\�i6U�YJ\�c<i œ`c�i-DHG-k-U�p2U �

i6U�YZ\<DHiJIJ€

q

DM\<X%[§Y;URW-DHXN\<B<DMG-G-c \<DMV�I

¡

D{XHB<c<rJXM\<B<U�V�I "�WJ\<c I Ua\�\�i6U�YJ\�c<ibœ{c�€•I "�I

i6U�XMXHV]Ua\�i-I-ByUaDM\<X%[bYZUaYƒY;d�U�XHXMI-W-DMXHY-I-r1j-i-I-V�DMi1Y-ByUP€•I-ŠMI-j-DHiJx<cad�I-WJDHXHY2c<ŠMc p2Uac<X•UJK

¨'i-U�B<G-DMG-IJ[ œ{c<iJDHG-k6U�x<lCd�I j-cPd

q

W-DHG-l IJ€

q

i-U�B<G-DMG-I-r ©nU�B<f<D �




\�c<Y2X•U1B1€•U �

E“URW-D{c•\<DHj;d�c<B<c<rƒY2c<G-B<DMY-k-I-I�I�IJV�DH• \ B<I;E

_x = � � (x � y); _y = rx � y � xz; _z = xy � bz;
�

ˆ

K

ˆ

�



� �

0 20 40 60 80
0.00

0.05

0.10

1.50 1.55 1.60 1.65 1.70 1.75
38.0

40.0

42.0

44.0

46.0

f a

f minP(f)

= R

������� � ��� � �

d8XIr*f�+ RD+-`�+-'�(�+�TN+�f�/�
1hY'�/YX�hN+	�

i

�I`*d � q +�aoR

i

'DdJr*f*dJTY`�+-'�(�
�qs(

i

X-hN/ ����(�TY/ �M/A( '�+

i

X�hY/ ��S

��(�TN/ �M/ qs'*/ ��/Y/ �8f*dgQ-(�� ��dg/YhY(��*+�X�.�/ � hNf�d8+�.�hN/Yf1(�( '*d d8hYhNf*dg.�hN/8f�+ �>/8Q-( R*`�
 a = 1:7; b = 0:3
�

6��

�

QMdJTY(*XI(*q /YX�h ��q (�'�(�q dJ`��8'*/ ��/

i

�I`*d � min
/YhAr*d8f�d8q +�hNf�dcX-(�X�hN+�q�� a r*f�( b = 0:3

�




�

Š E�D

�
"

b
I

r
�

q

j-i-U�Bad6[J•  IJD9j6U�i6U�V�DN\<i-l9K�h

q

i6U�B�G-DHG-IZ[-V \<I-j6U �

ˆ

K

ˆ

�™XMB<cHE�[J\�X%[

G-DMY;ca\<c<i-lzD`V�cHE�DNd�I_d�Ua€HDHi-c<B "�U•\PUaY

¡

DnV�cHE�DNd�f E�I-XMY2c<B<c<ŠMc•E�IJG6U�V�c�� Q "

ˆ

" …�� K

�

\<V�DN\<I-V "6WJ\�c•B•XHI-XN\<DMV�D �

ˆ

K

ˆ

�™i-D

¡

IJV Y-B<Ua€•I-ŠMI-j-DMi-x<cad�IJW-DHXMY;c�ŠHc pyU�c<XHU i-D �

UPd�IZ€

q

DN\<X%[§B�Y2c<G-DHWJG-c<r=c<xad�UaXM\<I €HG6URW-DHG-IJr§DMD

q

jJi6U�Bad6[J•  TIZp=j6U�i-U�V�DM\�i-c<B-K˜©nU

i-I-XaK

ˆ

K }^j-i-DFE�XM\PU�BPd�DHG6Uƒx<I-m

q

i-Y;U�k-I-c�G-G6Ua[1E�I-U�ŠHi6UaV�V]U XHI-XN\<DHV�l9K




q

 DMXM\�B<c<ByU �

G-I-• UP\�\<i-U�YJ\<c�i6U•œ{c<iJDHG-k6U'ca\<B<DMW6U�DM\n€•U �T\�i-IZpyc�ByU�G-G6UP[¢c<xad�U�XN\<f9B9j6Uai6U�V�DM\�i-I �

W-DMXHY2c<V•j-i-c<XN\<i6UaG-XM\�B<D�K*~•Ua€Hc<B<lzr j-c�iJ\<i-DN\_Ua\a\<i6U�YZ\<c<i6U œ{c<i-DMG-k6U^jJi-DeE�XN\PU�Bad�DMG

������� � ��� � �

( �

i

f�.1d ��(*/g'�'*d 
 R*(Dd �Mf*dgq q d X-(�X�hN+�q�� �>/Yf�+-'��*dc'DdBr�`*/YX-.1/8X�hY( rDd8f�d8q +�hNf�/8T r ( � R*`�


b = 8=3



� �

G6U iJI-X�K

ˆ

K

]

" =aKCACGJD

q

Y;Ua€RU�GJG-c<r¤c<xad�U�XM\�I¤XHB<c<rJXM\<B<U8p2U�ca\<I-W-DMXHY2c<ŠMc�Ua\a\<i6UaYJ\<c<i-U

x

q

E

q

\ I-G-lzV�I�2�Ua\a\<i6U�YZ\<c<iƒœ`c�i-DHG-k-U¢\�i6U�G-XMm{c�i-V�I-i

q

DM\<X%[bB Y-B<Ua€•I6UP\�\<i-U�YJ\<c�i•K

©nUa€•c�B<DHV"\<IJj-I-W-G-lzDƒXHB�c<r-XM\�ByU=Ua\�\�i6U�YJ\�c<i6U œ{c<i-DHGJk6U 2 XMj-DHYZ\<i(œn¦ � G-D^IJ€ �

V�DHGZ[-DM\�X%[ j-i-I ByU�i-I-U�k-I-I G6URW6Uod�f<G-lCp

q

XNd6c<B<I-r "�\PU�Y YZUaY Ua\�\�i6U�YJ\�c<i œ{c<iJDHG-k6U

[-BPd6[-DN\<X%[ DFE�I-G-XN\<B<DMG-G-lzV "•xyUaXHXHDMr-G-c<V¤jJi-IJ\R[

¡

DHG-IJ[1Y2c�\<c<iJc<ŠHc Xed

q

¡

IZ\�B<XHD{m{U �

€•c�B<c<D9j-i-c�XM\<i-U�G-XM\�B<c ��XHjJDHYJ\�i�œn¦ ��j-i6U�YZ\<I-W-DMXHY-I�G-DnV�DHGJ[JDM\�X%[ "�DHXed�I_ByU�i-f<IJi-c��

ByUa\�f

q

j-i6U�Bad-[-•  TI-D j6Uai6U�V�DM\�i-l�XHI-XN\<DHV�lsB^c<xPd�U�XM\�I X

q

 DMXM\�B<c<ByU�GJIJ[§Ua\�\�i6U�Y �

\<c�i6Uuœ{c<i-DHGJk6UJK

�

\�I¢XHB<c<rJXM\<B<UnG-U�Š d6[;E�G-c9IZd-d�• XM\�i-I-i

q

• \TŠHi

q

x<c�XM\<f{Ua\a\<i6UaYJ\<c<i-U

œ{c<i-DMG-k6U`X \<c�W-Y-I €Hi-DHGJIJ[ �MY2XHj-DMi-I-V�DHGZ\PU 2-XM\�i

q

YJ\

q

i6U¢Ua\a\<i6UaYJ\<c<i-UTXHc•pZi6U�GJ[JDM\�X%[

j-i-I B<U�i-I6U�kJI-Ibj6U�i-U�V�DM\�i-c<B�IbG6URW6Uod�f<G-lCp

q

XNd6c<B<I-r "“x<I-m

q

i-Y;U�k-I-I8Ua\a\<i6UaYJ\<c<i-U

c�\�X

q

\<XN\<B

q

• \oK




d�DFE�XM\�B<I-DHV8p2U�c�\�I-W-DMXHY2c<r¢E�I-G6U�V�I-YJI [JBad6[-DN\<X%[•p2Uai6U�YJ\�DHi-G-lzr^B<I;E^U�B�\�c<Y2c<i �

i-Ded6[-k-IJc<G-G-c<r_m

q

G-Y-k-IJI•K

†

Ba\<c<Y2c<i-iJDNd6[Jk-I-c<G-G-Ua[_m

q

GJY-k-IJ[ƒUa\a\<i6UaYJ\<c<i-U¢œ{c<i-DMG �

k6U��MY2XHj-c<GJDHG-k-I-UPd�f<G-c9XMj6UoE“UaDM\'X

q

B<DNd�IJW-DHG-IJDHV=B<i-DMV�DHG-I•j-i-U�YJ\<IJW-DHXMY-I•V�c<G-c�\�c<G �

G-c�"�WJ\<c I;d-d�•uXN\<i-IJi

q

DN\ ‰�I-X�K

ˆ

K

]

" RoK




i6U�B<G-DMG-I-D�ŠMi6U�mnI-Y2c<B=U�B�\�c<Y2c<i-i-Ded6[-kJI-c<G �

G-lCp=m

q

G-Y-kJI-r8Ua\�\�i6U�YJ\�c<i-c<B_œ{c<i-DHGJk6U I œ`ca€•I XHB�I;E�DM\�DNd�f�XM\<B

q

DM\bc Y;UoWJDHXM\�B<DHG �

G-c<r �HY-B<IJByUPd�DMGJ\<G-c�XM\<I�E�IJG6U�V�I-W-DMXHY-I;p¤j-i-c�k-DHXMXHc<B B§j-c<WJ\�I¤ŠHI-j-DMi-x<cad6I-W-DHXMY-IZp

XHIJXM\<DMV]UPp“K

-30.0 -20.0 -10.0 0.0 10.0 20.0 30.0
0.0

10.0

20.0

30.0

40.0

50.0

Z

X

=

R

������� � ��� � �

dgQ�/8T ����r�/Yf�hNf�+�h �l6

�

( dJTNhN/8.�/Yf�f�+-`	
 ��(�/8'�'Dd 
 �

i

'*.���(	
��


��

dghNhNf*dg.�hN/8f*d �>/8f�+-'��DdBr�f�(

� = 100 r = 28 ( b = 8=3



� �

� �*��.�� ����
����

A•d6DHY-k-IJI1V�l‚i6UaXHXHV�ca\<i-Ded�I XHB<c�r-XM\�ByU ŠMi

q

x<lCp�ŠHI-j-DMi-x<cad6I-W-DHXMY-IZp_E�I-XMXHI-j6UP\<I-B��

G-lCp E�I-G6U�V�IJW-DHXMY-IZp¤XMI-XM\�DHV I j-i-I-B�DNd�I¤c<jJi-DeE�Ded�DHGJI-D8Ua\�\�i6U�YJ\�c<i6UJK




k-Ded�f<•

j-c<GJI-V]U�G-IJ[8c<XMG-c<B<GJlCp8c�\•d�I-W-IJr§p2U�ca\<I-W-DMXHY-I;p i-D � DMG-I-r ca\1i-DMŠ

q

d6[Ji-G-lCp "�jJi-c��

U�G6Uod�IJ€•IJi-c<ByU�GJl|j-c<GJ[Z\<IJ[ i-DMŠ

q

d6[Ji-G-c<ŠMc§I p2U�ca\<I-W-DMXHY2c<ŠMc Ua\�\�i6U�YJ\�c<i-c<BJK A Y;U �

W-DMXM\<B�D�V]Ua\<DMV]Ua\<I-WJDHXHY2c<ŠMc§c�x<i6Ua€•U_p2Uac�\<I-WJDHXHYJIZp U�B�\�c<Y2cad�DMxyU�G-I-r i-U�XHXMV�c�\<i-DMG-l

j-c<GZ[J\<IZ[bŠHi

q

x�c<ŠHc ŠMI-j-DMi-x<cad�IJW-DHXMY;c�ŠHc�I1YJByUa€•IJŠHI-j-DMi-x<cad6I-W-DHXMY2c<ŠHcƒUa\a\<i6U�YZ\<c<i-c�B

I j-i-c<U�G6UPd�IZ€•I-i-c�ByU�G-l IZp c<XHG-c�B<G-lzD�XHB�c<r-XM\�ByUJK #*IJj-DHi-x�cad�I-W-DMXHY-IJDƒI YJByUa€•IJŠHI �

j-DMi-x<cad�IJW-DHXMY-I-DƒUa\�\�i6U�YJ\�c<i-l c�\<i6U

¡

U�• \bYZd�U�XMXHI-W-DMXHY-IJDƒXMB<c<r-XN\<ByU�E�DN\<DMi-V�I-G-I �

i-c<B<U�G-G-c<ŠMcnpyU�c<XHU "yG-cn[-Bad6[J• \�X%[^Bnc<j-iJDeE�Ded�DHG-GJc<r XM\�DHj-DMG-I I;E�D•UPd�f�G-c<r^V�cHE�Ded�f<•

p2Uac<X•UJK

�

\�c1c�\�i6U

¡

U�DN\<X%[§B�c�XHG-c<B�G-lCp8XHB<c�r-XM\�ByUPp8ŠHIJj-DHi-x�cad�I-W-DMXHY-I;p Ua\a\<i6UaYJ\<c��

i-c<B 2 ŠHI-jJDHi-x<cPd�I-W-DMXHY-I-r p2U�i-U�YJ\<DMi(B�XHDHŠ E�U=DFE�I-G-XN\<B<DMG-G-lzr "™I-V�DMDM\8cHE�G-c<i-cHE�GJlzr

xyU�XMXHDMr-G-I�j-i-IJ\R[

¡

DHGJIJ[ "9G-D V�DHGJ[JDM\ŽXHB<c�DHr"XM\�i

q

YJ\

q

i-l‡jJi-I"ByU�i-I-U�k-I-I"j6Uai6U �

V�DM\�i-c<B XHI-XN\<DHV�l I�G6URW6Uod�f<G-c<ŠMc XMc<XM\�cR[-G-IJ[ K�A¤\�c

¡

D9B<i-DHV [ƒŠMI-j-DHiJx<cad�I-WJDHXHYJI-r

Ua\a\<i6U�YZ\<c<i p2U�i-U�YJ\<DMi-IJ€

q

DM\�X%[ �MY;XMj-c<G-DMG-k-I6Uod�f<G-c<r G-D

q

XN\<c<r-WJI-B<c<XN\<f<•gm{Ua€•c�B<lCp

\<i-U�DHYJ\�c<i-I-r G-UƒG-DMV‚I mni6UaYJ\PUPd�f<GJc<r ŠMDHc<V�DN\<i-I-DMr "�\oK D�K˜[JBad6[-DN\<X%[ XM\<i-U�G-G-lzV"B

XHi-U�B<G-DMG-I-I1Xni-DMŠ

q

d6[Ji-G-lzV¤Ua\a\<i6UaYJ\<c<iJc<VzK

hnU�Y x

q

E�DM\¤j-c�YZUP€RU�G-c�B XNd�DFE

q

•  TDHr‚d�DHYJk-I-I " x<cad�DMD i-DHUPd�I-XN\<I-W-DMXHY2c<r�V�c��

E�Ded�f<• p2Uac<X•U [-BPd6[-• \<X%[ \PU�Y=G6Ua€HlzByU�DMV�lzD GJDHŠHIJj-DHi-x�cad�I-W-DMXHY-IJD•E�IJG6U�V�I-W-DMXHY-IJD

XHIJXM\<DMV�l I XMc<c�\<B�DM\<XN\<B

q

•  I-D I-V�p2U�ca\<I-W-DMXHY-IJD^Ua\a\<i6UaYJ\<c<iJl "˜I-V�DH•  I-D•x<cPd�DHD

XNd6c

¡

G

q

•�XM\<i

q

YZ\

q

i

q

I�I-GJlzD{XMB<c<r-XN\<ByUZK



� � �

�

��� �

� � �

�

� � � �

�

� 

�(� ���
�

�

� ���	���
� � �
� �

�‡�

v� � ���
� � �
� � � ��� �"� �

��XHC� 	�BABA ;>=\C E ��
�STO@FHC ;WCPXHCI?BADCx '�<=<:<AB=WEKEGFL=t E S FL=  =& �*=WE C �*=WEKA
� C��� LS�+ S
STR��

FL=>:<=K;<AB?B=��*A
� C��1 LS�+ S �D=@S5� =.���-=<:WS��@S � O@FHS5�IEGFL=W? �IE.�WCG?DC-+NABODCPFBRWS XHA
� C��1 A���;>A
�

?B=
�"A
� C��� A��^�IA � E C � �W���U= O@FBA �UCQFHCG;>A �� FHC EK?DS
� A ;>A �,�)CPFHC ?
�BAB= XDJ ?DS
� ;>AB?B= �

�"A
� C��� A�� � A �IE C � ALX X�� �IEGFDA@F
�	� E ��
 S5�I?DS��W?
�)C����@S
� �IE.�<=  '�W=>:<AB=@EKEGFL=& E S��

FHS�� �B� FDA��WS>;�
BE ��
 STO@FHC ;WCPXHCI?BA�
 A�STOBA �����<=&� E �*
 �-�WS � � E.�W= ?DC��IEGFL=W?B?
��� �B=\S �

EKA
� C��� A��VA � EGFL=@?B?
���V?DC��B=\STEKA
� C��� A��V=@EKEGF =t E S FHS�� �



� �

�������	��

���

‰ UaXHXHV�ca\<i-DMG-G-lzD'Bnj-i-DFE�l E

q

 DMr^d�DHYJk-I-I^ŠMI-j-DMi-x<cad�IJW-DHXMY-I-D'UP\�\<i-U�YJ\<c�i-l�E�I �

G6U�V�IJW-DHXMY-IZp1XHI-XN\<DHV¤[JBad6[-• \<X%[�V]Ua\<DMV]Ua\<IJW-DHXMY;c�r8I2E�D•UPd6IJ€RU�kJI-DHr I�YZUaY1j-i6UaB<I �

d�c G-D�XMc<c�\�B<DM\�XM\<B

q

• \ iJD•UPd�f�G-c<XM\�I•K]©nU1j-i6UaYJ\<I-Y2D_G6U�IJx<cad�DMD�i6U�XHjJi-c<XM\�i6U�G-DMG-l

E�I-G-U�V�I-W-DMXHY-I-D§XHI-XN\<DMV�l " B Y2c�\<c�i-lCpLi-D•UPd6IJ€

q

• \�X%[‚G-DMŠHi

q

x<lzD§ŠHc<V�c�YZd�I-G-IJW-D �

XHYJI-D1\<i-U�DHYJ\�c<i-I-I•\<IJj6U IJ€•c�x<i6U

¡

DMG-G-lCp�G6U i-IJX�K

ˆ

K

Z

" R_I � �eK A XMc<c�\�B<DM\�XM\<B�I-I

X�\<DMc<i-I-DMr¤©9f<•Cp2U

q

XHU§Xed�DeE�XN\<B<IJDHVªG-DMŠHi

q

x<c<r(ŠHc<V�c�YZd�I-G-IJY-I([JBad6[-DN\<X%[(i-c

¡

E�D �

G-I-D V�G-c

¡

DHXN\<ByU

q

XN\<c<r-WJI-B<lCp jJDHi-I-cHE�IJW-DHXMY-IZp Ua\�\�i6U�YJ\�c<i-c<BbX I-XMW-DM€•U�•  TD V]U �

d�lzV�I�xyU�XHXMDHr-G-U�V�I1j-iJIJ\R[

¡

DMG-IJ[ K �9DMi-I-cHE�I-W-DMXHY-IJD•Ua\�\�i6U�YJ\�c<i-l"XMc<X

q

 DMXM\�B

q

• \

Bƒm`UP€•c<B<c�V j-i-c�XM\<i-U�G-XM\�B<D XMI-XM\�DHV�l G6U�iy[;E

q

X•pyU�c�\�I-W-DHXMY-I-V�I I§i-DM€HY;c

q

Xed�c

¡

�

GJ[J• \ XM\�i

q

YJ\

q

i

q

Ua\�\�i6U�YJ\�c<i6U i-D•UPd6f<G-c<r^E�I-G-U�V�I-W-DMXHY2c<r1XMI-XM\�DHV�l9K-S{d6[_c<j-I-XHU �

G-IJ[`XM\�i

q

YJ\

q

i-l(ITXMB<c<r-XN\<B pyU�c<X•U B<B<cHE�IJ\�X%[ c<j-iJDeE�Ded�DHG-IJD Y-ByUa€HI6Ua\a\<i6U�YZ\<c<i6U'Y;U�Y

V]Ua\�DHV]Ua\�I-W-DHXMY2c<ŠHc c�x<i6Ua€•U`p2U�c<XHU•B•G-DHŠMI-j-DHiJx<cad�I-WJDHXHYJIZp�E�I-G6U�V�IJW-DHXMY-IZp_XMI-XM\�DHV

� Q "

ˆ

" Oot � K

hnU�Y9j-c<Y;Ua€•UPd�I{I-XHXed�DeE�c<ByU�G-IZ[ "•Y-B<Ua€•I6UP\�\PU�YJ\�c<i-l [JBad6[-• \<X%[n\<IJj-I-W-G-lzV�I`j-i-I �

\R[-ŠMI-ByU�•  I-V�I�V�G-c

¡

DMXM\<B<U�V�I"I‚x<cad6DHD UoE�DHY-ByUP\<G-c¤IZdJd�•uXN\<i-I-i

q

• \ XMB<c<r-XN\<ByU

�HY2XMj-DHi-IJV�DHGJ\PUPd6f<G-c G6U�xPd�• E“U�DMV�lCp p2U�c�\�I-W-DMXHY-IZp�i-D

¡

I-V�c�B8Y2cad6DHxyU�GJI-r•K]A G6U �

XM\�cR[  DMrbd�DHY-kJI-IbV�lLE“UoE�I-V c<j-iJDeE�Ded�DHG-IJD•I1j-i-c�IZd-d�• XM\<iJI-i

q

DMV G6U iy[;E�D`j-i-I �

V�DHiJc<B XMB<c<r-XN\<ByU¢G-DMŠHI-j-DMi-x<cad6I-W-DHXMY-IZpbUa\�\�i6U�YJ\�c<i-c<BJK

� �����/�
�*$%$ ���*�
$%- �&! �(��',�/��- ,���$ ���

A XHI-XN\<DHV]Uop X_Y-ByUP€•I6Ua\a\<i6UaYJ\<c<i-U�V�I¤i-D•Uod�IJ€

q

• \<X%[¤i-D

¡

IJV�l E�DM\�DHi-V�IJG-I-i-c��

ByU�GJG-c<ŠHc¢p2U�c�X•U "6p2U�i-U�YJ\<DMi-IJ€

q

DHV�lzD �MY;XMj-c<G-DMG-k-I6Uod�f<G-c<r GJD

q

XN\<c<rJW-I-B<c<XN\<f<• \�i6U �

DHYZ\<c<i-IJr Ibmni6U�YJ\PUPd6f<G-c<rbXN\<i

q

YJ\

q

i-c<r§Ua\�\�i6U�YJ\�c<i6UJK




�M\<c�r1\<c<WJY-Ib€•i-DMG-IJ[ƒp2U �

i6U�YZ\<DHiJI-XM\�I-Y-I

q

Y;Ua€•U�G-G-lCp‚i-D

¡

I-V�c<B¤UaB�\<c<Y2cad6DHxyU�GJI-r"I;E�DMGJ\<I-WJG-l�c<XMG-c<B<GJlzV

p2Uai6U�YJ\�DHi-I-XN\<I-Y;U�V ŠMi

q

x<lCp•ŠMI-j-DHiJx<cad�I-WJDHXHYJIZpŽUa\a\<i6U�YZ\<c<i-c�B(I¤Y-B<Ua€•I-ŠMI-j-DMi-x<c��

d�I-WJDHXHYJIZp Ua\�\�i6U�YJ\�c<i-c<B-K

�

E�G6U�Y2c DHXN\<f�B�DHXHf�V]U X

q

 TDHXN\<B<DMG-G-c<D i-Ua€Md�IJW-I-D!" Y2c��

\<c�i-c<D \�i-DHx

q

DM\=jJc<G-I-V]U�GJIJ[ B<c�IJ€•x�D

¡

U�GJI-D GJDHB<DMi-G-c<r \�i6U�YJ\�c<B<Y-I �MY2XHj-DMi-I-V�DHG �

\PUPd�f�G-lCp§i-DM€

q

d6fo\PUP\<c<B-K

�

\•d�I-W-IZ\<DNd6f<G-c<r WJDHiJ\�c<r Y-B<Ua€•I6UP\�\<i-U�YJ\<c�i-c<B�[JBad6[JDM\<X%[

cHE�G-c<B�i-DHV�DMG-G-c<D•XMc<X

q

 DMXM\�B<c<ByU�GJI-D¢XHW-DN\<G-c<ŠMc�V�G-c

¡

DHXN\<ByU i-Ua€Md�IJW-G-lCp1pyU�c�\�I-W-D �

XHYJIZp_I_i-DHŠ

q

d6[-i-GJlCpƒj-i-IJ\R[JŠHI-ByUa•  I;pƒj-cHE�V�G-c

¡

DHXN\<B B¢c<ŠHi6UaG-I-W-DMG-G-c<V��Nd�DMV�DHG �

\<Duc<x��*DHV]Unm{Ua€•c�B<c<ŠHc{j-i-c�XM\<i-U�G-XM\�ByU•XHI-XN\<DMV�lŽjJi-I mnI-Y2XHI-iJc<ByU�G-GJlCp^€HG6URW-DHG-IZ[Zp

DHDTj6U�i6U�V�DN\<i-c�B-K

�

\PU XMc<B<c<Y

q

j-GJc<XM\�fƒB�XHDNp1XHc�X

q

 DMXM\<B

q

•  IZp§j-iJDeE�Ded�f<G-lCpbV�G-c��

¡

DMXM\<B \<i-U�DHYJ\�c<i-I-rTB c�ŠHi6U�GJI-W-DHGJG-c<rTc�xad�U�XN\<I

G0
m{Ua€•c�B<c<ŠHc j-iJc<XM\�i6U�G-XN\<ByU "oY

q

E“U

XM\�i-DHV [Z\<X%[=B<XMDTIZd6I1j-c<WZ\<IbB<XMD`\�i6U�DHYZ\<c<i-IJI IJ€ c<xPd�U�XM\�I

G1
"�B<YZd�• W6U�•  TDHr

G0
"

I^G-Ua€•lzByUaDM\<X%[  '�W=>:<AB=@EKEGFL=& E S FHS � E�I-G-U�V�I-W-DMXHY2c<r XMI-XM\�DHV�l9K

�

\�XH• E“U`XNd�DFE

q

DN\

W-i-DN€•B<lzW-U�r-G-c'Xed�c

¡

G-Ua[nXM\�i

q

YJ\

q

i6U'Bad6c

¡

DHG-G-lCp{x<U�XHXMDHr-G-c�BuIZpnjJi-IJ\R[

¡

DHG-IJ[ K�©9c



�8k

�M\�I-V�XNd�c

¡

G-c<XM\�f G-D c<ŠMi6U�G-IJW-I-ByU�DN\<X%[ K �9i-I Y2c<G-DHWJG-c<r ByU�iJI6U�k-I-I j-U�i6U�V�DN\<i-c<B

XHIJXM\<DMV�l‹iJD•UPd�IZ€

q

• \�X%[LY;U�XMY;UoE�lgi6Ua€Nd�I-W-G-lCp�x<I-m

q

i-Y;U�k-IJr¤YZUaY i-DHŠ

q

d6[-i-GJlCp "

\PU�Y I p2Uac�\<I-WJDHXHYJIZp¤UP\�\<i-U�YJ\<c�i-c<B-K




c<c�\�B<DM\�XM\<B�DHG-G-c c�X

q

 DMXM\<BPd6[-DN\<X%[•x<I-m

q

i �

Y;U�k-I-c�G-G6Ua[(j-DHiJDHXM\�i-c<r-Y;U IZp x<U�XHXMDHr-G-c�B j-i-IZ\R[

¡

DMG-IJ[•K �9i-I-W-IJG-c<r�Xed�c

¡

GJc<XM\�I

Y-ByUP€•I6Ua\a\<i6UaYJ\<c<iJc<B [JBad6[J• \<X%[��Mmnm{DMYJ\<l‹ŠHc<V�c�YZd�I-G-IJW-DHXMY;c�ŠHc YZUaX•U�G-IZ[

q

XN\<c<r �

W-I-B�lCp�I�G-D

q

XM\�c<r-W-IJB<lCp�V�G-c<ŠHc�c<x<i6Ua€HI-r�XHDFE6d�c<B�lCp \<i-U�DHYJ\�c<i-I-rƒIZd�I_B<ca€•G-I-YJG-c��

B<DMG-I-D j-DM\•d�I XHDHj-U�i6Ua\�i-I-XHlªXMDeE6d6c�� mnc<Y

q

X•U "*Y2c�\�c<i-lzD^IJV�DH• \�V�DHXN\<c�G6UƒV�GJc

¡

D �

XM\�B<Dz€•G6URW-DMG-I-r j6U�i6U�V�DN\<i-c�B{GJDHG

q

d�DMB<c<r V�DHi-l9KaSTi

q

ŠHIJV�I Xed�c<ByU�V�I "<G6U�i

q

� U�DM\�X%[

q

Xed�c<B<IJD{\�i6U�G-XMB<DHi-XHUPd�f<GJc<XM\�I V�G-c<ŠHc�c<x<i6Ua€HI-r•K

��XNd�I^j-i-I��N\<c<V

q

W-DMXM\<f "JWJ\�c xyU�XMXHDHrJG-l•j-i-IJ\R[

¡

DHG-IZ[ XHc�X

q

 DMXM\<B

q

•  IZpƒjJi-D �

E�Ded�f<G-lCp V�G-c

¡

DHXN\<B"V�c<Š

q

\‚I-V�DN\<f‚mni6U�YZ\PUPd�f<G

q

• XN\<i

q

YJ\

q

i

q

I XMc<XM\PU�BPd6[J\�f

W-i-DN€•B<lzW-U�r-G-c

q

€•Y-I-D8c<xad�U�XM\�IŽB m{Ua€Hc<B<c<V j-i-c�XM\<i-U�G-XM\�B<D!" \<c XN\PU�G-c<B<IZ\<X%[Lj-c��

GJ[Z\<G-c�"JG6U�XHY2cad6f<Y2c B<U

¡

GJlŽjJi-c<xad�DMV�lŽ\�c<W-G-c�XM\<Iƒi6U�XMW-DM\�c<B G6U

�

A

 

I�Bad�IJ[JG-IJ[

m'd

q

YJ\

q

U�k-I-r K

����+J)2��+->->J��+-��>-��� � ��>-��–���+��8�2,��������;,���,�+ K-‰ UaXHXHV�ca\<i-I-V XM\�i

q

YJ\

q

i

q

I

XHB�c<r-XM\�ByU YJByUa€•I-Ua\�\�i6U�YJ\�c<i6U IZ€•B<DMXM\<GJc<rbV�cHE�DNd6Iƒ¦uDHG-c<G-U 2

xn+1 = 1 � ax2
n + yn ;

yn+1 = bxn :
� tZK O �

�9i-I

0 < b < 1
ca\<c<x<i-U

¡

DHGJI-D � tZK O��'[JBad6[JDM\<X%[8E�I-XHXMI-j6Ua\�I-B<G-lzV�I§pyU�i6U�YZ\<DHiJI �

€

q

DM\�X%[ G6UPd�IJW-I-DHVLY-ByUa€HI6Ua\a\<i6U�YZ\<c<i6UZK

�

\<c�x<i6U

¡

DMG-I-D � t;K O �uBa€RU�I-V�GJc�cHE�G-ca€•G6URW �

G-c�"6\oK D�K�[-Bad-[-DM\�X%[_E�I-mnm{DMc<V�c<i-mnIJ€HV�c<VzK

�

\<c<x<i-U

¡

DHGJI-D`¦uDHG-c<G-U c�\•d�IJW6U�DM\�X%[ c�\

c�\�c<x<i6U

¡

DHG-IJ[ œ{c�€HI \<DMV "�WJ\<c=B Y;URW-DHXN\<B<DƒG-DNd6I-G-DHrJG-c<XM\�I�B<Y;d�•uW6UaDM\8Š d�UoE�Y

q

•

Y-ByURE�i6Ua\�I-W-G

q

• m

q

G-Y-kJI-•TK

‰ UaXHXHV�ca\<i-I-V1m`UP€•c<B<lzD]j-c�iJ\<i-DN\<l j-iJIJ\R[-ŠMI-ByU�•  IZpTV�G-c

¡

DHXN\<B XHI-XN\<DMV�l � tZK O �

B<V�DMXM\<D X¢xyU�XMXHDHrJG6U�V�I jJi-IJ\R[

¡

DHG-IJ[§I8IZp �HB�cad�•ukJI-• j-i-I8ByU�i-I6Uak-I-I8j6U�i6U�V�DN\��

i6U

a
E6d6[

b = 0:3
K ‰�I-X

q

G-c�Y t;K O	" =1I;d-d�•uXN\<i-IJi

q

DN\ i-D

¡

I-VªXMc<X

q

 TDHXM\�B<c<ByUaG-IJ[

E�B

q

p j-i-IJ\R[JŠHI-ByUa•  I;pŽj-cHE�V�G-c

¡

DHXN\<B G6U m{Ua€Hc<B<c<r¤jZd6c<XHY2c<XN\<I•K ACI2E�G6U XNd6c

¡

�

G6Ua[�XN\<i

q

YJ\

q

i6U‚Bad�c

¡

DMG-G-lCp�xyUaXHXHDMr-G-c<BŽIZp�jJi-IJ\R[

¡

DHG-IJ[ Km�]Xed�I�V�DHGJ[Z\<fŽG6U �

W6UPd6f<G-lzD

q

XNd�c�B<IJ[ "˜\�c1G6U�xPd�• E“U�DN\<X%[ i-DN€•Y2c<D W-DHi-DFE�c<ByUaG-I-D E�B

q

p§i-D

¡

I-V�c<B-K*©nU

i-I-XaK-t;K

Z

" = j-i-DeE�XM\PU�Bad6DHG-lŽi-DM€

q

d�fR\PUa\<lŽi6U�XMW-DM\PU XN\PU�i � DMŠHc•j-c�YZUP€RUa\�DNd6[ œn[Jj

q

G-c��

ByU E6d-[

a = 1:078
B €•U�B<I-XMI-V�c<XN\<I8c�\_IJ€•V�DMG-DHGJIJ[8G6URW6UPd�f<GJc<ŠHc�€•G-UoWJDHG-IJ[8Y2c<c<i �

E�I-G-Ua\<l

x
j-i-I¢mnI-Y2XHIJi-c<ByU�GJG-c<V

y
K

 

U�Y2XHIJV]UPd�f<G-lzr j-c<Y;Ua€•Ua\<Ded�f

� 1
XNd

q

W6U�rJG-lzV

c<x<i-Ua€•c<V

Ÿ

XHY;URW-DM\

Ÿ

V�D

¡

E

q

€HG6URW-DHG-IZ[-V�I

� 1 = 0:126
I

� 1 = 0:062
"�XMB<I;E�DN\<Ded�f��

XM\�B

q

[ c�jJDHi-DepycHE“UPp§XHIJXM\<DMV�lªX cHE�GJc<ŠHc�p2U�ca\<I-W-DMXHY2c<ŠMc Ua\�\�i6U�YJ\�c<i6U1G-U E�i

q

ŠMc<r•K

��XNd�I1XHi6U�B�G-IJ\<f �M\<I1i-DM€

q

d6fo\PUP\<l X{B<I;E�c<V XM\�i

q

YJ\

q

i-lsxyU�XMXHDHrJG-c<B^jJi-IJ\R[

¡

DHG-IJ[

� iJI-X�K tZK O	" = � "•\�c1XM\PUaG-c<B<IJ\�X%[ j-c<GZ[J\<GJlzV "�j-c�W-DHV

q

�M\�c1j-iJc<I-X pycHE�IZ\oK �'€•V�DHGJDHG-I-D

G6URW6UPd6f<G-lCp

q

XNd�c�B<I-r¢j-i-I-B�c•E�IJ\{Y•j-DHi-DMXHDMW-DHG-IJ•ŽŠMi6U�G-IJk XMc<c�\�B<DM\�XM\<B

q

•  IZp xyUaX �

XHDMr-G-c<B j-i-IZ\R[

¡

DMG-IJ[•K



� �

= R

������� � �
�	�

%�hNhNf�d8.�hN/Yf��>0sf�+MdJ`�(�Q

i

�u)>(*+�X 
 T XI(*X�hN+-q3+��u+-'�/8'*d10 ( X-hNf

i

.�h

i

f�d �NdgX�X�+ ��'*/8T ( �

r�f�(*h�
1ao+I'�(	
mT ��d8Q�/gTN/8q r�f�/YX-hNf*dJ'*X�hYTY+ (xn ; yn ) r*f1( b = 0:3 R�`	
 a = 1:078
�

6 � (�R*`�


a = 1:32
�




�

ž U�XMXHDMr-G¤Ua\a\<i6U�YZ\<c<i6U E6d6[

� = 1:32
� i-I-X�K tZK O	" R��¢B<lzŠ d-[;E�IJ\ cHE�G-c<i-cHE�GJlzV "

WJ\�c=E�cad

¡

G-c=XMB<I;E�DN\<DNd6f<XM\�B<c<ByUa\�f c=G6UPd�I-WJI-I d�I � f cHE�GJc<ŠHc§Ua\�\�i6U�YJ\�c<i6UJK

�

E �

G6U�Y2c8IJ€•B�DHXM\�G-c�"]WJ\�c B=XHI-XN\<DMV�D1XHc�X

q

 DMXM\<B

q

• \

q

XN\<c<r-WJI-B<lzD1kJI-YZd�l|x�cad�f!�TIZp

j-DMi-I-cHE�c<B=X c<WJDHG-f

q

€•YJI-V�I(x<U�XHXMDHr-G6UaV�I j-i-IJ\R[

¡

DHG-IZ[ "�Y2c�\<c�i-lzD�B W-I-Xed�DHG-GJc<V

XHWJDM\<D`G-Dni-DHŠMI-XM\�i-I-i

q

• \<X%[•K

��XNd�I V�DHGJ[Z\<f

q

j-i-U�Bad6[J•  IJr|j6U�i6UaV�DM\<i

a
Bsc�xad�U�XN\<I YJByUa€•I-Ua\�\�i6U�YJ\�c<i6U

1:1 < a < 1:4
"“\<c_G6Uaxad�• E“U�DN\<X%[§W-DHiJDeE

q

•  Ua[-X%[§Y;U�iJ\�I-G6U�XHV�DMG-l i-DMŠ

q

d6[Ji-G-lCp

�0.50 �0.25 0.00 0.25
0.06

0.08

0.10

0.12

0.14

l 1

x 1.10 1.15 1.20 1.25 1.30 1.35
�0.8

�0.6

�0.4

�0.2

0.0

0.2

0.4

0.6

l 1

a
= R

������� � ��� ���

dgT8(*X-(�q3/8X�h ��X�h8d8f �,+ �M/�`	
�r

i

'*/gTNX�.�/ ��/Br*/8.�dgQMd8hY+-`	
 XI(*X�hN+-q ���u+I'*/8'*dA/Yh 'Dd �*dg`��8'����

Q-'*d ��+-'�(�� .�/Y/8f:R�(�'*d8h�� x r*f1( y = 0:5 ( b = 0:3 R*`�
 a = 1:078
�

6�� ( /Yh>r*d8f*dgq +�hNf*d a r*f1( b = 0:3
�




�



� �

Ibp2U�ca\<I-W-DMXHY-I;p8Ua\�\�i6U�YJ\�c<i-c<BJK*‰�DM€

q

d�fR\PUa\<lªi6UaXHW-DN\<c<B_XM\PUai � DMŠHc�d6[-j

q

G-c�B<XHY2c<ŠMc

j-c<Y;Ua€•Ua\<Ded6[

� 1
B`€•U�B<I-XMI-V�c<XM\�I�c�\

a
j-iJDeE�XN\PU�Bad�DMG-lLG-UTi-I-XaK-tZK

Z

" R 2;€•U�B<I-XMI-V�c<XM\�f

� 1(a)
pyU�i6U�YJ\�DHi-IZ€

q

DN\<X%[•G6Uod�I-W-I-DMV Y;U�Y j-cad6c

¡

IJ\�DNd�f<GJlCp " \PUaY(I c�\�i-I-k6Ua\�DNd�f �

G-lCp €•G-UoWJDHG-I-r

� 1
"2WJ\�cTXHB�I;E�DM\�DNd�f�XM\<B

q

DM\ c`G-DHi-DMŠ

q

d6[Ji-G-c<V W-DMi-DeE�c<ByU�G-IJI p2U�ca\<I �

W-DMXHY-IZp�I_j-DMi-I-cHE�I-W-DMXHY-I;p Ua\a\<i6UaYJ\<c<iJc<B^B¢XHIJXM\<DMV�DTj-iJI�ByUai-I6U�k-IJI�j6Uai6U�V�DM\�i6UJK

A8pyU�c�\<IJW-DHXMY-IZp Ua\a\<i6U�YZ\<c<i6Uop•V�cHE�DNd6I¢¦uDHG-c�G6Uuc�\�V�DHW6U�• \<X%[ I{E�i

q

ŠMI-DCp2Uai6U�Y �

\<DMi-G-lzD•c<XMc<x<DMG-G-c<XN\<I�2�XHj-DMYJ\<iJlsV�c! TG-c<XN\<I B¢€RU�B<IJXHI-V�c<XN\<I c�\ \PU�YJ\�G-c<XM\�Ibd�DHGJ\

p2Uac�\<I-WJDHXHYJIZp8Ua\a\<i6U�YZ\<c<i-c�B�I-V�DH• \

�
� B<lzx<i-c�XHl"G6U^YJi6Ua\<GJlCp W6U�XN\<c�\PUop " U

†

hu~

V�c

¡

DM\¢B�c<c<x! TD'G-D9XHj-UoE“Ua\�f`E�c•G

q

d6[�B•Xed

q

W6U�D!"6DMXNd�I�\PU�YZ\<G-c<XN\<f•d�DHGZ\<l i-U�B<G6U

Z

Iƒx<cad�f!�TD�K

A Ua\a\<i6UaYJ\<c<iJD'¦'DHGJc<G6UTG6Uai

q

�•U�DN\<X%[

q

Xed�c<B<IJDu\<i6UaG-XHB<DMi-X•Uod�f<G-c<XN\<Iƒj-DHiJDHXHDMW-D �

G-IJ[

q

XM\�c<r-W-IJB<lCp=IbG-D

q

XN\<c<r-WJI-B<lCp8V�G-c<ŠMc<c<x<i-Ua€•I-r XMDeE6d6c<B<lCp1k-I-YZd�c�B�G6U^XHWJDM\��

G-c<VsV�G-c

¡

DHXN\<B<D�€HG6URW-DHG-IJr�j6U�i-U�V�DM\�i-c<B�"�j-iJI(Y2c�\�c<i-lCp I-V�DMDM\§V�DHXM\�c§Y;U�XHU�G-I-D

V�G-c<ŠMc<c<x<i-Ua€•I-r K ©nU_i-I-X�K tZK QƒjJi-DeE�XN\PU�Bad�DMG-l i6U�XHWJDM\<l

q

XM\<c�r-W-I-B<lCp I G-D

q

XN\<c<r �

W-I-B�lCp¤XHDMj6U�i6UP\<i-I-X XMDeE6d6c<B<c<r \�c<W-Y-I•K A G-DHY2c�\�c<i-lCp¤\�c<W-Y;UPp

q

XM\�c<r-W-IJByUa[

W s
I=G-D

q

XM\�c<r-W-I-B<Ua[

W u XHDMj6U�i6Ua\�i-I-XMl Y;U�X•U�• \<X%[bE�i

q

ŠTE�i

q

ŠeU "

q

ŠMcad V�D

¡

E

q

G-I-V�I

i6U�B�DHG=G

q

d�•TK,��Xed�I§jJi-c<XNd6DeE�IJ\�fƒ€•U �HB<cad6•uk-I-DMr

q

Š d�U_V�D

¡

E

q

V�G-c<ŠHc�c<x<i6Ua€HIJ[-V�I

BPE�cPd�f`p2Uac�\<I-WJDHXHY2c<r_\<i-U�DHYJ\�c<i-I-I "-\<c•V�c

¡

G-c i6UaXHXHWJIJ\PUa\<f i6U�XMj-i-DFE�DNd�DMG-I-DnB<DMi-c��

[J\�G-c<XN\<DHr

q

Š d�U

�
V�D

¡

E

q

V�GJc<ŠHc<c�x<i6Ua€HIJ[-V�I

P(� )
K*‰�DM€

q

d�fR\PUa\<l j-i-DFE�XM\PU�BPd�DHG-l

G6U i-I-X�K“tZK

ˆ

" =nI�XMB<I;E�DN\<DNd6f<XM\�B

q

• \ƒc \�c<V "�WJ\<c B<DHiJco[Z\<G-c�XM\<f^c<x<i6U  TDHG-IZ[�€HG6URW-D �

G-IJ[

q

Š d�U

�
B G

q

d�f E�c�XM\<c�B<DHi-GJc'c�\•d�I-WJG6Uuc�\ G

q

d6[ "R\oK D�KoY;U�X•UaG-I-DCIJV�DHDM\uc�\•d�I-WJG

q

•

c�\ G

q

d6[ƒB<DMi-cR[J\<GJc<XM\�f-K

q

W

W
u

s

-2 -1 1
-2

-1

0

1

2

y

x
0 2

������� � ��� � �

/8TY+IRD+-'�(*+

i

X�hN/ ����(�TN/ ��/c( '�+

i

X�hN/ ����(�TN/ �M/Bqs'�/ �M/8/ �Yf�d8Q-(�� X�+IR�`*/8TY/ � hY/ �*.1( q /YhN/ �Yf�d8a,+-S

'�(�
��#+-'*/g'Dd,r*f�( a = 1:3; b = 0:3



� �

0 20 40 60 80
0.00

0.01

0.02

1.10 1.15 1.20 1.25 1.30 1.35
0.00

0.01

0.02

0.03

0.04

P P

a

(f)

f

df

= R

������� � ��� � �

dgX-r*f�+IRD+-`�+-'�(�+ TY+�f�/ 
1hY'*/8X�hN+ �

i

�I`*d � q +�a,R

i

'DdJr*f�dgTY`�+-'�(�
�qs(

i

X�hY/ ����(�TY/ �M/ (

'�+

i

X�hN/ ����(�TN/ �M/ qs'�/ �M/8/ �Yf�d8Q-(�� ��dg/YhY(��*+�X�.�/ � hNf�d8+�.�hN/Yf1(�( d8hYhNf*dg.�hN/8f*d �u+-'�/8'Dd R*`�
 a = 1:179
r�f�( b = 0:3 �l6

�	�

QMdgT8(*X-(�q /YX�h ��TY+�f�/ 
1hY'*/8X�hY( P � �
r*/8r*dJRDdg'�(�


i

�I`*d � q +�a,R

i

qs'�/ �M/8/ �Yf�d8Q-(�
�qs( T

q3dg`

i

� /Y.�f�+�X-hY'*/8X�h �B'

i

`�
 � � � � 10 �

/Yh

i

r�f*dgT8`	
 �u),+ �M/orDdgf*d8q +�hYf*dBX-(�X�hN+�q�� a r*f1( b = 0:3 �


��

��XNd�I�IJ€•V�DMGJ[J\�f j6U�i-U�V�DM\�i

a
XMI-XM\�DHV�l�IƒB<lzW-I-Xed6[J\�f B<DHiJco[Z\<G-c�XM\<f

P � � j-i-I �

GJ[Z\<IJ[

q

Š d6c<V V�D

¡

E

q

V�G-c<ŠMc<c<x<i6UP€•IJ[JV�I‹€•G-UoWJDHG-IJ[ B<xad�IJ€HI G

q

d6[ �

� � � 10 � "

\<c j-cad

q

WJI-V i-DN€

q

d�fR\PUa\<l "“j-i-DFE�XM\PU�BPd�DHG-GJlzD G6U•i-I-XaK�tZK

ˆ

" RoK

hnU�Y B<I;E�G-c�IJ€¢ŠHi-U�mnI-Y;U "•X

q

 TDHXM\�B

q

DN\bXMW-DM\�G-c<D¢V�G-c

¡

DHXN\<B<c�€HG6URW-DHG-IJr§j6Uai6U �

V�DM\�i6U "zj-iJILY2c�\�c<i-lCp•B<DMi-cR[J\�G-c<XM\�f

P � � c<x<i6U  U�DM\�X%[ŽB G

q

d6f-K

�

\<I•€•G-UoWJDHG-IJ[

j6U�i-U�V�DM\�i6U

a
W-DN\<Y2c XMc<c�\<B�DM\<XN\<B

q

• \LG-UPd�I-W-IJ•	j-DMi-I-cHE�I-WJDHXHYJIZp�Ua\a\<i6UaYJ\<c<iJc<B

c�\�c<x<i6U

¡

DHG-IJ[ � XHi•K�X^E“U�GJG-lzV�I(iJI-X�K™tZK

Z

" R��NK

�

x<i6U  DHGJI-D

P � � B8G

q

d6f�" B<c<c�x! D

ŠHc�B<c<iy[ "-V�c

¡

DN\¢XHB<I2E�DM\�DNd�f<XN\<B<c�ByUa\<f c¢i-D•Uod�IJ€RUak-I-I_i-D

¡

I-V]U ŠMI-j-DHiJx<cad�I-WJDHXHY2c<ŠMc

p2Uac<X•U "˜cHE�G-U�Y2cƒB�jJi-c<B<DFE�DHG-GJlCp �HY2XHj-DMi-I-V�DMGJ\PUPp �M\�c

q

XNd�c<B�I-D¢XHc<c�\�B<DM\�XM\�B<c<ByUPd6c

i-DHUPd�IJ€•U�k-I-I�i-D

¡

I-V�c<B¢i-DMŠ

q

d6[-iJG-lCp�k-I-YZd�c�B c�\�c<x<i6U

¡

DHG-IZ[�¦'DHGJc<G6U

�

K

©nU�Y2c<G-DMk " c<x<X

q

E�I-V XHB<c<rJXM\<B�c(Y-B<Ua€•I6UP\�\<i-U�YJ\<c�i6U " B<DHXMf<V]U ByU

¡

G-c<D1B j;d�U�G-D

U�G6Uod�IJ€RUzI9\<i-U�YJ\<c�B<Y-I �HY2XHj-DMi-I-V�DMGJ\PUPd�f<GJlCp i-DN€

q

d�fR\PUa\�c<B-K

�

x<i6Ua\�I-V�X%[{Y{iJI-X�Kot;K O<K




\<i

q

YZ\

q

i6U'xyU�XMXHDMr-G-c<B j-i-IJ\R[

¡

DHGJIJ[TXMB<I;E�DN\<Ded�f<XM\�B

q

DN\nc B<lzXHc<Y2c<r{W

q

B<XN\<B<IJ\�DNd�f �

G-c<XN\<I XMI-XM\�DHV�lŽY \�c<W-G-c<XN\<I €•UoE“U�G-IZ[^G6URW6Uod�f<G-lCp

q

Xed�c<B<IJr•K �9i-c�B<DeE�DMV XNd6DeE

q

• �

 IJr �HY2XHj-DMi-I-V�DMGJ\oK*AClzx<DMi-DHV¤€•G-UoWJDHG-I-DTj6U�i6U�V�DN\<i6U

a = 1:078
"�jJi-IbY2c�\<c�i-c<V•B

� t;K O �CXMc<X

q

 TDHXM\�B

q

• \

Z

p2Uac�\<I-WJDHXHYJIZp UP\�\<i-U�YJ\<c�i6UJK�©nU¢iJI-X�K�tZK t " =nI�Ruj-i-DeE�XM\PU�B��

d�DMG-l jZd�ca\<G-c<XN\<ILi6U�XHjJi-DeE�Ded�DHGJIJ[ B�DHi-cR[J\�G-c<XN\<DHr

p(xn ; yn)
E6d-[ UP\�\<i-U�YJ\<c�i-c<B-K

STc<xyU�B�I-V B

q

i-U�B<G-DMG-IJ[ � tZK O ��UoE-E�IJ\�I-B<G-lzr "Jxad�IZ€•Y-I-r^Y^x<Ded�c<V

q

" �

q

V I-GZ\<DHGJXHI-B��

G-c<XN\<I

D = 5 � 10� 6 K�A c�€NE�DMr-XM\�B<I-DƒXNd�Uax<c<ŠHc �

q

V]U=I-G;E

q

kJI-i

q

DN\ c<x��*DeE�I-GJDHG-I-D

Ua\a\<i6U�YZ\<c<i-c�B(B cHE�I-G � i-I-X�KztZK t�" � �NK ‰�DM€

q

d6fo\�I-i

q

•  TI-r‚i-D

¡

IJV G-D�€RU�B<IJXHIJ\ c�\

2 !LX-(�`

i

X-r�+ ��(	�#(*.1(Wdg`���/Yf�(�hNq3duT�� ��(*X-`�+-'�(�� TN+�f�/�
1hY'�/YX�h �>r�f�(�f*dgT8'�(�T:dg`*d8X �,'

i

` �c08+�X-`�( �ud8Q�/gT:d 


hNf�d8+�.�hN/Yf1(	
 '*+u(�q +-`Ddc'�+

i

X�hY/ ����(�TY/ �M/o'Ddgr�f*dJTY`*+I'�(	
5"



� �

-0.5
0

0.5
1 -0.2

-0.1
0

0.1
0.2

0.3
0.4

0
0.5

1
1.5

2
2.5

3
3.5

4
4.5

x

y

p

-0.5
0

0.5
1 -0.2

-0.1
0

0.1
0.2

0.3
0.4

0

0.5

1

1.5

2

2.5

x

y

p

=

R

-0.5
0

0.5
1 -0.2

-0.1
0

0.1
0.2

0.3
0.4

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

x

y

p

�

������� � ��� � �

`*/8hY'*/8X�hY(>f�d8X-r�f�+IR*+-`*+-'�(	
	TN+�f�/�
1hY'�/YX�hN+	� p(x; y) '*d ��d8/8hY(���+�X�.�( �#d8hNhNf�d8.�hN/Yf�d �50�X�/8X

i

S

),+�X�h8T

i

�u)>( �BT,X-(*X�hY+�q + �#+-'*/g'Dd�r*f1( a = 1:080:To/YhNX

i

hNX-hYTY(�+ �

i

q3d

�

680




�

�

� ���#+�.�h,TN/8QIRD+ ��X�hYT8(	


�

i

q3dB(�'*hY+-'*X-(�TY'�/YX�hY( D = 5 � 10� 6
'Ddcr�f�(�TN+IR*+-'�'�� +�f*dgX-r*f�+IRD+-`�+-'�(�
ATN+�f�/ 
�hY'�/YX�hY+ �

�

@��

\<c�ŠHc�"6Y;U�Y2c<r_IJ€{Ua\a\<i6UaYJ\<c<iJc<B^x<lCd�B<lzx�i6U�G�j-DMi-B<c<G6URW6Uod�f<G-c¢j

q

\<DMV�€RURE“U�G-IJ[_XMc��

c�\�B<DM\�XM\<B

q

•  IZpbG6URW6UPd�f�G-lCp E“U�G-GJlCp K

�

\<V�DN\<I-V "�WJ\�c§jJi-I

b ! 0
V�cHE�Ded�f ¦'DMG-c<G6U � t;K O �{j-DHi-DepycHE�IJ\ B IJ€•B�DHXM\�G

q

•

cHE�G-c<V�DMi-G

q

•�V�c•E�DNd�f•d�c<ŠMI-XM\�I-W-DHXMY2c<ŠHc�c�\�c<x<i6U

¡

DHG-IZ[�2

xn+1 = 1 � ax2
n :

� tZK

Z

�

�

\<c<x�i6U

¡

DMG-I-D � tZK

Z

� G-DMc<x<i6UP\<I-V�c�IƒE�I-mnm{DMc<V�c<i-mnIJ€HV�c<V•G-D`[JBad6[JDM\<X%[ Ku
�DHV¤G-D

V�DHGJDHDuXMB<c<r-XN\<ByUTUa\�\�i6U�YJ\�c<i-c<B•V�cHE�Ded�I � tZK

Z

�]Y;URW-DHXN\<B<DMG-G-c•x

q

E

q

\Tj-c<B�\�c<iy[J\<fTB<XHD

B<l �TDHj-DMi-DHW-IJXNd�DMG-G-lzD•XHB�c<r-XM\�ByU ca\<c<x<i-U

¡

DHGJIJ[�¦'DMG-c<G6UJK

����+J)2��+->->J��+-��>-���
� $9�2� ��—���3���������+-,�,���$ �a�2,��2��+->-����� � ��,��;��3��*#

��,�,���’(,��y� ��,��;’�,��“�<>J”�.15 ‰�U�XHXMV�c�\<i-IJV E�IJm{mnDMi-DHG-kJI6UPd�f<G

q

••E�I-G6U�V�IJW-DHXMY

q

•

XHIJXM\<DMV

q

� ŠHDMG-DHi6UP\<c<i

†

G-I  TDHG-Y2c �

†

XN\PUPpyc<B<U � Q�� "2IZdJd�•uXN\<i-I-i

q

•  

q

•"V�DNpyU�G-IJ€HV

i-c

¡

E�DHG-IZ[§I=\<IJj-I-W-G-lzD XHB�c<r-XM\�ByU_Y-ByUa€HI6Ua\�\�i6U�YJ\�c<i6U1B_XMI-XM\�DHV]UPp§X¢j-DM\•d6DHr XMD �

j6U�i-Ua\<i-IJXHl XHDFE6d�c�� mnc<Y

q

XHU§XMc<XM\�co[JG-IJ[(i6U�B<GJc<B<DHXMIJ[•K

�

\PU8V�cHE�DNd�f8j-i-DFE�XM\PUaBad6[ �

DM\�XHc<x�c<rL\�i-DNpZV�DHiJG

q

••E�B

q

j6U�i-U�V�DM\�i-I-W-DMXHY

q

•	E�I-mnmnDHiJDHG-k-I-UPd�f<G

q

• XMI-XM\�DHV

q

q

i6U�B<GJDHG-I-r/2



� �
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q

XNd�c<B�I-r•K•‰�D �
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q
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�

E�G6U �

Y2c�B_XN\<i

q

YJ\

q

iJD

†

h'~ j-i-I-X

q

\�XM\�B
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~ i6U�YJ\PUod�f<G-c<XN\<f ŠMi6U�G-IJk xyU�XMXHDHrJG-c<BTjJi-IJ\R[
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DHG-IJ[^I^XMB<c<r-XN\<B<c`XHI-XN\<DHV�l "Zc<x

q

�

XNd6c<Bad�DMG-G-c<D V�GJc

¡

DHXM\�B<c<V"x<IJm

q

i-Y;U�kJI-r i-D

¡

I-V�c<Bƒj-i-I V]UPd�c<V �TDHB<Ded�DHG-IJI j6U �

i6U�V�DN\<i-c�B�"6j-i-I-B�c•E6[J\ YƒB�lzXHc<Y2c<rƒW

q

B<XM\�B<IJ\�DNd�f<GJc<XM\�I XHI-XN\<DHV�l"Y_B<GJD�� GJI-V �

q

�

V�c<B<lzV	B<c�€HV
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 TDHG-IZ[-V j-cHE�c�x<G-csUa\�\�i6U�YJ\�c<i

q

¦'DMG-c<G6UJK¢ž DM€

q

XNd�c�B<G-c�"¢m

q

G;E“U �

V�DHGZ\PUPd�f<G-c�rªj-i-I-W-IJG-c<r XMc<B<c<Y

q

j-GJc<XM\�I

q

Y;Ua€•U�G-G-lCp XHB�c<r-XM\�B‚Y-ByUP€•I6Ua\a\<i6UaYJ\<c��

i6U1[JBad6[-DN\<X%[ XHWJDM\<GJc<D_V�G-c

¡

DHXN\<B<c=ŠHc�V�c<YZd�I-GJI-W-DHXMY-IZp Y;U�XHU�G-I-r
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XM\<c�r-W-I-B<lCp I

G-D

q

XM\�c<r-W-IJB<lCp"V�G-c�ŠHc<c<x�i6Ua€•IJr " B(XMIZd

q

Y2c�\<c�i-c<ŠHc�XHI-XN\<DHV�l \�I-j6U � tZK Q � [-Bad-[ �

• \�X%[ G-DMŠHi
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x<lzV�I•K�AsXMI-XM\�DHV�D^¦uDHG-c�G6U��HmnmnDHYZ\<lªŠHc�V�c<YZd�I-GJI-W-DHXMY2c<ŠHc Y;U�XHU�G-IJ[

V�c

¡
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�
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j-i-IJG-k-I-j-I-UPd�f<G-lCp�XHB<c<rJXM\<B<U 2-XNd6c
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q
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�
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V�c<Š

q
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q

• \�X%[¢XNd�DFE

q

•  TI-V�I

XHB�c<r-XM\�ByU�V�I�2

O �`jJi-I i-DMŠ

q

d6[-iJG-c<r ŠMDHc<V�DN\<i-I-WJDHXHY2c<r_XN\<i

q

YJ\

q

iJD{X \<c<WJY-I^€•iJDHG-IJ[^k-DNd6c<W-I-Xed�DHG �

GJc<r1V�DN\<i-I-WJDHXHY2c<r=i6UP€•V�DHiJG-c<XM\�I I-G;E�IJB<I;E

q

UPd�f<G-lzDTm`UP€•c<B<lzDn\<i-U�DHYJ\�c<i-I-I=B

XMi-DeE�G-DHV �MY2XHj-c<GJDHG-k-I-UPd�f<G-c G-D

q

XM\�c<r-W-I-B�l �



� �

Z

�`jJi-I XNd�c

¡

G-c<r ŠMDHc<V�DN\<i-IJW-DHXMY;c�r(XN\<i

q

YJ\

q

iJDƒ\�i6U�DHYZ\<c<i-IJI�U�XMXHI-V�jZ\<c�\�I-W-DHXMY-I

q

XM\�c<r-W-I-B�l �“j-DMi-DHV�D � I-B<U�G-I-D`c�\<X

q

\�XM\�B

q

DN\oK

�9DHi-B�lzr \<I-j G6Ua€HlzByU�• \ �D=@S>EKA
� C��1 A � ?DC�� EGFL=@?B?
� � =@EKEGFL=& E SYFDS �

��� � � � "6B�\�c<i-c<r�� �IEGFL=W?B?
� � ?DC*�D=@STEKA
� C��� A � =@EKEGFL=& E SYFDS � �:� � � �PK

��+-��>-��:��;�<�����1,��;�<>-��+-,�,�?¢�b+->J>-��+J��>-����?

¦9Uac�\<I-WJDHXHYJI-D{Ua\�\�i6U�YJ\�c<i-l "�G-Du[JBad6[-•  I-DMX%[ƒXu\<c<WJY-I�€•i-DMG-IJ[ƒIZp^ŠHDHc�V�DM\<iJI-I

XM\�i6U�G-GJlzV�I "•IJ€HB<DHXN\<G-l�c�\<GJc<XHIJ\�DNd�f�G-c^E“U�B<G-c "�cHE�G-U�Y2c IJ€

q

W-DMG-l�G-DeE�c�XM\PUa\�c<W-G-c-K

A YZURW-DMXM\�B<D1j-iJI-V�DHi6U1E�I-G-U�V�I-W-DMXHY2c<r�XMI-XM\�DHV�l X�¦9©

†

V�c

¡

GJc8jJi-I-B<DMXM\<I(V�c��

E�I-mnI-kJI-i-c<ByUaG-G-c<D c�\<c<x�i6U

¡

DMG-I-D

†

i-G-cPd�fPE“UJK

�

\�c1c�\�c<x<i6U

¡

DHG-I-D j-i-DFE�XM\PU�BPd6[-DN\

XHc�x<c<r IJ€•B<DMXM\�G-c<D

Ÿ


��������
	

Ÿ

X E�c<xyU�BPd�DHG-IJDHV GJDNd�I-GJDHr-G-c�ŠHcTjJDHi-I-cHE�IJW-DHXMY;c�ŠHc Xed�U �

ŠeU�DMV�c<ŠHc 2

xn+1 = xn + yn + � cos2� yn ; mod 1;

yn+1 = xn + 2yn ; mod 1:
� t;K

ˆ

�

�9i-I

q

Xed�c<B<IJI "yWJ\<c

� < 1=2�
"aca\<c<x<i-U

¡

DHGJI-D � t;K

ˆ

��DHXM\�fuE�I-mnmnDHc<V�c<iJm{IZ€•V8G6U \<c �

i-DaKPSTi

q

ŠHI-V�I¢XNd6c<ByU�V�I "ac�\<c�x<i6U

¡

DMG-I-D � tZK

ˆ

��B�€•U�I-V�G-c9cHE�G-ca€•G6URW-G-c � c<x<i6Ua\�I-V�c ��I

j-DMi-DHB<cHE�IZ\^DFE�I-G-I-WJG-lzr�YJByUoE�i6UP\¢G6U•jZd�c<XMY;c�XM\<I

(xn ; yn)
B¢XHDMxR[•K

�

\<c�x<i6U

¡

DMG-I-D

� t;K

ˆ

�•[-BPd6[-DN\<X%[`E�IJXHXHIJj6Ua\<IJB<G-lzV "�\oK D�Kaj-i-I Y;U

¡

E�c<r`IJ\<DMi6U�k-I-I �ed�DHV�DMGJ\njZd�c  •UoE�I

X

¡

I-V]U�DM\�X%[•K

�

\�c XHB�c<r-XM\�B<c^d�DMŠHY2c E�c<Y;Ua€•Ua\<f�"“DHXed�IbB<lzW-IJXNd�IJ\�f�[-Y2c<x<I6UaGbj-i-DMc<x��

i6Ua€Hc<ByU�GJIJ[ � tZK

ˆ

� 2

J =

�
�
�
�
1 1 � 2� � sin2� yn

1 2

�
�
�
� 6= 0; � <

1
2�

:
� tZK t	�




i-DFE�G-DHD1j-c B<i-DMV�DHG-I(€•G6URW-DMG-I-D

jJ j < 1
K �niJI �M\�c<VªXHIJŠHG6Ua\

q

i6U XHj-DMYJ\<i-U§d6[ �

j

q

G-c<B�XHY-IZp��HY2XMj-c<G-DMGJ\ƒj-i-DeE�XM\PU�Bad-[-DM\_XMc<x<c<r

+ ; �
"�\oK D�K�mnI-Y2XHI-i

q

DM\�X%[§G-UPd�I-W-IJD

j-DMi-DHV�D � I-ByUaG-IJ[•K

hnUa€RUod�c<XHfux<l "aV�l IJV�DHDHV1E�Ded�c'X c�x<lzW-G-lzV1pyU�c�\<IJW-DHXMY-I-V XN\<i6UaG-G-lzV§Ua\�\�i6U�Y �

\<c�i-c<VzK�©9c �M\�c G-D9\PU�Y K�#2d�U�B�G-c<r�c�\•d�IJW-IJ\<Ded�f<G-c�rbc<XHc�x<DHG-GJc<XM\�f<•�i6U�XHXMV]Ua\<iJI-ByU �

DHV�c�ŠHc8XNd

q

W6Ua[ [JBad6[-DN\<X%[ \<c "�WJ\<c�"�GJDHXHV�ca\<iy[�G-U=X

¡

Ua\<I-DƒjZd�c  •UoE�I "�E�B<I

¡

DMG-I-D

IJ€Hc<x<i6U

¡

U�•  TDHr \�c<W-Y-I‚ca\<c<x<i-U

¡

DHGJIJ[ � tZK

ˆ

��[JBad6[JDM\<X%[ �Hi-ŠMcHE�I-W-DMXHY-I-VzK 
 c<W-Y;U

j-i-I

n ! 1
j-c<XHD  •U�DN\8d6•ux<c<r �ed�DHV�DMGJ\8DeE�IJG-I-W-G-c�ŠHc8Y-ByUoE�i-Ua\PU " j-iJDeE�XN\PU�Bad6[ �

•  TDHŠMcbj-cad�G

q

• i6Ua€HB<DHiJ\�Y

q

E�B

q

V�DHiJG-c<ŠHc�\<c<i6U �




B�I;E�DM\�DNd�f�XM\<B�c<V �M\<c�ŠHcbm{U�YJ\PU

[-BPd6[-DN\<X%[•\<c "�WJ\�c{V�DN\<i-IJW-DHXMYZUP[ i-Ua€•V�DMi-G-c<XN\<f{Ua\�\�i6U�YJ\�c<i6U � DMV�Y;c�XM\<fnj-c'hncPd�V�c��

ŠHc�i-c<B

q

�™i-U�B<G6U

Z

K��ud�c�\<GJc<XM\�f \<c<W-DMY�Ua\a\<i6U�YZ\<c<i6U ";pyca\R[ I G-DMi6U�B<GJc<V�DHi-G-U`BTDFE�I �

G-I-WJG-c<V YJByUoE�i6UP\<D!"˜GJI-Š E�D G-D¢c<x<i6U  U�DM\�X%[ B_G

q

d�fJK�
 U�YJI-VLc�x<i6Ua€Hc<V "•G-DMXHV�c�\�i2[

G6U^X

¡

Ua\<I-D "•Ua\a\<i6UaYJ\<c<iJc<V•XHI-XN\<DHV�l � t;K

ˆ

�z[-Bad-[-DM\�X%[bB<DMXHf DFE�I-G-IJW-G-lzr=Y-ByUoE�i6Ua\oK



� �

A �N\<c<V�XHV�lzXed�D_Ua\a\<i6U�YZ\<c<i

†

iJG-cad�fPE�U1G-D^[JBad6[-DN\<X%[ XN\<i6UaG-G-lzV " \PU�Y Y;U�Y DMV

q

G-Ded�f�€H[�j-i-IJj-I-X•UP\<f^mni6UaYJ\PUPd�f<G

q

•�ŠHDMc<V�DM\�i-I-•`K

©9DHXMV�c�\<iy[ G6U9\<c�"<WZ\<cn\<c<W-YJI^j-i6UaYJ\<I-WJDHXHYJI^j-cad6G-c<XM\�f<••j-c<Y-iJlzByU�• \`Y-ByURE�i6Ua\

� Y;U�Y B<I;E�G-c=IJ€ƒm`UP€•c<B<c�ŠHc j-c<iZ\<i-DN\PU Ua\�\�i6U�YJ\�c<i6U8G6U i-I-X�K™t;K }	� " jZd�ca\<G-c<XN\<f§IZp

i6U�XMj-i-DFE�DNd�DMG-IJ[ƒ[-B<GJc•G-DHcHE�G-c�i-cHE�G6U ��h9cad�IJW-DHXN\<B<DMG-G-c<rƒV�DHi-c�r �N\<c<rƒG-DMc•E�G-c<i-cHE �

G-c<XN\<I [-BPd6[-DN\<X%[ B<Ded�I-W-I-G-U IJG-mnc<i-V]U�k-IJc<G-G-c<r i-Ua€•V�DMi-G-c<XN\<I

1 < D I < 2
K

©nU�j-i-IJV�DHi " E6d6[ €•G-UoWJDHG-I-r

� = 0:05 D I ' 1:96
"�E6d6[

� = 0:10 D I ' 1:84
K

�9i-I �M\�c<V "•Y;U�Y

q

¡

D•ŠHc<B�c<i-IZd�c�XHf�"“DHV�Y2c<XM\�f

DC = 2:0
� �N\<cƒXM\<iJc<ŠHI-r8i-DN€

q

d�fR\PUa\




I-G6UP[��NKZA(iJDM€

q

d�fR\PUa\�DnG-DHcHE�G-c�i-cHE�G-c<XN\<I�jZd�ca\<G-c<XN\<I_i6U�XMj-i-DFE�DNd�DMG-IJ[�B�DHi-cR[J\�G-c��

XM\�DHr \�c<W-DHY(G6U UP\�\<i-U�YJ\<c�i-D1€•G-UoWJDHG-IJ[�B<XHDep(B<DHi-ca[J\<GJc<XM\�G-c�� V�DN\<i-IJW-DHXMY-IZp•i6UP€ �

V�DHiJG-c<XM\�DHr¤UP\�\<i-U�YJ\<c�i6U

†

iJG-cad�fPE�U8x

q

E

q

\=d�D

¡

Ua\<f§B8IJGJ\<DMi-ByUPd�D

1 < D < 2
K

�

\<I(i6Ua€HV�DHi-G-c�XM\<I

q

WJIJ\<lzByUa• \ GJD_\�cad�f<Y2c8ŠHDMc<V�DM\�i-I-W-DMXHY-I-D " G-c=I E�I-G6U�V�IJW-D �

XHYJI-D`XMB<c<r-XN\<ByU Ua\a\<i6U�YZ\<c<i6UZK

¦9©

†

c�x<G6U�i

q

¡

DMG-lŽB•i2[2E�D E�i

q

ŠMIZp_c�\�c<x<i6U

¡

DHG-I-r�G-UT\<c<i-DaK

 

c

¡

G-c•j-i-DFE�j-c��

d�c

¡

IJ\<f�" WJ\<c �HiJŠHcHE�I-W-DMXHY-IJD_pyU�c�\<IJW-DHXMY-I-D E�B<I

¡

DMG-IJ[ \�I-j-I-W-GJl E6d6[ E�I-mnm{DMc��

V�c<i-mnIJ€HV�c<BnG6U'\<c<iJD�K;~•U�YJ\{X

q

 TDHXM\�B<c<ByUaG-IJ[^¦'©

†

B'\PU�Y-IZp c�\�c<x<i6U

¡

DHG-IZ[Zp¢j-ca€ �

B<cad-[-DM\ j-i-DeE�j-cad�U�ŠeUP\<f�"-WZ\<c DMXM\<f•jJc�\<c<Y2c<B�lzD � E�IJm{mnDMi-DHG-kJI6UPd�f<GJlzD��CXHIJXM\<DMV�l B

R N �

N � 4
� "RI-V�DM•  IJD i-D

¡

IJV�l§¦9©

†

K

�

E�G6U�Y2c E�c G6U�XM\�cR[  DMŠHc'B�i-DHV�DMG-I{¦'©

†

B E�I-mnmnDHi-DMG-k-I6UPd6f<G-lCp=E�I-G6U�V�IJW-DHXMY-IZp§XHI-XN\<DMV]UPp GJD c�x<G6U�i

q

¡

DMG-l9K�A�XMB�[J€HI X

�M\�I-V "•B�W6UaXM\<GJc<XM\�I "“E�c XMIZp j-c�i1[-Bad-[-DM\�X%[=c�\<YJi-l \<lzVLB<c<j-i-c�X c B<c�€HV�c

¡

G-c�XM\<I

X

q

 TDHXM\�B<c<ByUaG-IJ[=p2U�c�\�I-W-DMXHY2c<ŠHc1Ua\�\�i6U�YJ\�c<i6UƒG6U j-c<B<DMi<pJGJc<XM\�I§\<iJDNpZV�DHi-GJc<ŠHcƒ\<c��

i6U "6BPd�c

¡

DHG-GJc<ŠHc B¢m`UP€•c<B<c�D9j-i-c<XN\<i6U�GJXM\<B�c^i6Ua€HV�DHi-GJc<XM\�I

N � 4
K

������� � ��� �

�ud8/Yh8(��*+-X�.�(�� '�+�X�hNf�dg'�'���� dghNhNf�d8.�hY/Yf�T /YhN/ �Yf�d8a,+-'�(�( %#f1'*/g`��8RDdor�f�( � = 0:15



� �

�`>-��+-,�,�?¢�b,��2£�+-��>-��:��Z�<�����b+->->-��+-��>-����?

hnU�Y1V�l

q

¡

D`ŠMc<B<c<i-I;d�I "6p2U�c�\�I-W-DMXHY-I-D¢UP\�\<i-U�YJ\<c�i-l�c<xad�UoE�U�• \ ŠHDMc<V�DM\�i-I-W-D �

XHY2c<r

Ÿ

XM\�i6U�G-G-c�XM\<f�•

Ÿ

IbjJDHi-DMV�D�� IJByU�G-I-DMVzK�STi

q

ŠHIJV�IbXNd�c�ByU�V�I "6Xed�c

¡

G6UP[_E�IJG6U �

V�I-Y;U j-DMi-DHV�D � I-ByUa•  DMr XMI-XM\�DHV�l jJc<i-c

¡

E�U�DM\�I ŠMDHc<V�DN\<i-IJW-DHXMY

q

• Xed�c

¡

G-c�XM\<f

XHc�c�\<B<DN\<XN\<B

q

•  TDHŠMc Ua\a\<i6U�YZ\<c<i6UZKt
 DMVbG-D V�DHG-DMDCBuXed

q

W6U�DC¦'©

†

V�l B<lzG

q

¡

E�DMG-l

i6Ua€eE�DNd6IJ\<f �N\<I XMB<c<r-XN\<ByU 2PjJDHi-DMV�D�� IJByU�G-I-DCV�c

¡

DM\ G-D]j-i-I-B<cHE�IZ\<f'Y{ŠHDMc<V�DM\�i-I-W-D �

XHY2c<r

Ÿ

XM\<i-U�G-G-c<XN\<I

Ÿ

Ua\�\�i6U�YJ\�c<i6UJK

Œ

E�DMXHf V�l"i-U�XHXMV�c�\<i-IJVLB<ca€•V�c

¡

GJc<XM\�f^i-DHUPd�I �

€RUak-I-I j-i-c�\�I-B<c<j-cPd�c

¡

G-c�r XMIJ\

q

U�k-I-I ";Y2c<Š E“UnXHI-XN\<DMV]U9E�DMV�c<G-XM\�i-I-i

q

DM\¢Xed�c

¡

G-lzr

G-DMj-DHi-IJc•E�I-W-DHXMY-I-r iJD

¡

I-VLY2cad6DHxyU�GJI-r "˜U�XMI-V�jJ\�c�\<I-WJDHXHYJI

q

XN\<c<r-WJI-B<lzr � x<DM€ j-D �

i-DMV�D�� IJByU�G-IJ[ � "aU UP\�\<i-U�YJ\<c�i•j-i-I �N\<c<Vb[JB<G-c G-D][-Bad6[JDM\�X%[Ti-DMŠ

q

d6[Ji-G-lzV=X�\<c<W-YJI

€•iJDHG-IJ[�DHŠMc ŠMDHc<V�DN\<i-IJW-DHXMY;c�r XM\<i

q

YZ\

q

i-l9K

�9i-I-V�DMi-lªG-DHŠMi

q

x<lCp XM\<i-U�G-G-lCp G-DNpyU�c�\�I-W-DHXMY-IZp Ua\�\�i6U�YJ\�c<i-c<B �




©

†

�9j-i-I �

B<DMXM\<I GJDM\<i

q

E�G-c-K �9cƒX

q

\<I§E�DNd�Uƒd6•ux<c<r§XM\�i6U�G-G-lzr pyU�c�\�I-W-DHXMY-I-r Ua\a\<i6UaYJ\<c<i B

Y-i-IZ\<I-W-DMXHY2c<rb\�c<W-Y2D`jJDHi-DepycHE“U^Y�p2U�c�X

q

[-BPd6[-DN\^XMc<x<c<r_j-i-IJV�DHi




©

†

K“A¤Y-iJIJ\<I �

W-DMXHY2c<r \<c�W-Y2D d6[-j

q

GJc<B<XHYJI-r j-c<Y;Ua€•Ua\<Ded�f i6U�B<DMG G

q

d�• � p2Uac<X•UƒG-DM\ � �eK �9c1c<jJi-D �

E�Ded�DHG-IJ•g\PUaY;c�r�Ua\a\<i6UaYJ\<c<i [-BPd6[-DN\<X%[




©

†

K

�

E�G6UaY;c c�G G-DHŠMi

q

x<lzr•K




\<c<W-YJI

€•iJDHG-IJ[�mnIJ€•IJY-I�IJGJ\<DMi-DHX`j-i-DeE�XM\PU�Bad-[-• \^ŠHi

q

x<lzD`Ua\a\<i6U�YZ\<c<i-l "�Y2c�\<c�i-lzD`X

q

 D �

XM\�B

q

• \�G6U�V�G-c

¡

DHXN\<B<D•€HG6URW-DHG-IJr§j6Uai6U�V�DM\�i-c<BƒG-DHG

q

d6DHB<c<r=V�DMi-l I=XHc•pZi6U�GZ[-• \

XHB�c<•"XM\�i

q

YJ\

q

i

q

j-i-I_B<ca€•V

q

 DMG-IJ[Zp“K�hnU�Y�c<Y;Ua€•UPd�c<XMf�"2E�IJG6U�V�I-W-DMXHY-IJD`XMI-XM\�DHV�l

X•ŠHi

q

x�lzV�I




©

†

X

q

 DMXM\�B

q

• \ Y;U�Y=B E�I-mnmnDHiJDHG-k-I-UPd�f<G-lCp "˜\PU�Y8I=B E�I-XHY-iJDM\��

G-lCp E�IJG6U�V�I-W-DMXHY-I;p1XMI-XM\�DHV]UPp��

ˆ

" Oot�� K




©

†

\�I-j-I-W-GJl‚E-d6[ƒE�IJG6U�V�I-W-DMXHY-I;p XHIJXM\<DMVLX{Y-ByUP€•I-j-DMi-I-cHE�I-WJDHXHYJI-V B<ca€•x

q

�

¡

E�DHG-IJDHVzK˜¨'V�DMXM\<GJc

q

\<c<WJG-IJ\<f "�WJ\�c1V�lsj-c<G-I-V]UaDHV jJc•E Ua\�\�i6U�YJ\�c<i-c<V G-D•U�Ba\<c��

G-c<V�GJc<r1XMI-XM\�DHV�l9K �9i-DFE�j-cad�c

¡

I-V "�WJ\<c U�B�\<c�G-c<V�G6Ua[�E�I-G-U�V�I-W-DMXHY;Ua[bXMI-XM\�DHV]U B

R N G6UPpycHE�IZ\<X%[ƒj-cHE�E�DHrJXM\<B�I-DHV(j-DHi-IJc•E�I-W-DHXMY2c<r�XMIZd�lŽX'j-DMi-I-cHE�c<V

T0 = 2� =! 0
K

ž

q

E�DMV|U�G6Uod�IJ€•IJi-c<ByUa\�f XHDHWJDHG-I-D �

q

UaG-Y;U�i-D=W-DHiJDM€8j-DHiJI-cHE"B<GJD�� GJDHrŽXHIZd�l9K A

XHDMY

q

 DMr j-c<B<DMi<pJGJc<XM\�I

t = nT0
V�l(YZU

¡

E�lzr¢i6UP€ � j-i-I•d�•ux�c<V

n
� x

q

E�DHV§G6U�xad6• �

E“Ua\�f§GJDHY2c�\<c�i-c<D_V�G-c

¡

DHXN\<B<c=\<c�W-DHY•K

†

\a\<i6UaYJ\<c<iJc<VªB �M\�c<V Xed

q

W6U�D_G6Ua€HlzByU�• \

j-i-c�DHY-k-IJ• �M\�c<ŠHcbV�GJc

¡

DHXM\�ByU�\�c<W-DHY B�XHDMY

q

 IZp " j-cPd

q

W-DHG-GJc<D E6d6[ j-c<Xed�DeE�c�ByU �

\<Ded�f<G-c�XM\<I

n ! 1
"6G6U•I-X p<cHE�G

q

• XMDHY

q

 

q

•sj-c<B<DMiypZG-c�XM\<f^j-i-I

n = 1
K

ACj-DMi-B<lzD




©

†

x�lCd1c�x<G6U�i

q

¡

DMG�IƒI-XMXNd�DFE�c<ByU�GƒB c�\<c<x�i6U

¡

DMG-I-I

xn+1 = � tan(xn ) cos2� � n ;

� n+1 = ! + � n ; mod 1:
� t;K w �

�9i-i6U�kJI-c<G6UPd6f<G-c<Du€HG6URW-DHGJI-D9j6U�i6UaV�DM\<i-U

!
W6U  DuB<XHDMŠHc•B<lzx<IJi6U�DM\�X%[_i6U�B<GJlzV

\PU�Y�G6UP€•lzByU�DMV�c<V

q

:WSYX STE S � � � C�� CI?BA
��2

! = 0:5(
p

5� 1)
K�S`d-[^€•G-UoWJDHG-I-r

� > 1
B8c�\<c<x�i6U

¡

DMG-I-I � tZK w �TXM\�i-c<ŠMc=E�c<Y;Ua€•U�G-c8X

q

 DMXM\�B<c<ByU�GJI-D




©

†

� i-IJX�K tZK

]

�NK�©9c




©

†

c<x<G6Uai

q

¡

DHG-l�\PU�Y

¡

D•j-i-I=B<B<DFE�DHG-IJI8YJByUa€•IJj-DHi-IJc•E�I-W-DHXMY2c<ŠHc�B<c�€NE�DHr-XN\<B<IJ[



�Yk

0.0 0.2 0.4 0.6 0.8
�4.0

�2.0

0.0

2.0

x

f
������� � ��� �

$ hNf*dJ'�'����x'*+ ��d8/8hY(���+�X�.�(�� dghNhNf�d8.�hY/Yf�T /YhN/ �Yf�d8a,+-'�(�( �

�

"

���

R�`	
 � = 1:5

B{c�\<c<x�i6U

¡

DMG-I-D c<Y-i

q

¡

G-c<XM\�I "yd�c<ŠHIJXM\<IJW-DHXMY;c�D'c�\<c�x<i6U

¡

DMG-I-D "Zc�\�c<x<i6U

¡

DHG-IJD ¦uD �

G-c<G-U I^E�i•K

‰ [;E§c<XMc<x<DMG-G-c<XN\<DHr




©

†

[JBad6[JDM\<X%[=c�XHG-c<B<U�G-I-DMV(E6d6[ B<l E�DNd�DMG-IJ[ �M\�IZp c�x�� �

DHYZ\<c<B B ca\HE�DNd�f�G-lzrbYZd�UaXHX�K

�“�2��$9�2>-����:��;�<����� £�+-��+-��>-�2�����<>-����� �����b5

†

\�\�i6U�YJ\�c<i � G6U�jJi-I-V�DHi "�G6U

m{Ua€•c�B<c<r jZd�c�XHY2c<XM\�I��'c<x<i6UP€

q

DN\<X%[§Y-i-I-B�c<r x<DHXMY2c<G-DHWJG-c<rbE6d�I-G-l " G-DeE�IJm{mnDMi-DHG �

k-I-i

q

DHV�c�r1G6U jZd6c�\<G-c�V�V�G-c

¡

DMXM\<B�Dn\�c<W-DMY•K

�

\PU YJi-I-ByUa[ "Jj-cHE�c�x<G-c¢Y-i-I-B�c<r �nDHU �

G-c�"ZjZd�c�\�G-c•j-c<YJi-lzByU�DN\•W6U�XN\<f•m{Ua€•c�B<c<r jZd6c<XHY2c<XN\<I�\PU�Y "ZWJ\<c•V�DN\<i-I-WJDHXHY;Ua[ƒi6UP€ �

V�DHiJG-c<XM\�f � DMV�Y2c<XM\�f �




©

†

c<Y;Ua€•lzByUaDM\<X%[ XM\�i-c<ŠHc1i6U�B<G-c�r

Z

K*©9c�"˜Bƒc�\•d�I-WJI-D c�\

c�\�c<x<i6U

¡

DHG-IJ[ � tZK

ˆ

� "“B��M\�c<VŽXNd

q

W6U�D•B�XHD

¡

D GJDNd�f�€M[ XHWJIJ\PUa\<f "˜WJ\<c_W6U�XN\<f�jZd6c<X �

Y2c<XM\�I [-Bad6[JDM\�X%[ Ua\�\�i6U�YJ\�c<i-c<V " \PU�Y Y;U�Y XMc<B<c<Y

q

jJG6Ua[ V�DMi6U1\<c<WJDHY " jJi-I-G6UoE-d�D �

¡

U  TIZp Ua\a\<i6UaYJ\<c<i

q

"™i6U�B<G6U G

q

d�•`K

�

\<c�\§m{U�YJ\=c�\�i6U

¡

UaDM\<X%[(B=i6U�B<DMG-XM\�B<DƒI-G �

mnc<i-V]U�kJI-c<G-G-c�r i6Ua€HV�DHi-GJc<XM\�I

D I
DeE�IJG-I-k-D � WJ\<c�XHc<ca\<B<DN\<XM\�B

q

DN\ d�I-G-I-I "�GJc1G-D

jZd�c�XHY2c<XM\�I��NK*ALXHB�[Z€•I XTca\<X

q

\�XM\<B�I-DHV‚jJcad�c

¡

IZ\<DNd6f<G-c<ŠMc�j-c<Y;Ua€RUP\<DNd-[=B XHj-DMYJ\<iJD

œn¦ � d-[-j

q

G-c<B�XHY;Ua[(i6Ua€•V�DMi-G-c<XN\<f




©

†

i6U�B�G6U8DFE�I-G-IJk-D�K ©9DHXHV�ca\<iy[�G-U8k-Ded�c��

W-I-Xed�DHGJG

q

• V�DM\<iJI-W-DHXMY

q

• i6Ua€HV�DHi-G-c�XM\<f




©

†

"�Y;U�Y§j-i6U�B<I;d�c�" E�DHV�c�G-XM\�i-I-i

q

DM\

X•UaV�c<j-cHE�c<x<IJD1XM\�i

q

YJ\

q

i-l I�B�XNd�DFE�XM\�B<I-D �M\�c<ŠHc � XMB<c<r-XN\<ByU XMY2DHrZd�IJG-ŠeUJK




c�B<c��

Y

q

j-G-c�XM\<f

q

Y;Ua€RU�GJG-lCp XHB�c<r-XM\�B§jJc�€•B<cPd6[-DN\=ŠHc<B<c�i-IJ\<f c

Ÿ

XM\<i-U�G-G-c<r

Ÿ

ŠHDMc<V�DM\�i-I-I




©

†

K

� ���2��>-� 0 �_�g�<>-��+-,�,����a� ,��2£�+-��>-��:��Z�<� � �a� +->J>-��+J��>-����+•5 STI-G6U�V�IJYZU

XHIJXM\<DMV�l B iJD

¡

I-V�D




©

†

G-DT[JBad6[JDM\<X%[bpyU�c�\�I-W-DHXMY2c<r§B�B<I;E

q

c�\�X

q

\<XN\<B<IJ[§j-DMi-D �

V�D��TI-ByU�GJIJ[•K

�

Y2XHj-c�G-DHG-kJI6UPd�f<GJc<r G-D

q

XM\�c<r-W-IJB<c<XM\�I \<i6UaDHYJ\�c<i-I-r G-U`Ua\a\<i6UaYJ\<c<iJD

B XMi-DeE�G-DHVªG-DN\oK™A XHjJDHYJ\�i-D1œn¦ � ca\<X

q

\�XM\<B

q

DM\ j-cPd�c

¡

IJ\�DNd�f�G-lzr j-c<Y;Ua€•Ua\<Ded�f-K




I-ŠMG6Ua\

q

i6U'XMj-DHYZ\<i6U œ{¦ ��m{Ua€•c�B<lCpn\<i6UaDHYJ\�c<i-I-r G-U




©

†

G-D]c�\•d�I-W6UaDM\<X%[ c�\uXMc��

c�\�B<DM\�XM\<B

q

•  DMr XHI-ŠMG6Ua\

q

iJl XHjJDHYJ\�i6U œ{¦ �ªY-ByUa€HI-j-DHiJI-cHE�I-W-DMXHY2c<ŠHc E�B<I

¡

DHG-IZ[•K



� �

�

E�G6U�Y2c




©

†

G-Ded�f�€M[_XHW-IJ\PUP\<f¢Y-ByUa€HI-j-DMi-I-cHE�I-W-DMXHY-IJV¤Ua\�\�i6U�YJ\�c<i-c<V "JB•W6U�XM\�G-c��

XM\�I "™j-c�\<c�V

q

"™WJ\<c=d�c<Y;UPd�f<GJlzr � i6UaXHXHWJIJ\PU�G-G-lzr¤G-U§Y2c<G-DMW-G-c<V B�i-DHV�DMG-I�� XN\PU�i �

� IJr1j-c<Y;Ua€•Ua\<Ded�f^XMj-DHYZ\<i6U œn¦ ��\<i-U�DHYJ\�c<i-I-I1G6U




©

†

x

q

E�DN\^j-cPd�c

¡

IJ\�DNd�f�G-lzV

� E�c<Y;Ua€RU�GJc�"yWJ\<cnB<DMi-cR[J\�G-c<XM\�f`\�c<ŠHc�"yWZ\<c{XM\PU�i �TI-r d6c<Y;UPd�f<G-lzr•d6[Jj

q

G-c<B<XMY-I-r j-c��

Y;Ua€RUP\<DNd6f^x

q

E�DN\^j-cPd�c

¡

IJ\�DNd�f�G-lzV "�c�\•d�I-W-G-U c�\ G

q

d6[ �NK

� ���2��>-�=�§+J��>J��� �������2��4˜3�����,�,�+Z4 —_&˜,���3���4 5

�

\<X

q

\<XM\�B<I-D j-DHiJDHV�D��TI-ByU �

G-IJ[¢Bni-D

¡

IJV�D




©

†

c�x

q

Xed�c<Bad�IJByU�DM\`c�\�X

q

\<XN\<B<I-D BnXM\<iJc<ŠHc<V§XHV�lzXed�D G-DHj-iJDHi-lzB��

G-c<r � XMjZd�c!�TG-c<r��nY;c�V�j-c<G-DMGJ\<l B1XMj-DHYZ\<i-D V�c  G-c<XN\<I•K A�\�c

¡

D¢B<i-DMV [ XMj-DHYJ\�i

\<i-U�DHYJ\�c<i-I-I=G6U




©

†

G-D{[-Bad6[JDM\�X%[�E�I-XMY-i-DM\�G-lzV �




j-DMYJ\<i




©

†

€RU�G-IJV]U�DM\�Y;U�Y

x<lLj-i-c<V�D

¡

q

\<c�W-G-c<D{j-cad�c

¡

DMG-I-DnV�D

¡

E

q

E�I-XHY-iJDM\<GJlzV¤IƒGJDHj-i-DMi-lzB<G-lzV¤Xed

q

W6U �

[-V�I I¢I-V�DHDN\TXMj-DHkJI6UPd�f<GJc<D G-Ua€•ByUaG-I-D�2yXMI-G-Š

q

d-[-i-G-c � G-DMj-i-DHiJlzB<G-lzr�XHjJDHYJ\�i•K

�

XMc��

x<DMG-G-c<XN\<f^XMI-G-Š

q

d-[-i-G-c � G-DMj-i-DHiJlzB<G-c<ŠMc^XHjJDHYJ\�i6U B•\<c�V "6WJ\<c c<G_B<YZd�• W6U�DN\^jZd6c�\��

G-c<DƒV�G-c

¡

DMXM\<B�c

�
� j-I-Y2c<B8X•UaV�c<j-cHE�c<x<GJc<r(XN\<i

q

YJ\

q

i-l‹I c<xad�UoE“U�DN\ XMB<c<r-XN\<ByU�V�I

mni6U�YJ\PUod�c<B-K


 UaY YZUaY XMj-DHYZ\<i




©

†

G-D [JBad6[-DN\<X%[ G-DMj-i-DHiJlzB<G-lzV "™U�B�\�c<Y2c<i-i-Ded6[-k-IJc<G-G6Ua[

m

q

G-Y-k-IJ[

	 (� )
G-DƒXM\�i-DHV�IZ\<X%[•Y�G

q

d6DHB<c<V

q

jJi-DeE�Ded

q

j-i-I

� ! 1
K S{d6[ \<i6U �

DHYZ\<c<i-IJrbG6U




©

†

"6Y;U�Y1j-i-U�B<IZd�c "6G6U�xad�• E�U�DM\�X%[bXHj-UoE“U�G-IJD

	 (� )
E�c G-DHY2c�\�c<i-c<ŠMc

j-i-DFE�DNd6f<G-c<ŠMc{GJDHG

q

d�DMB<c<ŠHc

q

i-c�B<GJ[•K �9i-I �N\<c<V

	 (� )
\PU�Y

¡

D!"PYZUaY I XHjJDHYJ\�i "<x

q

E�DN\

E�DMV�c<G-XM\�i-I-i-c�ByUa\<f^V]U�X��`\PU�x<G-c�� I-G-ByUai-I6U�GJ\�G-lzDTXMB<c<r-XN\<ByUZK

©9DHc<x•p<c•E�I-V�c¢c�\<V�DN\<IJ\�f�"�WJ\<cTE�I6UaŠHG-c<XN\<I-Y;U i-D

¡

I-V]U




©

†

B•W-I-Xed�DHG-GJlCp �HY2X �

j-DMi-I-V�DHGZ\PUPp�j-i-DeE�XM\PU�Bad-[-DM\^XHc<x�c<r�B<DHXMf<V]U \<i

q

E�G

q

• "�G-DHXN\PU�G;E“U�iZ\<G

q

•s€•UoE“URW

q

I

\<iJDHx

q

DM\ jJi-c<B<DFE�DHG-IZ[�\<c<G-YJIZp_B<lzW-IJXNd�DMG-I-r1XuI-XHj-cPd�f�€•c�ByU�G-I-DMV p<c<i-c!�TDHrƒXHc<B<iJD �

V�DHGJG-c<r1\�DNpZG-I-Y-I K˜ALj-iJc�\<I-B�G-c<V¤XNd

q

W-U�D i-D

¡

I-V




©

†

I1Y-B<Ua€•I-jJDHi-I-cHE�IJW-DHXMY-I-r

i-D

¡

I-V§X x<cad�f!�TI-V WJI-XNd�c�V Y2c<V�x<I-G-U�k-I-c<GJG-lCp W6U�XN\<c�\`B`XMj-DHYZ\<i-D i6Ua€Md6I-W-IJ\�fTG-D

q

E“U�DN\<X%[•K

�
�*��.�� ����
����

†

G-UPd�IJ€ XM\�i

q

YJ\

q

i-lªI=XMB<c<r-XN\<B�Ua\�\�i6U�YJ\�c<i-c<B�G-DNd�IJG-DHr-GJlCpbE�I-XHXMI-j6Ua\�I-B<G-lCp

XHIJXM\<DMVsY;U�Y c�x<i6Ua€Hc<B1Xed�c

¡

G-lCp G-DMj-DHi-IJc•E�I-W-DHXMY-IZp(U�Ba\<c<Y2cad�DMxyU�G-IJr " j-iJc<B<DeE�DHG �

G-lzr�B•d6DHY-k-IZ[Zp

ˆ

Ibt�"-j-c�€HB<cad6[JDM\ X E�DNd�UP\<f^Xed�DeE

q

•  I-D`B<lzB<cHE�l12

O<K�hud�U�XMXHI-W-DMXHY-IJD•XHB<c<rJXM\<B<U E�DM\�DHi-V�I-GJI-i-c<ByUaG-G-c<ŠMc^p2U�c<XHU^Y;U�Y G-DMj-DHi-IJc•E�I-W-D �

XHYJIZp �MY;XMj-c<G-DMG-k-I6Uod�f<G-c=G-D

q

XM\�c<r-W-IJB<lCp i-D��TDHG-IJr(XMc<c�\<B�DM\<XN\<B

q

•  IZp E�IJG6U�V�I �

W-DMXHY-IZp§XMI-XM\�DHVLE�DMV�c<G-XM\�i-I-i

q

• \=ŠHi

q

x<lzD ŠHI-j-DMi-x<cad6I-W-DHXMY-I-D XMI-XM\�DHV�l I8XHI-XN\<D �

V�l"\<I-j-U^œ`c�i-DHG-k-UJKu�9V¤XMc<c�\<B�DM\<XN\<B

q

• \1B Y;URW-DMXM\<B�D V]UP\<DHV]UP\<I-W-DMXHY-I;p=c<x<i6UP€•c<B

XM\�i6U�G-GJlzD � I;d�Inj-i6U�YJ\�I-W-DMXHY-I`XM\<i-U�G-G-lzD ��Ua\a\<i6UaYJ\<c<iJl9Kt�up9ca\•d�I-W-IJ\�DNd�f�G-c<r c<XMc��

x<DMG-G-c<XN\<f<•�[-Bad6[JDM\�X%[bmni6U�YJ\PUod�f<G-c<XN\<f�ŠMDHc<V�DN\<i-I-WJDHXHY2c<r XN\<i

q

YJ\

q

i-l Ua\a\<i6UaYJ\<c��

i6U "JE�iJc<x<G6Ua[�V�DM\�i-I-W-DMXHY;Ua[ i-Ua€•V�DMi-G-c<XN\<f I�G6UPd�I-WJI-D{p<c�\R[bx<l c•E�G-c<ŠHc j-cad�c

¡

I �

\<Ded�f<G-c�ŠHc¢j-c<Y;Ua€•Ua\<Ded6[�XHjJDHYJ\�i6U¢œn¦ ��Y;U�Y^XNd�DFE�XM\�B<I-Dnj-DHiJDHV�D��TI-ByU�GJIJ[•K #˜i

q

x<lzD



� �

ŠHIJj-DHi-x�cad�I-W-DMXHY-IJD§UP\�\<i-U�YJ\<c�i-l I¤UP\�\<i-U�YJ\<c�i-l‹\�I-j6U§œ{c<i-DMG-k6U V]UPd6c<W

q

B<XM\�B<I �

\<Ded�f<G-l"Y �

q

V�c�B<c<V

q

B<c�€eE�DHrJXM\<B�I-•TK�ž U�XMXHDMr-G-l"j-i-IZ\R[

¡

DMG-IJ[ƒ\PU�Y-IZp�Ua\a\<i6UaYJ\<c��

i-c<B�[-Bad6[J• \�X%[ Š d�UoE�Y-IJV�I " cHE�G-c�i-cHE�G-lzV�I � XMB<c<r-XN\<ByU UP\�\<i-U�YJ\<c�i6U8GJD^W

q

B<XN\<B<I �

\<Ded�f<G-l"Y_IJ€HV�DHG-DMG-I-•sG6URW6UPd�f<GJlCp

q

Xed�c<B<I-r K

Z

KnžCcPd�DHD XNd�c

¡

G-lzV�I c�x��*DHYJ\PUaV�I�[JBad6[-• \<X%[ Y-ByUa€HI6Ua\�\�i6U�YJ\�c<i-l "`Y;ca\<c<i-lzD

B<YZd6•uW6U�• \�Y2c<G-DMW-G

q

• IZd�I�x<DHXMY2c<G-DHWJG

q

•ªXHc<B<c�Y

q

j-G-c<XN\<f i-DMŠ

q

d6[Ji-G-lCp1I�p2U�ca\<I �

W-DMXHY-IZp^j-i-IZ\R[-ŠHIJByU�•  TIZp_j-cHE�V�GJc

¡

DHXM\�B�"JXMc<X

q

 TDHXM\�B

q

•  TIZpƒcHE�G-c<B<iJDHV�DHGJG-c j-i-I

mnI-Y2XHI-iJc<ByU�G-GJlCp^j-U�i6U�V�DN\<i6UPp XMI-XM\�DHV�l9K-ACU�i-I6U�kJIJ[^j-U�i6U�V�DN\<i-c<B`XHI-XN\<DMV�l¤j-i-I �

B<cHE�IJ\{Y•i6UP€Md�I-WJG-lzV x<IJm

q

i-Y;U�kJIJ[-V �M\<I;p¢j-cHE�V�G-c

¡

DMXM\<B "yY;ca\<c<i-lCp•V�c

¡

DM\{x<l \<f

x<DMXHY2c<G-DMW-G-c<DbWJI-XNd�c§j-i-I Y2c<GJDHW-G-c�V IJ€•V�DMG-DHGJI-I¤j6U�i6UaV�DM\<iJc<B-K ž U�XHXMDHr-GJl j-i-I �

\R[

¡

DHG-IJ[bXHc<X

q

 TDHXN\<B

q

•  TIZp§Ua\a\<i6U�YZ\<c<i-c�BƒjJi-DeE�XN\PU�Bad6[J• \_XMc<x<c<rbWJi-DM€HB<lzW6U�r-GJc

XNd6c

¡

G

q

• XN\<i

q

YJ\

q

i

q

Bad�c

¡

DHGJG-lCpbc�xad�U�XN\<DHr "•c<xad�URE“U�•  TIZp1m{i-U�YJ\PUPd�f�G-c<rbŠMDHc��

V�DM\�i-I-DMr•K�A i-DN€

q

d�fR\PUa\�DCY-ByUP€•I6Ua\a\<i6UaYJ\<c<iJl§E�DHV�c<GJXM\<iJI-i

q

• \9B�lzXHc<Y

q

• W

q

B<XN\<B<I �

\<Ded�f<G-c�XM\<f^YƒIZ€•V�DHGJDHG-I-•sG6URW6UPd�f�G-lCp

q

Xed�c<B<I-rƒI E�DHr-XN\<B<IJ• �

q

V]UZK

QJK

�

Y2XHj-c�G-DHG-kJI6UPd�f<G-Ua[ G-D

q

XN\<c<r-WJI-B<c<XN\<f�I-G;E�IJB<I;E

q

UPd�f<G-lCps\<i-U�DHYJ\�c<i-I-rªI

Ÿ

XN\<i6U�GJG6Ua[

Ÿ

ŠHDHc�V�DM\<iJIJ[ Ua\�\�i6U�YJ\�c<i6U�cHE�GJc�€•G6URW-GJc'G-D™XHB�[Z€RU�G-l9K




q

 DMXM\<B

q

• \{i-D �

¡

I-V�lLp2Uac�\<I-WJDHXHYJIZp � G-D

q

XM\�c<r-W-I-B�lCp �'UaB�\<c<Y2cad6DHxyU�GJI-r "�Y2c�\<c<iJlzV¤XHc<c�\�B<DM\�XM\�B

q

�

• \ui-DHŠ

q

d6[-i-GJlzDCB ŠHDHc�V�DM\<iJI-W-DHXMY2c<V§XMV�lzXNd�DCUa\�\�i6U�YJ\�c<i-l9K

�

\<cu\PU�Y`G6Ua€HlzByU�DHV�lzD

p2Uac�\<I-WJDHXHYJI-DCG-DMXM\�i6U�G-G-lzDCUa\�\�i6U�YJ\�c<i-l9K




E�i

q

ŠHc<r{XM\�c<i-c<G-l "RV�c

¡

G-c G6U�xad6• E“Ua\<f

G-DMj-DHi-IJc•E�I-W-DHXMY-I-D

q

XM\�c<r-W-I-B�lzD j-c œn[-j

q

GJc<B

q

Y2cad�DMxyU�G-IZ[ "zXHc�c�\<B<DN\<XN\<B

q

•  TI-r

Ua\a\<i6U�YZ\<c<iƒY2c�\<c<iJlCp [-BPd6[-DN\<X%[�XN\<i6U�GJG-lzV(ŠMDHc<V�DN\<i-IJW-DHXMY-I-V�c�x��*DHYJ\�c<VzKZA �M\<c�V

XNd

q

W-U�D`V�lLI-V�DHDMV E�Ded�c XMc¢XM\<i-U�G-G-lzV�IbGJDNp2Uac�\<I-WJDHXHYJI-V�I Ua\a\<i6U�YZ\<c<i6UaV�I•K



� � �

�

��� �

� �‡� �

�

�

�

� � �s


�� � � �(

�

�

� � �

�

� �


�

�

�

� � 


 ��� 

� �	�


� �

 � � � � 	

�)�WS>;>ABE �*
 � FL= ��� �USTEGFHC ?BADC �"=@E C �*=WEKA
� C��� = 
 �*ST;<C XDJ =��<E S>?DS �*?DS
�
=&�WE SD LS �

XHCIR =@E CPXDJ ?DS � �IA � E C ��� ���<M�� �IE CIODC ?�
 �"A �-�@STR<ST;�� MGFHC = XDA : �	� �K= 
 FHC$, A � �

;<CIE CQF �"AB?BA@FHS��W=W?B?DS + S �D=@SP� =m�IOBA@FL= XHJ ?DS�+ SGEKABOB=s��� RP����, ;>=\C E ��
 ��� 
 :<J �*ST;WCPXDA

�  >XD= ��� A
� C��� A �"A + CI?DCQFL=@E S FL=��*A  '�W=>:<A�+ = F �*ST?BA
� C��� A��  LS X C R =W?BA ��� C ST;<S F�� A� =

A � =W?
;<CPFn� SYX0




� �

�������	��

���

�'€

q

W-DMG-I-Dzi-D

¡

I-V�c�B E�I-G-U�V�I-W-DMXHY2c<ŠHc'pyU�c<X•U'c�X

q

 DMXM\<BPd6[-DN\<X%[ j-cu\<iJDHV=c<XHGJc<B��

G-lzV G-U�j-i6U�BPd�DHG-IZ[-VzK��9DHi-B�c<DnB<YZd�• W6U�DM\ XM\�i-c<ŠMI-D`V]UP\<DHV]UP\<I-W-DMXHY-IJD I-XHXed�DeE�c<ByU �

G-IJ[�XHB�c<r-XM\�B^ŠMI-j-DHiJx<cad�I-WJDHXHYJIZpbXMI-XM\�DHVzK




d�DeE

q

DM\ c�\<V�DN\<IJ\�f I-XHY;d�•uW-IZ\<DNd6f<G

q

•

ByU

¡

G-c<XN\<f m

q

G;E“UaV�DHGJ\PUPd6f<G-lCp�U�G6Uod�IJ\<IJW-DHXMY-IZp_i-DN€

q

d�fR\PUa\�c<B•E-d6[ j-i-U�B<IZd�f�G-c<ŠHc

j-c<GJI-V]U�G-IJ[ I¢\<i6U�YZ\<c<B<YJI �HY2XMj-DHi-IJV�DHGJ\PUPd6f<G-lCp E�U�G-G-lCp“KZA \<c<iJc<D G6U�j-i6UaBad�DHGJI-D!"

\<IJj-I-W-G-c�D¢E6d6[=DMXM\�DHXM\�B<DHGJG-c<G6U

q

W-G-lCp IJXHXNd6DeE�c<B<U�G-I-r "*XMB�[J€•U�G-c_X U�G6UPd�IZ€•c<V¤E�I �

G6U�V�IJY-I�Y2c<G-YJi-DM\�G-lCp XMI-XM\�DHV "™j-i-DFE�XM\PU�BPd6[-•  IZp�XHc<x�c<r(V]UP\<DHV]UP\<I-W-DMXHY-IJDbV�c��

E�Ded�I=j-i-c<k-DMXHXMc<B�"•B<ca€•G-I-Y;U�•  IZp B i-D•Uod�f<G-lCp=Y2cad6DHxyUa\�DNd�f�G-lCp=XHIJXM\<DMV]UPp“K*©nU�I �

x<cad6f!� I-r1I-GJ\<DMi-DHXTE6d-[1G-Ded�I-G-DMr-G-c<r1E�IJG6U�V�I-Y-I jJi-DeE�XN\PU�Bad6[JDM\�\�i-DM\�f<D•G6U�j-i-U�B��

d�DMG-I-D�K

�

GJc B<YZd�• W6U�DN\¢i6Ua€•i-U�x<c�\�Y

q

I IJXHXNd6DeE�c<B<U�G-I-D9j-iJc<XM\�DHr �TIZp_xyUa€Hc<B<lCp^V�c��

E�Ded�DHr ";i-DHUPd�IJ€

q

•  IZp^\<D IZd�I I-G-lzDum

q

G;E“UaV�DHGJ\PUPd6f<G-lzD'XMB<c<r-XN\<ByU9p2U�c�\�I-W-DMXHY-IZp

XHIJXM\<DMVzK �9cR[-XHGJI-V "*c1W-DMV"I;E�DM\bi-DHW-fJK�¦uc<i-c!�Tc1IJ€HB<DHXN\<G-c�"�G6U�j-iJI-V�DHi "�WJ\�cƒE6d6[

IJ€

q

WJDHG-IJ[=c�XHG-c<B�G-lCp XMB<c<r-XN\<B_U�B�\�c<Y2cad�DMxyU�G-I-r�E�c<XM\PUa\�c<W-G-c_i6UaXHXHV�ca\<i-DN\<f

q

i-U�B��

G-DMG-IJ[�ŠHDHGJDHi6Ua\�c<i6U ACU�G�E�DHi �9cad-[•K

�

\PU•E�I-G6U�V�I-WJDHXHY;Ua[1XHI-XN\<DMV]U I-XMW-DHi-jJlzByU�• �

 IJV1c<x<i-Ua€•c<Vƒc<j-IJXHlzByU�DN\uV�Dep2U�GJIJ€•V�l iJc

¡

E�DMG-IJ[nInXHB<c�r-XM\�ByU jJi-DeE�Ded�f<G-c�ŠHc k-I-Y �

d�UƒYZUaY V]Ua\�DHV]Ua\�I-W-DHXMY2c<ŠHc c<x�i6Ua€RUƒj-DHiJI-cHE�I-W-DMXHY-IZp U�B�\�c<Y2cad�DMxyU�G-I-r K �9i-I �M\<c�V

q

i6U�B<GJDHG-IJ[•V�cHE�Ded�I•ŠHDMG-DHi6UP\<c<i6U [-BPd6[-• \<X%[•G6U�IJx<cad�DMDbj-i-c<XN\<lzV�IŽIJ€�E�IJG6U�V�I �

W-DMXHY-IZp XHI-XN\<DMV�X^j-i-DeE�DNd�f<GJlzV�kJI-YZd�c<V"B1YZURW-DMXM\�B<D�DeE�IJG-XM\�B<DHG-GJc<ŠHc=i-D � DHGJIJ[•K

‰ UP€•V�DHiJG-c<XM\�f m{Ua€•c�B<c<ŠHc•jJi-c<XM\�i6U�G-XN\<ByU XHI-XN\<DHV�l i6U�B<G6U`E�B

q

V "-\�c DMXM\�f [JBad6[-DN\��

X%[�V�I-GJI-V]UPd�f<GJc<r E6d6[ XHI-XN\<DHV X

q

XM\�c<r-W-I-B�lzV�I "6xad�IJ€HY-I-V�I�Y XMI-G

q

XHc<I;E�UPd�f<G-lzV "

Y2cad�DMxyU�G-IJ[JV�I•K�¨'i6U�B�G-DHG-IZ[bXHcHE�DMi

¡

Ua\�Y-B<UoE�i6Ua\�I-W-G

q

• GJDNd�I-GJDHr-G-c�XM\<f�I�\<cad�f�Y;c

cHE�I-G

q

j-i6U�Bad-[-•  TI-r1j-U�i6U�V�DN\<i "6€RURE“U�•  TI-r1iJD

¡

I-V�l Y2cad�DMxyU�G-IJr•K

©nUa€•B<U�G-G-lzD�G6U�j-i6UaBad�DHGJIJ[ XMc<XM\PU�BPd6[-• \ c<XHG-c�B<G

q

•‹€•UoE“URW

q

\<DHc�i-I-I¤Y2cad�DMxyU �

G-I-r YZUaY G6U

q

Y-I " IZ€

q

W6U�•  DHr m

q

G;E“U�V�DMGJ\PUPd�f�G-lzD [-Bad6DHG-IJ[ G6U�jJi-I-V�DHi-UPp UaG6U �

d�IJ€•U`E�I-G6U�V�IJY-I�x<Ua€•c<B�lCp�V�cHE�DNd6DHrƒXHc<c�\�B<DM\�XM\�B

q

•  I;p�[JBad�DMG-I-r•K




�M\�c<r�\<c<W-YJI

€•iJDHG-IJ[ \<DHc�i-IJ[ G-Ded�I-G-DMr-G-lCp Y;cPd�DHxyUaG-I-r � �N\<cbG6U

q

Y;U " B�Y2c�\<c<iJc<r B<B<cHE�[Z\<X%[ B

i6U�XMXHV�c�\�i-DHGJI-D I8U�G-UPd�IJ€HI-i

q

• \�X%[ G6UaI-x<cad�DMD•j-i-c<XN\<lzD¢IJ€¢B<ca€•V�c

¡

GJlCp V]Ua\�DHV]U �

\<IJW-DHXMY-I-D V�c•E�DNd�I=m

q

G;E“U�V�DMGJ\PUPd�f<GJlCp [-Bad6DHG-I-r "•j-i-c<IJX pycHE�[  TIZp8B�V�I-i-DTY;cPd�D �

xyUa\�DNd�f�G-lCp�XHI-XN\<DHVzK

�

\<Y-iJl \<I-D��Mmnm{DMYJ\PU_E�DN\<DMi-V�I-G-I-iJc<ByU�G-GJc<ŠHc1pyU�c<X•Uƒj-i-I-B�DNd�cbY§G-DHc�xRp<cHE�I-V�c��

XM\�Ibmnc<i-V�I-iJc<ByU�G-IZ[�GJc<B<c<ŠMc^i6Ua€eE�DNd�U G-Ded�I-G-DMr-G-c<r1\�DHc<iJI-IbY2cad�DMxyU�G-I-r "“XMB�[J€•U�G �

G-c<ŠMc=X�i6Ua€•i-U�x<c�\�Y;c�r I U�G-UPd�IJ€Hc<V E�I-G6U�V�IJY-I(x<Ua€•c<B�lCp V�cHE�DNd6DHr p2U�c�X•UJK�©9DMc<x��

pycHE�IJV�cTI-V�DN\<f Bni6U�XMj-c<iy[

¡

DHG-I-I^XHc<B<c�Y

q

j-G-c<XN\<fTV�cHE�Ded�DHr•E�DM\�DHi-V�IJG-I-i-c<B<U�G-G-c<ŠMc

p2Uac<X•U "]Y2c�\�c<i-lzDƒG6U�I-x<cPd�DHD_j-i-c�XM\<c§IZd-d�• XM\�i-I-i

q

• \ \�I-j-I-WJG-lzD1x<IJm

q

i-Y;U�kJI-c<G �

G-lzD_V�DNpyU�G-IJ€HV�l|j-DMi-DNp<c•E�c<B§Y pyU�c<X

q

" \<c<jJcad�c<ŠMI-W-DHXMY

q

•‹XN\<i

q

YJ\

q

i

q

c�XHG-c<B�G-lCp

\<IJj-c<B XN\<i6U�GJG-lCp•Ua\a\<i6UaYJ\<c<iJc<B�"™x<I-m

q

i-Y;U�k-I-I�pyU�c�\<IJW-DHXMY-IZp•UP\�\<i-U�YJ\<c�i-c<B�" IZp

mni6U�YJ\PUod�f<G-c<XN\<f§I \oK E�K]A �N\<c<r d�DHYJk-I-I V�l B<B�DeE�DMVsB i6UaXHXHV�ca\<i-DMG-I-Dƒc•E�G

q

IJ€



� �

\PU�Y-I;p xyUP€•c<B<lCp§V�cHE�Ded�DHr§pyU�c<XHU �=ŠMDHG-DMi6Ua\<c�i X I-GJDHi-k-IJc<G-G-c<r GJDNd�I-GJDHr-G-c�XM\<f�•

� ŠMDHG-DMi6Ua\�c<i

†

GJI  DMG-Y2c �

†

XN\PUPpyc�ByU �NK

� ��� �
� )+�
����

��

�  ����
������*$%- ��-�� ������� �#$%������
� ���� �/��- � -/� !

†

Ba\<c<G-c�V�G-lzD XHI-XN\<DMV�l�X \<iJDNpZV�DHi-GJlzV m{Ua€•c<B�lzV jJi-c<XM\�i6U�G-XN\<B<c�V E�DMV�c<G �

XM\�i-I-i

q

• \¤E�c<B<cad�f�G-c [JXHG

q

• Y;U�iZ\<I-G

q

p2Uac�\<I-WJDHXHY2c<r E�IJG6U�V�I-Y-I V]UPd�c<V�DMi-G-lCp

XHIJXM\<DMVzK ACB<DeE�DHV G-U�I-x<cad6DHD=c<x! TI-D

q

i6U�B<G-DMG-IJ[•\PU�Y-I;pŽXHI-XN\<DHV " I-X p<cHE�[ IZ€=i-D �

€

q

d�fR\PUa\�c<B�"�j-cad

q

WJDHG-G-lCp�j-iJI-V�DHG-IZ\<DNd6f<G-c^Y_ŠMDHG-DMi6Ua\<c�i6U�V X¢O9XM\�DHj-DMG-f<•sXHB<c<x�c��

E�l "˜m{Ua€Hc<B<c<D jJi-c<XM\�i6U�G-XN\<B<c�Y2c�\<c<iJlCp ��jZd�c<XMY;c�XM\<fJK�A"c<x  DHVŽB<I;E�D¢U�B�\<c�Y;cPd�D �

xyUa\�DNd�f�G-lzD`XMI-XM\�DHV�l"G6U¢jZd�c�XHY2c<XM\�I1c<jJI-XHlzByUa• \<X%[

q

i6U�B<G-DMG-I-DMV

•x + ' (x; � ) _x + 	 (x; � ) = 0;
� wJK O �

Š E�D

x
�¤E�I-G6UaV�I-W-DHXMY;Ua[�j-DHiJDHV�DHGJG6Ua[ �

� = (� 1; � 2; : : : ; � k)
�LXMc<B<c<Y

q

j-GJc<XM\�f

q

j-i6U�BPd6[-•  IZp j6Uai6U�V�DM\�i-c<B �

' (x; � )
I

	 (x; � )
� G-DNd6I-G-DHrJG-lzD�m

q

G-Y-kJI-I " p2U �

i6U�YZ\<DHiJIJ€

q

•  TI-D E�DMr-XM\�B<I-D XMIZd "*c<x<DMXHj-DMW-I-ByU�•  IZp§B<ca€•V�c

¡

GJc<XM\�fbU�B�\�c<Y2cad�DMxyU �

G-I-r K

¨'i-U�B<G-DMG-I-D�� wJK O �'V�c

¡

G-cƒc<x<c�x! IJ\�f1G6U_c<j-iJDeE�Ded�DHG-GJlzr YZd�U�XMX^XHIJXM\<DMV"X�O!" t

XM\�DHj-DMGJ[-V�I•XMB<c<x<cHE�l9Ko‰�U�XHXMV�c�\<iJI-V i6UoE�IJc�\<DepJGJI-W-DHXMY2c<D

q

XM\<iJc<r-XM\�B<c�" xad�c�Y-X pyDMV]U

Y2c�\<c�i-c<ŠHc�IJ€Hc<x<i6U

¡

DHG6ULG6U9i-I-X�K;wJK O<K �

q

G-YJ\�I-i-G-c�r d�I-G-IJDHr^B�l E�DNd�DMG6U`c�XHG-c<B�G6Ua[

W6U�XN\<f�ŠHDHGJDHi6Ua\�c<i6U "*XMc<XM\�co[  •Ua[§IJ€

q

XMIZd�IJ\�DNd6[ O	"•XHDed�DHYZ\<I-B<GJc<ŠHc �ed�DHV�DMGJ\PU � G6U �

j-i-IJV�DHi "•Y2cad6DHxyUa\�DNd�f�G-c<ŠHc_Y2c<GJ\

q

i6U IZd�I V�c<XN\PU_ACI-G6U � Ibk-DMj-I=j-cad�c

¡

IJ\<Ded�f<G-c<r

z z

y

x

x

������� � �
�	�
�

`*/Y.1SjX �:+-q dW(�'*+-f���(�/8'�'*/ ��/ XMd8q /8X�/ � `DdgX�/8TNdg'�'�/ �M/ TN/8QIRD+	�*X�hYT8(	
 'Ddx/8X-'*/gTY'�� + �-`�+�q +-'*h��

.�`*d8X�XI(��*+-X�.�/ �M/ ��+-'*+�f�d8hN/8f*d



� �

c<x<i-Ua\<G-c�r�XMB�[J€HI•K��9i-I_B<lzj-cad�GJDHG-I-I�XHc<ca\<B<DN\<XM\�B

q

•  TIZp UaV�jZd�IJ\

q

E�G-lCp�Iƒm{Ua€Hc��

B<lCp

q

XNd6c<B<I-r=B \PU�Y2c<VŽŠHDMG-DHi6UP\<c<i-D B<c�€HG-I-Y;U�• \ƒU�B�\<c�Y;cPd�DHxyUaG-IJ[ " c<j-I-XMlzByU�DHV�lzD

q

i6U�B<GJDHG-I-DMV � wZK O �eK

STc<j-cad6G-IJ\<Ded�f<G6UP[bk-DMj-f c<x<i-Ua\<G-c�r1XHBa[J€•I1c<X

q

 DMXM\�Bad6[-DN\vI-G-DMi-k-I-c<GJG-c<DTjJi-D �

c<x<i-Ua€•c<B<U�G-I-D B<c�€NE�DHr-XN\<B

q

•  TDHr j-DHiJDHV�DHGJG-c<r

x(t)
B'c�\�YZd�I-Y

z(t)
"

q

j-i6U�Bad-[-•  TI-r

j6U�i-U�V�DM\�i6U�V�I

q

XHI;d�IJ\<Ded6[�IƒXMDNd�DMYJ\<IJB<G-c<ŠMc �ed�DHV�DMGJ\PU c<XMG-c<B<GJc<ŠHc•xad6c<Y;U¢ŠMDHG-DMi6U �

\<c�i6UJK




q

W-DN\<c<V E�c<j-cPd�G-IJ\�DNd�f<GJc<r�c<x<i6UP\<G-c<r�XMB�[J€HI

q

i6U�B<G-DMG-I-D'XMI-XM\�DHV�l "6j-iJDeE �

XM\PUaBad�DHGJG-c<rbG6U•i-IJX�K�wJK O	"6V�c

¡

GJc €RU�j-IJX•Ua\�f^Y;U�Y

•x + F1(x; z; � ) _x + F2(x; z; � ) = 0;

_z = F3(x; z; � ):
� wJK

Z

�

Œ

E�DMXHf

Fi
�•BTc<x! TDHV Xed

q

W6U�DuGJDNd�I-GJDHr-G-lzD9m

q

G-Y-kJI-I•KJ~¢UP€•c<ByUP[^j-DMi-DHV�DMG-G6Ua[

z(t)
B � wZK

Z

�™XHB�[Z€RU�G6U Xuj-DHi-DMV�DHG-GJc<r

x(t)
j-c<XMi-DeE�XM\<B�c<V E�I-mnm{DMi-DHGJk-I6UPd�f�G-c<ŠHc c<j-DMi6U �

\<c�i6U jJDHi-B<c�ŠHc j-c<iy[;E�Y;UJK ��Xed�I�Ba€RU�I-V�c�XHB�[Z€•f c�\<YZd6I-Y;U

z(t)
G6U¢B<c�€NE�DHr-XN\<B<I-D

x(t)
x<DN€•lzG-DMi-k-I-c<GJG6U "�\oK DaK6c<j-I-XMlzByU�DM\�X%[ UPd6ŠHDHx�i6U�I-W-DMXHY-IJV j-cad�IJG-c<V�c<V \<I-j6U

z =
kX

n=0

Cnxn = ' (x);
� wJK Q �

\<c

q

i6U�B<G-DMG-IJ[ � wJK

Z

� XHB<cHE�[Z\<X%[1Y

q

i6U�B�G-DHG-IJ• � wZK O �eK ��XNd�I

¡

D`jJDHi-DMV�DHG-G6UP[

z
€•U �

B<I-XMIJ\ c�\

x
IJG-DHi-kJI-c<G-G-lzV(c<x<i6UP€•c<V "J\oK D�K-€•UoE“U�DN\<X%[ E�I-mnmnDHiJDHG-k-I-UPd�f<G-lzV

q

i-U�B��

G-DMG-I-DHVªO � ŠHc�j-c<iy[;E�YZU "*\�c

q

i6U�B<GJDHG-IJ[ � wZK

Z

�9c<j-IJXHlzByU�• \bj-iJc<k-DHXMXHl Y2cad�DMxyU�G-I-r

Bb\<iJDNpZV�DHi-GJc<V m{Ua€Hc<B<c<V"j-iJc<XM\�i6U�G-XN\<B<DƒI [-Bad-[-• \�X%[ c<x<c<x  DHGJI-DHV

q

i6U�B<G-DMG-IJ[

� wZK O �CG-U �N\<c�\ XNd

q

W6Uar•K

�'€•B<DMXM\�G-lzDnE�IJG6U�V�I-W-DMXHY-IJDTXHIJXM\<DMV�l "“V�cHE�Ded�I-i

q

•  I-D`Y;cPd�DHxyUaG-IJ[ƒB ŠMDHG-DMi6U �

\<c�i6UPp X�O!" t XN\<DMj-DHGJ[JV�I XMB<c<x<cHE�l "6E�c<j

q

XHY;U�• \ƒmnc<i-V

q

€RU�jJI-XHI=B<I;E�U � wJK

Z

� XTI-X �

YZd�• W-DHGJI-DHV‚\�i-DM\�f<DHr§j-DHi-DMV�DHG-GJc<r I "•jJi-I G-DMc<x•pycHE�I-V�c�XM\<I "�X¢B<B<DFE�DHGJI-DHVLŠ d�UoE �

Y-IZp_€•U�V�DHGƒV]U�X �T\PU�x<c�B Y2c<c<i�E�IJG6Ua\ I�B<iJDHV�DHGJI•K

�

x! •UP[ mnc<i-V]U`€•U�j-I-XMI�\<i-DepJV�DMi-G-lCp E�IJG6U�V�I-W-DMXHY-I;p�XHIJXM\<DMV�B B�I;E�D � wJK

Z

�™G-D

B<XMY-i-lzByU�DN\_B¢E�DN\PUPd6[;p j-i-IJG-k-I-j-I-UPd�f<G-lzD•X`mnIJ€•I-WJDHXHY2c<r \�c<W-Y-I1€Hi-DHGJIJ[ i6Ua€Nd�I �

W-IJ[ Y;c�G-Y-i-DN\<G-lCp•XMI-XM\�DHV "C\PUaY-I-D Y;U�Y¤XHjJc<XHc<x B<c�€•x

q

¡

E�DMG-IJ[¤Y2cad�DMxyU�G-IJr "CB<ca€ �

V�c

¡

GJc<XM\�f�ŠHDHGJDHi-I-iJc<ByU�G-IZ[ E�B

q

pJW-U�XM\�c�\<G-lCp8Y2cad6DHxyU�GJI-r "“pyU�c�\<IJW-DHXMY-IZp8Y2cad�DMxyU �

G-I-r I§j-i•K �niJI G-DMc<x•pycHE�I-V�c<XN\<I V�c

¡

G-c�B<B<cHE�IJ\�fbB1i-U�XHXMV�c�\<i-DMG-I-D�G-DMY2c�\<c<iJlzD

j-cHE�YZd�U�XHXMl|XHI-XN\<DMV "

q

E�c�Bad�DM\�B<c<iy[-•  IZp � wJK

Z

� " GJc8ca\•d�I-W6U�•  IZp<X%[¤j-c=G-DMY;ca\<c��

i-lzV�j-i-IJ€HG6U�Y;U�V1B XMB�[J€HI{X]Y2c<G-YJi-DM\�G-lzV�ITc<ŠMi6U�G-IJW-DHG-IZ[-V�ITG-Uz[JB<G-lzrnB<I;ETm

q

G-Y �

k-I-r

Fi (x; z; � )
B � wJK

Z

�NK�A�W6U�XM\�G-c<XN\<I "�B<l E�DNd-[-• \_E�ByUƒj-cHE�YZd�U�XMX•U1ŠMDHG-DMi-I-i

q

• �

 I;p XMI-XM\�DHV "

q

E�c<BPd�DM\�B<c<iy[-•  IZp^BTc<x  DHV B�I;E�D

q

i6UaB<G-DHGJIJ[-V � wJK

Z

� "2G-c c�\•d6I-W6U �

•  TIZpyX%[_V�Dep2U�GJIJ€•V]U�V�I^B<c�€•x

q

¡

E�DMG-IJ[ Y2cad6DHxyU�GJI-r•KZA(j-DMi-B<c<V jJc•E�YZd�U�XMXHD'B<ca€•x

q

�

¡

E�DHG-IJD^U�Ba\<c<Y2cad�DMxyU�G-IJr c<X

q

 TDHXM\�Bad6[JDM\<X%[ xPd�U�ŠHcHE“Uai2[§Y2c<V�j-DMG-X•U�kJI-I XHc<x�XM\<B�DHG �

G-lCp j-c�\<DMi-f j-i-I¤jJcad�c

¡

IZ\<DNd6f<G-c<r•c<x<i-Ua\<G-c�r XHB�[Z€•I•KCh9c B�\<c<iJc<V

q

jJc•E�YZd�U�XMX

q



� �

XHIJXM\<DMV|c�\�G-c<X%[J\ ŠMDHG-DMi6Ua\<c�i-l " j-i-DeE�XM\PU�Bad-[-•  TI-D8XHc<x<c�r¤G-DHY2c�\�c<i-lzr•E�I-XHXMI-j6U �

\<IJB<G-lzr Y2c<GJ\

q

i "2j6U�i6U�V�DN\<i-IJW-DHXMY-I�B<c�€Hx

q

¡

E“UaDHV�lzr¢€RUnXHW-DN\TI-GJDHi-k-IJc<G-G-c<ŠMcTB<ca€ �

E�DMr-XM\�B<IJ[

q

XHI;d�DHG-GJc<ŠHc XMI-ŠHG-UPd�U¢X{Y2c<GZ\

q

i6U G-U �ed�DHV�DMGJ\<l"XHU�V�c<ŠHc¢Y2c<GJ\

q

i6UJK

�

E�G6U�Y2c

q

Y;Ua€•U�G-G-c<D i-Ua€NE�Ded�DHGJI-D=U�B�\�c<Y2cad�DHx<Ua\<Ded�f<G-lCp•XMI-XM\�DHV j-c \�I-j

q

XHU �

V�c<B<ca€•x

q

¡

E�DHG-IZ[§Y2cad6DHxyU�GJI-r§X•\�c<W-Y-I=€•i-DMG-IJ[§c<x! TIZp=V�DNpyU�G-IJ€HV�c<B1jJDHi-DepycHE“U�Y

p2Uac<X

q

G-Dz[JBad6[-DN\<X%[ j-i-IJG-k-I-j-I-UPd�f<G-lzVzK3�9V�DM[ i6UP€•G

q

••mnIJ€•I-WJDHXHY

q

•Lc<XHGJc<B

q

"<U�B��

\<c�Y;cPd�DHxyUaG-IJ[ X i-c�XM\<c�V

q

j-i6U�Bad-[-•  TDHŠMc j6U�i6UaV�DM\<i-U`V�c<Š

q

\`j-i-DN\<DMi-j-DHB<Ua\<f•I;E�DHG �

\<IJW-G-lzDTY;U�XMY;UoE�l‚x<IJm

q

i-Y;U�kJI-r•K
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cHE�I-mnI-kJI-i-c<ByUaG-G-lzr•ŠHDMG-DHi-Ua\<c<i•X™I-G-DMi-k-I-c�G-G-c<r GJDNd�I-GJDHr-G-c�XM\<f�• � #,�n© �•j-c

XHB�c<I-V XHB<c<rJXM\<B<U�V \PUaY

¡

D'[-BPd6[-DN\<X%[_cHE�G-c<r_IJ€nx<Ua€•c<B�lCp V�cHE�Ded�DHr E�DM\�DHi-V�IJG-I-i-c��

ByU�GJG-c<ŠHc¢p2U�c�X•UJK-STc<XM\PUa\�c<W-G-c�jJi-c<XM\PUP[bIbj-c�GJ[J\�G6Ua[bX{i6UoE�I-c<mnIJ€•IJW-DHXMY;c�rb\<c<W-YJI

€•iJDHG-IJ[{V�cHE�Ded�f�#,�n© E�DHV�c<GJXM\<iJI-i

q

DN\9B<XMD p2U�i6UaYJ\<DMi-G-lzD]E-d6[nY-ByUa€HI6Ua\a\<i6U�YZ\<c<i-c�B

€RUaY;c�G-c<V�DHiJG-c<XM\�I "yj-i-IJW-I-G-c<r•B�c�€•G-IJY-G-c<B<DMG-IJ[TY;ca\<c<i-lCpT[-Bad-[-DM\�X%[¢G6UPd�IJW-I-D B XHI �

XM\�DHV�D•XMc<XM\�co[JG-IJ[ i-U�B<G-c<B�DHXHIZ[1\<IJj6U �„XMDeE6d�c � mnc<Y

q

X �FK

 

cHE�DNd6f #,�{©ªxyUP€•I-i

q

DM\�X%[

G6U1Y;d�U�XHXMI-W-DMXHY-IZp X pyDMV]UPp ŠMDHG-DMi6Ua\�c<i6Un
 DMcHE�c<i-W-IJYZU�I Bbj-iJDeE�Ded�f<G-lCp XNd

q

W6UP[Zp

j-DMi-DNp<c•E�IJ\�B¢V�cHE�DNd�f ŠHDMG-DHi-Ua\<c<i-U^A U�G E�DMi��9cad6[ K

A‚YZd�UaXHXHIJW-DHXMY;c�V‚ŠHDMG-DHi6UP\<c<i-D¢X•I-GJDHi-k-IJc<G-G-c<r=G-Ded�I-G-DMr-G-c<XN\<f<• 
 DMcHE�c<i-W-IJYZU

U�B�\�c<Y2cad�DMxyU�G-IJ[ c<x<DHXMj-DHWJI-ByU�• \<X%[�B<B�DeE�DMG-I-DHV B Y2cad6DHxyUa\�DNd�f�G-lzr�Y2c<GJ\

q

i�\<DMi-V�c��

XHc�j-i-c�\�I-Bad�DMG-IJ[

R(T)
"�XMB<c<r-XN\<ByUbY2c�\�c<i-c<ŠMc G-DNd6I-G-DHrJG-lzV c<x�i6Ua€•c�V €RU�B�I-X%[J\=c�\

j-i-ca\<DHY;U�•  DMŠHc W-DMi-DM€`G-DMŠHc \�c<Y;U�� i-I-XaK�wJK

Z

�NK

¨'i-U�B<G-DMG-I-DuE6d6[_\<c�YZU

i (t)
B Y2c<GZ\

q

i-D{I-V�DHDN\^B<I2E

d2i
dt2

+
�

R(T)
L

�
M S0

LC

�
di
dt

+
�

1
LC

+
1
L

@R(T)
@T

dT
dt

�
i = 0;

� wJK

ˆ

�

Š E�D

S0
� YJi

q

\<IJ€HG6UnpyU�i6U�YJ\�DHi-IJXM\<IJY-I

q

XMIZd�IJ\�DNd6[ "ZY2c�\�c<i-lzr^jJi-DeE�jJcad�U�ŠeU�DN\<X%[ d�I �

G-DMr-G-lzV �

M
� Ba€RU�I-V�G-Ua[ I-G2E

q

YJ\<I-B�G-c<XM\�fgk-DHj-I
c�x<i6Ua\�G-c<r
XHBa[J€•I �

R(T)
�

XHc�j-i-c�\�I-Bad�DMG-I-D \<DHiJV�I-XM\�c<i6U "g€RU�B�I-X%[  TDHD c�\ \<DMV�j-DHi-Ua\

q

i-l

T
�

L
I

C
�

I-G;E

q

YZ\<I-B<GJc<XM\�f�IƒDMV�Y2c<XM\�f^B Y;cPd�DHxyUP\<DNd6f<G-c<V(Y;c�GJ\

q

i-DaK

�9cad�U�ŠeUP[�€•U�B<I-XMI-V�c<XM\�f

R(T)
d�I-G-DMr-G-c<r �

R(T) = R0 + LbT
� IbXMW-IJ\PUa[ " WJ\�c

j-i-c�k-DHXMX{\�DHjZd�c�c<x<V�DHG-U j-cHE�W-IJGJ[-DN\<X%[1€•U�Y2c<G

q

©9f<• \<c<G-U 2

�q
dT
dt

+ kT = R(T)i 2;
Š E�D

q
�

q

E�Ded�f<G6UP[ƒ\�DHjZd6c<DHV�Y2c<XN\<f G-IZ\<I�\�DHi-V�IJXM\<c�i6U "•U

�
��DMDnV]U�XHXHU "�j-cad

q

W6U�DMV

€RUaV�Y-G

q

\

q

• XMI-XM\�DHV

q_q

i6U�B<GJDHG-I-r�B<I;E“U
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_�`*d8X�X-(��*+�X-.�d�
cX �:+�q3d ��+-'*+�f�d8hN/8f*d	Xe(�'*+-f���(�/8'�'*/ �,'�+-`�(�'*+ ��S

'*/8X�h � �

d2i
dt2

+ ! 2
0i = (� � bT)

di
dt

� bi
dT
dt

;

dT
dt

+ 
 T = � (T)i 2;
� wJK t	�

Š E�D

� = ! 2
0S0M � R0=L; ! 2

0 = 1=LC; 
 = k=�q; � (T) = � 0 + bLT=�q;
� 0 = R0=�q:

AŽx�DM€•i-Ua€•V�DMi-G-lCp�j-DHiJDHV�DHGJG-lCp

x = ai; _y = � x; z = bT=! 0;
� = ! 0t; a =

p
� b�q=! 0k

q

i-U�B<G-DMG-IJ[ � wJK t	� j-iJI-G-I-V]U�• \ B<I2E

_x = mx + y � xz;

_y = � x;
� wZK w �

_z = � gz + zx2:
Œ

E�DMXHf

m = �=! 0 = ! 0S0M � R0=! 0L; g = 
 =! 0; _x = dx=d�:
A§\�i-DNpZV�DHiJG-c<r E�B

q

j6U�i6UaV�DM\<iJI-W-DHXMY2c<r XMI-XM\�DHV�D � wJK w	��j6U�i-U�V�DM\�i

m
j-i-c<j-c�i-k-I �

c<G6Uod�DHG8i6Ua€HG-c<XM\�I B<GJc<XHI-V�c�r§I=i6U�XMXHDMI-ByU�DMV�c<r �MG-DHi-ŠMI-r "

g
� j-U�i6U�V�DN\<i " pyU�i6U�Y �

\<DMi-IJ€

q

•  I-r ca\<G-c<XMIJ\<Ded�f<G-c�D`B<iJDHV [_i-Ded�U�Y2X•U�kJI-I�\�DHi-V�I-XN\<c<i-UJK�A�E�UPd�f<G-DMr � DMV

m
x

q

E�DHV G6Ua€HlzByUa\<f j6U�i-U�V�DM\�i-c<V B<c�€•x

q

¡

E�DMG-IJ[ "-U

g
� j6Uai6U�V�DM\�i-c<V(I-G-DHiJk-I-c<G �

G-c<XN\<I�ŠHDHGJDHi6Ua\�c<i6UJK

‰ UaXHXHV�ca\<i-I-V X p<DHV

q

"�IJ€Hc<x<i6U

¡

DHG-G

q

• G6U iJI-X�KPwJK QJK

Œ

E�DMXHfuY2cad6DHxyUa\�DNd�f�G-lzr•Y2c<G �

\

q

i8B�c�\•d�I-WJI-D¢c�\_YZd�U�XMXHI-WJDHXHY2c<ŠMc�Xed

q

W6Ua[=G-D•XMcHE�DHi

¡

IJ\ƒG-DNd�IJG-DHr-GJlCp �Nd�DMV�DHG �

\<c�B-K�¨]XMIZd�IJ\�DNd�f

1 q

j-i6U�BPd6[-DN\<X%[1E�c<jJcad�G-IJ\�DNd�f�G-c<rbk-DMj-f<•sc<x<i6Ua\�G-c<rbXMB�[J€HI "�XHc��

E�DMi

¡

U  DMr§d�I-G-DMr-G-lzr

q

XHI;d�IJ\<Ded�f

2
I8I-G-DHiJk-I-c<G-GJlzr j-i-DMc<x<i6Ua€Hc<ByUa\�DNd�fJK•STI-m �

mnDHi-DMG-k-I6Uod�f<G-lzD

q

i6U�B�G-DHG-IZ[�ŠHDMG-DHi6UP\<c<i6U•V�c

¡

G-c`€•U�j-I-XHUa\<f•BT[JB<G-c<V B�I;E�D!"ZY2c<G �

Y-i-DN\<IJ€HI-i-c<B<U�B €RU�B�I-XHI-V�c�XM\<f

S(x; V) q

XHIZd�IZ\<DNd-[

1
I¢€RUoE�U�B

q

i6U�B�G-DHG-IZ[ I-G-DMi-k-I �

c<G-GJc<ŠHc j-i-DMc<x<i6Ua€Hc<ByU�GJIJ[

V(x)
K
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1 2

R

C

L L1

M

y(t)

x(t)

z(t)

������� � ��� �

wx/�R*( �	(���(�f�/gT:dg'�'Dd�
 X �:+�q3d �M+I'*+�f�d8hN/8f*dcX�(�'*+�f���(�/8'�'�/ �W'*+-`�(�'�+ ��'�/YX�h � �

†

jJj-i-c<Y2XHIJV�I-i

q

DMV j-cPd�I-G-c<V�c�V"m

q

G-YJk-I-•

S1(x)
"*\oK DaK Y-i

q

\<IZ€•G

q q

XHIZd6IJ\<Ded6[

1
"6x�DM€

q

W-DM\PU B<c�€NE�DHr-XN\<B<IJ[�E�c<jJcad�G-IJ\�DNd�f�G-c<r1c�x<i6Ua\�G-c<rƒXHB�[Z€•I�2

S1(x) = S0 � S1x2;
� wJK }	�

Š E�D

x
��G6U�jJi2[

¡

DHGJI-D•G6U^Bap<cHE�D

q

XMIZd�IJ\�DNd6[

1
�

S0
I

S1
��j-c<XM\�cR[-G-G-lzD¢j-cPd�c

¡

I �

\<Ded�f<G-lzD1Y;c!�HmnmnI-k-I-DMGJ\<l9K �9i-DFE�j-cad6c

¡

I-V "]WJ\�c V�DNpyU�G-IJ€HVªB<c�€NE�DHr-XN\<B<IJ[ k-DHj-I

I-G-DMi-k-I-c�G-G-c<r�c<x<i6Ua\�G-c<rƒXHB�[Z€•Iƒj-cHE�W-I-GZ[-DM\�X%[1€•U�Y2c<G-c<V�DMi-G-c<XN\<I

S = S1(x) � bV = S0 � S1x2 � bV;
� wJK

]

�

Š E�D

V = V(x)
� G6Uaj-iy[

¡

DMG-I-DnG6U B<lCp<c•E�D9I-G-DHiJk-I-c<G-GJc<ŠHc j-i-DMc<x<i6Ua€Hc<ByUa\�DNd6[ �

b
�

j6U�i-U�V�DM\�i•K �

q

XM\<f1I-G-DHiJk-I-c<G-GJc<D jJi-DHc<x�i6Ua€•c�ByU�G-I-D c<X

q

 TDHXN\<Bad6[JDM\�X%[ B�XMc<c�\<B�DM\��

XM\�B<I-I�X

q

i6UaB<G-DHGJI-DHV

_V = � 
 V + ' (x):
� wJK …	�

¨'i-U�B<G-DMG-I-DuE6d6[_\<c�YZU¢B Y;c�GJ\

q

i-D{ŠHDMG-DHi6UP\<c<i6U � i-I-XaK�wJK Q �

Ldi=dt + Ri + C � 1
Z

(i � M Sdi=dt)dt = 0

XHc�B<V�DHXN\<G-c_X

q

i6U�B�G-DHG-IZ[-V�I�� wJK

]

� I � wJK … �zE“UaDM\ €•U�V�Y-G

q

\

q

• XHI-XN\<DMV

q

"˜XHB�c•E6[  

q

�

•uX%[ƒB x<DM€Hi6Ua€HV�DHi-G-lCp�j-DMi-DHV�DMG-G-lCp�YƒB<I;E

q

_x = mx + y � xz � dx3; _y = � x; _z = � gz + g� (x);
� wJK O

[

�

Š E�D

d = d(S1)
�`j6U�i6U�V�DN\<i "ac�\<B�DHW6U�•  I-r¢XN\<DHjJDHG-I Bad�IJ[JG-IJ[•GJDNd�I-GJDHr-G-c�XM\<I Y-i

q

�

\<IZ€•G-l p2U�i-U�YJ\<DMi-I-XN\<I-Y-I �

� (x)
�nm

q

G-YJk-IJ[ "ac<j-I-XMlzByU�•  •Ua[TXHB<c<rJXM\<B<U'I-G-DHiJk-I-c<G �

G-c<ŠMc j-i-DMc<x<i6UP€•c<ByUP\<DNd-[•K6A�ŠMDHG-DMi6Ua\�c<i-D E�DMr-XM\�B

q

• \ E�ByUTV�Dep2U�GJIJ€•V]U G-Ded�I-G-DMr-G-c��

ŠHc c<ŠMi6U�G-I-WJDHG-IJ[TU�V�jZd6IJ\

q

E�l Y2cad�DMxyU�G-IJr•K �nDMi-B<lzr �'x�DM€•lzGJDHi-k-IJc<G-G-lzr•I{XHB�[Z€RU�G



�Yk

XTGJDNd�I-GJDHr-G-c�XM\<f�• p2U�i6UaYJ\<DMi-I-XM\�I-Y-I

q

XHI;d�IJ\<Ded6[ " B�\<c<iJc<r �_IJG-DHi-kJI-c<G-G-lzr "•c<x

q

�

XNd6c<Bad�DMG-G-lzr•€RU�B�I-XHI-V�c�XM\<f�•¤Y-i

q

\<IJ€HG-l

S
c�\uG6U�j-iy[

¡

DHG-IZ[

V
K �

q

XM\�f

q

XHIZd6IJ\<Ded�f

i6U�x�c�\PU�DM\=G-U�d�I-G-DMr-G-c<V

q

W6U�XN\<Y2D p2U�i6UaYJ\<DMi-I-XM\�I-Y-I

(S1 = 0)
"�U1I-G-DMi-k-I-c�G-G-lzr

j-i-DMc<x<i6UP€•c<ByUP\<DNd6f�XMc<x<i6U�G=j-c_X p<DHV�D E�B

q

pZj-cad

q

j-DMi-I-cHE�G-c<ŠMc1Y-B<UoE�i6Ua\�I-W-G-c�ŠHc E�D �

\<DMYJ\<c�i6U^X

RC
� mnIZd�fR\�i-c<V I_c<j-IJXHlzByU�DN\<X%[

q

i-U�B<G-DMG-I-DHV

_z = � gz + gx2:
� wJK O<O �

�nU�i6U�V�DN\<i�I-G-DHiJk-I-c<G-GJc<XM\�I

g
i6UaB<DHG_c�\�G-c!� DMG-I-•sj-DHi-IJc•E�U Y2cad6DHxyU�GJI-r1Y2c<GJ\

q

i6U

T0
Yƒj-c<XN\<cR[-G-GJc<r1B<iJDHV�DHGJI�mnIZd�fR\�i6U

� f = Rf Cf
K

�9i-IbX E�Ded�U�G-GJlCp j-i-DFE�j-cad6c

¡

DHG-IJ[;p

q

i6U�B�G-DHG-IZ[ � wJK O

[

�zj-DMi-DNp<c•E6[J\ƒB

q

i6U�B�G-D �

G-IJ[§YZd�UaXHXHIJW-DHXMY;c�ŠHcbŠMDHG-DMi6Ua\<c�i6U � wJK w	�NK

Œ

G6URW-IJ\ "*DMXNd�I

q

XHI;d�IJ\<Ded�f

1
d�I-GJDHr-G-lzr "

U¢I-G-DHiJk-I-c<G-GJlzrbj-i-DMc<x<i6Ua€Hc<ByUa\�DNd�f

q

E�c<Bad�DN\<B<c�i2[JDM\ � wJK O<O � "-\<c V]Ua\<DMV]Ua\<I-WJDHXHYJI-D

V�cHE�DNd6I•ŠHDHGJDHi6Ua\�c<i-c<B "aX p<DHV�l Y;ca\<c<i-lCpTIJ€Hc<x<i6U

¡

DHG-l G6U i-I-XaK�wJK

Z

I wJK Q "PGJDHi6Ua€Nd�I �

W-I-V�l9K




pyDMV]UTX E�DN\<DMYJ\<c<iJc<V(B �HY2XHjJDHi-I-V�DMGJ\PUPd�f�G-c<V�ca\<G-c!�TDHG-IJI�x<cad�DMD

q

E�c<x<G-U "

\PU�YƒY;U�Y_j-c�€•B�cad6[-DN\ ByU�i-f<IJi-c<ByUa\�f¢I-G-DHiJk-I-c<G-GJlzD`XMB<c<r-XN\<ByU•ŠHDMG-DHi-Ua\<c<i-U i-DMŠ

q

d�I �

i-c<B�Y;c�r j-c<XN\<cR[-G-GJc<r•B<i-DMV�DHG-I•mnIZd�fR\�i6U "�WZ\<c9j-i6UaYJ\<I-WJDHXHYJI GJDHc<X

q

 TDHXN\<B<I-V�c{j-i-I

I-XMj-cad�f�€Hc<ByU�GJI-Iƒ\�DHi-V�IJXM\<c�i6UJK

ACI;E

q

i6U�B�G-DHG-IJr � wJK O

[

� G-D•IJ€HV�DHG-IZ\<X%[ "*DMXNd�I8B�Y;UoWJDHXM\�B<D XHDNd6DHYJ\�I-B<G-c<ŠMc��ed�D �

V�DHGZ\PUuI-XHjJcad�f�€Hc<ByUa\�f

RC
� k-DMj-c<W-Y

q

B B<I2E�D]V�c<XM\PU'A I-G6UJKMS{d6[{c<x<DMXHj-DMW-DHGJIJ[

q

XNd�c��

B<I-r^ŠHDHGJDHi6U�kJI-I_B �M\�c<V XNd

q

W6UaD'G

q

¡

GJc j-i-I-V�DMG-IJ\�f E�ByU`Y;U�XMYZURE“U

q

XMIZd�DHGJIJ[ "-Y;U�Y

�M\�c9j-c<Y;Ua€•U�G-c'G6U i-I-X�KawJK

ˆ

K•S`d-[TXMI-V�V�DM\�i-I-W-G-c�ŠHcnV�c<XM\PU9A I-G6U

q

j-i6UaBad6[-•  I-DCj6U �

i6U�V�DN\<i-l

m
I

g
B

q

i6UaB<G-DHGJIJ[Zp � wJK O

[

��j-i-c<XN\<c¢I Xu\�c<W-Y-I €Hi-DHGJIJ[ �HY2XMj-DHi-IJV�DHGJ\PU

q

E�c<x<GJlzV�c<x<i-Ua€•c<V B<lzi6U

¡

U�• \�X%[1WJDHi-DN€Tj6Uai6U�V�DM\�i-l‚X p<DHV�l12

m = K 0 � 3; g = R0C0=� f ;
� wJK O

Z

�

Š E�D

K 0
�^Y2c	�HmnmnI-k-I-DMGJ\

q

XHIZd6DHG-IJ[_E�B

q

pZY;U�XHY;UoE�GJc<ŠHc

q

XHIZd6IJ\<Ded6[ �

R0C0
I

� f
�

j-c<XN\<cR[-GJG-lzD9B<i-DMV�DHG-I�V�c<XN\PU•ACI-G6U`I mnIZd�fR\<i6U{E�DM\<DMYJ\<c�i6UJK6A�mnIJ€HI-W-DMXHY2c<V �HY2X �

j-DMi-I-V�DHGZ\<DCj-U�i6U�V�DN\<i-l

m
I

g
d�DMŠHY2cuV�DMGJ[J\�f I{IJ€•V�DMiy[J\<f "PB<U�i-f<I-i

q

[{Y2c	�HmnmnI-k-I �

DHGZ\

q

XMIZd�DHGJIJ[•ITjJc<XM\�co[JG-G

q

• B<iJDHV�DHGJI mnIZd�fR\<i6UZK<hnU�YTjJc<Y;Ua€RUPd6ITI-XMXNd�DFE�c<ByU�GJIJ[ "

1 2

R 0 C0

R 0 C0

x(t)

y(t)

z(t)

������� � ��� �

$ �:+�q3d RC S �M+I'*+�f�d8hN/8f*dcX�(�'*+�f���(�/8'�'�/ ��'*+I`�(�'�+ ��'�/YX�h � �



� �

E�I-G-U�V�I-Y;U ŠHDMG-DHi-Ua\<c<i-U " V�cHE�Ded�I-i

q

DHV�c<ŠMc

q

i6U�B<GJDHG-IJ[JV�I � wZK O

[

� "�j-i-IJG-k-I-j-I-UPd�f��

G-lzV c<x<i6UP€•c<V €•U�B<I-XMIJ\ c�\•B<I;E�U m

q

G-YJk-I-I

� (x)
"J\oK D�K-c�\ XHB<c<rJXM\<B¢I-GJDHi-k-IJc<G-G-c<ŠMc

j-i-DMc<x<i6UP€•c<ByUP\<DNd-[•K���XNd6I

� (x)
j-iJDeE�XN\PU�Bad6[JDM\ XHc<x�c<r�XHI-V�V�DN\<i-IJW-G

q

•�m

q

G-YJk-I-• "

\<c

q

i6U�B<GJDHG-IJ[�� wJK O

[

� I-V�DM• \ƒB�Y;URW-DHXN\<B<D i-D��TDHG-IZ[§\�cad�f<Y2c_j-i-DFE�DNd�f�G-lzr k-IJYZd*K

�

E�G6U�Y2c DHXed�I

� (x)
G-D�[-Bad-[-DM\�X%[{XHI-V�V�DN\<i-I-WJG-c<r � G6U�j-i-IJV�DHi "

� (x) = exp(x� 1)
� "

\<c¢V�cHE�Ded�f � wJK O

[

� E�DHV�c�G-XM\�i-I-i

q

DM\ Y;U�Y_j-DMi-I-cHE�I-WJDHXHYJI-D!"6\PU�Y_I^p2Uac�\<I-WJDHXHYJI-Dni-D �

¡

I-V�l"Y2cad�DHx<U�G-I-r•K žCcad�DMD{E�DN\PUPd�f<G-lzD¢I-XMXNd�DFE�c<ByUaG-IJ[ j-c�YZUP€RUPd�I " WJ\�c�U�XHIJV�V�DM\��

i-IJ[

� (x)
[-Bad-[-DM\�X%[�G-DMc<x•pycHE�I-V�lzV

q

Xed�c<B<I-DMV E6d6[ iJD•UPd�IZ€RU�k-IJI�B V�cHE�DNd�I � wJK O

[

�

c<XMc<x<c<r8\<i6U�DMYJ\<c�i-I-I \<I-j-U1j-DM\•d6I XMDHj6Uai6Ua\<iJI-XHl XHDFE6d�c�� mnc<Y

q

XHUJKA�9V�DMG-G-cbG6Uod�I �

W-I-D8c<XMc<x<c<r•\<i6UaDHYJ\�c<i-I-I‚[JBad6[-DN\<X%[Lm

q

G2E“U�V�DHGZ\PUPd�f<G-c�r‚j-i-I-WJI-G-c<rLi-c

¡

E�DMG-IJ[

i-D

¡

I-V�c�B E�DM\<DMi-V�I-G-IJi-c<ByU�GJG-c<ŠHc p2U�c<XHUJK

ALY;URW-DMXM\<B�D•j-i-I-V�DMi6U \<c�ŠHc B<I2E“U m

q

G-Y-k-IJI

� (x)
"“Y2c<Š E“U V�c•E�DNd�f � wJK O

[

� j-i-I �

c<x<iJDM\PU�DN\ XHB�c<r-XM\�ByU¢ŠHDHGJDHi6Ua\�c<i6U•p2U�c<XHU "6V�l B�lzx<DHi-DMV

� (x) = I (x)x2; I (x) =
�

1; x > 0;
0; x � 0:

� wJK ORQ �




mnIJ€•I-WJDHXHY2c<r \�c<W-Y-I €Hi-DHG-IZ[ �M\�cbXHc<ca\<B<DN\<XM\�B

q

DN\ I-XMj-cad�fa€•c<ByUaG-I-• cHE�GJc<j-cad

q

�

j-DMi-I-cHE�G-c<ŠMc¢E�DN\<DMYJ\<c<i-U^B¢X pyDHV�D`I-G-DMi-k-I-c<GJG-c<ŠHc j-i-DMc<x<i6UP€•c<ByUP\<DNd-[•K

�

j-i-DFE�DNd�IJB¤m

q

G-YJk-I-•

� (x)
B(XHc<c�\�B<DM\�XM\�B<I-I�X � wZK ORQ	� " IJ€�� wJK O

[

��j-cad

q

W6U �

DHV

q

i-U�B<G-DMG-IJ[ V�cHE�IJm{IJk-I-i-c<B<U�G-G-c<ŠMc1ŠMDHG-DMi6Ua\<c�i6U1X I-G-DHiJk-I-c<G-GJc<r G-Ded�I-G-DMr-G-c��

XM\�f<• "Jj-i-DeE�XM\PU�Bad-[-•  TI-DTXMc<x<c<r \<i-DepJV�DMi-G

q

•s\�i-DNpZj6Uai6U�V�DM\�i-I-W-DMXHY

q

•sG-DNd�IJG-DHr �

G

q

•‚E�I-XHXMI-j6Ua\�I-B<G

q

•sXHI-XN\<DHV

q

2

_x = mx + y � xz � dx3; _y = � x; _z = � gz + gI (x)x2:
� wJK O

ˆ

�

�9XHYZd6•uW-DMG-I-DHV jJDHi-DMV�DHG-G-c�r

y q

i6U�B�G-DHG-IZ[^ŠMDHG-DMi6Ua\<c�i6U`X I-G-DMi-k-I-c<GJG-c<r^GJDNd�I �

G-DMr-G-c<XN\<f<• � wJK O

ˆ

� jJi-I-B<cHE�[Z\<X%[�Y�B<I2E

q

� wZK

Z

� 2

•x � (m � z � 3dx2) _x + [1 � gz + g� (x)]x = 0;

_z = � gz + g� (x):
� wJK ORt	�

†

Ba\<c<V]Ua\�I-W-DMXHY-I i-DHŠ

q

d�I-i

q

DHV�lzr�GJDNd�I-GJDHr-G-lzr(c<XHkJIZd-d6[Z\<c<i � wZK Oot!�9p2Uai6U�YJ\�DHi-I �

€

q

DM\�X%[ I-G-DMi-k-I-c�G-G-c<r €RUaB<I-XHIJV�c<XM\�f<• E�I-XHXMI-j6U�kJI-I(I W6UaXM\<ca\<l|c�\=jJDHi-DMV�DHG-G-c�r

x
K*A�XNd

q

W6U�D XHI;d�f<G-c<r8I-G-DMi-k-I-c�G-G-c<XN\<I XMI-XM\�DHV�l �

� f � T0
� "˜Y2c<Š E“U

g ! 0
"•XHI �

XM\�DHV]U B<lzi-c

¡

E�U�DM\�X%[1BTE�B

q

V�DMi-G

q

• 2

•x � a(1 � bx2) _x + x = 0;
� wJK ORw �

a = m � z0; b= 3d=(m � z0); z0 = z(0);



� �

I_G-DM€•U�B<I-XMI-V�c c�\¢B<I;E“U m

q

G-Y-kJI-I

� (x)
XHc�B<j6UoE“UaDM\¢j-c¢mnc<i-V�D'€•U�j-I-XMIƒX

q

i6UaB<G-D �

G-IJ[JV�I ŠHDMG-DHi6UP\<c<i6U=A UaG§E�DHi �9cad6[ K �nU�i-U�V�DM\�i-l

a
I

b
"�YZUaY B<I;E�G-c1IJ€ � wZK ORw	� "

€RUaB<I-X%[J\ c�\ G6URW6UPd6f<G-lCp

q

Xed�c<B<IJr

z(0)
K

STi

q

ŠHc<r¢UaXHI-V�jJ\�c�\<IJW-DHXMY-I-r^Xed

q

W6U�r �{x<DN€•lzG-DMi-k-I-c�G-G-lzr^ŠMDHG-DMi6Ua\�c<i "<XMc<c�\<B�DM\��

XM\�B

q

•  TI-r XM\�i-DHV d�DMG-I-• j-U�i6U�V�DN\<i6U

g
B x�DHXHY2c<GJDHW-G-c�XM\<fJKu�'€{\<i-DN\<f<DMŠHc

q

i6UaB<G-D �

G-IJ[ƒXMI-XM\�DHV�l‚j-iJI �N\<c<V

q

XNd6c<B<I-I�XNd�DFE

q

DN\�UPd�ŠMDHx<i-U�I-W-DMXHY;Ua[�B�€RU�IJV�c<XHB�[Z€•f¢j-DMi-D �

V�DHGJG-lCp

x
I

z
"6XHB�c•E6[  •UP[�IJX pycHE�G

q

• XMI-XM\�DHV

q

YƒB<I;E

q

•x � [m � � (x) � 3dx2] _x + x = 0:
� wJK Oo}	�

�9cad�G6UP[ UaG6UPd�c<ŠMIJ[8X

q

i6UaB<G-DHGJI-DHV"ACU�G E�DHi �9cad-[§B �M\�c<V‚j-iJDeE�Ded�f<G-c<V XNd

q

W6U�D

E�c<XN\<I-ŠeUaDM\<X%[ƒj-iJI

q

Xed�c<B<IJI

� (x) = x2 K;A(iJD•UPd�f�G-c<V ŠMDHG-DMi6Ua\<c�i-D9X IJG-DHi-kJI-c<G-G-c�r

G-Ded�I-G-DMr-G-c<XN\<f<• c<xPd�U�XM\�f1€•G-UoWJDHG-I-r j6U�i6U�V�DN\<i6UbIJG-DHi-kJI-c<G-G-c�XM\<I

g
"*B�Y;ca\<c<i-c�r

XHIJXM\<DMV]U B�DeE�DN\ XHDHxR[¤jJi-I-G-k-IJj-I6UPd�f�G-c Y;U�Y \<i-DepZV�DHi-G6UP[ "zc<ŠMi6U�G-I-WJDHG6U G-DMY;ca\<c��

i-lzVLI-GJ\<DMi-ByUPd6c<V

g1 � g � g2
K

Œ

U�DMŠHc_j-i-DFE�DNd�UaV�I j-i-IJxad�I

¡

DMG-G-lzVLc<j-I-XHU�G-I �

DHV V�c<Š

q

\`XNd

q

¡

IJ\<f`i6U�XHXMV�c�\<iJDHG-G-lzD'U�XHI-V�jZ\<c�\�I-W-DHXMY-I-D

q

i6UaB<G-DHGJIJ[^G-U{m{Ua€Hc<B<c<r

jZd�c�XHY2c<XM\�I•K

 

Ua\�DHV]Ua\�I-W-DMXHY;Ua[•V�cHE�Ded�fuV�cHE�I-mnI-kJI-i-c<ByUaG-G-c<ŠMcuŠHDMG-DHi-Ua\<c<i-UuX IJG-DHi-kJI-c<G-G-c�r

G-Ded�I-G-DMr-G-c<XN\<f<• � wJK O

ˆ

� DMXM\<f{G-Ded�I-G-DMr-G6Ua[ \<i-DepZV�DHi-G6UP[¢E�IJXHXHIJj6Ua\<IJB<G6Ua[ XHI-XN\<DMV]U

X9\<i-DMV [1GJDM€RUaB<I-XHIJV�lzV�I1j6U�i-U�V�DM\�i6U�V�I "6€RURE“U�•  Ua[ƒj-c�\�c<Y�B

R 3 2

�1 < x < 1 ; �1 < y < 1 ; 0 � z < 1 ;
Š E�D{j-DHiJDHV�DHGJG6Ua[

z
c<j-iJDeE�Ded�DHG6U G6U¢j-cad�c

¡

IJ\<Ded�f<G-c<rƒj-cad

q

c<XMI "6\PU�Y1Y;U�YƒXnm{IZ€•I �

W-DMXHY2c<r \<c�W-Y-I €•iJDHG-IJ[^j-i-DFE�XM\PU�BPd6[-DN\ XMc<x<c<r j-i-cHE�DN\<DHYZ\<I-i-c�ByU�G-G-c�D9G6U�j-iy[

¡

DHG-I-D

x(t)
G-UƒB<lCp<cHE�D¢m{I;d�fR\<i6UJK STI-B<DMi-ŠHDMG-k-IJ[§B<DMYJ\<c<iJG-c<ŠHcƒj-cad-[=XHY2c<i-c<XN\<DMr j-c�\�c<Y;U

� wZK O

ˆ

� €RU�B<IJXHIJ\ c�\ j6U�i6UaV�DM\<iJc<B Iƒm{Ua€•c�B<lCp_Y2c<c<i�E�I-G-Ua\ 2

divF = m � g � 3dx2 � z:
� wJK O

]

�

�9XHXed�DeE�c�ByU�G-IJ[¢B9YJByUa€•I;d�I-G-DMr-G-c<V§j-i-I-xad6I

¡

DHGJI-I

m < g � 1
XHB<I;E�DM\<Ded�f<XN\<B

q

• \

c�\<c<V "˜WZ\<c_XHI-XN\<DMV]U�Š d�c<x<UPd�f<G-c^E�IJXHXHIJj6Ua\<IJB<G6U�I=WJ\�c^E6d6[bd�• x<lCp=G6URW6UPd6f<G-lCp

E“U�GJG-lCp_IJ€nc<xPd�U�XM\�I_c<j-i-DFE�DNd�DMG-IJ[ƒm{Ua€•c�B<lCp�j-DMi-DHV�DMG-G-lCpƒB<XMDHŠ E“U¢XHjJi6U�B<DFE6d�I-B<c

divF < 0
K“AŽY-ByUa€HIZd�I-GJDHr-G-c�V¤j-i-I-xad6I

¡

DHGJI-I

z � m
I1GJDM€RUaB<I-XHIJV�c c�\ Y;c�c<i�E�I �

G6Ua\�l

x
E�IJB<DHi-ŠMDHG-kJIJ[bc�\�i-I-k6UP\<DNd6f<G6UJK �niJI

m > g
"6Š E�D

g
��Y2c<G-DMW-G-c � G6U�IJx<cad�DMD

I-GJ\�DHi-DMXHG6UP[Lc�xad�U�XN\<f ŠMDHG-DMi-I-i-c<B<U�G-IJ[¤GJDNd�I-GJDHr-G-lCp¤Y;cPd�DHxyUaG-I-r�� " €•G-U�Y E�I-B�DHi �

ŠHDMG-k-I-Iƒ€RU�B�I-XHIJ\ c�\ Y2c<c<i�E�I-G-Ua\oK6¨]XNd�c<B�I-DHV E�I-XHXMI-j6Ua\�I-B<G-c�XM\<Ib[JBad6[JDM\<X%[

m � g < z + 3dx2:
� wJK OR… �

S{d6[ UaB�\<c<Y2cad6DHxyU�GJI-rbj-i-I

d 6= 0
�N\<c

q

Xed�c<B<IJD B<XHDMŠ E“U B<lzj-cPd�GJ[-DN\<X%[ K˜A �M\�c<V

XHV�lzXed�D j6Uai6U�V�DM\�i

d
c�j-i-DeE�DNd6[JDM\�x<DN€•lzG-DMi-k-I-c�G-G

q

•�E�I-XMXHI-j-Ua\<I-B�G

q

• G-DNd6I-G-DHr �

G-c<XN\<f XHIJXM\<DMV�l9K^�]Xed�I

¡

D

q

XHIZd�IZ\<DNd6f i6U�x�c�\PU�DM\ G-Usd�I-G-DMr-G-c<V

q

W6U�XM\�Y2Dup2U �

i6U�YZ\<DHiJI-XM\�I-Y-I=I�GJDNd�I-GJDHr-G-c�DTc<ŠMi6U�G-I-WJDHG-I-DTU�V�jZd�IZ\

q

E�l‚€RU¢XHWJDM\ IJG-DHi-kJI-c<G-G-c�r



� �

k-DMj-I c<x<i6Ua\�G-c<r XHBa[J€•I G-U�XM\

q

j-U�DM\§i6U�G-f � D!" W-DHV"€•G-UoWJDHG-IJ[ j-DMi-DHV�DMG-G-c<r

x
B<l �

pycHE�[Z\_B c<xad�U�XM\�f�G-DNd�IJG-DHr-GJc<XM\�I=pyU�i6U�YJ\�DHi-IJXM\<IJY-I
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¡
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XMc<x<DHGJG-c��
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x(t) = x[� 1(t); � 2(t); : : : ; � p(t)];
� }ZK O �

Š E�D

� i (t) = ! i t
"

i = 1; 2; : : : ; p
K“A i-DM€

q

d�fR\PUa\<D

x(t)
� }ZK O � I-V�DHDN\_j-DHi-IJc•E
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j-c

Y;U

¡

E�c<V

q

IZ€{U�i-Š

q

V�DMGJ\<c<B

� i (t)
"6U X•UaV(Y-B<Ua€•I-jJDHi-I-cHE�IJW-DHXMY-I-rbj-iJc<k-DHXMXnB•c<x! DMV

XNd

q

W-U�D9G-Du[JBad6[-DN\<X%[_j-DMi-I-cHE�I-WJDHXHYJI-VzK-\oK DaK

x(t) 6= x(t + T0)
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j-DMYJ\<iƒV�c! GJc<XM\�I

Y2cad�DMxyU�G-I-r

x(t)
B c<x  DHV¤Xed

q

W6U�D`B<YZd�• W6U�DM\^B<XHD`G-DM€•U�B<I-XMI-V�lzD W6UaXM\<ca\<l

! i
"�IZp

ŠeU�i-V�c�G-I-Y-I

n! i
�

n = 2; 3; : : :
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"

Š E�D

n
I

m
��kJDNd�lzD{j-cad�c

¡

IJ\<Ded�f<G-lzD{W-I-Xed�U "�U

i; k = 1; 2; : : : ; p
K

�9i-I-V�DMi-c<V j-iJc<XM\�c<ŠHc‚YJByUa€•IJj-DHi-IJc•E�I-W-DHXMY2c<ŠHc�Y2cad�DMxyU�G-IJ[sV�c

¡

DM\LXNd

q

¡

IJ\�f

E�B<I

¡

DHG-IJD_d�• x<c<r mnI-Y2XHI-i-c�ByU�G-G-c�r(\<c�W-Y-I�G-U8j-c�B<DHi<pZG-c<XN\<I

Œ

DMV d�I•K
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\PU8\�c<W �

Y;U^XHc�B<DHi � U�DM\ j-DHi-IJc•E�I-W-DHXMY2c<D`E�B<I
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DHG-I-D "“XMB�[J€•U�G-G-c�D`X`X

q

\<c<WJG-lzV•B<i6U  TDHG-I-DMV

Œ

DHV d6I B�c<Y-i

q

Š�XHB�c<DHr c<XMI•K�A \<c

¡

D B�i-DHV [ �N\PU \�c<W-Y;U

q

W-U�XM\�B

q

DN\ B=j-DMi-I-cHE�I �

W-DMXHY2c<V(E�B<I

¡

DHG-IJI

Œ

DHV d�I�B<c<Y-i

q
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cad�G-k-U XTjJDHi-I-cHE�c�V‚OTŠMc•E*K h9ByUa€HI-j-DMi-I-cHE�I �

W-DMXHY-I-D � V�G-c<ŠMc<W6U�XN\<c�\�G-lzD�� Y2cad�DMxyU�G-IJ[ B<c�€HG-I-Y;U�• \=jJi-I V�cHE
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 DHŠMc

�Nd6DHYJ\�i-c<V]U�ŠMG-IJ\<GJc<ŠHc`Y;cPd�DHxyUaG-IJ[¢I-G-mnc<iJV]U�k-I-c<GJG-lzV=XHI-ŠMG6UPd�c<V � i-UoE�I-c�\�DNpZG-I-Y;U "

\<DepZG-I-Y;U XHB�[Z€•I�� "“XMc<j-i-c�B<c

¡

E“Ua• \ j-DHiJDNpycHE§Yƒ\

q

i-x

q

d�DMGJ\<G-c�V

q

\<DMW-DHGJI-•

¡

I;E�Y2c��

XM\�I^B9ŠMI;E�i-cHE�I-G-U�V�I-Y2D!";B9\PU�Y

¡

Dzc<jJI-XHlzByUa• \`XNd�c

¡

G-lzD Y;cPd�DHxyUP\<DNd6f<G-lzD j-i-c<k-DMX �

XHl B

¡

I-B<lCp�c<i-ŠeU�G-IZ€•V]UPp � x<I-c<mnIJ€HI-Y;U " �Nd6DHYJ\�i-c<mnIJ€•IJcad�c<ŠMIJ[�� Iƒ\oK E�K

A‚m{Ua€•c�B<c<V•j-i-c<XN\<i6UaG-XM\�B<D•E�I-G6U�V�I-WJDHXHY2c<r8XHIJXM\<DMV�l Y-ByUP€•I-j-DMi-I-cHE�I-WJDHXHY2c<V
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Y2cad�DMxyU�G-I-••X

n
GJDM€RUaB<I-XHIJV�lzV�I W6U�XN\<c�\PUaV�I‚x

q

E�DM\(c�\�B<DHW6UP\<f

n
� V�DHiJG-lzrL\�c<i•K
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G-UPd�IJ€9jJi-c<xad�DMV

q

XN\<c<r-WJI-B<c<XN\<I "6x<IJm

q

i-Y;U�kJI-r�I j-DMi-DNp<c•E�c<B•Y p2Uac<X

q

j-i-I-V�DMG-I �
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�
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q

xad6I-Y;U�k-I-I§i6U�x<c�\�‰�•��ed6[8I�
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�
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DzB<i-DHV [¢iy[2E i-U�x<c�\

XHB�I;E�DM\�DNd�f�XM\<B
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DM\`cuX

q

 DHXN\<B<c�ByU�G-I-I

q

XM\<c�r-W-I-B<lCp Y2cad�DHx<U�G-I-r X

ˆ
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B<I-XMI-V�lzV�I•W6U�XN\<c�\PUaV�I•K
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ŠHIJj-c�\<DN€

q

œ`U�G;E�U

q

c_j-DHi-DepycHE�D¢Ybp2U�c�X

q

W-DMi-DM€ i-D

¡

IJV•\�c<i-c<B_B<lzXMc<Y2c<r=i6Ua€HV�DHi �

G-c<XN\<I•K�ž cad�DHD \<c<ŠMc�"-iy[;E�G-DMi-D��TDHG-GJlCp E�c•Y2c<G-k6U j-iJc<xad�DMV c�XM\PU�DN\<X%[�E�c XHI;p�j-c<i
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E�B<c<DMG-IJ[(E�B
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q
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V�D

q

E�B<c<DHGJIJ[8c•E�G-c<ŠHc�IJ€ j-DHiJI-cHE�c<B_E�B
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E�B

q
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B<I;E�D

q

XM\�c<r-W-I-B�lCpbE�B

q

pZW6U�XM\�c�\<GJlCp Y2cad�DMxyU�G-IJr•K

�

G6U^[-Bad-[-DM\�X%[=\PU�Y
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D¢G-DMc<x•pyc��

E�I-V�c�r "6Y;U�Y "6G6U�jJi-I-V�DHi "

q

i6UaB<G-DHGJIJ[1ŠMDHG-DMi6Ua\�c<i6U^ACU�G^E�DHi��ncPd6[^E6d6[ƒIJ€

q

WJDHG-IJ[

j-i-DFE�DNd6f<G-lCpTk-I-YZd�c�B-KPA8G6UaXM\<cR[  DHrTd6DHY-k-IJI{E“U�DN\<X%[ mnIJ€HI-W-DMXHY2c<DCc�x<c<XHGJc<ByU�G-IJD™I

B<B<cHE�IZ\<X%[=B i6UaXHXHV�ca\<i-DMG-I-D¢xyUa€Hc<ByUa[1V�c•E�DNd�f�ŠMDHG-DMi6Ua\<c�i6U�Y-ByUa€HI-j-DHiJI-cHE�I-W-DMXHY-IZp

Y2cad�DMxyU�G-I-r�XuE�B

q
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‰ UaXHXHV�ca\<i-I-V1BzYZURW-DMXM\�B<D IJX pycHE�G-c<r`IJ€•B�DHXM\�G

q

•(V�cHE�Ded�f ŠHDMG-DHi6UP\<c<i6U

†

GJI  DMG-Y2c �

†

XN\PUPpyc�ByU "JX p<DHV]UTY2c�\�c<i-c<ŠMc j-i-DFE�XM\PUaBad�DHG-U¢G-U`i-I-X

q

G-Y2D9wJK

Z

� XMVzKyœ`DMY-k-I-• w �NK�#;D �

G-DMi6Ua\<c�i8B�YZd�•uW-U�DM\_YZd�U�XHXMI-W-DHXMY-I-r8ŠHDMG-DHi6UP\<c<i8A U�G_E�DHi �9cad6[ "“B Y2c�\�c<i-c<V•B<B�D �

E�DMG6UnE�c<jJcad�G-IJ\�DNd�f�G6Ua[ IJG-DHi-kJI-c<G-G6UP[ c<x<i-Ua\<G6UP[^XMB�[J€Hf-Ky¨'i6U�B�G-DHG-IZ[ ŠHDMG-DHi-Ua\<c<i-U

j-i-DFE�XM\PUaBad6[-• \¢XHc<x�c<r \�i-DNpZV�DMi-G

q

•LE�I-G6UaV�I-W-DHXMY
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• XMI-XM\�DHV

q

X \�i-DHV [^j6U�i6U�V�DN\��

i6U�V�I/2

_x = mx + y � xz � dx3; _y = � x; _z = � gz + g� (x):
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�9DHi-B�lzD E�ByU
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Z
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i-DMV�c<r � IZd6f<G-I-Y2c<ByU j-i-I
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� (x) = expx � 1:
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¡
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q

XMIZd�I �
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i6U8ŠHDHGJDHi6Ua\�c<i6UJK

�

E�G-IJV

IJ€^B<c�€•V�c

¡

G-lCp8XHjJc<XHc<x�c<B�[JBad6[-DN\<X%[ I-XHj-cPd�f�€•c�ByU�G-I-D Y2cad�DHx<Ua\<Ded�f<G-c<ŠMcbY2c<GJ\

q

i-U

B8k-DHj-I E�c<jJcad�G-IJ\�DNd�f�G-c<r�c�x<i6Ua\�G-c<r XHB�[Z€•I•K]©9DHc�xRp<cHE�I-V�c8X E�DNd�UP\<f§\PUaY "]WJ\<c<x�l

XHIJŠHG6UPd1c<x<i-Ua\<G-c�rƒXMB�[J€HI

z(t)
jJi-DeE�XN\PU�Bad6[;dbXMc<x<c<r_Y2cad�DMxyU�G-IZ[�G-DM€•U�B<I-XMI-V�c<rƒW6U �

XM\�c�\<l " Y2c�\<c<iJlzD�x

q

E

q

\ V�c•E

q

d6I-i-c<ByUP\<f8Y;c!�HmnmnI-k-I-DMGJ\

q

XMIZd�DMG-IJ[ I c<x<DMXHj-DMW-I �

ByUa\�f YJByUa€•IJj-DHi-IJc•E�I-W-DHXMY-I-D•UaB�\<c<Y2cad6DHxyU�GJIJ[•K

‰ UaXHXHV�ca\<i-I-V•X p<DHV�l " jJi-DeE�XN\PU�Bad�DMG-G-lzD•G6U i-I-XaK•}ZK O<K�©nU iJI-X�K }ZK O	" =nj-c�YZUP€RU�G6U

X pyDMV]U8IJG-DHi-kJI-c<G-G-c�ŠHc=Y;U�XHY;UoE“UƒE�c<j-cad�GJIJ\<Ded�f<G-c<r c<x�i6Ua\<GJc<r XHB�[Z€•I ŠHDMG-DHi-Ua\<c<i-U

†

GJI  DMG-Y2c �

†

XN\PUPpyc�ByUJK9hnU�XMYZURE�j-i-DFE�XM\PUaBad6[-DN\•XHc<x�c<r

RC
� kJDHj-c<WJY

q

" c<j-IJXHlzByU �

DHV

q

• cHE�GJc<V�DHi-GJlzVªE�IJm{mnDMi-DHG-kJI6UPd�f<GJlzV

q

i6U�B�G-DHG-IJDHV � \�i-DM\�f<D

q

i6U�B<G-DMG-I-D B

XHIJXM\<DMV�D�� }ZK

Z

� �eKJ©nUTi-IJX�K�}ZK O	" R jJi-DeE�XN\PU�Bad�DMG6U¢X pyDHV]U¢G-c<B�c<ŠHc IJG-DHi-kJI-c<G-G-c�ŠHc¢Y;U�X �

Y;UoE“U "oY2c�\�c<i-lzrTB�YZd�•uW-U�DM\uY;cPd�DHxyUP\<DNd6f<G-lzr Y2c<GJ\

q

i G-DHY2c�\�c<i-c<rTi-DM€Hc<G6U�G-XMG-c<r`W6U �

XM\�c�\<l9K�¨'i-U�B<G-DMG-IJ[ "6c�j-I-XHlzB<U�•  TI-D`X p<DHV

q

G6U¢i-I-XaK�}ZK O!" R "-I-V�DM• \ B<I;E+2

_z = �; _� = � 
 � + 
 � (x) � gz;
� }ZK

ˆ

�

Š E�D



�8j6Uai6U�V�DM\�i €RUa\

q

pyU�G-IJ[ "�U

g
�8j6Uai6U�V�DM\�i " j-iJDeE�XN\PU�Bad6[J•  IJr�G-c<iJV�I-i-c��

ByU�GJG

q

• i-DM€Hc<G6U�GJXHG

q

•
W6U�XN\<c�\

q

G-c�B<c<ŠHc§mnIZd�fR\<i6UZK ©9DM\�i

q

E�G-c

q

x<DeE�IZ\<f<X%[ " WJ\<c

C00R
Nonlinear
Converterx(t) z(t)

�

j (t)
Nonlinear
Converterx(t)

CL 11

1R
R

������� � �
���

$ �N+�q3dm(�'�+�f���(*/g'�'*/ �M/L.1d8X�.1dJRDdLR*/8r*/g`�'�(*hN+-`��Y'�/ � / �8f*d8h8'*/ � X-T 
1Q-(�� �l6

�

T ��+-'*+�f�d8hN/8f�+

%	'�(*),+-'�.1/gSF%#X�h8d �:/gT:d�0 �


��

T �M+I'*+�f�d8hN/8f�+�.1T:d8QI(�r*+-f�(*/�R�(��*+-X�.�( � .�/8`*+ �Ndg'�(��



�Mk �

q

i6U�B<GJDHG-IJ[ � }ZK

ˆ

� c�j-I-XHlzB<U�• \§E�I-XHXMI-j6Ua\�I-B<G-lzrŽY2cad�DHx<Ua\<Ded�f<G-lzr•Y2c<GJ\

q

i•B§i-D �

¡

I-V�DnB<lzG

q

¡

E�DHG-G-lCpƒY2cad6DHxyU�GJI-r�2

•z + 
 _z + gz = 
 � (x):
� }ZK t	�

ACB<DFE�DHV G-c<B

q

•"c�x<i6Ua\�G

q

•"XHB�[Z€•f•B¢ŠHDMG-DHi6UP\<c<i � i-IJX�K6wJK

Z

�™\PUaY "-WJ\�c<x<l

q

j-i-U�B��

d6[J•  IJr�XMI-ŠHG6Uodbc<x�i6Ua\<GJc<r�XMB�[J€HI_j-i-DeE�XM\PU�Bad-[Zd XMc<x<c<r

_z(t) = � (t)
KZ¨'i6U�B�G-DHG-IZ[

G-c<B�c<ŠHc¢ŠHDMG-DHi-Ua\<c<i-U^x

q

E

q

\ I-V�DM\�f^B<I;E 2

_x = mx + y � xz � dx3;

_y = � x;

_z = �:
� }ZK w �

_� = � 
 � + 
 � (x) � gz:



I-XN\<DHV]U � }ZK w � [JBad6[JDM\<X%[LG-Ded�I-G-DMr-G-c<r E�I-XMXHI-j6UP\<I-B<GJc<rŽE�I-G-U�V�I-W-DMXHY2c<rŽXHI �

XM\�DHV�c<r i6UP€•V�DHiJG-c<XM\�I

N = 4
I§p2U�i-U�YJ\<DMi-IJ€

q

DM\�X%[ W-DN\<lzi-f�V [

q

j-i6U�Bad-[-•  TI-V�I

j6U�i-U�V�DM\�i6U�V�I�2

m
�ƒj-U�i6U�V�DN\<i=B<c�€Hx

q

¡

E�DMG-IJ[ "

d
�ƒj6Uai6U�V�DM\�i=G-DNd�IJG-DHr-GJc<r1E�I-X �

XHIJj6U�k-I-I "



� j6Uai6U�V�DM\�i €RUa\

q

p2U�G-IZ[_I

g
�¢j6Uai6U�V�DM\�i�I-G-DMi-k-I-c<GJG-c<XM\�I_m{I;d�fR\<i6UJK




q

 DMXM\<B�DHG-G-lzV�I8j6U�i-U�V�DM\�i6U�V�I1XMI-XM\�DHV�l � };K w �C[JBad6[-• \<X%[�E�ByU 26j-U�i6U�V�DN\<ibB<ca€ �

x

q

¡

E�DHG-IZ[ ŠMDHG-DMi6Ua\<c�i6U

m
I8j6U�i6UaV�DM\<i I-G-DHiJk-I-c<G-GJc<XM\�I

g
"“p2U�i-U�YJ\<DMi-IJ€

q

•  I-r

i-DN€•c<G6UaG-XHG

q

•sW6U�XM\�c�\

q

mnIZd6fo\�i6UJK

�9i-I €RURE“U�G-I-I

� (x)
B•XHc�c�\<B<DN\<XN\<B<I-IƒX � };K Q �]XHI-XN\<DMV]U�� }ZK w	�™I-V�DMDM\ i-D��TDHG-IZ[�B

B<I;E�D

q

XN\<c<rJW-I-B<lCp E�B

q

pJW-U�XM\�c�\<G-lCp Y;cPd�DHxyUaG-I-r•K �niJI-V�DHi

q

Y;Ua€•U�G-G-c<ŠMc i-D

¡

I-V]U

IZd-d6•uXM\�i-I-i

q

DM\_i-IJX�K�}ZK

Z

K

� ��# ) �
��� �
�
-*


��! �1��� � �
���&�&� �#�
�#$%���"! ��� 
�� �

©nU i-I-XaK�}ZK Q•j-iJDeE�XN\PU�Bad�DMG6U x<IJm

q

i-Y;U�kJI-c<G-G6UP[�E�I6U�ŠHi-U�V�V]U•XHI-XN\<DHV�l � }ZK w � G6U

jZd�c�XHY2c<XM\�I�c�XHG-c<B�G-lCp

q

j-i-U�Bad6[J•  I;p�j6U�i-U�V�DM\�i-c<B

m
I

g
E6d6[ m{IJY;XMI-i-c<B<U�G-G-lCp

€•G-UoWJDHG-I-r


 = 0:2
I

d = 0:001
KC~

q

G-Y-kJIJ[

� (x)
B � }ZK w �T€RUoE�U�ByUPd�UaXHf B§B<I;E�D

I (x)x2 � };K Q �eK

©nU8d�I-GJI-I

m = 0
B XHc<ca\<B<DN\<XM\�B<I-IŽXbV [-ŠMY2c<r•x<I-m

q

i-Y;U�k-I-DMr

†

G;E�i-c�G-c<ByU �

¦'c�j-m{U i-c

¡

E“UaDM\<X%[

q

XM\�c<r-W-I-B�lzr§j-iJDeE�Ded�f<G-lzr8k-I-YZd

T0
" Y2c�\�c<i-lzr=j-i-I jJDHi-DMXHD �

W-DMG-I-I x<IJm

q

i-Y;U�kJI-c<G-G-c�r§d�I-G-IJI

l1
jJi-DM\�DHi-j-DMByU�DN\=x<I-m

q

i-Y;U�k-I-•

q

E�B<c<DMG-IJ[§j-D �

i-I-cHE“U ";G-U9d�IJG-I-I

l2
x<I-m

q

i-Y;U�k-IJ•

q

E�B<c<DMG-IJ[ j-DMi-I-cHE“UTj-iJDM\<DMi-j-DMByU�DM\ k-I-YZd "2B<ca€ �

G-I-Y � I-r¢G6U d6I-G-I-I

l1
� i-I-XaKy}ZK Q �NKažCI-m

q

i-Y;U�k-IJc<G-G6Ua[ d6I-G-IJ[

l t
c�\<B�DHW6U�DN\

q

Xed�c<B<I-•

B<lCp<c•E�UbG6U�DFE�I-G-I-WJG

q

•|c<Y-i

q

¡

G-c<XN\<f j6U�iJlªY;c�V�jZd�DHY2XMG-c�� XMc<j-iy[

¡

DHG-G-lCp V

q

d�f��

\<IJjZd�I-Y;Ua\�c<i-c<B•k-I-Y;d�U

T0
I V [-ŠHY2c<V

q

i-c

¡

E�DHG-IJ•vE�B

q

V�DMi-G-c<ŠMc•\�c<i6U �

� 1;2 =
exp(� j � )

"˜x�I-m

q

iJYZUak-IJ[§©9DHr-V]U�iJYZU	�NK>��XM\�DHXN\<B<DMG-G-c�"•E�B<I-ŠeUP[-XHf_BPE�cad�f d�I-G-IJI

l t
"



�Mk �

0 30 60 90 120 150
t

-3

-2

-1

0

1

2

3

4

X

-2 -1 0 1 2 3
X

-2

-1

0

1

2

3

4

Y

� R

0 0,05 0,1 0,15 0,2 0,25
f

-75

-60

-45

-30

-15

0

S
(f

),
 d

B

01

11

f

f

f   +f01 11f   +f01 11

�

������� � ��� � �

+-ac(*q .1T:d8QI(�r*+-f�(*/�R�(��*+-X�.�( �WR�T

i

� �Dd8X-hN/YhY'���� .�/8`�+��NdJ'�(�� � �l6

�

TNf�+�q +-'�'*d 
 f�+MdJ`�(�QMd���(	
50

�


��

r*f�/Y+�.���(�
���dgQ�/8TY/ �M/�r�/Yf�hYf�+�h8d10��<@

�

X-r*+�.�hNf>q /Y)>'*/8X�hY(&"

�

'Dd ��+-'�(�
#rDdgf*dgq3+-hNf�/gT � m = 0:060 g = 0:5 0


 = 0:2 0 d = 0:001

q

ŠHcad

�
x

q

E�DM\ j-iJc<x<DHŠeUP\<f=V�G-c

¡

DHXN\<B<c i-U�k-I-c<G-UPd�f<G-lCp €•G6URW-DMG-I-r " c�\<B<DMW6U�•  IZp

i-DN€•c<G6UaG-X•U�VŽG6U \�c<i-DaK•A‚Y;URW-DHXN\<B<D•j-iJI-V�DHi6U G-U^i-I-XaK˜}ZK Q^G6U�GJDHXHDMG6U�c<xad�UaXM\<f^i-D �

€•c�G6U�G-XHU

� = 1 : 4
"•c<ŠMi6U�G-IJW-DHG-G-Ua[ d�I-G-IJ[JV�I XMDeE6d�c �

q

€Md�c�B<lCp8x<I-m

q

i-Y;U�k-I-r8i-D �

€•c�G6U�G-XMG-c<ŠHc1k-I-YZd�UƒG6Uƒ\�c<i-D

l r
"*c<jJI-i6U�•  •Ua[JX%[ G6U_\<c<W-Y

q A
Y2c<i6Ua€HV�DHi-GJc<XM\�I

Z

K

ACl �TD d�I-G-IJI•i-c

¡

E�DMG-IJ[`\<c<i6U

l t
j-c<Y;Ua€•U�G6U d�IJG-IJ[

lu
"aj-iJI j-DHiJDHXHDMW-DHGJI-I Y2c�\�c<i-c<r

XHGJIJ€

q

B�B<DHi<pTG6U�xad�• E�U�DM\�X%[ jJDHi-DepycHE�YTpyU�c<X

q

W-DMi-DM€ i6UP€•i

q

� DMG-I-D Y-ByUP€•I-j-DMi-I-cHE�I �

W-DMXHY-IZpbY2cad�DHx<U�G-I-r•K•©{U•d�I-G-IJI

lc
I-V�DHDN\_V�DHXM\�c�Y-i-IJ€HI-X � i-Ua€•i

q

�TDHG-I-D �'B<c�€•GJI-Y �

� DMŠHc'G-Uzd�IJG-I-I

lu
p2Uac�\<I-WJDHXHY2c<ŠMcnUa\�\�i6U�YJ\�c<i6UJKoœ{I-G-IJ[

ldc
c�\<B<DMW6U�DN\'x<I-m

q

i-Y;U�k-IJI

XNd6IJ[-G-IZ[1I_j-c<Xed�DeE

q

•  DMŠHc I-XMW-DM€HG-c<B<DMG-IJ[1j6U�i-lLXHDeE-d�c<B<lCpƒk-IJYZd�c<B-K



�Mk �

0 0,15 0,3 0,45 0,6 0,75
g

0

0,05

0,1

0,15

0,2

0,25

m

l

l
l

ll

l

1

2
t

c
r

dc

A
ul

������� � ��� � �

(	�

i

f�.1d���(*/g'�'Dd�
WR�(Dd ��f*d8q q3d f�+�ao(*q /8T �M+I'*+�f�d8hN/8f*d+� 
 = 0:2 0 d = 0:001
�

" l1;2
y�`�(�'�(�(

�8(	�

i

f�.1d���(��

i

R*TY/Y+-'�(	
 r�+�f�(�/�R5d���(*.�`�/8T�0 l t
ym`�(�'�(�
 f�/ga,RD+-'�(	
phY/Yf*d�0 lu

ym`�(�'�(	
mf*dgQ�f

i

�,+-'�(�


hN/8f*d10 lc
yx`�(�'�(	
 f�d8Q�f

i

�,+-'�(	
 ��dg/YhY(��*+�X�.�/ �M/ dghNhNf*dg.�hN/8f*d�0 l r
yx`�(�'�(�(&05/ �Mf�dg'�(���(�T:d��#)>(*+A/ �8`DdgX�h �

f�+-Q�/8'*dg'*X�dc'DdBhY/Yf�+ 1 : 4 0 ldc
y `�(�'�(�(x.�f*d8h8'���� ��(�.�`�/8T�0 A y hN/��*.1dc.�/Yf�d8Q�q +�f1'*/8X�hY(

�

0�/8hYTN+��Dd��#)od 


i

X-`�/8T8( �  = 1 : 4

� ��# ) �
��� �
�  )��	��- ��
��� � � )��&����
�- ��- $%- �
�

Œ

U�mnI-Y2XHIJi

q

DMVL€•G-UoWJDHG-IJ[8j6Uai6U�V�DM\�i-c<B

g = 0:5
"

d = 0:001
I


 = 0:2
I=i6U�X �

XHV�ca\<i-I-V �MB<cad�• k-I-•|i-D

¡

IJV]U�\<c<i-U1B1c<xPd�U�XM\�I €•G6URW-DMG-I-r j6Uai6U�V�DM\�i6U

m
V�D

¡

�

E

q q

YZUP€RU�G-GJlzV�I�d�I-G-IJ[JV�I

l t
I

lu
KC©nU8i-I-X�KC}ZK

ˆ

" =&� +•j-i-DFE�XM\PU�BPd�DHG-l j-i-c�DHY-k-IJI

Ua\a\<i6U�YZ\<c<i-c�B1G6U�jZd�c�XHY2c<XM\�f�jJi-I§jJi-c•pyc

¡

E�DHG-I-I=\<c�W-DHY8x<I-m

q

i-Y;U�k-I-r

q

E�B<c<DMG-IJ[

E�B

q

V�DMi-G-c<ŠMc1\<c<i-UJK

�

x

q

E�B<c<DMG-I-I WJDM\<Y2c XMB<I;E�DN\<DNd6f<XM\�B

q

DN\§XN\<i

q

YJ\

q

i6U XHDHWJDHG-IJ[

�

q

U�GJYZUai-D!" Uƒ\PU�Y

¡

D U�G6Uod�IJ€ B�i-DHV�DMG-G-lCp iJD•UPd�IZ€RU�k-IJr I IZp§XHjJDHYJ\�i-c<B V�c! TG-c��

XM\�I•K�žCI-m

q

i-Y;U�k-IJI

q

E�B�c<DHG-IZ[_j-DHi-IJc•E�U•\�c<i6UT€eE�DHXMf XMc<c�\�B<DM\�XM\<B

q

DM\ x<I-m

q

i-Y;U�k-IJ[

q

E�B<c<DMG-IJ[_j-DMi-I-cHE“U•V�cHE

q

d6[-kJI-I � IZd�I�x<IJm

q

i-Y;U�kJIJ[

q

E�B<c<DHGJIJ[�j-DMi-I-cHE“U¢k-I-YZd�U•B

c�\�c<x<i6U

¡

DHG-I-I �

q

U�GJYZUai-D��eK




\<c�W-Y-I €•iJDHG-IJ[�\�DHc<iJI-I�x<I-m

q

i-Y;U�k-I-r�B<U

¡

GJlzV [-Bad6[JDM\�X%[�c�\<B�DM\•G6U`B<c<j-i-c�X!"

q

E�ByU�IJByU�DM\�X%[ d�I �Hi-ŠMcHE�I-W-DMXHY-I-r8\<c<i=IZd6I8B�xad�IJ€HI=\�c<W-Y-I=x<IJm

q

i-Y;U�kJI-I§XMG6URW6UPd�U

I-V�DMDM\ƒV�DHXN\<cƒi-DM€Hc<G6U�G-X•G-U�\�c<i-D "

q

E�B<c<DMG-I-D•i-DN€•c<G6UaG-XHG-c�ŠHcƒk-I-YZd�U "•IJ€¢Y2c�\<c�i-c<ŠHc

€RUP\<DHV c<x<i6Ua€

q

DN\<X%[

q

E�B<c<DHGJG-lzr \�c<i��zS{d6[¢ca\<B<DN\PU`G6U �M\�c�\`B<c<j-i-c�Xzj-i-c<IJ€HB<cHE�IZd�X%[

i6U�XMW-DM\�j-cad�GJc<ŠHc(XHj-DMYJ\<i6U(j-c<Y;Ua€RUP\<DNd6DHr‚œn[-j

q

G-c�ByU jJi-I j-iJcRp<c

¡

E�DMG-I-I \�c<W-DMY

x<I-m

q

i-Y;U�k-IJr

q

E�B<c<DMG-IJ[_\<c�i6UJK

hnU�Y B<I;E�G-c=IJ€�i-I-XaK }ZK t�" B8\�c<W-Y;UPp x<IJm

q

i-Y;U�kJI-r � \<c<W-YJI���" ��"�� � B8G-cad�f

c<x<i-U  •U�• \<X%[�XHi6UP€

q

\�i-I�XN\PU�i �TIZp�j-c<Y;Ua€RUP\<DNd-[�œn[-j

q

GJc<ByU �

� 1 = � 2 = � 3 = 0
�NK

žCI-m

q

i-Y;U�k-IJc<G-G-lzr j-DHi-DepycHE p2U�i6UaYJ\<DMi-IJ€

q

DM\�X%[_XNd�DFE

q

•  DMV IJ€HV�DHG-DMG-I-DHV§XHI-ŠMG6U �

\

q

i-l"XMj-DHYZ\<i6U¢œ{[Jj

q

G-c<B<XMY-IZp�pyU�i6U�YJ\�DHi-IJXM\<IJW-DHXMY-IZp jJc<Y;Ua€RUa\�DNd�DMr�2



�Mk �

������� � ��� � �

f�/8+�.���(�(Bd8hNhYf*d8.�hN/Yf�/8T>XI(*X�hN+-q � �

�

"

���

(BX�/Y/8hYTN+-hNX�hYT

i

�#)>( �cX�+ �*+I'�(��

�

i

dg'�.1d8f�+ 'Dd#r�`*/YXIS

.�/YX�h ��0td hYdg.�a,+A( � X-r�+�.�hNf�� q /Y)>'*/8X�hY(t0&r*f1( (*Q-q3+I'*+-'�(�( r*d8f�d8q +�hNf�d m R�`	
 Q-'Dd �*+I'�(�� d = 0:0010


 = 0:2 0 g = 0:5



�Mk �

0.064 0.066 0.068 0.07
m

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

L
L

L

L

1,2

3

4

i

B C D

������� � ��� �

VPf*d �#(*.LQMdJTY(*XI(*q /YX�h8( XIr*+�.�hNf*d r*/8.1d8QMdghN+-`*+	��� 
1r

i

'�/8TNd /8h r*d8f�d8q +�hNf�d m � d = 0:0010


 = 0:2 0 g = 0:5
�

T / �8`*d8X�h8(LQ-'Dd �*+I'�(�� r*d8f�d8q +�hNf�/8T q +�aoR

i

`�(�'�(	
1qs( l t
( lu

" ���	0��#0�� y hY/ �*.1(

�8(	�

i

f�.1d���(��

i

R�TN/Y+I'�(	
�hN/8f*d

�

0; 0; � ; � =) 0; 0; 0; � =) 0; 0; � ; �
torus2 torus3 torus2

‰ UaXHW-DN\<l j-iJc<B<cHE�IZd�IJXHfnXzc<W-DMG-fnV]UPd�lzV �•U�ŠMc<V§jJc{j-U�i6U�V�DN\<i

q m
�

�m = 3�
10� 6 � IbXHB�I;E�DM\�DNd�f�XM\<B

q

• \bc^\�c<V " WZ\<c_j-i-I j-iJcRp<c
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XM\PU�GJc<Bad�DMG-I-D i-D

¡

IJV]U¢Y2cad6DHxyU�GJI-r�Xnj-c�XM\<cR[JG-G-lzV Iƒi6U�k-IJc<G6UPd�f�G-lzV(€HG6U �

W-DMG-I-DHV•W-IJXNd�U^B�i6U  DMG-IJ[ �

q

U�G-Y;U�i-D

� = m : n
"�Y2c�\�c<i-c<D`XHc•pZi6U�GJ[JDM\<X%[=B G-DHY2c��

\<c�i-c<rƒY;c�G-DHW-GJc<r�c�xad�U�XN\<I_€•G6URW-DMG-I-r1j-U�i6U�V�DN\<i-c<B¢XMI-XM\�DHV�l "�G6Ua€•lzB<U�DHV�c<r_c<xPd�U �

XM\�f<• XMI-GZpZi-c<G-IZ€RU�k-IJI•K

�

xad�UaXM\<f^XHI-GZpZi-c�G-IJ€RUak-I-I1p2Uai6U�YJ\�DHi-IJ€

q

DN\<X%[ �HmnmnDHYJ\�c<V



� ���

€RUopJB<Ua\PU W6U�XN\<c�\�l�I1m`UP€•l"Y2cad�DMxyU�G-I-r K

Œ

UPpZByUP\ W6U�XN\<c�\�l�c�€•G6URW6UaDM\�i6Uak-I-c<G6Uod�f��

G-c<D_c�\�G-c!�TDHG-I-D E�B

q

p IJX pycHE�G-c§G-DM€•U�B<I-XMI-V�lCp W6U�XN\<c�\

! 1 : ! 2 = m : n
B<XM• �

E

q

B c<xad�UaXM\<I�XHI-G;pJiJc<G-IJ€•U�k-I-I•K

Œ

UPpZByUa\

q

m`UP€`ca\<B<DMW6U�DM\^j-c<XN\<cR[-G-XN\<B<c^i6Ua€•GJc<XM\�I

m{Ua€ Y;cPd�DHxyUaG-I-r B�€•U�I-V�cHE�DMr-XM\�B

q

•  I;p�ŠHDMG-DHi-Ua\<c<iJc<B BTc�xad�U�XN\<I^XMI-GZpZi-c<GJIJ€RU�kJI-I

� _� = 0; � st = const
�NK




mnIJ€HI-W-DMXHY2c<r�\�c<W-Y-I_€•iJDHG-IJ[ �Mm{mnDMYJ\^XMI-GZpZi-c<GJIJ€RU�kJI-IbXHc�XM\<c�IJ\^B•\�c<V "6WJ\<c

E�ByU�pyU�i6U�YZ\<DHiJG-lCp XHc�x<XM\�B<DHG-GJlCp B<i-DMV�DHG-G-lCp V]U�X��`\PU�xyU B�€•U�I-V�cHE�DHrJXM\<B

q

•  IZp

Y2cad�DMxyUa\<Ded�f<G-lCp�XHI-XN\<DHV "JY;ca\<c<i-lzD9BTc�\<X

q

\�XM\�B<I-D{XHB�[Z€•I [-BPd6[Zd�IJXHf G-DN€RU�B�I-XHI-V�l �

V�I ";j-i-I B�€RU�IJV�c•E�DHr-XN\<B<I-I_c<Y;Ua€HlzByU�• \<X%[ kJDNd�c<WJI-XNd�DMG-G-c•Y-i-Ua\<G-lzV�I�I;d�I i6U�kJI-c��

G6UPd6f<G-c9XHBa[J€RUaG-G-lzV�I•K �9i-I �N\<c<V8ByU

¡

G-c�"PWJ\<c �N\PUnYJi6Ua\<GJc<XM\�f`c<Y;Ua€HlzByU�DN\<X%[ mnI-Y �

XHIJi-c<ByU�GJG-c<rƒB GJDHY2c�\<c�i-c<r1Y2c<GJDHW-G-c�r1c<xad�U�XM\�Iƒ€HG6URW-DHG-IJr1j6U�i-U�V�DM\�i-c<B XHI-XN\<DHV�l "

G6Ua€HlzByU�DMV�c<r�c�xad�U�XN\<f<•�XHIJGZpZi-c<G-IJ€•U�k-I-I K

�
�

�' ��-*
�� ��� ���� ����
����
��$%- ���'� �*
"�	��� � -*.� 

� ������� ) $ ��$ �*��� � ) �&� 
�� #$# ���
$+���*

�* ,�#��
�' �
-�
�� �/� ���� 

ACl �TD V�l‹i6UaXHXHV�ca\<i-Ded�IŽ€•UoE“URW

q

XMI-GZpZi-c<GJIJ€RU�kJI-ILŠMDHG-DMi6Ua\�c<i6U ŠeU�i-V�c<G-IJW-D �

XHY2c<r=B<GJD�� GJDHr=XHIZd6c<r B E�I-G-U�V�I-W-DMXHY2c<VŽc<j-I-XHU�G-I-I "“G-D

q

W-IJ\�lzByU�•  I-VLB<c�€NE�DHr �

XM\�B<I-D XNd

q

W6Uar-G-lCp8B<c�€HV

q

 DHGJI-r•K*A"i-D•Uod�f<G-lCp8XMI-XM\�DHV]UPp8B<XMDHŠ E“U_j-i-IJX

q

\<XN\<B

q

DM\

�

q

V B•B<I;E�DuDHXM\�DHXN\<B<DMG-G-lCp�m'd

q

YJ\

q

U�k-I-r "�c<x

q

XNd6c<Bad�DMG-G-lCp_G6Uod�I-W-I-DMV E�I-XHXMI-j6U �

k-I-I "˜U^\PU�Y

¡

D•B�B�I;E�D Xed

q

W6U�r-G-lCp B<c�€NE�DHr-XN\<B<I-r8B<G-D � G-DMr§XMi-DeE�l9K˜©9DHc<x•pycHE�IJV�c

B<l [JXHG-IJ\�f�"�YZUaY-I-D^jJi-I-G-k-IJj-I6UPd�f�G-lzD c�\•d�IJW-IJ[ B E�I-G-U�V�I-Y2D^ŠMDHG-DMi6Ua\<c�i6U1V�c<Š

q

\

x<l \�f8B�l €•ByU�GJl Xed

q

W6U�r-G-lzV�I(B<c�€HV

q

 TDHG-IZ[-V�I "�B W6UaXM\<GJc<XM\�I "�Y;U�Y2c<B<c=Bad�IJ[JG-I-D

�

q

V�c<B G6U �HmnmnDHYJ\ XHIJGZpZi-c<G-IJ€•U�k-I-I K

Œ

UoE“URW6U¢c XHI-GZpZi-c�G-IJ€RUak-I-IbŠMDHG-DMi6Ua\<c�i6U \<IJj6U A U�G E�DMi �9cad6[ƒB j-i-I-X

q

\�XM\�B<I-I

�

q

V�c<B�B�j-DHi-B�lzD x<lCd�U^jJc<XM\PU�BPd�DHG6U�IbiJD�� DMG6U B i6Uax<c�\PUPpb‰�K�œ K




\�i6Ua\<c�G-c<B<I-W-U

� Oo}�� K5�nVƒi6U�XMXHV]Ua\�i-I-ByUod�U�XHf €RUoE�UoW-U c B<c�€eE�DHr-XN\<B<IJI �

q

V�c<B G6U ŠHDMG-DHi6UP\<c<i B j-iJDeE �

j-cad6c

¡

DHG-I-I "˜WJ\<cƒI-GJ\�DHG-XMI-B<G-c<XN\<f��

q

V]UƒV�G-c�ŠHc_V�DHG-f � D¢Y-ByUoE�i6Ua\PUƒU�V�jZd�IJ\

q

E�l

ŠeU�i-V�c�G-I-W-DMXHY2c<ŠHc9B�c�€NE�DMr-XM\�B<IJ[ K<h9i-c<V�D]\<c<ŠMc�"Pj-i-DeE�j-cad�U�ŠeUod�c<XHf "aWJ\�c'XM\PUP\<I-XN\<I-W-D �

XHYJI-D p2Uai6U�YJ\�DHi-I-XN\<I-YJI m'd

q

YJ\

q

U�k-IJr xPd�IJ€•YJI Y{pyU�i6U�YJ\�DHi-IJXM\<IJYZUaV x<Ded�c<ŠHc �

q

V]UJK

A•W6U�XM\�G-c<XN\<I "“I-XM\�c<W-G-I-YJI��

q

V]U XMW-IJ\PUPd6I-XHf E�c<XM\PUa\�c<W-G-c � I-iJc<Y2c<j-cad�c�XHG-lzV�IbI

B<i-DMV [bY2c<i-iJDNd6[Jk-I-I��

q

V]U V�G-c<ŠHc V�DHG-f � D B<iJDHV�DHGJI

q

XN\PU�G-c<Bad6DHG-IJ[=XN\PU�k-I-c�G6U�i �

G-lCp_€HG6URW-DHG-IJrbU�V�jZd6IJ\

q

E�l‚Iƒm{Ua€•lLY2cad�DHx<U�G-I-r•K




I-GZpZi-c�G-IJ€RUak-IJ[8ŠHDMG-DHi6UP\<c<i6UƒA U�G1E�DMi �ncPd6[ X

q

W-DM\�c<V �

q

V]U_c�j-I-XHlzB<U�DM\�X%[

XM\�c•p2U�XN\<I-W-DMXHY-IJV

q

i6U�B�G-DHG-IJDHV

•x � " (1 � x2) _x + ! 2
0x = a cos(! 1t + � 0) +

p
2D � (t);

�

]

K O

[

�

B9Y2c�\<c�i-c<V8B'XHi6UaB<G-DHGJI-I¢X �

]

K t	�•E�c<xyU�Bad6DHG6U'Xed

q

W6U�r-G6UP[¢XHIZd�U �`IJXM\<c�W-G-I-Y¢x<Ded�c<ŠHc

�

q

V]U

� (t)
I-GJ\�DHG-XMI-B<G-c<XN\<I

D
K>�'€ �

]

K O

[

�u‰�K œ K




\�i6Ua\�c<G-c<B<IJW-DHV‚x�lCd�I§jJcad

q

W-D �



� � �

G-lLXM\<c•pyU�XM\�I-W-DHXMY-I-D{E�I-mnm{DMi-DHGJk-I6UPd�f�G-lzD

q

i6U�B�G-DHG-IZ[ �




S`¨ �™E6d6[_V�ŠMG-c<B<DMG-G-c<r

U�V�jZd6IJ\

q

E�l"I_m{Ua€•lLY2cad�DHx<U�G-I-r

_A =
" A
2

�
1 �

A2

4

�
� � sin� +

p
2D� 1(t);

_� = � �
�
A

cos� +

p
2D
A

� 2(t);
�

]

K O<O �

Š E�D

� 1;2(t)
�_G-DMY2c<i-i-Ded�I-i-c<B<U�G-G-lzD¢I-XN\<c<W-GJI-Y-I �

q

V]U "

D
�ƒI-GZ\<DHGJXHI-B<GJc<XM\�f �

q

�

V]UJK�©nU�I-x<cad6f!� I-r I-GJ\<DMi-DHX^j-i-DeE�XM\PU�Bad-[-DM\8B�\�c<i-c<D

q

i6U�B<G-DMG-I-D XMI-XM\�DHV�l �

]

K O<O �eK

��XNd�I �HmnmnDHYJ\ƒXMI-GZpZi-c<G-IZ€RU�k-IJI I-XHXed�DeE

q

DM\�X%[ \<cPd�f<Y2c�X•\�c<W-Y-I=€•i-DMG-IJ[§i-D

¡

I-V]U

€RUopJB<Ua\PU m{Ua€•l � I W6U�XM\�c�\<l � "Cx<DN€

q

W-DN\PU=E�I-G-U�V�I-Y-I¤UaV�jZd�IJ\

q

E�l " B �M\�c<VªXNd

q

�

W6U�D§j-i-I-GZ[J\<c�ŠHc<B<c�i-IJ\<f�c�i-D

¡

I-V�D§m{Ua€•c<B�c<r XMI-GZpZi-c<G-IZ€RU�k-IJI•K9A \�c<i-c<D

q

i-U�B��

G-DMG-I-D �

]

K O<O���p2Uai6U�YJ\�DHi-IJ€

q

DN\"j-DHiJDeE�DMV�j-mnI-i-c<ByUaG-G-c<D x<iJc

q

G-c<B<XMY;c�D§E�B<I

¡

DMG-I-D

i6Ua€HG-c<XN\<I�m{Ua€

�
B�c•E�G-c<V�DHiJG-c<VgG6U�YZd6c<G-DHGJG-c<V j-DHi-IJc•E�I-W-DHXMY2c<V j-ca\<DHGJk-I6UPd�D

U(� ) = � � � � � �
A sin�

K�ACDNd6I-W-I-G6U�i6U�XHXN\<i-c�r-Y-I

�
c<j-i-DFE�DNd-[-DM\=G-U�YZd�c<G j-c��

\<DMG-k-I6Uod�U "zU8c�\<G-c � DHGJI-D

�= A
�•B�lzXHc�\

q

j-ca\<DHGJk-I6UPd�f�G-lCp•xyU�iJf<DHi-c�B-K A XNd

q

W6UaD

� < �= A
V�IJG-I-V

q

V�l�j-c�\<DMG-k-I6Uod�U

� k = arccos(� � A=� ) + 2� k
XHc<ca\<B<DN\<XM\�B

q

�

• \ƒXMI-GZpZi-c<G-IZ€RU�k-IJI "˜\oK Y•K V�ŠHG-c<B�DHG-G6UP[=i6Ua€•GJc<XM\�f�m{Ua€¢c<XN\PU�DM\�X%[ jJc<XM\�co[JG-G-c<r8B<c

B<i-DMV�DHG-I K ©nUPd�IJW-I-D �

q

V]U^j-i-I-B�c•E�IJ\ Y�E�I-mnm

q

€HI-Ibi6UP€•G-c<XN\<I m{Ua€`B^j-ca\<DHGJk-I6U �

d�D

U(� )
2

� (t)
m'd

q

YJ\

q

I-i

q

DM\�B<xad6IJ€•I�V�I-G-I-V

q

V�c<B jJc�\<DMG-k-I6UPd�U

� k
I�x<cad�DMDTIZd�I

V�DHGJDHD¢W6U�XN\<c_XHc<B�DHi � U�DM\�j-DHiJDNpycHE�l IJ€¢cHE�G-c<r=j-c�\�DHG-kJI6UPd�f<GJc<r8[JV�l�B E�i

q

Š

q

• "

V�DHGZ[J[-XMf G-U

2�
K




m{IZ€•I-W-DMXHY2c<r=\<c<WJY-I8€Hi-DHGJIJ[ �HmnmnDHYJ\�I-B<G6UP[§XMI-GZpZi-c<GJIJ€RU�kJIJ[ "•\oK D�K˜XMI-GZpZi-c��

G-IJ€•U�k-IJ[^€RU �

q

V d6DHG-G-c�ŠHc U�B�\�c<ŠHDMG-DHi6UP\<c<i6U "-j-i-cR[-BPd6[-DN\<X%[_B`\�c<V "JWZ\<c•i-D

¡

I-V €•U �

pZByUa\PU•W6U�XN\<c�\�l � IZd�I�m{Ua€•l �™G6U�xad�• E�U�DM\�X%[_G-D'G6U x<DMXHY2c<G-DMW-G-lCp_B�i-DHV�DMG6UPp "6UTG6U

c<ŠMi6U�G-I-WJDHG-G-lCp8ca\<i-DN€•Y;UPp8B<i-DMV�DHG-I

t > T0
"•Š E�D

T0
��j-DHi-IJc•E B<GJD�� GJDHŠHcƒj-DMi-I-c��

E�I-WJDHXHY2c<ŠMc¢XHI-ŠMG6UPd�UJKJACc�€eE�DHr-XN\<B<IJD �

q

V]U j-i-I-B<cHE�IZ\•Y�XNd

q

W6Uar-G-c<V

q

B<cTB<iJDHV�DHGJI

XHx�c<•|i-D

¡

I-V]UƒXHI-G;pJiJc<G-IJ€•U�k-I-I•K]h9i-c�V�D \<c�ŠHc�"�x<I-m

q

i-Y;U�k-IJ[ i-Ua€•i

q

�TDHG-IJ[ XMI-G �

pZi-c<G-IZ€RU�k-IJI "zY2c�\<c<i-Ua[ pyc<iJc!� c B<I;E�G6U G6U ŠHi-U�mnI-Y2D i-I-X�K

]

K Q B B�I;E�Dbi-DN€•Y2c<ŠMc

IJ€Nd�c<V]U^Y-iJI-B<c<r§OTG6U^ŠMi6U�G-IJk6UPp�c<xad�UaXM\<I1XHI-GZpZi-c�G-IJ€RUak-I-I "“B^j-i-IJX

q

\<XN\<B<I-I �

q

�

V]U'Y;U�Y¢x<l �„i6UP€•V]Ua€HlzByU�DM\�X%[ �%Kyh9i-I-B<lzD

Z

I QuG-U'i-I-X�K

]

K Q E�DHV�c<G-XN\<i-IJi

q

• \`G-DHY-IJr

jZd�UaB<G-lzr j-DMi-DNp<c•E(ca\bi-D

¡

I-V]U �HmnmnDHYJ\�I-B<G-c<r XHI-GZpZi-c�G-IJ€RUak-I-I Y DHD i6Ua€Hi

q

� D �

G-I-•�X

q

B<DNd6I-W-DHGJI-DHV¤j6Uai6U�V�DM\�i6U¢i6U�XHXN\<i-c�r-Y-I•K

�
�

�' ��-*
�� ��� ���� �#��� � ����
�- �#- ���
$%�&�

�9i-DeE�XM\PU�Bad6DHG-G-lzD¤B�l � D YZd�U�XMXHI-W-DMXHY-IJD¤i-DM€

q

d6fo\PUP\<l j-cad

q

W-DMG-l G6U•X•U�V�c<r

j-i-c�XM\<c�r§V�cHE�Ded�I UaB�\<c<Y2cad6DHxyUa\�DNd�f�G-c<r8XHI-XN\<DHV�l X•j-c<WJ\�I§ŠeU�iJV�c<G-I-W-DMXHY-IJV�I Y2c��



� � �

d�DMxyU�G-IJ[JV�I "�Y;ca\<c<i-c�r [-Bad-[-DM\�X%[ ŠHDMG-DHi-Ua\<c<i ACU�G=E�DMi �9cad6[ K

�

j-l \1I-XHXed�DeE�c<ByU �

G-I-r�jJc<XNd�DFE�G-IZpƒt

[

d�DN\

q

x<DeE�IZ\<DNd6f<G-c j-c<Y;Ua€RUod "JWJ\�c \<DMc<i-IJ[_XMI-GZpZi-c<G-IZ€RU�k-IJIƒŠMD �

G-DMi6Ua\<c�i6U A U�G E�DHi �9cad6[ c�\<i-U

¡

U�DN\ B<XMD�j-iJI-G-k-I-jJI6UPd�f<GJlzD1XM\�c<i-c<GJl �HmnmnDHY �

\PU^XMI-GZpZi-c<G-IZ€RU�k-IJIbŠHDMG-DHi6UP\<c<i-c�B j-DHiJI-cHE�I-W-DMXHY-IZp1Y2cad�DMxyU�G-I-r K žCcPd�DHDn\<c<ŠMc�"�B<l �

[-XMG-IZd�c�XHf�"�WJ\<c1c<XHG-c�B<G-lzD!"

q

XN\PU�G-c<BPd�DHG-GJlzDƒB�YZd�U�XMXHI-WJDHXHY2c<r \�DHc<iJI-I �HmnmnDHYJ\�l

Y;URW-DHXN\<B<DMG-G-c XHc•pZi6U�GJ[J• \�X%[•I E6d6[�ŠHDMG-DHi6UP\<c<i-c�B p2U�c�\�I-W-DMXHY-IZp I E“U

¡

D�XN\<c•p2U �

XM\�I-W-DMXHY-IZp Y2cad6DHxyU�GJI-r "�\�c DHXN\<f=B<c<XMj-i-c<IJ€HB<cHE�[J\�X%[ B ŠHc<i-Ua€NE�c x�cad�DHD XNd�c

¡

G-lCp

XHIJXM\<DMV]UPp �

ˆ

� K




k-DNd�f�•ŽI;d-d�•uXN\<i6Uak-I-I^m

q

G;E“UaV�DHGJ\PUPd6f<G-lCp XHB<c�r-XM\�B �Mm{mnDMYJ\PU{XMI-GZpZi-c<GJIJ€RU �

k-I-I•i-U�XHXMV�c�\<i-IJV �MY;XMj-DHiJI-V�DHGJ\PUod�f<G-lzD i-DM€

q

d�fR\PUa\<l jJc'XHI-G;pJiJc<G-IJ€•U�k-I-I¢XHDMi�E�DHW �

G-c<ŠMc¢i-IJ\<V]U•W-Ded�c<B<DMY;U¢B�G-D��TG-I-V XNd�U�x�lzV(j-DMi-I-cHE�I-WJDHXHYJI-V XHIJŠHG6UPd6c<VzK6A

¡

IJ€•G-I
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G2E“U�V�DHGZ\PUPd�f<G-c�ŠHc��Mm{mnDMYJ\PU XMI-GZpZi-c<G-IZ€RU�k-IJIbV�l i6UaX �

XHV�ca\<i-Ded�I(iJD•U�Y-kJI-•|G6UbB<GJD�� GJI-r j-DHi-IJc•E�I-W-DHXMY-I-r XHI-ŠMG6UPd G6UaI-x<cad�DMD XNd6c

¡

G-c<r

IJ€™B<XMDNp{IJ€HB<DHXN\<G-lCpTU�B�\�c<Y2cad�DMxyUa\<Ded�f<G-lCp`XMI-XM\�DHV �uXHDMi�E�DHW-GJc�� XMc<X

q

E�I-XN\<c<r K	�9cad

q

�

W-DMG-G-lzD i-DN€

q

d�fR\PUa\�l

q

x<DeE�IJ\<Ded�f<G-c�j-cHE�\�B<DHi�E�I;d�I "•WJ\�c��HmnmnDHYZ\ €RUPpZByUP\PU^W6U�XN\<c��

\<l

q

B<DMi-DHGJG-cbi-DMŠHI-XN\<i-I-i

q

DM\�X%[ I=E6d6[8Y;U�i�E�I-c�i-IJ\<V]U�W-DNd�c�B<DHY;U "•E�DHV�c�G-XM\�i-I-i

q

[

i-D

¡

I-V(B<G-D � G-DMr��HmnmnDHYZ\<I-B<GJc<r1XMI-GZpZi-c<G-IZ€RU�k-IJI•K
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¦9Uac�\<I-WJDHXHYJI-D1UaB�\<c<Y2cad6DHxyU�GJIJ[ c�\•d�I-W-U�• \�X%[ c�\=j-DMi-I-cHE�I-WJDHXHYJIZp(I YJByUa€•IJj-D �

i-I-cHE�IJW-DHXMY-IZp•j-iJD

¡

E�DbB<XMDHŠHc \�DHV " WJ\<c I-V�DM• \ XMjZd�c!�TG-c<r¤XHjJDHYJ\�iLV�c! TG-c<XN\<I "

G6U�jJc<V�I-G6U�•  I-r�j-c§mnc<iJV�D�XMj-DHYJ\�i k-B<DN\<G-c�ŠHc �

q

V]UZK A XNd

q

W6UaD_pyU�c<X•U8V�l|G-D

V�c

¡

DHV B<B�DHXM\�I�B i6U�XMXHV�c�\�i-DHGJI-Dnj-DHi-IJc•E�Y2cad6DHxyU�GJI-r "-W6UaXM\<ca\

q

Y2cad6DHxyU�GJI-r�I "JXMc��

c�\�B<DM\�XM\<B�DHG-G-c "Cm{Ua€

q

B8Y;d�U�XHXMI-W-DMXHY2c<Vªj-c<GJI-V]U�G-I-I K]ACc�€•GJI-Y;U�DM\§j-i6U�B�c<V�DHi-GJlzr

B<c<jJi-c<X�2�WJ\<c jJi-DeE�XN\PU�Bad6[JDM\8XHc�x<c<r [JBad�DHGJI-D XHIJGZpZi-c<G-IJ€•U�k-I-I pyU�c<X•U	�

�

\<B�DM\ G6U

�M\�c�\¢B<c<jJi-c<XuGJD'XM\�cad�f•j-i-c�XM\ "JY;U�Y�BTXNd

q

W6U�Dui-DHŠ

q

d-[-i-G-lCp�Y-ByUa€HI-ŠeU�i-V�c<GJI-W-DHXMY-IZp

Y2cad�DMxyU�G-I-r K

�'€•B<DMXM\�G-cTG-DMXHY2cad�f�Y;c{c<j-iJDeE�Ded�DHG-IJr��HmnmnDHYJ\PU{XHI-G;pJiJc<G-IJ€•U�k-I-I¢p2U�c<XHUJK

�

E�G-c<r

IJ€•jJDHi-B<lCpbx<lCd�U Y2c<G-kJDHj-k-IZ[ "•XMc<Š d�U�XMG-c�Y2c�\<c<iJc<r XHI-G;pJiJc<G-IJ€•U�k-IJ[ p2Uac<X•U j-c�G-I �

V]UPd�UaXHf1Y;U�Y§[-Bad�DMG-I-D

q

XM\PUaG-c<Bad�DMG-IJ[ j-DMi-I-cHE�I-WJDHXHY2c<ŠMc i-D

¡

I-V]Uƒj-cHE Bad�IJ[JG-I-DMV

B<G-D � G-DMŠHc�ŠeU�i-V�c<G-IJW-DHXMY;c�ŠHc1B�c�€NE�DMr-XM\�B<IJ[§G6U�XHI-XN\<DMV

q

B_i-D

¡

IJV�DTp2U�c�\�I-W-DMXHY-IZp

U�B�\�c<Y2cad�DMxyU�G-I-r K��9DHiJDNpycHE�ca\ pyU�c�\�I-W-DHXMY-IZp‚YLi-DMŠ

q

d6[Ji-G-lzV Y2cad�DMxyU�G-IJ[JV|j-i-I

�M\�c<V G6Uaxad�• E“U�DN\<X%[^j-i-I¢E�c<XM\PUa\�c<W-G-cTB<lzXHc<Y2c<r I-GJ\�DHG-XMI-B<G-c<XN\<I�B<ca€NE�DMr-XM\�B<IJ[ "2\<c

DHXN\<f{I-V�DHDN\<X%[ G-DHYJI-r jJc<i-c<ŠzXMI-GZpZi-c<G-IZ€RU�k-IJI•K

 

DNpyU�G-IJ€HV XHI-G;pJiJc<G-IJ€•U�k-I-I B'E�U�G �

G-c<V§XNd

q

W6UaD c<x

q

XNd6c<Bad�DMG^j-cHE“U�BPd�DHG-IJDHV i-D

¡

I-V]UupyU�c<X•U{I B�c�€•G-IJY-G-c<B<DMG-I-DMV BnXHI �

XM\�DHV�D`B<lzG

q

¡

E�DHG-G-lCpƒjJDHi-I-cHE�IJW-DHXMY-IZp1Y;cPd�DHxyUaG-I-r•K

STi

q

ŠHc<r•\�I-j¢XHI-GZpZi-c�G-IJ€RUak-I-I pyU�c<XHUnIJV�DHDM\{V�DMXM\<cnj-iJI Ba€RU�I-V�cHE�DMr-XM\�B<I-I•E�B

q

p

cHE�I-G6UaY;c�B<lCp�pyU�c�\�I-W-DHXMY-IZp=XMI-XM\�DHVzK




q

B�DNd�I-WJDHG-I-DMVLY2c	�Mmnm{IJk-I-DHGZ\PU_XMB�[J€HIbY2c��

d�DMxyU�G-IJ[ B'E�B

q

p¢B�€•U�I-V�cHE�DMr-XM\�B

q

•  I;p XMI-XM\�DHV]UPp XM\PUaG-c<B�[Z\<X%[ j-cad�G-c�XM\<f�•LI;E�DHG �

\<IJW-G-lzV�I�29B<iJDHV�DHGJG-lzD i-D•UPd6IJ€RU�kJI-I�XHc<c�\�B<DM\�XM\�B

q

•  I;p�E�I-G6U�V�I-WJDHXHYJIZp�j-DMi-D �

V�DHGJG-lCp c�x<c<IZp`j-cHE�XMI-XM\�DHV8j-cad�G-c�XM\<f�•�j-c<Ba\<c<iy[-• \ E�i

q

Š™E�i

q

ŠeU'x<DM€ Y;U�Y2c<ŠHc�� d�I-x<c

X E�B<IJŠeU�B<c_B<i-DMV�DHG-I K

�

\<c�\�\<I-j8XHI-G;pJiJc<G-IJ€•U�k-I-I G-Ua€•lzByUa• \�ODSYXD?DS � �IAB?��@FHST?BA
�

:<=&�BADC �6K




\<c<WJY-I•€•i-DMG-IJ[¢\<DMc<i-I-I¢Y2cad�DMxyU�G-I-r¢j-iJDeE�XN\PU�Bad6[JDM\<X%[ I-GJ\�DHi-DMXHG-lzV c�\<B<DN\<IJ\�f

G6U•iy[;E�Xed�DeE

q

•  IZpƒB<c�j-i-c<XMc<B-K

 

c

¡

G-cTd�I_c<x�c<x! IZ\<f•YZd�UaXHXHIJW-DHXMY-I-D{j-i-DeE�XM\PU�B��

d�DMG-IJ[�c`XHI-GZpZi-c�G-IJ€RUak-I-I_Y;U�Y c<x �Mmnm{DMYJ\PUPp €RUPpZByUP\PU IZd�I j-cHE“UaBad�DHGJIJ[ W6UaXM\<ca\<l

G6U8XNd

q

W6U�r p2U�c�\�I-W-DMXHY-IZp Y2cad�DHx<U�G-I-r�� ��XNd6I E“U "�\<c Y�Y;U�Y2c<V

q

\<I-j

q

pyU�c�\�I-W-D �

XHYJIZpŽU�B�\�c<Y2cad�DMxyU�G-I-r �N\<c V�c

¡

GJc j-i-I-V�DMG-IJ\�f � hnU�Y-I-V c<x�i6Ua€•c�V V�c

¡

G-c B<B�D �

XM\�I�UoE�DMY-ByUa\�G-c<D j-c<GJ[Z\<I-D m{Ua€•l E6d6[•p2Uac�\<I-WJDHXHYJIZp�UaB�\<c<Y2cad6DHxyU�GJI-r^I V�c

¡

G-c'd�I

�M\�c X E�Ded�Ua\�f �n�9XHXNd6DeE�c<B<U�G-IJ[ j-c<Y;Ua€•UPd�I "�WZ\<c G-U=B�XHD �M\�I�B<c<jJi-c<XHl X

q

 DMXM\�B

q

�

DM\ W-DN\<Y-IJr�c�\�B<DM\ "6DMXNd�Iƒi6U�XMXHV]Ua\�i-I-ByUP\<f i-D

¡

I-V \PU�YƒG6Ua€•lzB<U�DHV�c<ŠMc^�IOBA@FL= XHJ ?DS�+ S

IZd�I �-=>:WS��M LS�+ CPFDCI?BEK?DS�+ S9pyU�c<X•UZK




j-IJi6UPd�f<GJlzr pyU�c<Xnp2U�i6UaYJ\<DMi-IJ€

q

DM\�X%[ G6UPd6I-W-I �

DHV [Ji-Y2c•B<lzi6U

¡

DMG-G-c<r_XMj-DHYJ\�i6UPd�f�G-c<r d�I-G-IJIƒx<Ua€•c<B�c<r W6U�XN\<c�\�l "6i-D•Uod�IJ€

q

DM\�X%[1B

� IJi-c<Y2c<V YZd�U�XHXMD E�I-G6U�V�I-WJDHXHYJIZp XHI-XN\<DHV X jJDM\•d�DMr XHDMj6U�i6Ua\�i-I-XMl XHDFE6d�c�� m{c�Y

q

XHU

I j-c�€HB<cad6[JDM\

q

x<DFE�IJ\�DNd�f<GJcƒca\<B<DN\<IJ\�fƒG-U^B<XHDTB<l � D jJc<XM\PU�BPd�DHG-GJlzD B�c<j-i-c<XMl9K A

G6U�XN\<cR[  TDHr1d�DMY-k-I-I V�l c<x<X

q

E�IJV Y2c<G-k-DMj-k-I-• W-U�XM\�c�\<G-c � m{Ua€•c�B<c<r1XMI-GZpZi-c<GJIJ€RU �



� � �

k-I-I•j-iJI-V�DHG-IZ\<DNd6f<G-c�Y pyU�c�\<IJW-DHXMY-I-V U�Ba\<c<Y2cad�DMxyU�G-IZ[-V " c<x�i6Ua€•c�V Y2c�\�c<i-lCpŽB

m{Ua€•c�B<c<V j-i-c<XN\<i6U�GJXM\<B�D`[-BPd6[-DN\<X%[�XHj-I-i-UPd�f<G-lzr1Ua\�\�i6U�YJ\�c<i•K

� .����/�#���������
��, ��-/� ' -/� � �*
��!.�� � ),���

�' ��-*

� ��� �
��� ' ��-��/� 


� ����$ -*$+
�-�% # � �/-�� �! ,�#�

�' ��-*
�� ��� ���� ' ��-*$%���������
��'

���*$ -*��-!.1�����*

��,

‰ UaXHXHV�ca\<i-I-VŽi-D

¡

I-V�XHj-I-i-UPd�f<G-c�ŠHc^p2Uac<X•U^B¢pyc<iJc!� c IZ€•B<DMXM\<GJc<r1E�I-G6U�V�IJW-DHXMY;c�r

XHIJXM\<DMV�D ‰ �HXHXed�DHi-U 2

_x = � y � z; _y = x + � y; _z = � + z(x � � ):
� …JK O��

S{d6[ƒ€•G6URW-DMG-I-r j6U�i-U�V�DM\�i-c<B

� = � = 0:2
I

� = 6:5
j-iJc<I-GJ\�DHŠHiJI-i

q

DMV XMI-XM\�DHV

q

� …ZK O � XƒG6URW6UPd�f�G-lzV�I

q

Xed�c<B<IZ[-V�I B8c<Y-i-DMXM\�G-c<XM\�I¤G

q

d6[(Y;c�c<i�E�I-G6Ua\ "™j-c<XN\<i-c�I-V

j-i-c�DHY-k-IJ• m{Ua€•c�B<c<r \<i6UaDHYJ\�c<i-I-I G-UƒjZd6c<XHY2c<XN\<fbj-DMi-DHV�DMG-G-lCp

(x; y)
I8i6U�XMXHW-I �

\PU�DMV XMj-DHYZ\<i_V�c! GJc<XM\�I

Sx (! )
E6d-[ j-DMi-DHV�DMG-G-c<r

x
KZ‰�DN€

q

d�fR\PUa\<lLj-i-DFE�XM\PU�BPd�DHG-l

G6U i-I-X�K�…JK O<K�hnU�YƒB<I;E�GJc IJ€`i-I-X

q

G-Y;U "“B j-i-c�DHY-k-IJI � i-IJX�K�…JK O	" = �C\<i6U�DMYJ\<c�i-IJ[bXMc��

B<DMi �•U�DN\_B<i6U  Ua\<Ded�f<G-lzD`E�B<I

¡

DMG-IJ[ B<c�Y-i

q

ŠTG

q

d6[bY;c�c<i�E�I-G6Ua\ " U^XHjJDHYJ\�i

Sx (! )
G6U{m{c�G-DuXMjZd�c!�TG-c<ŠHcTj-f<DeE�DHXM\PUod�U I-V�DHDN\{E�c�XM\PUa\�c<W-G-c

q

€•Y2c<jJcad�c<XMG-lzr�B<lzx<i-c�X G6U

G-DMY;ca\<c<i-c�r1W6U�XN\<c�\�D

! = ! 0
� i-I-XaK�…JK O	" R��eK




j-I-i-UPd�f<G-lzD Ua\a\<i6U�YZ\<c<i-l \�I-j6U i-I-XaKo…JK O!" =�B<ca€•G-I-Y;U�• \uB i-DN€

q

d�fR\PUa\�D Y;U�XHY;UoE“U

x<I-m

q

i-Y;U�k-IJr

q

E�B<c�DHG-IJ[_jJDHi-I-cHE“UZK �nX p<cHE�G-lzr1jJDHi-I-cHE�IJW-DHXMY-I-rbUP\�\<i-U�YJ\<c�i � jJi-D �

E�Ded�f<G-lzrƒk-I-YZd �CB IZ\<c<ŠMD{XN\PU�G-c<B�IJ\<X%[�G-D

q

XM\�c<r-W-I-B�lzV � XMDeE6d�c�B<lzV � "6G-c \�i6U�DMYJ\<c��

i-I-I=G6U XMj-I-i6Uod�f<G-c<VŽUa\a\<i6UaYJ\<c<iJD B<i-U  •U�• \<X%[=B<xPd�IJ€•I �N\<c<ŠMcƒXMDeE6d6c<B<c<ŠMc�k-I-YZd�U

X8B<lzXHc<Y2c<rLXM\�DHj-DMG-f<•�iJDHŠ

q

d6[Ji-G-c<XN\<I•K �'\<c��M\<c(c�€•G-UoW-U�DM\ � �]Xed�I B j-i-c�DHY-k-IJI
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y

= R
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��� �

f�/8+�.���(	
 X-r�(*f�dg`��8'*/ �M/xdghNhNf�d8.�hY/Yf*dB'*d�r�`*/8X�.�/YX�h �Wr*+-f�+�q +-'�'���� (x; y) �l6

�

(

XIr*+�.�hNf q /8),'�/YX�h8( Sx (! ) .1/g`*+��Ydg'�(�� x(t) �


��
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������� � ��� ���

dgX-r*f�+IRD+-`�+-'�(�+BTNf�+�q +-' r*+-f�+�X�+��*+-'�(	
���d8Q�/gTN/ � hNf�d8+�.�hN/Yf1(*+ ��X�+�.

i

)o+	� y = 0 p(Ti ) d8h8S

hNf�d8.�hY/Yf*d

�

�

X�X-`�+�f*d � f�(*X8"

�

"

�

0 6

�

Ua\a\<i6U�YZ\<c<i6U(B<B<DHXN\<IŽXHDMY

q

 

q

••d�IJG-I-•

y = 0
IŽi6U�XMXHW-IJ\PUP\<f j-c�XNd�DFE�c<ByUa\�DNd�f �

G-c<XN\<f'B�i-DHV�DMG

Ti
j-DMi-DHXMDHW-DMG-IJ[`\<i6U�DMYJ\<c�i-I-DHr �N\<c<rTXHDHY

q

 TDHr•B G6U�j-i-U�Bad�DMG-I-ITXMG-I �

€

q

B<B�DHi<p "�\�c1V�c

¡

GJc

q

x<DFE�IJ\<f�X%[ B1Xed�DeE

q

•  DHVzK ‰ U�XMj-i-DFE�DNd�DMG-I-D_B<i-DMV�DHG

p(Ti )
� XMVzKCi-IJX�K …JK

Z

� I-V�DMDM\ [Ji-Y2c B<lzi6U

¡

DHG-G-lzr¤V]UaY;XMI-V

q

V j-i-I

T = T0
"™WJ\<c XMB<I �

E�DN\<DNd6f<XM\�B

q

DN\¤c j-i6U�YJ\�I-W-DMXHY-ILi-DHŠ

q

d-[-i-G-c�V B<i6U  DHGJI-ILX jJc<WJ\<IŽj-c<XN\<cR[-GJG-lzV

j-DMi-I-cHE�c<VzK




d6DeE�XN\<B<I-DMV �M\�c<r i-DMŠ

q

d6[-iJG-c<XM\�I§[JBad6[-DN\<X%[=W-DN\<Y-IJr8jJI-Y=B XHj-DMYJ\<iJD

G6UTW-U�XM\�c�\<D

! 0 = 2� =T0
";I-V�DM•  IJr�Y;c�G-DHW-G

q

• "-G-c{E�c<XM\PUa\�c<W-G-c•V]Uod

q

• � I-iJI-G

q

d�I-GJI-I

�! =! 0 � 1
K6ACXHD �N\<I1XMB<c<r-XN\<ByU c<x

q

XNd�U�BPd�I-ByU�• \ c<XHc<x�DHG-G-c�XM\<I�XHj-IJi6UPd�f��

G-c<ŠMc^UP\�\<i-U�YJ\<c�i6U "�Y2c�\<c<iJlzr1G6Ua€HlzByU�• \ \PU�Y

¡

D`m{Ua€Hc�� Y2c<ŠMDHi-DMGJ\<GJlzVzK

�
—1—ƒ�;��>1)2+J£•��+J>;+8–�+J)2������’¤:�+6�<>-��>-?g£�+-��>-��:��;�<����£(+-��>-���•�6� �2–�+-,���’

‰ UaXHXHV�ca\<i-I-V"iJDM€

q
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_x1 = F (x1; � 1) + 
 g(x1; x2);

_x2 = F (x2; � 2) + 
 g(x1; x2);
� …JK

]

�

Š E�D

� 1
I

� 2
��B<DHYZ\<c<i-GJlzD•j6U�i6U�V�DN\<i-l�c<XMk-IZd-d-[J\<c�i-c<B-K#��XNd�I

� 1 = � 2
"�\<c j-U�i �

k-I6Uod�f<G-lzD•XMI-XM\�DHV�l j-cPd�G-c<XN\<f<•ªI;E�DHGJ\�I-W-G-l9K�~

q

G-Y-k-IZ[

g(: : :)
c�j-i-DeE�DNd6[JDM\�p2U �

i6U�YZ\<DHi=XMB�[J€HI "“jJi-I-W-DMV

g(x1; x1) = g(x2; x2) = 0
K“A XNd

q

W6UaD•j-cad�G-c�rbI;E�DMGJ\<I-W �

G-c<XN\<I j-U�i-k-I6Uod�f<G-lCp8c<XMk-IZd-d-[J\<c�i-c<B1Bƒm{Ua€•c�B<c<VŽj-i-c<XN\<i6U�GJXM\<B�D XHI-XN\<DMV�l � …JK

]

�



��� �

X

q

 TDHXM\�B

q

DN\^IJG-ByU�i-I-U�GJ\<GJc<DuV�G-c�ŠHc<c<x�i6Ua€•IJD

U
�

x1 = x2
� "2G6UP€•lzByU�DMV�c<Dp� A � �*CIE"�

FDA
� ?
� � ODST;>O@FHS5�IEGFL=W? �IE.�@S �nK“~•Ua€•c�B<lzD`\�i6U�DHYZ\<c<i-IJI "�d�D

¡

U  TI-DTB

U
"�XMc<c�\<B�DM\��

XM\�B

q

• \^j-cad�G-c�XM\<f�•sXMI-GZpZi-c<G-GJlzV Y2cad�DHx<U�G-IJ[JVzK

��XNd�I�j-i-DFE�DNd6f<G-c<D V�G-c

¡

DMXM\<B�c

U
[-Bad6[JDM\�X%[sjJi-IJ\R[-ŠMI-ByU�•  I-V
B¤m{Ua€Hc<B<c<V

j-i-c�XM\<i-U�G-XM\�B<DuXMI-XM\�DHV�l � …JK

]

� "�\�c`DMXM\<fn[-BPd6[-DN\<X%[^Ua\�\�i6U�YJ\�c<i-c<V "y\<c{i-DHUPd�IJ€

q

DM\�X%[

���,�)C� E ODS XH?DS
���IAB?��@FHST?BA :<=&�BABA6K

‰ UaXHXHV�ca\<i-I-V �HmnmnDHYZ\¢j-cad�G-c�r XHI-G;pJiJc<G-IJ€•U�k-I-IƒB XHIJXM\<DMV�DuE�B

q

p XMI-V�V�DM\�i-I-W �
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j-I �TDHV B¢B<I2E�D�2

_x1 = � z1 � y1 + 
 (x2 � x1);

_y1 = x1 + � y1;

_z1 = � + z1(x1 � � );
� …JK … �

_x2 = � z2 � y2 + 
 (x1 � x2);

_y2 = x2 + � y2;

_z2 = � + z2(x2 � � ):
‰ UaXHXHV�ca\<i-I-V i-D

¡

IJV XHj-IJi6UPd�f<GJc<ŠHc§pyU�c<XHU B Y;U

¡

E�c<r(IZp(B�€RU�IJV�c•E�DHr-XN\<B

q

• �

 I;p�jJc•E�XHI-XN\<DHV "™j-cad6c

¡

I-B

� = � = 0:2
I

� = 6:5
K �9i-c�XNd�DFE�I-V �MB<cad�• k-I-•

j-i-DFE�DNd6f<G-c<ŠMc�V�G-c

¡

DMXM\�ByUƒm{Ua€Hc<B<lCp1\<i-DMYJ\<c<iJI-r XMI-XM\�DHV�l � …JK …	� X

q

B<DNd�IJW-DHG-IJDHV

j6U�i-U�V�DM\�i6U§XMB�[J€HI•K




�M\�c<r�kJDNd�f<•gx

q

E�DMV XN\<i-c<IZ\<f j-iJc<DHY-kJI-• UP\�\<i-U�YJ\<c�i6U§G6U

jZd�c�XHY2c<XM\�f j-DMi-DHV�DMG-G-lCp

(x1; x2)
IZd6I

(y1; y2)
K2‰�D

¡

I-V

q

j-cad�GJc<r XMI-GZpZi-c<GJIJ€RU�kJI-I

j-i-I �N\<c<Vsx

q

E�DM\=c�\�B<DHW-Ua\<f8XHI-V�V�DN\<i-IJW-G-c<Dƒj-cHE�j-i-c�XM\<i-U�G-XM\�B<c

U
"�d6D

¡

U  TDHD�G6U

E�I6UaŠHc<G6Uod�I

x1 = x2
� IZd�I

y1 = y2
�NK

©nU§i-IJX�K …ZK }§jJi-DeE�XN\PU�Bad�DMG-l XMc<c�\�B<DM\�XM\<B

q

•  I-D8i-DN€

q

d�fR\PUa\<l‹i6U�XMW-DM\�c<B§E6d6[

€•G-UoWJDHG-IJ[ Y;c!�HmnmnI-k-I-DMGJ\PU XHB�[Z€•I


 = 0:2
KW�9€�i-I-X

q

G-Y;U B<I;E�G-c "™WZ\<c m{Ua€Hc<ByUa[
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�

"

� �

'Dd�r�`*/8X�.�/YX�h �

r�+�f�+-q3+I'�'���� (x1 ; x2) �l6

�

(y1 ; y2) �


��



��� �

\<i-U�DHYJ\�c<i-IJ[ "•XM\PUaiJ\

q

•  Ua[=IJ€TG6URW6UPd�f<GJc<r�\�c<W-Y-I "“G-DTjJi-I-G6UoE-d�D

¡

U  DHr

U
"�XHj

q

�

XM\R[=GJDHY2c�\<c�i-c<D¢B<i-DMV [ j-DHiJDNpycHE�GJc<ŠHcƒj-i-c<kJDHXHXHU E�c<XM\�I-ŠeU�DN\1I-GJByU�i-I6UaGJ\<G-c�ŠHc_j-cHE �

j-i-c�XM\<i-U�G-XM\�ByU

U
I \PUaV�c�XM\PU�DN\<X%[•K]‰�D•UPd6IJ€

q

DM\<X%[(i-D

¡

I-V"jJcad�G-c<r pyU�c�\�I-W-DHXMY2c<r

XHIJGZpZi-c<G-IJ€•U�k-I-I "6Y;c�Š E“U{E6d6[^d6•ux<lCp

t > t0
�

t0
� B<i-DMV [�j-DMi-DNp<c•E�G-c<ŠHc¢j-iJc<k-DHXMX•U �

x1(t) � x2(t)
"

y1(t) � y2(t)
I

z1(t) � z2(t)
K

�

Y2XHj-DMi-I-V�DMGJ\<l�j-c<Y;Ua€•UPd�I "6WZ\<c¢i-D

¡

I-V j-cad�GJc<r�XMI-GZpZi-c<GJIJ€RU�kJI-I � B ca\•d�I-W-I-D

c�\ m{Ua€Hc�� W6UaXM\<ca\<G-c<r �^V�c

¡

DM\ i-D•Uod�IJ€•c�B<lzByUa\�f<X%[•G-Db\<cPd�f<Y2c E6d6[•XHjJI-i6UPd�f�G-c<ŠHc

p2Uac<X•U "�G-c�I B1Xed

q

W6U�D x<cad�DMD^XNd6c

¡

G-lCp=p2Uac�\<I-WJDHXHYJIZp U�Ba\<c<Y2cad�DMxyU�G-IJr•K ©nU�jJi-I �

V�DHi ";iJDM€

q

d�fR\PUa\�lŽ\�I-j6U{i-I-X�K;…JK }9j-cad

q

W-DMG-l¤I¢E6d-[^B�€•U�I-V�cHE�DMr-XM\�B

q

•  I;p XMI-XM\�DHV

œ{c<i-DMG-k6UJK

� �*��.�� ����
����

©nU Y2c<G-Y-i-DN\<G-lCpŽjJi-I-V�DHi-UPp•V�l i6U�XHXMV�c�\<iJDNd�IŽG6U�I-x�cad�DHD jJi-c<XM\�lzD �HmnmnDHY �

\<lLXHI-G;pJiJc<G-IJ€•U�k-I-I_p2U�c�\�I-W-DMXHY-IZp�Y2cad�DMxyU�G-IJr�26B<lzG

q

¡

E�DHG-G

q

•�XMI-GZpZi-c<G-IZ€RU�k-IJ•

XHjJI-i6UPd�f�G-c<ŠHcŽp2U�c<XHU I jJcad�G

q

• XMI-GZpZi-c<GJIJ€RU�kJI-• E�B

q

psB�€•U�I-V�cHE�DHrJXM\<B

q

•  IZp

XHjJI-i6UPd�f�G-lCp(Ua\�\�i6U�YJ\�c<i-c<BJKC‰�D

¡

I-VsB�lzG

q

¡

E�DMG-G-c<r(XHI-G;pJiJc<G-IJ€•U�k-I-I(XHj-I-i-UPd�f��

G-c<ŠMc pyU�c<X•U E�c<j

q

XHY;U�DN\�I-XHjJcad�f�€Hc<ByU�G-IJD`YZd6•uW-DMB<lCpbI2E�DHr�YZd�U�XMXHI-W-DMXHY2c<rb\�DHc<i-IJI

XHIJGZpZi-c<G-IJ€•U�k-I-I=j-iJDeE�Ded�f<G-c<ŠMc k-I-Y;d�UJK

�

E�G6U�Y2c^G-DMc<x•pycHE�I-V�c

q

W-IZ\<lzByUa\�f�c<XHGJc<B��

G-c<DTc�\•d�I-W-IJD�2•j-iJI XHI-GZpZi-c�G-IJ€RUak-I-Ibp2U�c�X•U �Mm{mnDMYJ\�€RUPpZByUP\PU W6U�XM\�c�\<l�c�€HG6URW6U�DM\

i6U�B�DHG-XN\<B<c �<����� ,��2’ :�+6�<>-��>-? pyU�c�\<IJW-DHXMY-IZp1U�B�\�c<Y2cad�DHx<U�G-I-r_W6U�XN\<c�\�DnB<c�€NE�DHr �

XM\�B<IJ[ K

�

m{mnDMYJ\_XHI-G;pJiJc<G-IJ€•U�k-I-I§j-i-cR[-Bad-[-DM\�X%[8B�XHc<B<j-UoE�DHGJI-I1E�B

q

p1pyU�i6U�YJ\�DHi �

G-lCp B�i-DHV�DMG�2�j-DHiJI-cHE“U8XMI-ŠHG-UPd�U B<c�€eE�DHr-XN\<B<IZ[(I �<������,�� ���������2$9�2,�� c•E�G-c<ŠHc

c<x<c�i-c�\PU¢m`UP€•c<B<c�r_\�i6U�DMYJ\<c<iJI-IbG6U•XHjJI-i6UPd�f�G-c<V UP\�\<i-U�YJ\<c�i-D�K

‰ UaXHXHV�ca\<i-DMG-G-lzDzj-i-IJV�DHi-l p<c�\R[ In[-Bad-[-• \�X%[ ByU

¡

G-lzV�I "RG-c GJD I-XMW-DHiJj-lzByU�• \

B<XMDNp(B<c�€HV�c

¡

G-lCp V�Dep2U�GJIJ€•V�c<B§I�c<jJi-DeE�Ded�DHGJI-r XHIJGZpZi-c<G-IJ€•U�k-I-I p2U�c�\�I-W-DMXHY-IZp

Y2cad�DMxyU�G-I-r K �9i-DFE�XM\PU�BPd�DHG-GJlzrŽB d�DMY-k-I-I V]UP\<DHiJI6UPd•V�c

¡

DN\ Xed

q

¡

IJ\�f G-DMY;ca\<c��

i-lzV‚B�B<DeE�DMG-I-DMV Bƒj-i-c<xad6DHV

q

IbE“U�XN\1B<ca€•V�c

¡

GJc<XM\�f�XHU�V�c<XM\�cR[J\<Ded�f<G-c�ŠHc1IZ€

q

W-D �

G-IJ[ƒXMj-DHk-I-UPd�f<G-c�rƒd�IJ\�DHi6UP\

q

i-l"j-c XHI-G;pJiJc<G-IJ€•U�k-I-IbXed�c

¡

GJlCp_Y2cad�DHx<U�G-I-r•K
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d�c<B�c

Ÿ

�

q

V

Ÿ

B c�x<l E�DHGJG-c<VbXMc�€•G6UaG-I-I UaXHXHc�k-I-I-i

q

DM\�X%[¢X™WJDHV � \�c�"oWJ\<c V�D�� U�DM\ "

B<G-c�XHIJ\1x<DHXMj-c<iy[;E�c�Y•K




c1B<i-DMV�DHG§IJ€•c<x�i-DM\�DHG-IJ[ i6UoE�IJc1I G-UoW-UPd�U_DHŠHc�x<lzXM\�i-c<ŠMc

j-i-IJV�DHG-DMG-IJ[�E6d6[ j-DHi-DFE“URW-I¤I-G-mnc<iJV]U�k-I-I¤cHE�G-c�r¤IJ€bc<XMG-c<B<GJlCp I-G

¡

DHG-DMi-G-lCp

j-i-c�xad�DHV�x<lCd�U � I1c�XM\PU�DN\<X%[�� j-i-c<xad6DHV]U¢j-cHE“U�Bad�DMG-IJ[ �

q

V�c<B�"�XMG-I

¡

DMG-IJ[�XM\<DMj-D �

G-I�IZp_Bad�IZ[-G-IJ[�G6U¢XHI-XN\<DMV

q

K

�

E�G6U�Y2c �

q

V j-i-I-GJk-I-j-I6Uod�f<G-c GJD

q

XN\<i6UaG-I-V�2��

q

V

\<c�r�IZd�I I-GJc<r^j-iJI-i-cHE�l•B<XHDMŠ E“U j-i-IJX

q

\<XN\<B

q

DM\ BTXHIJXM\<DMV�D!"-x

q

E�f`\<cTi6UoE�I-c�m{IZ€•I �

W-DMXHY-I-r(ŠHDMG-DHi6UP\<c<i " pZI-V�I-WJDHXHY;Ua[(i-DHU�Y-k-IJ[ "�x<I-cad6c<ŠHI-WJDHXHY;Ua[ j-c�j

q

d6[-k-IZ[ " W-Ded�c��

B<DMW-DHXMY-I-r=c<i-ŠeU�GJIJ€•V•IZd�Iƒd�•uxyUP[ƒE�i

q

ŠeUa[bXHI-XN\<DHV]UZK•A XMB�[J€HI X �M\�I-V•B<c�€HG-I-Y;U�• \

B<c<jJi-c<XHl12�A XHDHŠ E�U¢d�I �

q

V B<l €HlzByU�DN\

Ÿ

GJDHŠeUa\�I-B<G-lzD �zj-c<Xed�DeE�XM\<B�IJ[�� ACca€•V�c

¡

GJl

d�I8XNd

q

W6UaI "*Y;c�Š E“U �

q

V V�c

¡

DM\

q

B<DNd�IJW-I-ByUa\�f1XN\<DHjJDHG-fbjJc<iy[;E�Y;U_B�XMI-XM\�DHV�D!"*\<c

DHXN\<f x<i6Ua\�f G6U•XMDHxR[ƒi-cad�f XHc�€HI;E“U�•  DMŠHc^m{U�YZ\<c<i6U	�

�9cad�c

¡

IJ\<Ded�f<G-lzr c�\�B<DM\=G-U1j-c<Xed�DeE�GJI-r B<c<j-iJc<X!"�G6U1j-DMi-B<lzr B�€Nd6[;E " j-i-ca\<I �

B<c<iJDHW-IJ\ G6U � DMr I-GJ\

q

IJk-I-I•K�STDMr-XM\�B<IJ\<Ded�f<G-c "•\<i

q

E�G-c�XMDHx<D`j-i-DFE�XM\PU�B�IJ\<f�"˜WZ\<c X

q

B<DNd6I-W-DHGJI-DHV

q

iJc<B<GJ[ �

q

V]UnV�c�Š

q

\nx<l \<f

q

d

q

W �TDHG-l "yXMY;U

¡

DHV "

q

Xed�c<B<IJ[¢jJi-I-DHV]U

XHIJŠHG6UPd�U "�\oK D�K*j-c�B<l � DMG6U1W

q

B<XN\<B<IJ\�DNd�f�G-c<XM\�f=j-i-I-DMV�G-I-Y;UJK�A �N\<c<r XMB�[J€HI c�\�V�D �

\<IJV "aWJ\�cuG6U �•U I-GJ\

q

I-kJIJ[ "aW6U  D™B<XMDHŠHc "Px<Ua€•I-i

q

DM\�X%[ G6U

Ÿ

d�I-GJDHr-G-c�V

Ÿ

V�l �`d�DMG-I-I "

Y2c�\<c�i-c<D V�c

¡

DN\ x<l \�f j-i-c<I;d-d�•uXN\<i-IJi-c<ByU�GJc�G6U j-iJc<XM\�c<V•j-i-I-V�DMi-D�K �niJDeE�j-cPd�c��

¡

I-V "˜WJ\<cƒV�l jJc•E�U�DHV‚G-U_BPpycHE Y;U�Y2c<ŠMc�� \�c

q

XM\<iJc<r-XM\�ByU1XMI-ŠHG6Uod "*XHc<XN\<cR[  TI-r IJ€

E�B

q

p=Y2c<V�jJc<G-DHGZ\ 2˜j-DMi-I-cHE�I-W-DMXHY2c<r I Xed

q

W6U�r-GJc<r " �

q

V�c<B�c<r•K,��XNd�I �N\<c

q

XM\�i-c<r �

XM\�B<c'd�I-G-DMr-G-c<D "�\<c9G-U'DHŠHc9B�lCpycHE�Dzx

q

E�DN\nc<jJ[J\�f9X

q

V�V]U'j-DMi-I-cHE�I-W-DMXHY2c<r I �

q

V�c��

B<c<r{Y2c<V�j-c<GJDHGJ\uXHI-ŠMG6UPd�U "oY;U

¡

E“Ua[{IJ€ Y2c�\<c<iJlCpTjJi-DHc<x�i6Ua€

q

DM\�X%[•cHE�I-G6U�Y2c<B�c-KHS DMr �

XM\�B

q

DN\•j-i-IJG-k-I-j X

q

j-DHiJj-c�€•IJk-I-I�2Zc�\<YZd6I-Y^XMI-XM\�DHV�l•G6UnB<c�€NE�DHr-XN\<B<I-D X

q

V�V�l XMI-Š �

G6UPd6c<BTi6UaB<DHG X

q

V�V�D ca\<YZd�IJY;c�B G6U`Y;U

¡

E�lzr XHI-ŠMG6UPd�B`c�\HE�Ded�f<G-c<XN\<I•K �9c•E�U�Bad6[J• �

 DMD WJI-XNd�c j-i-c�k-DHXMXHc<B�"RB c<YJi

q

¡

U�•  TDHr{G6U�X]j-i-IJi-cHE�D jJc•E�W-I-GJ[JDM\<X%[`G-Ded�I-G-DMr-G-lzV

€RUaY;c�G6U�V "-E6d6[bY2c�\�c<i-lCp1j-i-I-GJk-I-j X

q

j-DMi-j-c�€HI-k-I-I=G-D`i6U�x<ca\PU�DM\oK ©nDed�I-G-DMr-G-c<XN\<f�"

Y;U�Y•I¤G6UPd�IJW-I-D �

q

V]U " [-Bad6[JDM\�X%[LGJDHc�\��*DHV d�DMV�c<r•W-DHiJ\�c<rŽc<Y-i

q

¡

U�•  DMŠHc G6U�X
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¡

G-lzV�I

¡

I-B<lzV�I c<i-ŠeU�GJIJ€ �
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Š d�U�B�G-lCp jJi-I-W-I-G§\PU�Y-IZp m

q

G2E“U�V�DHGZ\PUPd�f<G-lCp [-Bad6DHG-I-r "�Y;U�Y XHU�V�c<c<iJŠeU�G-IJ€•U�k-IJ[

V]Ua\�DHi-I-I "-E�I-G6U�V�I-WJDHXHYJI-r�p2Uac<XnI�E�i

q

ŠMI-D�K

�9XHXed�DeE�c�ByU�G-IJ[Tj-c<Xed�DeE�GJIZpTd�DN\9j-c<Y;Ua€•UPd�I "aWJ\<cuB'G-DNd6I-G-DHrJG-lCp•XMI-XM\�DHV]UPp �

q

V

V�c

¡

DM\1I-ŠHi-Ua\<fbY2c<GJXM\<i

q

YZ\<I-B<G

q

•gi-cPd�f�"*I-G;E

q

k-IJi

q

[ GJc<B<lzD^iJD

¡

I-V�l "*c<x<i6Ua€

q

[

XM\�i

q

YJ\

q

i-lªI�\PU�Y-I-VŽc<x<i6UP€•c<V

q

j-c<iy[2E�c<W-I-B<Ua[ XHIJXM\<DMV

q

K

�

mnmnDHYJ\�l �N\<c<ŠMc�\<I-j6U
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q

p2U�•  IZp

Y2cad�DMxyU�G-I-r "“c�\�G-c<XMIJ\<X%[1Y1i6Ua€Hiy[;E

q

G6UaI-x<cad�DMD`m

q

G;E“UaV�DHGJ\PUPd6f<G-lCp1i-DM€

q

d6fo\PUP\<c<B�"

c<Y;Ua€HlzByU�•  TIZp B<XMDzx<cad�f!�TDHDzBad6IJ[-G-IJDzG6U9c<XHc�€HG6U�G-IJDzYZUaiJ\<I-GJl V�I-i6U'j-iJI-i-cHE�l�I
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q
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¡
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q

i6U�B<GJDHG-I-r I-X �
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q

Y;Ua€•U�G-I-DMV�\�i-DNp \<I-jJc<B 2 XMc<XM\�cR[-G-I-D�i-U�B<G-c<B�DHXHIZ[ " jJDHi-I-cHE�IJW-DHXMY;c�D

IZd�I_Y-B<Ua€•I-jJDHi-I-cHE�IJW-DHXMY;c�D!"�\<c¢X•OR…y}ZOuŠHcHE“U•V�lLV�c

¡
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B<DMiJ\<c<V�\<I-jJDƒiJD�� DMG-IJ[/2™c�x

q

XM\PUaG-c<B<I-B � IZp<X%[¤G-DHjJDHi-I-cHE�IJW-DHXMY-IZp � �

q

V�c�j-cHE�c<x��

G-lCp���Y;cPd�DHxyUaG-IJ[Zp B'E�I-G-U�V�I-W-DMXHY-IZp XMI-XM\�DHV]UPp Bnc�\<X

q

\<XM\�B<I-D9Y;U�Y-I;p � d�I-x<c{B<G-D � �

G-IZp^IZd�I^B<G

q

\<i-DMG-G-IZp m'd

q

YJ\

q

U�k-I-r•K��ncHE�WJDHi-Y-GJDHV "JWZ\<c i-DMW-f I;E�DM\•c9E�I-G6U�V�IJW-D �

XHY2c<VLc<j-I-XHU�G-I-I=B<iJDHV�DHGJG-lCp8j-i-c<kJDHXHXMc<B�"•x<Ua€•I-i

q

•  DMV�X%[ G6U E�DN\<DMi-V�I-G-I-iJc<ByU�G �

G-c<XN\<I c<j-DHi-Ua\<c<i-U �MB<cad�• k-I-I j-i-I-V�DMG-IJ\<Ded�f<G-cTY V]U�YJi-c<XHY2c<jJI-W-DHXMY-I-V Y2c<c�i<E�I-G6U �

\PU�V8XHc<XN\<cR[-GJIJ[TE�I-G6UaV�I-W-DHXMY2c<r XMI-XM\�DHV�l9K �'€zi6UaXHXHV�ca\<i-DMG-IJ[ I-XHY;d�•uW6Ua• \<X%[ XN\<c��

p2UaXM\<IJW-DHXMY-I-D j-iJc<k-DHXMXHl "�U�G6Uod�IJ€nY2c�\<c�i-lCpƒIJ€•G-UoW-UPd�f<G-c¢j-iJDeE�j-cPd�U�ŠeU�DN\^G6Uod�I-W-I-D

XNd

q

W-U�r-G-lCp�€•U�Y2c<G-c<V�DMi-G-c<XN\<DMr "-c<x

q

XNd�c�Bad�DHGJG-lCp_m'd

q

YJ\

q

U�k-IJ[JV�I "-I�xyUP€•I-i

q

DM\�X%[

G6U

q

i6U�B<G-DMG-IJ[;pƒXM\PUa\�I-XM\�I-W-DHXMY2c<r \<DHc�i-I-I �

Z

" O<O � K

A W-DMV

¡

D^XMc<XM\�c<IJ\ jJi-I-G-k-IJj-I6UPd�f�G6Ua[ ByU

¡

G-c�XM\<f��HmnmnDHYJ\PUƒE�IJG6U�V�I-W-DMXHY2c<ŠMc

p2Uac<X•U{E6d-[�i6Ua€HB<IJ\<IZ[�DHXN\<DHXN\<B<ca€•G6U�GJIJ[�� �9c

¡

UPd

q

r^G6U�I-x<cPd�DHD'B<U

¡

GJlzV V�I-i-c<B<ca€ �

€•iJDHG-W-DMXHY-IJVsm{U�YJ\�c<i-c<VL[-Bad6[JDM\�X%[ c<XHca€•G6U�GJI-D \�c<ŠHc�"�WJ\�cbi-D•Uod�f<G-lzD•E�I-G6U�V�IJW-D �

XHYJI-D XHIJXM\<DMV�l B

q

Xed�c<B<IZ[Zp "�Y2c<Š E“U IZp{G-DNd6I-G-DHrJG-lzDzXHB<c�r-XM\�ByUuI-ŠMi6U�• \uj-i-I-GJk-I-j-I �

UPd�f�G

q

•Li-cPd�f�"2V�c<Š

q

\Tm

q

G-YJk-I-c<G-IJi-c<ByUa\�f B{i-D

¡

I-V]UPp G-DMj-DHiJI-cHE�I-W-DMXHY-IZp p2U�ca\<I �

W-DMXHY-IZp^j

q

d�f<XHU�k-I-r^BTc�\�X

q

\<XN\<B<I-DnXed

q

W6U�r-G-lCp^XHI;d*K;¦'U�c�\�I-W-DHXMY-I-D9Y2cad�DMxyU�G-IZ[^j-c

XHB�c<DHV

q

B<I;E

q

InpyU�i6U�YJ\�DHi-IJXM\<IJYZUaV§j-i-U�YJ\<IJW-DHXMY-I•G-D™c�\•d�I-W6Ua• \<X%[ c�\uiJD•UPd�IZ€RU�k-IJr

XNd

q

W-U�r-G-lCp j-iJc<k-DHXMXHc<B "<G-c'[-BPd6[-• \<X%[ E�DM\�DHi-V�IJG-I-i-c<B<U�G-G-c{c<j-i-DFE�DNd6DHG-G-lzV�I �<STc

c�\�Y-i-l \<IZ[•E�I-G6U�V�I-WJDHXHY2c<ŠMcnpyU�c<XHU �HY2XHj-DMi-I-V�DMGJ\PUa\<c�i-l�E�c<B<cad6f<G-c'W6UaXM\<c9jJcad

q

W6U �

d�I j-cHE�c<x<GJlzD i-DN€

q

d�fR\PUa\�l "JcHE�G6U�Y2c�"yX

q

E�I-B�IJ\<Ded�f<G-lzV jJc<XM\�co[JG-XM\�B<c<V I-GZ\<DHiJj-i-D �

\<IJi-c<ByUPd6I�IZp YZUaY XNd�DFE�XM\�B<I-D9B<ca€NE�DMr-XM\�B<IJ[��

q

V]U "ZG-DMI-XHjJi6U�B<G-c�XM\<IƒU�jJj6U�i6Ua\

q

i-l

I1\oK E�K




DHŠHcHE�GZ[ I-XHXed�DeE�c<ByUa\�DNd�Ib€HG6U�• \ c^B<c�€HV�c

¡

G-c�V�B<c�€HG-I-Y-GJc<B<DHGJI-I i-D

¡

I-V]U

E�I-G-U�V�I-W-DMXHY2c<ŠHc1pyU�c<XHU1I c�\�G-c<X%[J\�X%[ Y U�G-UPd�IJ€

q

jJcad

q

W-DHGJG-lCp§E“UaG-G-lCp§X^x<cPd�DHD

� IJi-c<Y-IZpƒjJc�€•I-kJI-r•K

©9DM\_XMc<V�G-DHGJIJ[8B \<c<V "•WZ\<c_V�cHE�DNd�IJi-c<ByU�GJI-D d�•ux<lCpbi-D•Uod�f<G-lCp=jJi-c<k-DMXHXHc�B�B

j-i-IJi-cHE�D�X^j-c�V�c! f<•ªE�I-G6UaV�I-W-DHXMY-IZp XHI-XN\<DHV�[-BPd6[-DN\<X%[ V�c! TG-lzV�I-G-XN\<i

q

V�DHG �

\<c�V j-c�€HG6U�G-IZ[ €RU�Y2c<G-c�V�DHi-G-c�XM\<DMr �MB<cad�• k-I-c<G-GJlCp8j-i-c<k-DMXHXMc<B�B�jJi-I-i-cHE�D "˜j-i-I �

V�DHGJDHG-I-D¢Y2c�\�c<i-c<ŠMc�B<XHD•x<cPd�DHD I x�cad�DHDTi6U�X��TI-iy[-DN\<X%[•K,
 I-j-IJW-G-lzVŽUPd�ŠMc<i-IJ\�V�c<V

G6U

q

W-G-c<ŠMc I-XMXNd�DFE�c<ByU�GJIJ[bXMB<c<r-XN\<B d�• x<c<r�XHI-XN\<DHV�l�[-BPd6[-DN\<X%[bXed�DeE

q

•  I-r K




I �



� � �

XM\�DHV]U9B<XMDHXM\�c<i-c<GJG-DzU�G6Uod�IJ€•IJi

q

DN\<X%[ �2B<l E�DNd6[J• \<X%[¢c�XHG-c<B�G-lzDCmnIJ€HI-W-DHXMY-I-DzB<Ded�I �

W-I-GJl "�p2U�i6UaYJ\<DMi-IJ€

q

•  I-D DHDzXHc�XM\<cR[JG-I-D �yG-U'c<XHG-c�B<D IJ€HB<DHXN\<G-lCp¢€•U�Y2c<G-c<B9j-iJI-i-c��

E�l

q

XM\PU�G6UaBad�I-ByUa• \<X%[bm

q

G-YJk-I-c<G6Uod�f<G-lzD Ba€RU�I-V�c�XHB�[Z€•I1V�D

¡

E

q

�M\<IJV�IbB<DNd6I-W-I �

G6U�V�I=I=B�IJ\�c<ŠHD¢mnc<i-V

q

d�I-i

q

• \<X%[ �HB<cPd�•uk-IJc<G-G-lzD

q

i6U�B<GJDHG-IJ[bE6d-[=Y;c�c<i�E�I-G6Ua\

XHc�XM\<cR[JG-IJ[ �

Z

� K�S UPd�DHD_j-iJc<B<cHE�IJ\�X%[¤U�G6Uod�IJ€ƒB<c�€HV�c

¡

G-lCp i-D � DMG-I-r V�cHE�Ded�f<G-c<r

E�I-G-U�V�I-W-DMXHY2c<r_XHI-XN\<DMV�l9K




�M\<c�r�k-DNd�f�••E�I-G-U�V�I-Y;U XHI-XN\<DMV�lLV�cHE�Ded�I-i

q

DM\<X%[ƒG6U

Y2c<V�j-f<• \<DMi6UPp "ajJc�€•B<cPd6[-•  IZp'E�c�XM\PUa\�c<W-G-c \<c<W-GJcuI{x<lzXM\�i-cuB<l [JB<IJ\�f \�I-j-I-W-GJlzD

i-D

¡

I-V�lLDHD9m

q

G-Y-k-IJc<G-I-i-c�ByU�G-IJ[ƒj-iJI�ByUai-f<I-i-c�ByU�G-I-I

q

j-i-U�Bad6[J•  I;pƒj6U�i6U�V�DN\��

i-c<B IŽG6URW6UPd�f<GJlCp

q

Xed�c<B<I-r K

 

c•E�DNd�f<GJlzD i-D � DHGJIJ[ XMi6U�B<GJI-ByU�• \<X%[LXbE�U�G-G-l �

V�I�G6Ua\

q

i-G-lCp �MY;XMj-DHiJI-V�DHGJ\�c<B^XuI-XHXed�DeE

q

DHV�c<r�XHI-XN\<DMV�c<r•K���XNd6Iƒca\•d�I-W-IJ[_X

q

 D �

XM\�B<DHGJG-l "<I;E�DN\

q

\<c�W-G-DHGJI-DzV�cHE�DNd�I "�B<G-c�B<f WJI-XNd�DMG-G-lzr �HY2XMj-DHi-IJV�DHGJ\ "<XMi6U�B<GJDHG-I-D

I \oK E�K6A IJ\�c<ŠHD9mnc<i-V

q

d�IJi

q

• \<X%[�E�I-G-U�V�I-W-DMXHY-I-D

q

i6U�B�G-DHG-IZ[ "JjJi-DeE�XN\PU�Bad6[J•  TI-D

XHc�x<c<rƒV]Ua\<DMV]Ua\<I-WJDHXHY

q

•sV�cHE�DNd�f I-XHXed�DeE

q

DHV�c�rbXHI-XN\<DMV�l9K

Œ

U�B<IJXHI-V�c<XN\<f{B<cnB<i-DMV�DHG-I Y2c<c<i�E�I-G6UP\TXMc<XM\�co[JG-IJ[ XHI-XN\<DMV�l Bni-D

¡

I-V�DCE�DM\�DHi �

V�I-G-IJi-c<ByU�GJG-c<ŠHc � E�I-G-U�V�I-W-DMXHY2c<ŠHc �_p2U�c�X•U�c<jJI-XHlzByUaDM\<X%[‚XNd�c

¡

G-c<r‚m

q

G-Y-k-IJDHr "

XHB�c<r-XM\�ByU'Y2c�\<c�i-c<r \<iJDHx

q

• \nB�B<DeE�DMG-IJ[•GJc<B<lCp`Y2cad�I-W-DMXM\�B<DHG-GJlCp•p2U�i6UaYJ\<DMi-I-XM\�I-Y

E6d6[ DHD E�I6UaŠHG-c<XN\<I-YJI "6c�\•d�I-WJG-lCp_c�\ pyU�i6U�YJ\�DHi-IJXM\<IJY1j-DMi-I-cHE�I-W-DMXHY2c<ŠMc^IZd�I�YJByU �

€•IJj-DHi-IJc•E�I-W-DHXMY2c<ŠHc i-D

¡

I-V�c<BJK �9i-DFE�XM\PUaB<I-V XHDMx<D1ŠeU�iJV�c<G-I-W-DMXHY-IJr¤j-DHi-IJc•E�I-W-D �

XHYJI-r XHI-ŠMG6UPd

x(t) = A sin(! 0t + � )
K #JUai-V�c<G-I-WJDHXHY2c<DTY;cPd�DHxyUaG-I-rbI-XMW-DHiJj-lzByU�• �

 IJV‚c<x<i6UP€•c<VŽc<j-I-XMlzByU�DN\<X%[ "*DMXNd�I8€RUoE“UaG-l U�V�j;d�IJ\

q

E“U

A
"˜W-U�XM\�c�\PU

! 0 = 2� f 0
I_G6URW6UPd�f�G6Ua[_m{Ua€RU•Y2cad�DMxyU�G-IZ[

�
K6A¤XHjJDHYJ\�i6UPd�f<GJc<V�j-iJDeE�XN\PU�Bad�DMG-I-IbV�lLI-V�DHDMV

DeE�I-G-XM\�B<DHGJG

q

•(d�I-G-IJ• B XHjJDHYJ\�i-D Y2cad6DHxyU�GJI-rTG6UzW6UaXM\<ca\<D

! 0
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q

E�c<r•KZA XNd

q

W6U�D j-DMi-I-cHE�I-W-DMXHY-I;p G-DMŠeU�i �
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q

 TDHXM\�B<DHGJG-c 2•j-DMi-I-cHE�I-WJDHXHYJI-r

XHIJŠHG6UPd‚j-c \<DHc�i-DHV�D ~

q
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q

V�V�l ŠeU�i-V�c<GJI-W-DHXMY-IZp
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q
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q
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¡
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q
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� DMV�Xed

q
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q
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¡
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q
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q
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! mn = n! 0 + m
 ; n; m = � 1; � 2; : : :
�

m
I

n
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q
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q
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q
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¡
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¡
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q
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q
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 U�Y¢B{XNd

q
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¡
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¡
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q
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q
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q
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¡
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¡
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q

I-X p<c•E�G-c<r=E�I-G6U�V�I-WJDHXHY2c<r8XHIJXM\<DMV�l "*j-c��

i-c

¡

E“U�•  TDHr G6U�xad6• E“U�DHV�lzr �HY2XHjJDHi-I-V�DMGJ\PUPd�f�G-c j-i-c�k-DHXMX

x(t)
K




\�i

q

YJ\
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¡

I-V]U m

q

G-Y-k-I-c�G-I-i-c<B<U�G-IJ[ IJX pycHE�G-c<r=XMI-XM\�DHV�l

\PU�Y
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D V�c<Š
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E�c<B<Ua\<Ded�f<G-c�"ZE-d6[ E�I6U�ŠMG-c<XM\�I-Y-I•K
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•
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• � j-c�XNd�DFE�c<ByUa\�DNd�f�G-c<XM\�f B<i-DMV�DHG-GJlCp1IJGJ\<DMi-ByU �

d�c<B
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¡
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xn+1 = f (xn ; � )
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V�DHGJG-c<r B V�c<V�DMGJ\ B<i-DMV�DHG-I

n
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q
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(n + 1)
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q

i-l9K �9i-DeE�Ded�f<G-c�D V�G-c

¡
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n ! 1
p2U�i-U�YJ\<DMi-IJ€

q
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B<c<rJXM\<B<U �N\<c<ŠMc^Ua\a\<i6UaYJ\<c<i-U V�c
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GJc•c<j-I-XMlzByUa\<f B<XMDHV�IƒB<l � DMj-DHi-DMW-I-X �
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W-DMXM\<B�DzE�I-U�ŠHG-c�XM\<IJW-DHXMY-IZp Y-i-IJ\�DHi-IJDHB-K��9i-I-V�DMi-c<V=\PU�Y2c<ŠHc{i-cHE“U9XHI-ŠMG6UPd�c�B{B9x�I-c��

d�c<ŠMI-I1IƒV�DeE�I-k-I-G-Dn[-BPd6[-• \<X%[�j-c<XNd6DeE�c<B<Ua\<Ded�f<G-c<XN\<I
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� I-GJ\�DHi-ByUod�c<B �Nd�DMYJ\<i-c �

Y;U�i�E�I-c<ŠMi6U�V�V�l �

�

h #$��IZd�I•j-c�XNd�DFE�c<ByUa\�DNd�f�G-c<XM\�I^I-GZ\<DHiJByUPd�c<B9B�i-DHV�DMG-I¢V�D

¡

E

q

B<XMjZd�DHXMY;U�V�I��ed�DHYJ\�i-I-W-DMXHY2c<r=U�YZ\<I-B<GJc<XM\�IbG-DHrJi-c<G-c<B�� ��� �
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�

Aªc<i-ŠeU�GJIJ€•V�D_€NE�c�i-c<B<c<ŠMc§IJG;E�I-B<I2E

q2q

V]U � x

q

E�f \�c§W-Ded�c<B<DMY "

¡

I-B<c�\�G-c<D!" c�\��

E�Ded�f<G-lzr(c<i-ŠeU�G IZd�I E“U

¡

D�YZd�DN\<Y;U �•c<x<G6U�i

q

¡

DHG � I-iJc<Y-I-r G6U�x<c�i i-Ua€Md�IJW-G-lCp

B<i-DMV�DHG-GJlCpƒi-IJ\<V�c�B-K

�

\<I�i-IJ\<V�lLj-i6U�YZ\<I-W-DMXHY-I1B<XHDMŠ E“U GJD{ca\<i6U

¡

U�• \¢XN\<i-c<Š

q

•

j-DMi-I-cHE�I-W-GJc<XM\�f1j-i-c�k-DHXMXHc<B-K

†

G6UPd�IZ€¢i-IJ\<V�c�BƒXMDHi�E�k-DMx<I-DMG-IJ[ " E�lCpyU�G-IJ[ "“E“U�Bad6D �

G-IJ[8Y-iJc<B<I " �ed�DHYJ\�i-c	�MG-k-DHm{UPd6c<ŠHi6UaV�V �

���

#$�'IbE�i

q

ŠHIZp§j-i-c�k-DHXMXHc<BƒXHB<I2E�DM\�DNd�f��

XM\�B

q

DN\�c X

q

 DMXM\<B�DHG-G-lCpbc�\•d�I-WJIJ[Zp

q

Y;Ua€RU�GJG-lCp�j-i-c<k-DMXHXMc<B^c�\ j-DMi-I-cHE�I-WJDHXHYJIZp“K
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�

\<I c�\•d�IJW-IJ[ � G6U�jJi-I-V�DHi "�E6d6[
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#$� G6U�XN\<cad�f�Y;c [JB<G-l "�WJ\�c8B�lzXHY;Ua€•lzB<U�• \�X%[

j-i-DFE�j-cad6c

¡

DHG-IJ[Tc XMc<c�\�B<DM\�XM\<B�I-I G-c<iJV]UPd�f<G-c�rnE�I-G-U�V�I-Y-I{€NE�c<iJc<B<lCp{I-G;E�I-B<I;E

q

�

q

V�c<BTp2Uac�\<I-WJDHXHY2c<V

q

i-D

¡

I-V

q

m

q

GJY-k-I-c<GJI-i-c<ByUaG-IJ[•K �9XHXNd6DeE�c<B<U�G-IJ[ \PUaY-IZp�jJi-c��

k-DMXHXHc�B�XHB�I;E�DM\�DNd�f�XM\<B

q

• \Žc \�c<V " WJ\<c(G6U�xad�• E�U�DHV�lzr

Ÿ

p2U�c<X

Ÿ

V�c

¡

DM\(G-D8x<l \<f

XNd6DeE�XN\<B<I-DMV�B<ca€NE�DMr-XM\�B<IJ[_m'd

q

YJ\

q

U�k-I-r "�UTXHY2c<i-DMD'B<XMDHŠHc•jJi-I-X

q

 XHU�V�c<r j-iJI-i-c��

E�D™E�I-G6U�V�I-WJDHXHY2c<ŠMcnj-i-c<k-DMXHXHUnBuc<i-ŠeU�G-IZ€•V�D�Kt
 U I;d�I•I-G6Ua[TXM\�DHj-DMG-fnpyU�c�\�I-W-G-c<XN\<I "

p2Uai6U�YJ\�DHi-IJ€

q

•  •UP[_i-D

¡

I-V m

q

G-Y-kJI-c<G-I-iJc<ByU�G-IZ[ €eE�c<i-c<B�c<ŠHcnI-G;E�I-B<I;E

q2q

V]U ";V�c��

¡

DN\^IJ€HV�DHGJ[Z\<f<X%[�B<Xed�DeE�XN\<B<IJIbj6Ua\�cad�c<ŠMI-I1B¢\

q

IZd6I�I-G

q

•�XM\�c<i-c<G

q

K�©nU�j-i-I-V�DMi "

���

#8€eE�c<i-c�B<c<ŠHc•WJDNd�c<B�DHY;U•I-V�DHDN\•E�c<XM\PUa\�c<W-G-c B<lzXMc<Y

q

•"XM\�DHj-DMG-f¢pyU�c�\�I-W-G-c<XN\<I "

G-c j-iJI B<c�€HG-I-Y-G-c�B<DHG-IJI j-i-I-XN\

q

j6U �Hj-IZd6DHj-XMI-I E�DHV�c<GJXM\<iJI-i

q

DN\ jJDHi-DepycHE¤Y j-c��

WJ\�I j-DHiJI-cHE�I-W-DMXHY2c<V

q

j-i-c<k-DMXHX

q

K A"\<c

¡

D¢B<i-DMV [ XMDHi�E�k-D €NE�c<iJc<B<c<ŠMc1W-Ded�c<B<DMYZU

ŠHDMG-DHiJI-i

q

DN\^jJc<WJ\<I_j-DMi-I-cHE�I-WJDHXHY

q

•

�

h # ";G-c jJi-I�G-DHY2c�\�c<i-lCp�\�I-j6UPp €RUax<cad�DMByU �

G-I-r � U�iJIJ\<V�IJ[ "˜\PUPpZI-Y2c<i�E�IJ[��

q

B<DNd�IJW-I-ByU�DN\<X%[ WJI-XNd�cƒXNd

q

W-U�r-G-lCp XHx<c�DHBƒi-IJ\<V]U

IƒXHc<c�\�B<DM\�XM\�B<DHG-GJc B<c�€Hi6U�XM\PUaDM\ XN\<DMj-DHG-f¢p2U�ca\<I-W-GJc<XM\�I

�

h #�K

¦9Uai6U�YJ\�DHi-G-lzD`IJ€•V�DMG-DHGJIJ[bB E�I-G6UaV�I-Y2D`Y;U�Y2c<r � d�I-x<c j-DMi-DHV�DMG-G-c<rbXMc<XM\�cR[-G-IJ[

c<i-ŠeUaG-IJ€•V]U•V�c<Š

q

\•[-Bad6[Z\<f<X%[ j-i-IJ€HG6U�Y2c<V j6Ua\�cad�c<ŠMI-I•KJœ K�#yd�U�XMX'I

 

K

 

�HY-I_B<B�D �

d�I�B G-U

q

Y

q

\<DMi-V�I-G

Ÿ

E�IJG6U�V�I-W-DMXHY;Ua[�x�cad�DM€HG-f

Ÿ

"yp2Uai6U�YJ\�DHi-IJ€

q

[ƒI-V I-V�DMG-G-c•B<ca€ �

G-I-YJG-c<B<DMG-I-DnU�G-c�V]UPd�I-I B�c B<i-DMV�DHG-G-lCp €RU�B<IJXHI-V�c<XN\R[Zp j-DHi-DMV�DHG-GJlCp_XHc<XN\<cR[-GJIJ[ "

c<j-IJXHlzByU�•  IZp8iJD

¡

I-V�lsm

q

G-Y-kJI-c<G-I-iJc<ByU�G-IZ[

¡

I-B<lCpbXHI-XN\<DMV'�

Z

O � K•žCc<ŠeUa\�XM\<B�c

E�I-G-U�V�I-W-DMXHY2c<ŠHc�jJc<B<DeE�DHG-IJ[�c�\ j-DHiJI-cHE�I-W-G-c�XM\<I1E�c•p2Uac<X•U "�G6Uaxad�• E“U�DMV�c<DTB mnI �

€•IJcad�c<ŠMI-W-DHXMY-IZpŽXMI-XM\�DHV]UPpŽI¤c<x�G6U�i

q

¡

DMG-G-c<D B c�\�G-c<XMIJ\<Ded�f<G-c(j-i-c<XN\<lCp•G-Ded�I �

G-DMr-G-lCpƒXHIJXM\<DMV]UPpƒV]UPd�c�rƒi-Ua€•V�DMi-G-c<XN\<I "ZE“UaDM\ G6UoE�D

¡

E

q

G6U•X•UaV

q

B<c�€HV�c

¡

G-c�XM\<f

V�cHE�DNd6I-i-c<ByUaG-IJ[`E�IJG6U�V�I-W-DMXHY-I;p¢x<cad�DN€•G-DMr "<IZpnE�I6UaŠHG-c<XN\<I-Y

q

I B9IJ\�c<ŠHDCd�DMW-DHGJI-D�K

 

G-c�ŠHI-D I-XHXed�DeE�c<ByUa\�DNd�I XHW-IJ\PUa• \ "2WJ\<c{x<I-cPd�c<ŠHIZ[ "<mnIJ€HI-cad�c<ŠMIJ[ I¢V�DeE�I-kJI-G6UnG6U �

XM\�cad�f<Y2c=c�\•d�IJW6U�• \�X%[ c�\=mnIJ€•I-YJI " WJ\�c=G-I-Y2c<Š E“U G-D XMV�c<Š

q

\=XN\PUa\<f8j-i-DFE�V�DM\�c<V

XM\�i-c<ŠMc<ŠHc•\<DMc<i-DN\<I-W-DMXHY2c<ŠMc�U�G6UPd6IJ€RUJKJACV�DHXN\<D9XnU�Ba\<c<i6UaV�I�Y-G-I-ŠMI �

Z

O �•DHXN\<f¢c<XMG-c��

ByU�GJIJ[•j-cad�UaŠeUa\<f(IŽG-UoE�DM[Z\<f<X%[ " WJ\<c iy[;E‚c<x<G6U�i

q

¡

DHG-G-lCp¤ILi-DMŠHI-XN\<i-IJi

q

DMV�lCp

XHDMr-W6U�X E�I-G-U�V�I-W-DMXHY-IZp [JBad�DHGJI-r B

¡

I-B<lCp¢c�i-ŠeU�G-IJ€HV]UPp¢V�c

¡

DN\Tx<l \�f`x�cad�DHD Š d

q

�

x<c<Y2c'c�XHc�€HG6U�G I Buj-DHi-XMj-DHYZ\<I-B<D V]Ua\�DHV]Ua\�I-W-DMXHY-I c<j-I-XHU�G G6U c<XHG-c�B<D]E�c�XM\<I

¡

DHG-IJr

XHc�B<i-DHV�DMG-G-c<rƒ\<DMc<i-I-I�E�I-G6U�V�IJW-DHXMY-IZp�XHI-XN\<DMVzK
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q

•  IZp W6U�XM\�f1j-cPd�c��

¡

DMG-I-r "yXMm{c�i-V

q

d�I-i-c<B<U�G-G-lCp B<l �TD�K2A Y;URW-DHXN\<B<D j-DHi-B�c<ŠHcnj-i-IJV�DHi6Unc<j-I �TDHV§i-D �

€
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�
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B<DMYZU �

q
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q

\<XN\<B

q

• \^j-i-IJ€HG6U�Y-I�Y;U�Y2c<ŠMc�� d6I-x<c XMDHi�E�DHWJG-c�� XMc<X

q

E�IJXM\<c�ŠHc
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[

XHDMY
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B<i-DMV�DHG �

G-c<V

q
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q
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q

i-DHY2c<GJXM\<i
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�
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¡
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G-c<BPd�DHG-GJc<r=E�IJG6U�V�I-W-DMXHY2c<r XMI-XM\�DHV�D jJi-I§B<U�i-I6U�kJI-I DMD j6Uai6U�V�DM\�i-c<B�j-c<Y;Ua€RUod�I "
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Y2cad�DMxyU�G-I-r K �9i-I-W-DMV "JIJ€HV�DHGJ[Z[�G-DHYJI-r

q

j-i6U�Bad-[-•  TI-r_j6U�i6UaV�DM\<i�V�cHE�Ded�I "-V�c

¡

�

G-cƒx<lCd�c

q

jJi6U�Bad6[Z\<f�XM\<DMj-DHGJf<• pyU�c�\<IJW-G-c<XN\<I i-DN€

q

d�fR\<I-i

q

•  DMr

�

h # "�WZ\<cƒc�\��

i6U

¡

UPd�c i6Ua€Nd�I-W-G-lzD

q

i-c<B<GJIŽB<U�i-I6U�x�DNd�f<GJc<XM\�ILXMDHi�E�DHWJG-c<ŠHc(i-IJ\�V]UJK �9X pycHE�G6Ua[

�

h # jJi-DeE�XN\PU�Bad6[;d�U�XHc<x�c<r1G-DMj-DHiJI-cHE�I-W-DMXHY-I-r§XHI-ŠMG6UPd*K �9c•E�x<c<i-c<V¤j-U�i6U�V�DN\<i-c<B

i-DMY;c�G-XM\�i

q

I-i-c<ByUaG-G-c<r V�cHE�Ded�I

q

E“Uod�c<XHf G6U�rZ\<I1iJD

¡

I-V(DMD`m

q

G-Y-kJI-c<G-I-iJc<ByU�G-IZ[ "

j-i-I�Y2c�\<c<iJc<V pyU�i6U�YJ\�DHi-IJXM\<IJY-I=I-X pycHE�G-c�rbI�V�cHE�Ded�f<G-c�r

�

h # c<Y;Ua€•UPd�I-XMf xad6IJ€ �

Y-I-V�I KJ©nUTi-IJX�K�O<O<K Ouj-i-DFE�XM\PUaBad�DHGJlLm{Ua€Hc<B<lzr j-c�iJ\<i-DN\•XHjJDHYJ\�iƒV�c  G-c<XN\<I�I^U�B��

\<c�Y;c�i-i-DNd-[-k-I-c�G-G6Ua[ƒm

q

G-Y-k-IJ[ �MY2XHj-DMi-I-V�DHGZ\PUPd�f<G-c XHGJ[Z\<c<r

�

h # "JU G6UTi-IJX�K•O<O�K

Z

� \<D

¡

DupyU�i6U�YJ\�DHi-IJXM\<IJY-I " jJcad

q

W-DHGJG-lzD`IZ€`B�c<XHXN\PU�G-c<Bad6DHG-G-c�r1V]Ua\�DHV]Ua\�I-W-DHXMY2c<r

V�cHE�DNd6I•K;©nDN\<i

q

E�GJc B<I;E�DN\<f9E�c<XM\PUP\<c<W-GJc{pyc�i-c!� DMDuXMc<c�\<B�DM\<XN\<B<IJD'j-iy[-V�lCp �MY;XMj-D �

i-I-V�DMGJ\PUPd�f�G-lCpƒi-DM€

q

d�fR\PUa\<c<B X9i-DN€

q

d�fR\PUa\PU�V�I "�j-cPd

q

W-DHG-GJlzV�I�X9I-XMj-cad�fa€•c<ByUaG-I �

DHV(V�cHE�DNd�f�G-c<r E�I-G6U�V�IJW-DHXMY;c�rbXHI-XN\<DMV�l9K

¦'ca\R[§jJi-DeE�XN\PU�Bad�DMG-G-lzD iJDM€

q

d�fR\PUa\�l

q

¡

D

q

E�IJB<IJ\<Ded�f<G-lªB_XMIZd

q

x<DN€

q

Xed�c<B<GJc

XNd6I � Y2c<V j-i-c<XN\<c<r_j-iJc<k-DeE

q

iJlLV�cHE�Ded�I-i-c<B<U�G-IJ[ "J\<DMV GJD'V�DHG-DMD9V�c

¡

G-cTD� Dux<c��

d�DMD

q

E�I-Bad6[Z\<f<X%[=Xed�DeE

q

•  I-VŽE�U�G-G-lzVzKu�9€HB<DHXN\<G-c "˜WJ\<c�XN\<i

q

YJ\

q

i-U�XHjJDHYJ\�i6UPd�f��

G-c<r_jZd6c�\<G-c�XM\<I1V�c! G-c�XM\<I � ŠMi6U�mnI-Y-I � R �'G-U i-I-X�K˜O�O<K OnI=O<O<K

Z

� jJc�€•B<cPd6[-DN\•E�I6U �

ŠHGJc<XM\�I-i-c<ByUP\<f8i2[2E(j6Ua\�cad�c<ŠMI-W-DHXMY-IZp ca\<YZd�c�G-DHG-IJr(Bbi-U�x<c�\�D�XHDHi�E�k-U=WJDNd�c<B�DHY;UJK

A�W6U�XM\�G-c<XN\<I "�B<l E�Ded6[-• \bi-D

¡

I-V�l "˜jJi-I Y2c�\�c<i-lCp8W6U�XN\<c�\PU�XHDHi�E�DMW-G-lCp XHc<YJi6U �

 DMG-I-r•j-i6UaYJ\<I-WJDHXHYJILj-c�XM\<cR[JG-G6U � XMDHi�E�k-D

Ÿ

i-U�x<c�\PU�DN\ Y;U�Y W6U�XMl

Ÿ

� I¤i-D

¡

IJV�l

X•x<cad6f!� c<r XN\<DMj-DHG-f�• U�iJIJ\<V�I-I "•Y2c<Š E“U_XHj-DMYJ\<i8XM\PU�GJc<B<IJ\�X%[§jJi6U�YJ\�I-W-DHXMY-I i-U�B��

G-c<V�DMi-G-lzV‚B_G-IZ€•Y2c<W6U�XN\<c�\�G-c<r c�xad�U�XN\<I "˜G6Uaj-c<V�I-G6UP[=W-I-XM\�c �

q

V�c<B<c<r8j-i-c<kJDHXHX

� XMDHi�E�k-DMx<I-DMG-IJ[bX9jJc<B<l � DMG-G-c<r1U�i-IJ\�V�I-DHr �NK�A¤V�cHE�DNd�f�G-c<rƒXHI-XN\<DHV�D`j-i-I_ByU�iJI6U �

k-I-I j-U�i6U�V�DN\<i-c<B

q

E“UPd6c<XHf c�x<G6U�i

q

¡

IJ\<f�Y;U�Y1j-c<WJ\�I8jJDHi-I-cHE�IJW-DHXMY-I-D!"•\PUaY8I1x<c��

d�DMD'i6Ua€HB<IJ\<lzDupyU�c�\�I-W-DHXMY-I-DnY2cad�DMxyU�G-IJ[ K2STi

q

ŠHIJV�IƒXed�c<ByUaV�I "ZB`€RU�B<IJXHI-V�c<XN\<I_c�\

j6U�i-U�V�DM\�i-c<B�"•V�cHE�Ded�f<G6UP[=XHI-XN\<DHV]U_XHjJI-XHc<x�G6U�B<c<XHjJi-c<IJ€HB<cHE�IJ\<f

�

h #(GJD \<cad�f�Y;c

€NE�c<i-c<B<c�ŠHc W-DNd�c�B<DHY;U "6G-c I_G-DHY2c�\�c<i-lzD{\<I-j-l j6Ua\<cPd�c<ŠHIJI•K
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A Y;URW-DHXN\<B<DnIZd-d6•uXM\�i6U�k-IJI1i6U<UaXHV�c�\�i-I-V E�ByU j-i-IJV�DHi6U•I-XMj-cad�f�€Hc<ByU�GJIJ[�B•Y;U �

W-DMXM\<B�D�E�I-U�ŠHG-c�XM\<IJW-DHXMY;c�ŠHc'Y-iJIJ\<DMi-IJ[{Y2cad�I-W-DMXM\�B<DHG-GJlCp`pyU�i6U�YJ\�DHi-IJXM\<IJY XM\�DHj-DMG-I

p2Uac�\<I-WJG-c<XM\�I j-i-c<k-DMXHXHUJK A�YZURW-DMXM\�B<D I-XMXNd�DFE

q

DMV�lCp XHI-ŠMG6UPd�c�Bbx

q

E�DHV‚U�G6UPd�IZ€•I �

i-c<B<Ua\<f

�

h #"W-Ded�c<B<DMYZU " U B Y;URW-DMXM\<B�D V�DHi-lgXM\�DHj-DMG-I p2U�ca\<I-W-GJc<XM\�ILB<lzx�DHi-DMV

G-c<iJV�I-i-c<ByUaG-G

q

• �MGJ\<iJc<j-I-•�I�XN\PU�i �TI-r1j-c�YZUP€RUa\�DNd�f œ{[Jj

q

G-c<ByUZK

+ �

�

x<X

q

E�IJV B<G6URW6Uod�DzBnc<x! I;p¢W-DHiZ\PUPp V�DM\�c•E�I-Y

q

�HY2XMj-DHi-IJV�DHGJ\�c<B�";k-DNd�f�•¤Y;ca\<c��

i-lCp [JBad6[;d�c<XHf_I-XMXNd�DFE�c<ByUaG-I-D c<XHc<x�DHG-G-c�XM\<DMr i-DHU�Y-k-IJI8€eE�c<i-c<B�c<ŠHc_W-Ded�c<B<DMYZU�G6U



� � �

XNd�U�x<lzD_B<G-D � G-I-D_i6UP€NE�i6U

¡

IJ\�DNd�I � XN\<i-DMXHX �NK™AªYZURW-DMXM\�B<D�Xed�U�x<lCp XM\<iJDHXHXMc<B8I-X �

j-cad6f�€•c<B<UPd�I-XMf 2�m{IZ€•I-W-DMXHY;Ua[1G6U�ŠHi

q

€HY;U � Q

[

j-i-IJXHDeE�U�G-I-r B¢\<DMW-DHG-IJD O`V�IJG

q

\<l � "

V�DHGZ\PUPd�f<G6UP[ G6U�ŠMi

q

€•Y;U � WZ\<DHGJI-D G-DN€•G6U�Y2c<V�c�ŠHc \<DMY2XM\PU�B \�DHW-DMG-I-D

Z

V�I-G

q

\�X{k-D �

d�f<•(DHŠMc9j-DHi-DMXHY;Ua€•U ��I �

q

V�c�B<c<DCB�c�€•V

q

 DMG-I-D � c•E�DHByUPd6I-XHf9G6U

q

� GJI-Y-I•I G6U

ˆ

V�I �

G

q

\<l�B<Y;d�•uW6Uod�X%[1ŠMDHG-DMi6Ua\�c<i��

q

V]U �eK

Œ

U�j-I-XMf^XHIJŠHG6UPd6c<B

�

h # c<X

q

 DHXN\<Bad-[Zd�U�XMf

X W6U�XN\<c�\�c<r E�I-XHYJi-DM\�IJ€RU�kJI-I

Z@[\[

#*k•I•B<YZd6•uW6UPd�U w

[

�J}

[

Y;U�i�E�IJc<I-GJ\�DHi-ByUod�c<B-K

Œ

U�j-IJXHI

�

h # jJi-c<IJ€HB<cHE�IZd�I-XMf B8I-X pycHE�G-c�VªXHj-c<Y2c<rJG-c<V XMc<XM\�co[JG-I-I � E�c8XM\<iJDHX �

XHc�i-G-c<ŠMc`B<ca€NE�DMr-XM\�B<IJ[�� I j-cnG-DHXMY2cad�f<Y

q

i-Ua€ B<cnB<i-DMV [¢B<c�€NE�DHr-XN\<B<IJ[ I¢j-c<Xed�D DHŠHc

c<Y2c<G-W-U�G-IJ[ K A�€RU�B<IJXHI-V�c<XN\<I c�\1B<I;E“UƒXM\�i-DHXMX•UbB<i-DMV�DHG-GJlzD I-GJ\�DHi-ByUod�l V�D

¡

E

q

€RUaj-I-X%[-V�I1XHI-ŠMG6UPd�c<B

�

h # V�c<Š d�I�c�\•d�I-W6UP\<f<X%[ K A��HY2XHjJDHi-I-V�DMGJ\PUPp

q

W-U�XM\�B<c<ByUPd6I

j-i6UaYJ\<I-WJDHXHYJI €NE�c<iJc<B<lzD V

q

¡

W-I-GJl � ORw9W-Ded*K �]I

¡

DHG  I-G-l �„O

ˆ

W-DNd˜K ��B`B�c�€•i6UaXM\<D

c�\

Z@[

E�c Qyt`d�DM\&�

Z

Q�� K

�

\<V�DN\<I-VsByU

¡

G-c<D^c�x<XM\�co[Z\<Ded�f<XM\�B<c-K��9X pycHE�GJlzV�I � Y;c�GJ\<i-cPd�f<G-lzV�I��nE�U�G-G-l �

V�I=B �M\�IZp �MY;XMj-DHiJI-V�DHGJ\PUop§[JBad6[;d�I-XHf

�

h # "�€RU�jJI-X•U�GJG-lzD¢X j6U�k-IJDHGJ\�c<B^E�c�c<X

q

�

 DMXM\�Bad�DHGJIJ[bXN\<i-DMXHXHc�i-G-c<ŠMc^B<c�€eE�DHrJXM\<B�IJ[•K�©9DHc�xRp<cHE�I-V�c x<lCd�c•B<l [JXHG-IJ\�f�"6Y;U�Y-I-D

p2Uai6U�YJ\�DHi-I-XN\<I-YJI

�

h #‚E�DHV�c<G-XN\<i-IJi

q

• \(G6U�I-x<cPd�f!�

q

• XN\PU�x<IZd6f<G-c<XN\<f B<c B<iJD �

V�DHGJI

q

B�XHDNp j6U�k-I-DMGJ\<c�B-K




�M\�c<r8k-DNd�f�• E-d6[8B<XHDep=I-XHjJl \

q

DMV�lCp €•U�j-I-XMlzByUPd�X%[

XHIJŠHG6UPd

�

h # B \<DHWJDHG-I-D

Z@[

V�I-G

q

\oK S•Uod�DHD_B<lzW-IJXNd6[;d�I-XHf§Y;U�Y \�i6UoE�IJk-I-c<G-GJlzD

� W-U�XM\�c�\PU XMDHi�E�DHWJG-lCp XMc

q

i6U  TDHG-I-r "aDMD E�I-XHj-DMi-XHIZ[ "oI-GJ\�DHG-XMI-B<G-c<XN\<f9c<XMG-c<B<GJc<rnW6U �

XM\�c�\<l"XMDHi�E�DMW-G-lCp�XHc<YJi6U  DMG-I-r�I�E�i K � "-\PU�Y�IƒG-DN\<i6UoE�I-k-I-c<GJG-lzD � XHj-DMYJ\<ibV�c  �

G-c<XN\<I "JI-GJ\<DMŠHi6Uod�f<G6Ua[_V�c  G-c<XN\<f�"ZG-c<i-V�IJi-c<ByU�GJG6Ua[ �MGJ\<i-c�j-IJ[ "ZB<i-DMV [�Y2c<i-i-Ded6[ �

k-I-I I�E�i•K �eK•žClCd6c

q

XM\PUaG-c<Bad�DMG-c�"˜WJ\�c�G6U�I-x�cad�f!�

q

•ªXN\PU�x<IZd6f<G-c<XN\<f_B<c B<iJDHV�DHGJI

E6d6[TB<XHDep

q

W6UaXM\<GJI-Y2c<B �HY2XHj-DMi-I-V�DMGJ\<c<B'E�DMV�c<G-XM\�i-I-i-c�ByUPd�U'I-V�DMG-G-c9G-c�i-V�I-i-c<B<U�G �

G6Ua[ �HGJ\�i-c<j-IZ[ ���'€•V�DMG-DHGJIJ[�G-c<iJV�I-i-c<ByUaG-G-c<r��MGJ\<iJc<j-I-I_G-D j-i-DHB�l �•UPd�I

� 4%
"JB

\<c B�i-DHV [ YZUaY IJ€•V�DMG-DHGJIJ[ B<XMDNp=E�i

q

ŠHIZp8p2Uai6U�YJ\�DHi-I-XN\<I-Y(x<lCd�I B1j-i-DeE�DNd�UPp c�\

� 5 � 6%
� �


 


�`E�c

� 30 � 40%
I x<cad�DMD �

�

\<ca\ I-GJ\�DHi-DMXHG-lzr¤m{U�YJ\ E�c<XN\<c<IJG

XHjJDHk-I6Uod�f<G-c<ŠMc_I-XHXed�DeE�c�ByU�G-IJ[ "•cHE�G6U�Y2c�B i-U�V�Y;UPp �N\<c<r=XN\PUa\<f<I=c<G Xed

q

¡

IZ\ �HY2X �

j-DMi-I-V�DHGZ\PUPd�f<G-lzV•c<x�c<XHG-c�ByU�G-I-DMV(\�c<ŠHc�"6WZ\<c^GJc<i-V�I-i-c�ByU�G-G6UP[ �HGJ\�i-c<j-IJ[1V�c

¡

DM\

I-XMj-cad�f�€Hc<ByUa\�f<X%[8Y;U�Y§Y2cad6I-W-DHXN\<B<DMG-G6Ua[=p2Uai6U�YJ\�DHi-I-XN\<I-Y;U1IJX pycHE�G-c<ŠMc � E�c_XM\<iJDHX �

X•U	�zXMc<XM\�cR[-G-IJ[�XHDMi�E�DHW-GJc�� XMc<X

q

E�I-XN\<c<r1XHI-XN\<DHV�l

q

W6UaXM\<GJI-Y2c<B��HY2XMj-DHi-IJV�DHGJ\�c<B-K

�9XHXed�DeE�c�ByU�G-IJ[8i-DHU�Y-k-IJI§G6U�B<XMD

q

YZUP€RU�G-GJlzD B<l �TD¢B<I;E�lsXM\<iJDHXHXMc<i-G-lCp§B<ca€ �

E�DMr-XM\�B<I-r•j-c�€HB<cad�I;d�I j-cad

q

WJIJ\<f'D  D x<cad�DMD

q

E�I-B<IZ\<DNd6f<G-lzD i-DN€

q

d�fR\PUa\�l12<IJ€ B�XHDHr

XHc�B<c<Y

q

j-G-c�XM\<I•p2Uai6U�YJ\�DHi-I-XN\<I-Y

�

h # "�€RUaj-I-X•UaG-G-lCp¢B<c9B�i-DHV [•B�c�€NE�DMr-XM\�B<I-r I¢j-c��

XNd6D!"

q

XN\<c<r-WJI-B<c^V]UaY;XMI-V]UPd�f�G-lzD`I E�c<XN\<c<B�DHi-G-lzD`IJ€•V�DMG-DHGJIJ[_E�DHV�c<G-XN\<i-IJi-c<ByUPd�U

\<cPd�f<Y2cnc•E�G6U �`G-c<i-V�IJi-c<ByU�GJG6Ua[ �MGJ\<i-c�j-IJ[ �<A \<c9B<i-DMV [¢Y;U�Y¢U�iJ\�DHi-I6Uod�f<G-c<D E�U�B��

d�DMG-I-Dbj-iJI XM\�i-DHXMX•UPp

q

B�DNd�I-WJI-ByUPd�c�XHf G-D�x<cad�DMD1W-DMVªG6U

10%
" �


 


� G6U

8%
"

G-c<iJV�I-i-c<ByUaG-G6Ua[ �HGZ\<i-c<jJIJ[1IZ€•V�DHGZ[Zd�U�XMf G-U

40� 70%
I�x�cad�DHD �

�

x<X

q

E�IJV1Y2c<G-Y-iJDM\<GJlzDCi-DN€

q

d�fR\PUa\<l iJD•U�Y-kJI-ITj6Uak-I-DHGZ\<c<B G6U B<c�€NE�DHr-XN\<B<I-D �

q

�
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q

E

q

 DMV XHDHi�E�DMW-G-c��

XHc�X

q
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q
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q
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q
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q
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q

E

q

 DHD
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G-DMr � I-r V�DN\<cHE�I-XHXed�DeE�c<ByU�G-IZ[ �HB<cad6•uk-I-c�G-G-lCp jJi-c<k-DMXHXHc�B BbDHXN\<DHXN\<B<c �

€•G-U�G-I-I XMc<XM\�c<IJ\9B j-c<XN\<i-c<DMG-I-I•V]Ua\�DHV]Ua\�I-W-DMXHY-IZp V�cHE�DNd�DMr IJ€

q

W-U�DHV�lCpTXHI-XN\<DMV8I

IZpTU�G6Uod�IJ€•DaK�hnU�YTXHY;Ua€RUod¢cHE�I-G IJ€CB<DNd6I-Y-IZp`V�lzXNd6IJ\<Ded�DHr¢j-i-c �`d�c<ŠMc'B<DMYZU "od�• x<c<D

q

\<B<DMi

¡

E�DMG-I-DzI-XN\<I-GJG-c'G6U�XN\<cad6f<Y2c�"�G6UaXHY2cad�f<Y2c c<G-cux<Ua€•I-i

q

DM\�X%[¢G6U V]UP\<DHV]UP\<I-Y2D�K

©nUPd�I-WJI-D V]UP\<DHV]UP\<I-W-DMXHY2c<r V�cHE�Ded�I I-XMXNd�DFE

q

DMV�c<r XHI-XN\<DMV�lªX

q

 DMXM\<B�DHG-G-c=i6UaX �

� IJi2[JDM\_B<ca€•V�c

¡

GJc<XM\�I DHDTIZ€

q

W-DHGJIJ[ "•jJc�€•B<cPd6[J[1i-D�� Ua\<f €•UoE“URW-I j-i-DFE�XHY;Ua€•U�G-IJ[

j-c<B�DeE�DMG-IJ[•XMI-XM\�DHV�l�B�c'B<i-DMV�DHG-I•IT€•U�B<I-XMI-V�c<XN\<I¢i-D

¡

I-V�c<B DHD m

q

G-Y-kJI-c<G-I-iJc<ByU �

G-IJ[`c�\ j6U�i6UaV�DM\<iJc<B-K5
 U�YJI-V1c<x�i6Ua€•c�V "Rc•E�G-c<rTIZ€Ck-DMGJ\<i-UPd�f<G-lCp`[-BPd6[-DN\<X%[{€RUoE“URW6U

V]Ua\�DHV]Ua\�I-W-DHXMY2c<ŠHc¢V�cHE�DNd6I-i-c<ByUaG-IJ[ "2i-D � DMG-I-D'Y2c�\�c<i-c<r•E“U�DM\TB<c�€HV�c

¡

G-c<XN\<f{c<X

q

�

 DMXM\�Bad�DHGJIJ[ŽG6U

q

WJG-c<ŠHc jJi-c<ŠHGJc�€RU m

q

G-Y-kJI-c<G-I-iJc<ByU�G-IZ[¤XHI-XN\<DMV�l B<c§B<i-DHV�DMG-I "

[-BPd6[-•  DHŠMc<X%[�c•E�G-c<rƒIJ€{Š d�U�B<G-lCpƒjJi-c<xad�DMV�B¢DHXN\<DMXM\<B�c�€•G6UaG-I-I•K

‰�D � DMG-I-Du€•UoE“URW-I^V�cHE�Ded�I-i-c�ByU�G-IJ[¢\�DHc<i-DN\<I-WJDHXHYJIƒGJD XMc•E�DHi

¡

IZ\ j-i-c�xad�DHV "yDMX �

d�I�i-D•UPd6f<G6Ua[ƒXHIJXM\<DMV]U €RURE“U�G6UJK6¦uc<i-c!�Tc IJ€HB<DHXN\<G-lzr jJi-I-V�DHi ��Y2cad6DHxyUa\�DNd�f�G-lzr

LC �
Y2c<GJ\

q

i•K6©nU{c�XHG-c<B�D €HG6U�G-IZ[^X p<DHV�l•Y2c<GJ\

q

i6U`I �Nd6DHYJ\�i-I-W-DMXHY-IZp^€RU�Y2c<GJc<BTG-D

j-i-DFE�XM\PUaBad6[-DN\^\�i

q

E“U¢€•U�j-I-XHUa\<f c<XMG-c<B<c<jJcad�U�ŠeU�•  I-DnXMc<c�\<GJc!� DMG-IJ[�IƒjJcad

q

W-IJ\�f
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i6U�B<GJDHG-IJ[�YZd�UaXHXHIJW-DHXMY;c�ŠHc^c�XHk-IZdJd6[J\�c<i6U 2

•x + ! 2
0x = 0; ! 2

0 = 1=LC:
� O

Z

K O �

‰�D � DMG-I-DHV

q

i6U�B�G-DHG-IZ[ � O

Z

K O���[-Bad6[JDM\�X%[ ŠeU�i-V�c�G-I-W-DMXHY-I-r Y;cPd�DHxyUP\<DNd6f<G-lzrªB<c
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q

i6U

L
I

C
K$�9i-I8€•UoE“U�GJG-lCp§G6URW6UPd�f<GJlCp

q

XNd�c�B<IJ[Zp

x(t0)
I

_x(t0)
XHc<XN\<cR[-GJI-D^XMI-XM\�DHV�l

� O

Z

K O��Cx

q

E�DM\ cHE�G-c�€HG6URW-G-c IJ€•B<DMXM\�G-c¢E6d-[_d6•ux<c<ŠMc¢B<i-DHV�DMG-I

t > t0
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�

E�G6U�Y2c9c<WJDHG-fnW6U�XN\<cnj-i-I;pycHE�IJ\�X%[^XN\PUPd�Y-I-B<Ua\<f<X%[ Xzx<cad6DHD Xed�c

¡

G-c�r XMIJ\

q

U�k-I �

DHr "ZY2c<Š E“U9E�DM\PUPd6f<G-lzD9XHB�DeE�DMG-IJ[ c`i-D•Uod�f<G-c<r^XHI-XN\<DHV�Dud6I-x<cTca\<X

q

\�XM\<B

q

• \ B<c<B<XMD!"

d�I-x�c [-B<G-c G-DeE�c�XM\PUa\�c<W-G-l9K ��E�I-G-XN\<B<DMG-G6Ua[•IJG-mnc<i-V]U�k-IZ[¤c XHB�c<r-XM\�ByUPp XHI-XN\<D �

V�l XMcHE�DHi

¡

IJ\<X%[ƒd�I � f B �HY2XHj-DMi-I-V�DMGJ\PUPd�f<GJc<rb€RU�B�I-XHI-V�c�XM\<I�cHE�G-c<rƒIJ€{Y2c<c<i�E�I �

G6Ua\ XHc�XM\<cR[JG-IJ[ƒXHI-XN\<DMV�l"B<c¢B<i-DHV�DMG-I•K 
 UaYZUP[ €RU�B�I-XHI-V�c�XM\<f

a(t)
"6IJ€•V�DMi-DHG-G-Ua[1B

\<DMW-DHGJI-D�Y2c<GJDHW-G-c�ŠHc=B<i-DMV�DHG-I

t0
" G-Ua€•lzByUaDM\<X%[ ?B=WRNX�� ;>=@C �*S
� � IZd�I i-DHUPd�IJ€•U�k-I �

DHr �9XMI-XM\�DHV�l "�U�j-i-IbE�I-XHYJi-DM\�IJ€RU�kJI-I X �•U�ŠMc<V

�t
2

a(i�t ) = ai
"

i = 1; : : : ; N
�

N = [t0=�t ]
"�c�G6U�G-c�XHIJ\ G-Ua€•ByUaG-I-D
ST;>?DS �*CPFD?DS�+ S �NFHC �UC ?B?DS�+ SKF0
B;<=aK*STDNd�U�DM\�X%[

j-i-DFE�j-cad6c

¡

DHG-I-D c�\<c<V "˜WZ\<c_G6U�xad6• E“U�DHV]UP[

a(t)
[-Bad-[-DM\�X%[bE�DM\�DHi-V�I-GJI-i-c<ByUaG-G-c

c<j-iJDeE�Ded�DHG-GJc<r "a\oK D�KPj-i-DFE�XM\PUaBad6[-DN\9XHc�x<c<rTcHE�GJc<V�DHi-G

q

•(j-i-c<DMY-k-I-•(m{Ua€•c<B�c<r{\�i6U �

DHYZ\<c<i-IJI " j-c�i-c

¡

E“UaDHV�c<r§G-DHY2c�\�c<i-c<r§E�IJG6U�V�I-W-DMXHY2c<r XMI-XM\�DHV�c<r � S
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UoE“URW-DHr

i-DMY;c�G-XM\�i

q

Y-k-I-I¤E�I-G6U�V�IJW-DHXMY;c�rLXMI-XM\�DHV�l‹[JBad6[JDM\<X%[•B�c<XHXN\PU�G-c<Bad6DHG-I-D V�cHE�Ded�f��

G-c<r S




"�i-D � DMG-I-D Y2c�\�c<i-c<r§X^IJ€HB<DHXN\<G-c<r XM\<DMj-DHGJf<• \<c�W-G-c<XN\<I B<c<XMj-i-c<IZ€•B<cHE�IJ\

cHE�G-c<V�DMi-G

q

• G6U�xPd�• E“U�DMV

q

•

a(t)
G6U1€•UoE“U�G-GJc<V"I-GJ\�DHi-ByUod�D_B<i-DHV�DMG-I

t0
I8E6d6[

t > t0
K �9i-c�xad�DHV]U_i-DMY;c�G-XM\�i

q
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q

c<x<i-Ua\<G-lCp_€•UoE“URW "6i-D � DMG-I-DTY2c�\�c<i-lCpƒG-DnV�c

¡

DN\^x<l \�f cHE�GJc�€•G6URW-GJlzVzK
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B B<I;E�D=XHIJXM\<DMV�l c<x<lzYJG-c<B<DMG-G-lCp

E�I-mnmnDHiJDHG-k-IZ[Zd�f<GJlCp

q

i6U�B<G-DMG-I-r �

�

S`¨ � IZd6I(E�I-XHYJi-DM\�G-lCpŽc�\<c�x<i6U

¡

DMG-I-r¤j-c

cHE�G-c<V�DMi-G-c<V

q

B<i-DMV�DHG-G-c�V

q

iy[;E

q

K-ACU
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GJcTj-i-I �M\<c�V GJDu€RU�x�lzByUa\<f "ZWJ\�c•B<i-DMV�DHG �
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¡

U�DN\��MB<cad�• k-I-c<GJG-lzr j-i-c�k-DHXMX i-DHUPd�f<GJc<r S




"
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j-i6U�BPd6[-DMV�c<r=E�DN\<DMi-V�I-G-I �

i-c<B<U�G-G-lzV�I E�I-G6U�V�I-WJDHXHYJI-V�I €RU�Y2c<G-U�V�I•KW��XM\<DMXM\�B<DHG-GJc�" WJ\�c \PU�Y2c<D1jJi-DeE�jJcad�c��

¡

DMG-I-D1X

q

¡

U�DM\ YZd�U�XMX�i-U�XHXMV]Ua\<i-IJByU�DHV�lCp�XHIJŠHG6UPd6c<B-K A W6U�XN\<G-c�XM\<I "CDHXed�I B<iJD �

V�DHGJG-c<r i2[2E�DMXM\�f`Xed�DeE�XN\<B<IJD'U�x<XMcad�• \<G-c{XNd

q

W6Uar-G-c<ŠMc�� �

q

V�c<B<c<ŠMc � j-i-c<kJDHXHXHU "<\<c

ŠHc�B<c<i-IJ\�f c i-DMY;c�G-XM\�i

q

Y-k-I-I G-DnI-V�DMDM\ XHV�lzXed�U��

ˆ

"

Z
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�9c<j-l \PU�DMV�X%[ j-c�GJ[J\�f c<XMG-c<B<G-lzD(j-i-c<xPd�DHV�l "nX Y;ca\<c<i-lzV�I XHB�[Z€RU�G-cŽi-D � D �

G-I-D €RUoE�UoWJI^i-DMY;c�G-XM\�i

q

Y-k-I-I•K��9DMi-ByUa[ c<x

q

XNd�c�Bad�DHG-UTG-DHc�xRp<cHE�I-V�c<XN\<f<•‚B�B<DeE�DMG-IJ[

Y;U�Y-I-V � d�I-x<c•c�x<i6Ua€Hc<V Y2c<c<i�E�I-G6UP\¢XHc<XN\<cR[-G-IZ[_XHI-XN\<DHV�l9K�A DeE�f•G6UaV IZ€•B<DMXM\<G-U•€•U �

B<I-XMI-V�c<XN\<f•B<c`B<i-DHV�DMG-I � G-U  LST?DC�� ?DS �•IJGJ\<DMi-ByUPd�D � ��d�I � f•cHE�GJc<r IJ€uY;c�c<i�E�I-G6Ua\

i-DHUPd�f<G-c�rTXHIJXM\<DMV�l

a(t)
KohnU�Y{B<B<DMXM\�I G-c<B<lzD]Y2c<c<i�E�IJG6Ua\<l I{XHY2cad�f�Y;c IZp'E�cad

¡

G-c

x<l \�f � hnU�Y2c<ByU i6Ua€HV�DHi-GJc<XM\�f S




"6Y;ca\<c<i

q

•�V�lŽp<c�\<I-V�B<c<XHXN\PU�G-c<B�IJ\<f �

�9i-DeE�j-cad�c

¡

I-V "oWJ\<c'G-U�V

q

E“UPd�c�XHfuY;U�Y � \<cui-D��TIJ\<f �N\

q

j-i-c<xPd�DHV

q

ITV�l €HG6U�DMV

i6Ua€HV�DHi-GJc<XM\�f

n
V�cHE�DNd6f<G-c<rƒS
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i6Ua€

q

B�c�€•G-IJYZUaDM\�B�\�c<i-c<r "“G-D`V�DHG-DMD ByU

¡

G-lzr

B<c<jJi-c<X�2 YZUaY €•U�j-I-XHUa\<f=XHU�V�I

q

i-U�B<G-DMG-IJ[��ƒhnU�Y2c<B B<I;E�V�cHE�DNd6f<G-c<ŠMc8c�j-DHi6UP\<c<i6U

�HB�cad�•ukJI-I "˜Y2c�\<c�i-lzr=B�XNd

q

W6U�D

�

ST¨ c<j-i-DFE�DNd6[JDM\�X%[ j-i-U�B<lzV�I=W6U�XN\R[-V�I8XHI-XN\<D �

V�l

n
E�IJm{mnDMi-DHG-kJI6UPd�f<GJlCp

q
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c�\�B<DM\�lŽG-U �N\<I E�B<U`B<c<jJi-c<X•Unj-c`X

q

\<I E�DNd�U{I^DHXN\<f XMcHE�DHi

¡

U�GJI-Dui6UP€NE�Ded�U{\�DHc<i-IJI
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q
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¡

DM\ x<l \<f B�c<XHXN\PU�G-c<Bad6DHG j-c

XHY;UPd-[-i-G-c�V

q

B<i-DHV�DMG-G-c<V

q

i2[2E

q ai
"6DMXNd�IƒB¢YZURW-DMXM\�B<DTG-DFE�c<XN\PU�•  TIZp�Y;c�c<i�E�I-G6Ua\

B<DMYJ\<c<i-U{XMc<XM\�co[JG-IJ[ I-XHjJcad�f�€

q

DM\�X%[ \<ca\

¡

DzX•U�V�lzr i2[2E

ai
"<B�€H[Z\<lzr X GJDHY2c�\<c�i-lzV

€RUaj6Ua€NE�lzByU�G-I-DMVzK˜AsO•…

]
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q

\<B<DMi
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E“Ua•  •UP[ " WZ\<c j-c

cHE�G-c<V�DMi-G-c<r§i-D•Uod�IJ€RUak-I-I
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S
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A
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¡

U  TI-V Š d�UoE�Y2c<V
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� V�DMi-G-c<V

q

V�G-c<ŠMc<c<x<i-Ua€•I-• "ZV�DN\<cHE�c<V €RURE�DHi

¡

Y-I V�c

¡

GJc j-c��

d

q

W-IJ\�f

n
� V�DMi-G

q

•�iJDHY2c<G-XN\<i

q

Y-k-IJ•

AR
I-X p<cHE�G-c<ŠMc`UP\�\<i-U�YJ\<c�i6U'Y;U�Y•V�G-c

¡

DHXN\<B<c

B<DMYJ\<c<iJc<B

x (t)
B

Rn jJi-I

n � 2d + 1
� \<DMc<i-DMV]U 
 UaY;DMG-X•U	� 2

x (t) = � n (a(t)) = (a(t); a(t+ � ); : : : ; a(t+ (n� 1)� )) = (x1; x2; : : : ; xn ):
�„O

Z

K

Z

�




c<Š d�UaXHG-c^\�DHc<iJDHV�D!"�c�\�c<x<i6U

¡

DHG-I-D

� n : A ! AR
[-Bad6[JDM\�X%[1Š d�URE�Y-I-V¤I�c<x<i6Ua\�I �

V�lzV�G-U

AR
j-c<WJ\�I1j-i-I�d�• x<c<r�€RUoE�DHi

¡

Y2D

�
� DHXed�I

N ! 1
�eK

�9c<j-l \PU�DMV�X%[ i6UP€•c<x<i-Ua\<f<X%[8BƒXHcHE�DMi

¡

U�G-I-I8\<DHc�i-DHV�l 
 U�Y2DHG-XHUJK

�

G6U�c<x<c<XMG-c��

B<lzByUaDM\ B�B<DeE�DMG-I-D B`Y;URW-DHXN\<B<DuG-c<B<lCp Y2c<c<i�E�IJG6Ua\•XMc<XM\�co[JG-IJ[^XHI-XN\<DHV�l¤€HG6URW-DHG-IJr



� �8k

cHE�G-c<V�DMi-G-c<ŠMc B<iJDHV�DHGJG-c<ŠHc8iy[;E“U

a(i�t )
"]B�€M[J\<lCp WJDHi-DN€1G-DMY2c�\<c<iJlzr�I-GJ\�DHi-B<UPd

B<i-DMV�DHG-I

�
2

x1(t) = a(t); x2(t) = a(t + � ); x3(t) = a(t + 2� ); :::
�„O

Z

K Q �

�9I-XNd6c•Y;c�c<i�E�I-G6Ua\ XHc<XN\<cR[-G-IZ[_Y;c�G-DHW-GJc•I E�cad

¡

G-c`j-i-DHB�l �•Ua\�f i-U�V�DHi-GJc<XM\�f¢Ua\��

\<i-U�YJ\<c�i6U

d
KPACG-c<B<f B<c�€HG-I-Y;U�DN\9B<c<j-iJc<X�2oY;U�Y i-DHUPd�f<GJcuB<lzx<i-Ua\<f B<i-DHV [`€RUoE�DHi

¡

YJI

�
� h{UaY-I-VŽXHj-c<XMc<x<c<VŽc<j-iJDeE�Ded�IJ\<f�W-I-Xed�c

n
"˜Y2c�\<c<iJc<D•€RUoE“UaDM\ƒi6Ua€HV�DHi-GJc<XM\�f1V�c��

E�Ded�f<G-c<rƒXHIJXM\<DMV�l

q

i6U�B<G-DMG-I-r��

h XMc

¡

UPd�DHGJI-• "�c�\<B�DM\<c�B^G6U j-c<XM\PUaBad�DHGJG-lzD B<c<jJi-c<XHl G6U c<XMG-c<B<Dn\<cPd�f<Y2c \�DHc��

i-DN\<I-W-DMXHY-I;p iJDM€

q

d�fR\PUa\�c<B1jJcad

q

W-IJ\�f�G-Ded�f�€M[ " \�i-DHx

q

DM\�X%[ j-i-IJBad�DHWJDHG-I-DTE“UaG-G-lCp

�HY2XMj-DHi-IJV�DHGJ\PUPd6f<G-lCpƒI-XMXNd�DFE�c<ByU�GJI-r•K��9c<jJl \PU�DHV�X%[^E“UP\<f c�\�B<DM\�l•G6U �N\<I�B<c<jJi-c��

XHl9K

O<K




\<c�W-Y-In€•i-DMG-IJ[`j-cad�c

¡

DMG-I-r9\<DMc<i-I-I{€RUoE�DMi

¡

Y;U

�
V�c

¡

DM\ x<l \<f j-i-c�IJ€•B<cPd�f��

G-c<r K

�

E�G6U�Y2cƒXHc<B<DMi � DMG-G-c_[-XMG-c�"•WJ\�c�DMXNd�I

�
XNd6I � Y2c<VLV]UPd�c�" \�c

i
� [=I

i + 1
� [

Y2c<c<i�E�I-G-Ua\<l�\<c<WJDHYbm{Ua€Hc<B<c<rƒ\<i6U�DMYJ\<c�i-I-I=j-i6U�YZ\<I-W-DMXHY-I=G-DMc�\•d�I-WJI-V�l E�i

q

Š c�\

E�i

q

ŠeUJKC‰�DMY;c�G-XM\�i

q

I-i

q

DMV�lzr"Ua\a\<i6U�YZ\<c<i¤B �M\<c�V Xed

q

W6U�D�i6U�XHjJcad�U�ŠeU�DN\<X%[•B<xPd�I �

€•I_Š d�UaB<G-c<r E�I-U�ŠHc<G-UPd�I�j-i-c�XM\<i-U�G-XM\�ByU¢Bad�c

¡

DHGJIJ[ �

Ÿ

d�I-G-IJIƒI2E�DHGJ\�I-W-G-c�XM\<I

Ÿ

�NK

†

�M\�c<ŠHcbE�c<j

q

XHY;Ua\�f G-Ded�f�€M[(B XMIZd

q

c�j-i-DeE�DNd�DMG-IJ[�2]Y2c<c<i�E�IJG6Ua\<l XHc<XN\<cR[-G-IZ[(DMXM\�f

G-DN€RU�B<IJXHI-V�lzD�j-DMi-DHV�DMG-G-lzD " cHE�G-c�€HG6URW-G-cbc<jJi-DeE�Ded6[-•  I-D�XMc<XM\�cR[-G-I-D^XHI-XN\<DHV�l9K




E�i

q

ŠMc<r XM\�c<i-c<G-l "�DHXed�I B<i-DMV [§€•UoE�DHi

¡

Y-I c<WJDHG-fbB�DNd�I-Y2c�"�Y2c<c<i�E�I-G-Ua\<l c<Y;U �

€•lzB<U�• \�X%[ G-DMY2c<i-i-Ded�I-i-c<B<U�G-G-lzV�I "�I=i-DHY2c<GJXM\<i

q

IJi-c<ByU�GJG-lzr Ua\a\<i6U�YZ\<c<i GJD•c�\��

i6U

¡

U�DM\ I-XN\<I-GJG-c<r E�I-G6U�V�IJY-I•K ©nU c<XMG-c<B<D �MY;XMj-DHiJI-V�DHGJ\�c<B

q

XM\PU�GJc<Bad�DMG-c�" WJ\<c

c<k-DMG-Y;U'c<jJ\�I-V]UPd�f<GJc<ŠHc9B<iJDHV�DHGJI €RUoE�DMi

¡

Y-ITV�c

¡

DM\9x<l \�f9j-cad

q

W-DMG6U'IJ€Ci6U�XHWJDM\<c�B

U�B�\�c<Y2c<i-i-Ded6[-kJI-c<G-G-c�r m

q

GJY-k-I-I

 (� 0) = < a(t)a(t + � 0) >
";Y2c�\�c<i6Ua[ E6d-[^Xed�c

¡

�

G-lCp¢GJDHj-DMi-I-cHE�I-W-DMXHY-I;p j-iJc<k-DHXMXHc<B{x

q

E�DN\`XMj6UoE“Ua•  DMr B�c{B�i-DHV�DMG-I

� 0
K

Œ

G-UoWJDHG-I-D

� 0
"<XHc<ca\<B<DN\<XM\�B

q

•  TDHD'B<iJDHV�DHGJI E�c<XM\�I

¡

DHGJIJ[ j-DHi-B�c<ŠHcnG

q

d6[¢m

q

G-Y-k-IJI

 (� 0)
"aI-X �

j-cad6f�€

q

DM\<X%[ƒB �MY2XHj-DMi-I-V�DHGZ\PUPd�f<G-lCpƒIJXHXNd6DeE�c<B<U�G-IJ[;p E6d6[^c<k-DMG-Y-I €RURE�DHi

¡

Y-I

�
B

� O

Z

K

Z

�Cj-i-IƒB<B<DeE�DHG-I-I�G-c<B<lCp�Y;c�c<i�E�I-G6Ua\ XHc�XM\<cR[JG-IJ[�V�c•E�DNd�f<GJc<r�XMI-XM\�DHV�l9K

Z

K 
�DHj-DMi-fnG

q

¡

GJc{Y;U�YJI-V � \�c`XMj-c<XHc�x<c<V8G6U�rJ\�I

n
"yWJ\<c<x�l�c<j-iJDeE�Ded�IJ\<f`i6Ua€HV�DHi �

G-c<XN\<f8i-DHY2c<GJXM\<i

q

IJi

q

DMV�c<r XHIJXM\<DMV�l9KW�9€�\�DHc<iJI-I XNd�DFE

q

DN\ " WJ\�c1E6d6[ c<jJi-DeE�Ded�D �

G-IJ[

n
G-DMc<x•pycHE�I-V�c €HG6Ua\<f�i-Ua€•V�DMi-G-c<XN\<fƒUa\�\�i6U�YJ\�c<i6U�i-DHUPd�f<G-c�r�E�I-G6U�V�IJW-DHXMY;c�r

XHIJXM\<DMV�l "zY2c�\<c<i-Ua[•V�c

¡

DM\ x�l \<f c<j-iJDeE�Ded�DHG6U Xed�DeE

q

•  I-V c<x<i6Ua€Hc<VzK AClzx<i6U�B

j-i-c�IJ€•B<cPd�f<G-c<D � G-DHx�cad�f!�Tc<D�� €HG6URW-DHG-IJD i-Ua€•V�DMi-G-c<XN\<I jJi-c<XM\�i6U�G-XN\<ByU_Bad�c

¡

DMG-IJ[

n0
"Pi-DMY;c�G-XM\�i

q

I-i

q

DMV Ua\�\�i6U�YJ\�c<i I c<j-i-DFE�DNd6I-V§DMŠHc9i6UP€•V�DHiJG-c<XM\�f

dF
XCj-c<V�c  f<•

XHjJDHk-I6Uod�f<G-lCp^UPd�ŠMc<i-IJ\�V�c<B-K

Œ

Ua\�DHV j-c�B�\<c<iJI-V8E“U�GJG

q

•Lj-iJc<k-DeE

q

i

q

"

q

B�DNd�I-WJI-ByUa[

n0
E�c¢\<DNpƒjJc<i "6j-c<Y;U¢B<DNd6I-W-I-G6U i6Ua€HV�DHi-G-c�XM\<I

dF
G-Dnj-DMi-DHXN\PU�G-DN\_j-i-DM\�DHi-jJDHByUa\�f

IJ€HV�DHG-DMG-I-r•K




c<c�\<B�DM\<XN\<B

q

•  DHDb€HG6URW-DHGJI-D

dF
E6d6[ p2U�c�\�I-W-DMXHY-IZp Ua\a\<i6U�YZ\<c<i-c�B

x

q

E�DN\^G-DMk-DNd6lzVzK-S UPd6DHD9c<j-iJDeE�Ded6[-DN\<X%[bxPd�I

¡

U�r � DHDnXMB<DHi<p

q

k-DNd6c<DnW-I-XNd6c�"6I_G6U �

pycHE�IZ\<X%[

d
� i6Ua€HV�DHi-GJc<XM\�f j-i-c<XN\<i6UaG-XM\�ByU " B Y2c�\<c�i-c<D

Ÿ

q

Y;d�UoE�lzByUaDM\<X%[

Ÿ

G6U �|Ua\��



� � �

\<i-U�YJ\<c�i•K




j-c<V�c  f<•�mnc<i-V

q

d�l

 

U�G��

n � 2d + 1
� O

Z

K

ˆ

�

c<j-iJDeE�Ded6[-DN\<X%[ i-Ua€•V�DMi-G-c<XN\<f j-iJc<XM\�i6U�G-XN\<ByU8Bad�c

¡

DHGJIJ[ "�G-DMc<x•pycHE�I-V]UP[ E6d-[ i-D �

Y2c<G-XN\<i

q

Y-k-IJI¤Ua\�\�i6U�YJ\�c<i6U � U1€•G-UoWJIJ\ "�I i6Ua€•V�DMi-G-c<XN\<f§V�c•E�DNd�f<GJc<r E�I-G6U�V�IJW-D �

XHY2c<r�XHI-XN\<DMV�l � "�I_\PUaY-I-V c<x�i6Ua€•c�V(c�\�B<DM\ G6U•B�\�c<i-c<rƒB<c<j-iJc<Xnj-cad

q

W-DMG•K

�'€{XHY;Ua€RUaG-G-c<ŠMc XNd�DFE

q

DN\ " WJ\�c¢E6d-[�jJcad

q

W-DHGJIJ[ƒE�IJG6U�V�I-W-DMXHY2c<ŠMc c<j-I-XHU�G-IJ[ƒG6U

c<XMG-c<B<DƒcHE�G-c<V�DMi-G-c<ŠMc B<i-DMV�DHG-G-c�ŠHc iy[;E�U§G

q

¡

G-c§iJD�� IZ\<f XNd6DeE

q

•  TI-Db€RURE“URW-I�2

c<j-iJDeE�Ded�IJ\<f i6Ua€•V�DMi-G-c<XN\<fLj-i-c<XN\<i6U�GJXM\<B<U Bad�c

¡

DMG-IJ[ "9iJDHY2c<G-XN\<i

q

I-i-c�ByUa\<f‚Ua\��

\<i-U�YJ\<c�i�B G-c<B�c<V�V�c•E�DNd�f<GJc<Vsm{Ua€Hc<B<c<V�j-iJc<XM\�i6U�G-XN\<B<DƒI " G6UaY;c�G-DHk "�€RU�j-IJX•Ua\�f

[-B�G-lzr B<I;E¤V�cHE�DNd�f�G-c<r�XMI-XM\�DHV�l9Kz‰�U�XHXMV�c�\<iJI-V \<DMj-DHi-f �N\<I �N\PU�j-lgx<cad6DHDƒj-c��

E�i-c�x<G-c-K

�
������� �/.���

�
� �����/�&���


-��#$+� �!.�-

�

��

�  � ����� -�
��#$ ��) ���
�  

�*$%$ ���*��$ - ���

�9i-DeE�j-cad�c

¡

I-V "<WJ\�c{B9iJDM€

q

d�fR\PUa\�D �MY2XHj-DMi-I-V�DHGZ\PUTj-cad

q

W-DMG-l(€HG6URW-DHGJIJ[ G-DHY2c��

\<c�i-c<r�mnIJ€HI-W-DMXHY2c<r B<Ded�I-W-IJG-l

a
"�\<c8DHXM\�f G6U�x�c<i

ai = a(i�t )
"

i = 1; : : : ; N
K

ž

q

E�DMV(XMW-IJ\PUa\�f�"-WJ\�c B�i-DHV�DMG-G-c<r�iy[;E

ai
jJc<i-c

¡

E�U�DM\�X%[_G-DHY2c�\�c<i-c<r^S




X'G-DHjJi-D �

i-lzB<GJlzV IZd�I¢E�I-XHY-iJDM\<GJlzV B�i-DHV�DMG-DHV "2j-i-DFE�XM\PUaBad6[J[^XHc<x�c<r•E�I-XHY-iJDM\<IZ€•c<ByUaG-G

q

•

X �•U�ŠMc<V

�t
cHE�G-c�V�DHi-G

q

• j-i-c<DMY-k-I-• m{Ua€•c�B<c<r=\<i6U�DMYJ\<c�i-I-I•K

�

\PUƒ\�i6U�DHYZ\<c<i-IZ[

j-i-IJG6UoE6d�D

¡

IZ\"Ua\a\<i6U�YZ\<c<i

q

XHIJXM\<DMV�l "Ti6UP€•V�DHiJG-c<XM\�f‚Y2c�\<c�i-c<ŠHcLi6U�B<G-U

d
K




c��

Š d�U�XMG-c 
 U�Y2DHG-X

q

"z€RUoE�Ua\<f(B<DHYJ\�c<i‚XMc<XM\�co[JG-IJ[ V�c

¡

G-c j-c(V�DM\<cHE

q

�„O

Z

K

Z

�NK ‰�Ua€ �

V�DHiJG-c<XM\�f�jJi-c<XM\�i6U�G-XN\<ByU_Bad�c

¡

DMG-IJ[

n
c<j-i-DFE�DNd6[JDM\�X%[§G-U c<XHG-c�ByU�G-I-I mnc<iJV

q

d6l

 

U�G � �„O

Z

K

ˆ

� "•\�cuDHXN\<f \<i-DMx

q

DN\nj-i-DeE�ByU�i-IJ\�DNd�f�G-c<ŠHcuB<lzW-I-Xed�DHG-IZ[ B<Ded�I-W-I-GJl

d
Ko©{U

j-i6UaYJ\<I-Y2D™€•G6URW-DMG-I-D

n
"Rc<jJi-DeE�Ded6[-DMV�c<D]mnc<i-V

q

d�c<r � O

Z

K

ˆ

� "HW6UaXM\<c c<Y;Ua€HlzByU�DM\�X%[`€•U �

B<l �TDHG-G-lzV " I V�c

¡

GJc1c<ŠMi6U�G-I-WJIJ\<f<X%[ j-i-c<XN\<i6U�GJXM\<B�c<VsV�DMG-f!�TDHr i6UP€•V�DHiJG-c<XM\�I

�

n < d
�eK

ACG6URW6Uod�D¤G-DHc�xRp<cHE�I-V�c�c<j-i-DFE�DNd�IZ\<f�i6Ua€•V�DMi-G-c<XN\<f Ua\�\�i6U�YJ\�c<i6U

d
KnS{d6[ DHD

c<k-DMG-Y-I•c<x�lzW-G-c'B<lzWJI-XNd6[J• \'\PUaY•G6Ua€•lzB<U�DHV

q

• Y2c<i-iJDNd6[Jk-I-c<G-G

q

•¤i-Ua€•V�DMi-G-c<XN\<f�"

I-XMj-cad�f�€

q

[�mnc<i-V

q

d

q

Dc = lim
" !1

lim
N !1

lg C("; N )
lg "

;
�„O

Z

K t	�

Š E�D

C("; N ) = N � 2
P

i 6= j v(" � j x i � x j j)
� Y2c<iJi-DNd6[Jk-I-c<GJG-lzr I-GJ\�DHŠMi6UPd "

"
�

i6Ua€HV�DHin[-W-DMr-Y-I{i6Ua€Hx<I-DHGJIJ[{m`UP€•c<B<c�ŠHczj-i-c�XM\<i-U�G-XM\�ByU "

N
�uW-I-Xed�cz\<c<W-DMY "oI-XHjJcad�f��

€

q

DHV�lCpnE6d6[`c<k-DMG-Y-ITi-Ua€•V�DMi-G-c<XN\<I "

v
�9m

q

G-Y-kJIJ[T¦uDHB<I-XHU�r;E“U "

x i = x (i�t )
KRS{d6[



� � �

c<j-iJDeE�Ded�DHG-IZ[

Dc
XM\<iJco[Z\`€•U�B<I-XMI-V�c<XN\<f

lg C("; N )
c�\

lg "
I I  

q

\TG-UnGJDHr•d�I-G-DMr �

G-lzr

q

W-U�XM\�c<Y "*G6U�YZd6c<G§Y2c�\�c<i-c<ŠMc�I8c<j-iJDeE�Ded6[-DN\bI-XMY;c�V�c<D €HG6URW-DHGJI-D i-Ua€•V�DMi-G-c��

XM\�I•KZhniJc<V�Dz\<c<ŠMc�"ZIJG-c<Š E“U`U�G6UPd�IZ€•I-i

q

• \T€RUaB<I-XHIJV�c<XM\�f

Dc(n)
I

q

B<DNd6I-W-I-ByUa• \

n
E�c¢\<Depƒj-c<i "6j-c�YZU

Dc
GJD'E�c<XM\�I-ŠHG-DN\ G6UaXHl  DMG-IJ[ K

�'€•B<DMXM\�G-c�"CWZ\<c j-i-I�B<lzW-I-Xed�DHG-IJI

Dc
X

q

 TDHXN\<B

q

• \(c<ŠMi6U�G-I-WJDHG-IJ[ G6U§B<Ded�I �

W-I-G

q "
KB��XNd�I

"
j-iJI-xad�I

¡

U�DM\�X%[(Y i6Ua€HV�DHi6UaV Ua\a\<i6UaYJ\<c<i-U

"max
"�\<c d�I-G-DMr-G6Ua[

€RUaB<I-XHIJV�c<XM\�f

lg C("; N )
c�\

lg "
j-i-c<j6URE“U�DM\ "�WJ\<c c�x��˜[-XMGJ[-DN\<X%[ Bad6IJ[-G-IJDHV�ŠHi6U �

G-I-k Ua\�\�i6U�YJ\�c<i6U "�Š E�D W-I-Xed�cbXMc<XHDFE�DHr

q

Y;U

¡

E�c<r8\<c<W-YJI c<x<lzW-GJc1V�DHGJf!� D " W-DMV

B � XHDHiJDeE�I-GJD �FK•A j-i-DFE�DNd�D "•DHXed�I

" = "max
"�\<c

lg C("; N ) = 1
K




E�i

q

ŠHc<r XN\<c<iJc��

G-l ";j-i-I

q

V�DMG-f!�TDHG-I-I €•G6URW-DMG-IJ[

"
X

q

 DMXM\<B

q

DM\ G-DMY2c�\<c<iJc<D

"min
�<\PU�Y2c<D!";WJ\<c9E6d6[

" < "min
XM\<i

q

YZ\

q

i6U Ua\a\<i6U�YZ\<c<i6U8c<XM\PUaDM\<X%[�G-DHi-Ua€•i-D � DMG-G-c<r•K hnU�Y XNd�DFE�XM\�B<I-D!"

B<G-c�B<f¢G6U�i

q

�•UaDM\<X%[ƒd�I-G-DMr-G6Ua[_€•U�B<I-XMI-V�c<XM\�f

lg C("; N )
c�\

lg "
K

�

E�G-c<r IJ€ j-i-c<xad6DHV jJi-I^i6UaXHW-DN\<D'i6UP€•V�DHiJG-c<XM\�I^[-BPd6[-DN\<X%[ B�lzx<c<i B<DNd�IJW-I-G

N
I

�t
K �nDed�DHXMc<c<x<i-Ua€•G-DMD'IZp j-cHE�x<IJi6Ua\<fTG-Duj-c`c�\HE�Ded�f<G-c<XN\<I "-U

q

W-IJ\�lzByUa[�i6UP€•V�DHi

B<i-DMV�DHG-GJc<ŠHc§c<Y-G6U

N �t
K �9i-I �N\<c<V XNd�DFE

q

DN\ j-i-I-GJI-V]Ua\<f§B<c8B<G-I-V]U�GJI-D_X

q

 D �

XM\�B<c<ByUaG-I-Dnm

q

G2E“U�V�DHGZ\PUPd�f<G-lCpƒc�ŠHi6U�GJI-W-DHGJI-r�G-U B<DNd�IJW-I-G

q Dc
"Zc<j-i-DFE�DNd6[JDHV�lCp

mnc<i-V

q

d�c<r

Dmax =
2lg N
lg(1=r)

; r =
"

"max
;

�„O

Z

K w �

Y2c�\<c�i6Ua[=c�€HG6URW6U�DM\ " WJ\<cƒUPd�ŠMc<i-IJ\�VLi-U�XHW-DN\PU�i6Ua€•V�DMi-G-c<XN\<I8G-D•V�c

¡

DM\ E“Ua\<f�€HG6U �

W-DMG-I-Dƒx<cad�f!�TD!"�W-DMV

Dmax
jJi-I(€•UoE“U�G-GJc<VsWJI-XNd�D_\<c�W-DHY

N
K��9G-lzV�I XNd�c�ByU�V�I "

DHXed�I

r = 0:1
I

N = 1000
"�\<c

Dmax � 6
� DHXed�I

N = 100000
"�\�c

Dmax � 10
K“A

i-DN€

q

d�fR\PUa\<DƒB<c�€HG-I-Y;U�• \§c�j-i-DeE�DNd�DMG-G-lzD_XNd�c

¡

G-c<XN\<I B XNd

q

W6UaD!" Y2c<Š E“Ub\�i-DHx

q

DM\ �

X%[ ca\•d�I-W-IJ\�f`E�DM\�DHi-V�IJG-I-i-c<B<U�G-G-lzr�j-iJc<k-DHXMX'B{XHI-XN\<DHV�DuX E�c<XN\PUa\<c�W-G-c x<cPd�f!� IJV

W-I-Xed�c<V XN\<DMj-DHG-DMrbXHB�c<x<cHE�l ca\ IJXM\<IJG-G-c^Xed

q

W6U�r-GJc<ŠHc j-i-c<kJDHXHXHUJK

Œ

G6U�GJI-D i6Ua€HV�DHi-GJc<XM\�I(j-ca€•B<cad6IJ\=G6U�V�i-DMY;c�G-XM\�i

q

I-i-c<ByUP\<f UP\�\<i-U�YJ\<c�i(V�DN\<c��

E�c<V � O

Z

K

Z

� "-Y;U�Yƒx<lCd�c¢c<j-I-XHU�G-c B<l � DaK

 

DN\<cHE�€RURE�DHi

¡

Y-I 
 UaY;DMG-X•U [-Bad-[-DM\�X%[‚G6UaI-x<cad�DMD IJ€HB<DHXN\<G-lzV " G-c�GJD§DFE�I-G �

XM\�B<DHGJG-lzV XMj-c<XHc�x<c<V"€RUoE�U�G-IJ[ B�DHYJ\�c<i6UbXHc�XM\<cR[JG-IJ[•K

†

d�fR\<DMi-G6Ua\�I-B<c<r DHV

q

XNd

q

�

¡

IJ\•\PU�Y_G6Ua€HlzByU�DHV�lzrƒV�DM\�cHEbjJc<XNd�DFE�c<ByUP\<DNd6f<G-c<ŠMc•E�IJm{mnDMi-DHG-kJI-i-c<ByUaG-IJ[ "JI-V�D �

•  TI-r�c�j-i-DeE�DNd�DMG-G-lzDbj-iJDHI-V

q

 DMXM\�ByU j-i-I(i-D��TDHG-IJI(€RURE“URW-I�i-DMY2c<G-XM\�i

q

Y-k-I-I K

� E�DM[_E“U�G-GJc<ŠHc V�DM\<cHE“U Xed�DeE

q

•  •Ua[ K �

q

XN\<f�I-V�DMDM\�X%[ B<i-DMV�DHG-G-c�rbiy[;E

a(i�t ) =
ai

"

i = 1; : : : ; N
K

Œ

UoE“U�G-IJDTB<DMYJ\<c<i-U XHc<XN\<cR[-G-IZ[=B m{Ua€•c<B�c<V j-i-c�XM\<i-U�G-XM\�B<D¢j-i-c��

IJ€HB<cHE�IJ\<X%[1XNd�DFE

q

•  TI-V¤c<x<i6UP€•c<V�2

x (t) = (a(t); da(t)=dt; : : : ; dn� 1a(t)=dtn� 1) = (x1; x2; : : : ; xn ):
�„O

Z

K }	�

�9c<XHY2cad6f<Y

q

IJ€HB<DHXN\<G-l €•G-UoWJDHG-IJ[

ai
\�cad�f<Y2c'B E�I-XMY-i-DM\�G-lzDzV�c<V�DMGJ\<l B<iJDHV�DHGJI

i�t
"2Y2c<c<i�E�I-G-Ua\<l

x j
B<DMYJ\<c<i-U

x
c<jJi-DeE�Ded6[-• \<X%[^j

q

\<DHV WJI-XNd�DMG-G-c<ŠMc{E�I-mnmnDHiJDHG �

k-I-iJc<ByU�G-IZ[¢I-X pycHE�G-c�ŠHcTB�i-DHV�DMG-G-c<ŠMc`iy[;E�UnjJc{jJi-I-xad�I

¡

DHG-GJlzV V]Ua\<DMV]Ua\<IJW-DHXMY-I-V



� � �

mnc<i-V

q

d�U�VzK

�

W-DMB<I;E�GJc�"�WJ\<c¢\<c<WJG-c<XM\�f B<lzW-IJXNd�DMG-IJ[bjJi-c<IJ€HB<cHE�G-lCpƒx

q

E�DN\^c<jJi-D �

E�Ded6[J\�f<X%[¤V]UPd�c�XM\<f�• B<Ded�I-W-I-GJl � U�ŠeU=E�IJXHY-i-DN\<IJ€•U�k-I-I

�t
KC©9DFE�c<XM\PUP\<Y2c<V V�D �

\<cHE“U=[-Bad-[-DM\�X%[�jJc<B<l � DMG-G6Ua[(W

q

B<XN\<B<IJ\�DNd�f�G-c<XM\�f Y �

q

V

q

"]WJ\<c§c<ŠHi-U�G-I-W-IJByU�DM\

DHŠMc j-i-I-V�DMG-I-V�c<XN\<f E6d6[�j-i-c<XN\<i6UaG-XM\�B(Bad6c

¡

DHG-IJ[�x<cad�f � c<r i-Ua€•V�DMi-G-c<XN\<I � j-c

Y-i6Uar-G-DHr�V�DHi-D "6x<DM€{j-iJc<B<DeE�DHG-IJ[�j-i-DFE�ByU�iJIJ\<Ded�f<G-c<r�j-i-c<kJDeE

q

i-l"mnIZd�fR\�i6U�k-I-I �NK

� ����-*
���$���) ������ �	��
���������������- , �����#$%���"!

�9c<XNd6DzB<c<XHXN\PU�G-c<BPd�DHG-IZ[ m{Ua€Hc<B<c<ŠMc9j-c<iJ\�i-DM\PU{Ua\a\<i6U�YZ\<c<i6U'S




d�• x<lzV8IJ€ B<l �

� DMj-DHiJDHW-I-Xed�DHGJG-lCp_V�DM\�cHE�c<B{V�c

¡

DM\`x<l \<f{i-D��TDHG6Un€RUoE�UoW-U{i-DMY2c<G-XM\�i

q

Y-k-I-I_c<jJD �

i6Ua\�c<i6U �HB�cad�•ukJI-I•K6©nU�I-x�cad�DHDuj-i-c<XN\<c<r_XHjJc<XHc<xTE6d-[ �M\�c<ŠHc � XHca€NE“Ua\�f

n
�]V�DMi-G-c<D

E�I-XMY-i-DN\<G-c<D`c�\<c�x<i6U

¡

DMG-I-D

x1;i +1 = F1(x1;i ; x2;i ; : : : ; xn;i );

: : : : : : : : : : : : : : :
�„O

Z

K

]

�

xn;i +1 = Fn (x1;i ; x2;i ; : : : ; xn;i );

Š E�D

x j;i
�ƒY2c<c<i�E�I-G-Ua\<l�B<DHYZ\<c<i6U XMc<XM\�cR[-G-IJ[ "•i6U�XMXHV�c�\�i-DHGJG-c<ŠHc_B V�c�V�DHGJ\�lsB<iJD �

V�DHGJI

i�t
"

Fj
�^G-DNd�IJG-DHr-GJlzD m

q

GJY-k-I-I•K

A‹i-U�V�Y;UPp UPd�ŠHc�i-IJ\<V]U(Š d�c<xyUPd6f<G-c<r‚iJDHY2c<G-XN\<i

q

Y-k-IJI‚E-d6[‚j-cPd

q

W-DHG-IZ["Y2c<G �

Y-i-DN\<G-c�ŠHc8B<I;E“U �MB<cad�• k-I-c<G-GJc<ŠHc c<jJDHi6Ua\�c<i6U m

q

G-Y-k-I-I

Fj
"

j = 1; : : : ; n
jJi-DeE �

XM\PUaBad6[-• \ B B<I;E�D i6UP€Md�c

¡

DMG-IJ[•j-c G-DMY2c�\<c<iJc<V

q

xyUa€HI-X

q

" c<ŠMi6U�G-I-WJI-ByUa[JXHf j-i-I

�M\�c<V Y2c<G-DHWJG-lzV W-I-XNd6c<V WZd�DMG-c<BTi-Ua€Md�c

¡

DMG-IJ[ K-A(jJi-c<XM\�DHr �TDHV XNd

q

W6UaDu€RUoE�U�G-I-D

Fj
V�c

¡

DN\ c<X

q

 DMXM\�Bad6[J\�f<X%[ j-cPd�I-G-c<V]UaV�IƒGJDHY2c�\<c�i-c<r1XN\<DMj-DHG-I

�
2

Fj (x i ) =
�X

l1 ;l2 ;:::;ln =0

Cj;l 1;l2 ;:::;ln

nY

k=1

x lk
k;i ;

nX

k=1

lk 6 � ;
� O

Z

K … �

Š E�D

Cj;l 1 ;l2 ;:::;ln

�nG-DMIJ€•B�DHXM\�G-lzDzY2c	�HmnmnI-k-IJDHGJ\�l "�Y2c�\<c�i-lzDC\<iJDHx

q

DM\<X%[¢G-U�rJ\<I KoS{d6[

U�j-jJi-c<Y2XHI-V]Uak-I-I V�c<Š

q

\bj-i-IJV�DHGJ[Z\<f<X%[ jJcad�I-G-c�V�l œ{D

¡

U�G2E�i6U_d6I-x<cƒV�c

¡

DM\�I-X �

j-cad6f�€•c<B<Ua\<f<X%[ x<cad�DMD^XNd6c

¡

G6Ua[§V�DM\�cHE�I-Y;UJK�S{d6[8€RUoE�U�G-IJ[

Fj
V�lªc<ŠHi6UaG-I-W-I-V�X%[

mnc<i-V

q

d�c<r � O

Z

K …	�NK




I-XN\<DHV]U

q

i6U�B<GJDHG-I-r � O

Z

K

]

� E�c<j

q

XHY;U�DN\�€•U�j-I-XMf^E6d6[1d�• x<c<ŠMc�G-c<V�DHi-U

i
K�S{d6[

G6UPp<c

¡

E�DMG-IJ[=Y2c	�Mm{mnI-kJI-DHGJ\�c<B � O

Z

K … � G-DHc�xRp<cHE�I-V�cƒi-D��TIJ\<f_XHIJXM\<DMV

q N
d�IJG-DHr �

G-lCp�UPd6ŠHDHx�i6U�I-W-DMXHY-I;p

q

i6UaB<G-DHGJI-r

x j;i +1 =
�X

l1 ;l2 ;:::;ln =0

Cj;l 1;l2 ;:::;ln

nY

k=1

x lk
k;i ; i = 1; : : : ; N

� O

Z

K O

[

�



� � �

X^GJDHIJ€HB<DHXN\<G-lzV�I

Cj;l 1 ;:::;ln

"*BƒY;ca\<c<i-c�r

N
�=W-I-Xed�c�\�c<W-DMY XHY;UPd6[Ji-G-c<ŠMcbB<i-DMV�DHG �

G-c<ŠMc�iy[;E“U "“I-XHjJcad�f�€

q

DHV�lCp�E6d6[ Uaj-j-i-c<Y2XMI-V]U�k-I-I=j-i-U�B<lCp1W6U�XM\�DHr "

�
��XM\�DHj-DMG-f

j-cad6I-G-c<V]UJK

�9i-I €RURE“U�G-G-lCp

n
I

�
W-I-XNd6c8Y2c	�Mmnm{IJk-I-DHGZ\<c<B

K
jJcad�I-G-c�V�c<B � O

Z

K … �nB c<x��

 DMV•XNd

q

W6U�DTV�c

¡

DM\ x�l \<f c<jJi-DeE�Ded�DHGJc�j-c mnc<i-V

q

d�D

K = (n + � )!=(n!� !)
K“hnU�Y

j-i6UaB<IZd�c�"

N � K
"˜j-c	�N\<c<V

q

E-d6[8Y;c�G-Y-i-DN\<IJ€•U�k-I-I �MB<cad�• k-I-c<G-GJc<ŠHc�c<j-DHi-Ua\<c<i-U

XHIJXM\<DMV]U

q

i6U�B�G-DHG-IJr � O

Z

K O

[

� i-D �•U�DN\<X%[bV�DN\<cHE�c<V(G6U�I-V�DMG-f!�TIZpƒY-ByUoE�i6Ua\<c�B-K �9c��

d

q

W6U�•  •Ua[JX%[•V]Ua\�DHV]Ua\�I-W-DHXMY;Ua[ V�c•E�DNd�fu[JBad6[JDM\<X%[ ŠHi-c<V�ca€NE�Y2c<r "PG-c'jJi-I

q

Xed�c<B<IJI

q

E“URW-G-c<ŠMc B�lzx<c<i6U•c<x! TDHŠMc B�I;E“U•G-DNd6I-G-DHrJG-lCp�m

q

G-YJk-I-rƒDHDni-D��TDHG-IJD`B<c�XHj-i-c�IJ€ �

B<cHE�IJ\ XHIJŠHG6UPd1XnB<lzXHc�Y;c�r�XN\<DHjJDHG-f<•�\<c<WJG-c<XM\�I•K

†

G-UPd�c<ŠMI-W-G-lzV(c<x<i6Ua€Hc<V V�c

¡

G-c•iJDHY2c<G-XN\<i

q

I-i-c�ByUa\<f G-D'\<cPd�f<Y2cTE�I-XHYJi-DM\�G-lzD

c�\�c<x<i6U

¡

DHG-IJ[ "•G-c�I V]Ua\�DHV]Ua\�I-W-DMXHY-I-D V�cHE�DNd6I8B�B�I;E�D•XHIJXM\<DMV�l

�

ST¨gO � ŠHc^j-c��

iy[;E�Y;U 2

dx1

dt
= F1(x1; x2; : : : ; xn );

: : : : : : : : : : : : : : :
�„O

Z

K O<O �

dxn

dt
= Fn (x1; x2; : : : ; xn ):




V�lzXNdbm

q

GJY-k-I-r�B jJi6U�B<lCpƒW6UaXM\R[Zp_\�c�\

¡

D!"-WZ\<c^I_i6UaG-DHDaK	
 U�Y_Y;U�Y�G-U¢jJDHi-B<c�V

�M\PUaj-D•UPd�ŠMc<i-IJ\�V]U x<lCd�U c<X

q

 DMXM\�Bad�DHG-Uƒi-DMY2c<G-XM\�i

q

Y-k-IJ[=m{Ua€Hc<B<c<rƒ\<i6UaDHYJ\�c<i-I-I "

�M\�c§€HG6URW-IJ\ "™WJ\<c§B<XHD

x i
IJ€•B<DMXM\�G-l � Xed�DeE�c<ByUa\�DNd�f<GJc�" V�c

¡

G-c=c<j-i-DFE�DNd6IJ\<f jJi-c��

IJ€HB<cHE�G-lzD=c�\ G-IZp“K �9c	�N\<c<V

q

� O

Z

K O<O � XHG-c<B<U DHXM\�f(GJIŽWZ\<c I-G-c<D " Y;U�Y•XHI-XN\<DMV]U

d�I-GJDHr-G-lCp=UPd�ŠHDMx<i6U�IJW-DHXMY-IZp

q

i6U�B�G-DHG-IJr8ca\<G-c<XMIJ\<Ded�f<G-c_G-DMIJ€•B�DHXM\�G-lCp8Y2c	�HmnmnI �

k-I-DMGJ\<c�B1K

��XNd�ILB�Y;URW-DHXN\<B<D§XHj-c�XHc<xyU €RURE“U�G-IJ[LB<DMYJ\<c<i-U(XHc�XM\<cR[JG-IJ[‚B m{Ua€•c�B<c<V jJi-c��

XM\�i6U�G-XN\<B<DnI-XMj-cad�fa€

q

DN\<X%[ƒV�DM\�cHEbjJc<XNd�DFE�c<ByUP\<DNd6f<G-c<ŠMc`E�I-mnmnDHi-DMG-k-I-i-c�ByU�G-IJ[ "J\<c

V]Ua\�DHV]Ua\�I-W-DHXMY

q

• V�cHE�DNd6f V�c

¡

G-c¢B<c<XHXN\PU�G-c<B�IJ\<f B x�cad�DHDnj-iJc<XM\�c<V B<I;E�D

dx1

dt
= x2;

dx2

dt
= x3; : : : ;

dxn

dt
= f (x1; x2; : : : ; xn )

�„O

Z

K O

Z

�

B=XHIZd

q

\<c<ŠMc�"�WJ\�c8Ba€RU�I-V�c�XHB�[Z€•f=V�D

¡

E

q

Y2c<c�i<E�I-G6Ua\PU�V�I(cHE�G-c�€HG6URW-G-c=€RUoE“UaDM\<X%[

i6U�B�DHG-XN\<B<c<V � O

Z

K }	�eK

�$��������� �
����-*
��#$ ��) ���
��� �1�

���� �
��������- , ������$ ��� !

‰ UaXHXHV�ca\<i-I-V¤Y2c<GJY-i-DM\�G-lzrbj-iJI-V�DHi�j-i-I-V�DMG-DHG-IZ[bc<j-IJX•U�G-GJc<ŠHc UPd�ŠMc<i-IJ\�V]UJK




�M\�c<r kJDNd�f<• I-XMj-cad�fa€

q

DMV"IJ€•B�DHXM\�G

q

• E�IJG6U�V�I-W-DMXHY

q

• XHI-XN\<DHV

q

‰�DHXHXed�DHi-U "�c�j-I �

XHlzB<U�•  

q

•�i-D

¡

I-V(G-DHjJDHi-I-cHE�IJW-DHXMY-IZp1Y;cPd�DHxyUaG-I-r�2



� � �

_x = � (y + z); _y = x + ay; _z = b+ z(x � c):
� O

Z

K O•Q �

�9i-I €•G-UoWJDHG-IJ[;p•j6U�i-U�V�DM\�i-c<B

a = 0:15
"

b = 0:2
"

c = 10:0
XHIJXM\<DMV]U � O

Z

K ORQ �

p2Uai6U�YJ\�DHi-IJ€

q

DN\<X%[8i-D

¡

I-V�c<V XM\�i6U�G-GJc<ŠHc^Ua\�\�i6U�YJ\�c<i6UJK

�9XHj-cPd�f�€

q

DHV B{YZURW-DMXM\�B<D9cHE�G-c<V�DMi-G-c<ŠMc B<i-DMV�DHG-G-c�ŠHc iy[;E�U
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