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Correlation analysis belongs to the standard meth-
ods of investigation of the structure of random pro-
cesses, which are widely used in solving various
applied problems. In addition to the power spectrum
and the probability distribution function, the autocorre-
lation function (ACF) 

 

Ψ

 

(

 

τ

 

) is among the basic charac-
teristics, which are usually calculated in order to judge
on the properties of analyzed signals [1–3]. In many
applications, it is necessary to know the approximate
law of correlation decay—especially for large values of
the temporal variable 

 

τ

 

—which makes possible the
analysis of “long-term memory” in the dynamics of a
system generating the signal under consideration. How-
ever, the practical implementation of this approach
encounters several difficulties. On one hand, the corre-
lation function of a random process that is not periodic
(or quasi-periodic) decays to zero and, hence, the ACF
calculations for large 

 

τ

 

 in the case of noisy experimen-
tal data can lead to significant errors. Beginning with
certain 

 

τ

 

, the values of 

 

Ψ

 

(

 

τ

 

) will be comparable with
the computational errors and, hence, further calcula-
tions become inexpedient. On the other hand, during
the processing of signals measured in experiments, it is
frequently necessary to obtain estimates based on rela-
tively short time series, which also leads to difficulties
related to the possible discrepancy between the ACF
calculation using a selected short time series and the
theoretically expected result for the infinitely long time
series.

In recent years, the problems of correlation analysis
have received much attention [4–7]. A special approach
to the investigation of long-term correlations has been
developed, which is based on the concept of one-
dimensional random walk [4, 5]. According to this
approach, the decaying ACF is transformed into a cer-
tain increasing function, the slope of which character-

izes the correlation properties of random processes,
including nonstationary ones. The method developed
by Peng et al. [4, 5] offers an effective tool for the anal-
ysis of long-term correlations; however, it requires a
considerable amount of experimental data.

One possible approach to investigations of the cor-
relation properties of random processes using relatively
short fragments of their time series is based on the mul-
tifractal formalism known as the method of wavelet-
transform modulus maxima (WTMM) [8–10]. A spe-
cific feature of this approach is that it offers a tool for
the “local” investigation of time-dependent functions,
while the use of a wavelet transform allows the slow
nonstationary variation to be ignored. The efficiency of
using the multifractal formalism for a correlation anal-
ysis of relatively short time series was briefly consid-
ered in [11].

The present Letter is devoted to a more detailed
comparison of the WTMM method and the ACF calcu-
lations. A detailed description of the multifractal for-
malism based on the wavelet transform can be found in
[9, 11, 12]. This method stipulates description of the
statistical properties of a process in terms of the spec-
trum of singularities 

 

D

 

(

 

h

 

), where 

 

h

 

 is the Hölder’s
exponent and 

 

D

 

 is the fractal dimension of a subset of
data, which can be characterized by the exponent 

 

h

 

.
Determination of the singularity spectrum within the
framework of the WTMM method is based on the cal-
culation of wavelet transform coefficients (stage 1 of
the given algorithm). Then, a partial function 

 

Z

 

(

 

q

 

, 

 

a

 

) is
constructed that represents the sum of local maxima of
the moduli of wavelet coefficients with power 

 

q

 

 on
scale 

 

a

 

. It is usually assumed [9] that the dependence of

 

Z

 

(

 

q

 

, 

 

a

 

) on 

 

a

 

 has a power character, 

 

Z

 

(

 

q

 

, 

 

a

 

) ~ 

 

a

 

τ

 

(

 

q

 

)

 

, and is
described by the quantity 

 

τ

 

(

 

q

 

) called the scaling expo-
nent. By selecting various powers 

 

q

 

, it is possible to
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obtain a spectrum of Hölder’s exponents 

 

h

 

 = 

 

d

 

τ

 

(

 

q

 

)/

 

dq

 

and calculate the fractal dimensions using the Legendre
transform as 

 

D

 

(

 

h

 

) = 

 

dh

 

(

 

q

 

) – 

 

τ

 

(

 

q

 

). The quantities 

 

h

 

(

 

q

 

)
describe the scaling of wavelet coefficients along the
lines of local maxima and characterize various types of
correlated dynamic (

 

h

 

 

 

≠

 

 0.5) or the absence of correla-
tions (

 

h

 

 = 0.5). In particular, 

 

h

 

 = 1 corresponds to the
1/

 

f

 

  noise, 

 

h

 

 = 1.5 corresponds to a Wiener process, etc.
Thus, knowledge of Hölder’s exponents allows one to
judge on the correspondence of an analyzed signal to a
process with known statistical properties. Moreover,
estimates based on short signals can be more reliable
than the ACF calculations. Indeed, let us consider a
Wiener process. ACF calculations (Fig. 1a) show that,
in the analysis of relatively short time series, estimates
of the law of correlation decay can differ by a factor of
2 for selected time series with a length of 3000 points.
The WTMM method predicts the presence of a Wiener
process using the same data with a smaller scatter of

calculated characteristics. The deviation of the Hölder’s
exponents from a theoretically predicted value of

 

h

 

(

 

q

 

) = 1.5 does not exceed 3–5%.
In order to compare possibilities of the WTMM

method and the classical correlation analysis in more
detail, let us consider the Ornstein–Uhlenbeck process
described by the simple stochastic differential equation

which describes the motion of a Brownian particle in a
viscous medium under the action of as large number of
random impacts [

 

x

 

(

 

t

 

) is the coordinate of the Brownian
particle and 

 

ξ

 

(

 

t

 

) is the random force]. When the random
force is approximated by normal white noise, this pro-
cess is characterized by an exponentially decaying cor-
relation function: 

 

Ψ

 

(

 

τ

 

) ~ exp(–

 

γ|τ|

 

). Figure 2 shows the
theoretically expected normalized ACF (dashed curve)
and the results of 

 

Ψ

 

(

 

τ

 

) calculations from the selected
time series with a length of 3000 points. It should be
noted that the presence of a relatively short time series
leads to significant errors in the attempt to approximate
the law of correlation decay using the calculated char-
acteristics. As can be seen from Fig. 2, the variance of
estimates of the ACF decay rate is different for the large
and small 

 

τ

 

 values. In the region of relatively long-term
correlations (in this example, 

 

τ

 

 > 100), the ACF calcu-
lation using the selected time series leads to significant
deviations of the ACF from the theoretical curve.

Figure 3 shows a comparison of the classical corre-
lation analysis and the WTMM method in terms of the
variance of estimates of the calculated characteristics.
One plot presents the relative error of calculations of
the decay rate of ACF and Hölder’s exponents versus

dx t( )
dt

------------ γx t( ) ξ t( )+=
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Fig. 1.

 

 Comparison of (a) ACFs calculated for three arbi-
trarily selected time series of the Wiener process with
a length 3000 points (

 

τ

 

 corresponds to the number of points)
and (b) Hölder’s exponents calculated for the same time
series.
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Fig. 2.

 

 Comparison of an ACF calculated for two arbitrarily
selected time series of the Ornstein–Uhlenbeck process (

 

γ

 

 = 1)
with a length 3000 points (solid curve) and a theoretically
expected dependence (dashed curve). Note significant devi-
ations of the ACF from the theoretical curve in the region of

 

τ 

 

> 100.
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the length of selected time series (the result of averag-
ing over 200 time series of the Ornstein–Uhlenbeck
process). As can be seen from Fig. 3a, the WTMM
method ensures a smaller variance of the estimates of
Hölder’s exponents in the case of short-term correla-
tions (from the standpoint of this method, 

 

q

 

 < 0; our cal-
culations were performed for 

 

q

 

 

 

∈

 

 [–1, –5]). The advan-
tage of the WTMM method is even more pronounced
for the analysis of long-term correlations (Fig. 3b),
which corresponds to positive 

 

q

 

 

 

∈

 

 [1, 5]. The relative
error of calculations of the estimates characteristics in
the case of a multifractal analysis is smaller by at least
one order of magnitude than that in the case of the clas-
sical AFC. Thus, the method of multifractal analysis
based on the wavelet transform can be considered as a
useful tool for the investigation of correlation proper-
ties in cases where a short duration of experimental
time series imposes limitations on the reliability of esti-
mates obtained using the standard correlation analysis.

The WTMM method is effective in the analysis of cor-
relations of various lengths, making possible the inves-
tigation of the structure of complex signals, for which
the law of correlation decay can not be described by a
single parameter (exponent). It should be noted, how-
ever, that a disadvantage of this approach is the com-
plexity of comparison of the estimated Hölder’s expo-
nents and the characteristics commonly accepted in sta-
tistical radio physics (correlation time, etc.).
Nevertheless, the possibility of establishing a corre-
spondence between the analyzed signal and a process
with known statistical properties based on relatively
small time series (even in the case of nonstationary
data) is of great value in practical research, where the
experimental conditions impose limitations on the
duration of measured signals.
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Fig. 3. Plots of (a) the relative error of determining charac-
teristics by the classical correlation analysis (black circles)
and WTMM method (open circles) versus the number of
points in the analyzed time series for the Ornstein–Uhlen-
beck process (averaged over 200 time series) for γ = 1 in the
regions of (a) τ < 50 and (b) τ > 100.
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