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Abstract

We study correlation and spectral properties of chaotic self-sustained oscillations of di/erent
types. It is shown that some classical models of stochastic processes can be used to describe
behavior of autocorrelation functions of chaos. The in0uence of noise on chaotic systems is also
considered.
c© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The analysis of correlation functions plays an important role in the study of both
stochastic and chaotic processes which result from a deterministic dynamics of non-
linear systems. The importance of correlation properties is determined by a number of
reasons. The presence of mixing causes autocorrelation functions to decay to zero for
large times (correlation splitting). This means that the system states separated by a
su8ciently large time interval become statistically independent [1–5]. From the prop-
erty of mixing it follows that a dynamical system is ergodic. Additionally, for chaotic
dynamical systems the splitting of correlations in time is connected with an instability
of chaotic trajectories and with the system property to produce entropy [1–7].
In spite of their signi=cant importance, correlation properties of chaotic processes

have been studied insu8ciently. It is widely believed that autocorrelation functions
of chaotic systems exponentially decrease at a rate being de=ned by the Kolmogorov
entropy [3]. The Kolmogorov entropy, HK, in turn is bounded from above by the
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sum of positive Lyapunov exponents [5,7,8]. But this estimation is true only for some
special cases.
It has been proven for some classes of discrete maps (expanding and Anosov),

which exhibit a mixing invariant measure, that the decay of correlations with time is
bounded from above by an exponential function [9–12]. There are di/erent estimations
of the rate of this exponential decay which are not always connected with Lyapunov
exponents [13–15]. For continuous-time systems, there are no theoretical results at all
for estimating the rate of correlation splitting [16].
The studies of speci=c chaotic systems testify to a complicated behavior of correla-

tion functions, which is de=ned not only by positive Lyapunov exponents but also by
di/erent characteristics and peculiarities of the system chaotic dynamics [13,15,17].
The autocorrelation function (ACF) of stationary ergodic oscillations x(t) is written

as follows:

 (�) = 〈x(t)x(t + �)〉 − 〈x〉2 ; (1)

where 〈x〉 is the mean value of oscillations, and the angular brackets denote averaging
over an ensemble. Since the process is ergodic, this procedure can be replaced by time
averaging.
In numerical experiments one usually deals with the normalized autocorrelation func-

tion �(�) =  (�)= (0).
Consider, for example, a one-dimensional stretching map:

x(n+ 1) = Kx(n); mod 1 : (2)

For K ¿ 1, map (2) represents the simplest model of a chaotic system. The property
of mixing has been proven for this model [18,19]. By using approximate analytical
methods it can be shown that for integer K�1, the ACF decays exponentially with
a decrement that is equal to lnK and corresponds to the Kolmogorov entropy. Our
numerical calculations indicate that the exponential law �(m) = exp(−m ln|K |) holds
already for integer K¿ 2 (see Fig. 1a). However, for non-integer K and especially
when K is very close to 1, the decay of correlations can be signi=cantly di/erent from
the exponential behavior (Fig. 1b).
A complicated behavior of autocorrelation functions of chaotic oscillations, that is

quite typical for many chaotic systems, depends on numerous factors. Here one can
indicate (i) inhomogeneity of the local instability properties in di/erent regions of
the phase space, that can lead, as mentioned in Ref. [13], to a slow asymptotics
of the ACF, (ii) the existence of almost periodic oscillations, and (iii) the presence
of switching-type e/ects. All the above listed properties are most typical for chaotic
attractors of a nonhyperbolic type [20–22], which are realized in di/erent models of
real dynamical systems. However, even for nearly hyperbolic attractors (such as, i.e.,
the Lorenz attractor [20,23,24]) the rate of correlation splitting is de=ned not only by
the rate of an exponential separation of trajectories.
In the present paper we study correlation and spectral properties of chaotic oscil-

lations for several types of chaotic attractors which can be observed in autonomous
di/erential systems with three-dimensional phase space. For our studies we choose
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Fig. 1. Normalized ACF of the chaotic sequence x(n) produced by the map (2) for K=2 (a) and K=1:1 (b).
The circles represent the numerical data and the dashed line shows the exponential estimation exp(−m ln|K |).
In case (a) we add weak noise to the system in order to avoid periodicity that arises for certain integers K
due to round-o/ errors.

classical models of nonlinear dynamics such as the RJossler oscillator [25], the Lorenz
system [26], and the Anishchenko–Astakhov oscillator being a mathematical model
of a real radiotechnical device [27]. In our paper we made an attempt to answer
several fundamental questions. Which peculiarities of the system’s chaotic dynamics
can de=ne the rate of correlation splitting and the basic spectral line width? How does
noise a/ect the spectral and correlation characteristics of chaos? Basing on the results
of numerical simulation, we would like to show that in the context of correlation
properties, di/erent types of chaotic self-sustained oscillations can be associated with
basic models of stochastic processes such as harmonic noise and a telegraph signal.

2. Harmonic noise and telegraph signal

When solving applied problems one often has to deal with some models of ran-
dom processes such as noisy harmonic oscillations and a telegraph signal. The =rst
model is used to describe the in0uence of natural and technical 0uctuations on spectral
and correlation characteristics of oscillations of Van der Pol type oscillators [28–30].
The model of telegraph signal serves to outline statistical properties of impulse ran-
dom processes, for example, random switchings in a bistable system in the presence
of noise (the Kramers problem, noise-induced switchings in the Schmitt trigger, etc.
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[30–32]). Experience of the studies of chaotic oscillations in three-dimensional di/er-
ential systems shows that the aforementioned models of random processes can be used
to describe spectral and correlation properties of a certain class of chaotic systems. As
we will demonstrate below, the model of harmonic noise represents su8ciently well
correlation characteristics of spiral chaos, while the model of telegraph signal is quite
suitable for studying statistical properties of attractors of the switching type, such as
attractors in the Lorenz system [26] and in the Chua circuit [33].
In the following we summarize the main characteristics of the above mentioned

classical models of random processes.
Harmonic noise is a stationary random process with zero mean. It is represented as

follows [28–30]:

x(t) = R0[1 + �(t)] cos[!0t + �(t)] ; (3)

where R0 and !0 are constant (average) values of the amplitude and frequency of
oscillations, respectively; �(t) and �(t) are random functions that characterize amplitude
and phase 0uctuations, respectively. The process �(t) is assumed to be stationary.
Several simplifying assumptions which are most often used are as follows: (i) the

amplitude and phase 0uctuations are statistically independent, and (ii) the phase 0uc-
tuations �(t) represent a Wiener process with a di/usion coe8cient B. Under the
assumptions made, the ACF of the process (3) can be written as follows [28–30]:

 (t) =
R2
0

2
[1 + K�(�)] exp(−B|�|) cos!0� ; (4)

where K�(�) is the covariation function of reduced amplitude functions �(t). 1 Using
the Wiener–Khinchin theorem one can derive the corresponding expressions for the
spectral power density.
Generalized telegraph signal. This process describes random switchings between two

possible states x(t) =±a. Two main kinds of telegraph signals are usually considered,
namely, random and quasi-random telegraph signals [30,34]. A random telegraph signal
is characterized by a Poissonian distribution of switching moments tk . The latter leads
to the fact that the impulse duration � has the exponential distribution:

�(�) = n1 exp(−n1�); �¿ 0 ; (5)

where n1 is the mean switching frequency. The ACF of such a process can be repre-
sented as follows:

 (�) = a2 exp(−2n1|�|) : (6)

Another type of telegraph signal (a quasi-random telegraph signal) corresponds to ran-
dom switchings between the two states x(t) = ±a, which can occur only in discrete
time moments tn=n�0 +�, n=1; 2; 3; : : :, where �0 =const and � is a random quantity.
If the probability of switching events is equal to 1/2, then the ACF of this process is

1 Prefactor R2
0[1 + K�(�)] is the covariation function KA(�) of the random amplitude A(t) = R0[1 + �(t)].

This notion is most convenient to use in our further studies.
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given by the following expression:

 (�) = a2
(
1− |�|

�0

)
if |�|¡�0 ;

 (�) = 0 if |�|¿ �0 : (7)

3. Correlation and spectral analysis of spiral chaos

Spiral (or phase-coherent) attractors are formed through a sequence of period-
doubling bifurcations and are referred to as chaotic attractors of nonhyperbolic type
[27,35,36]. The power spectrum of spiral chaos exhibits a well-pronounced peak at
the basic (average) frequency and, consequently, the envelope of the ACF decays rel-
atively slowly. Spiral attractors can be observed in the RJossler system [25], in the
Anishchenko–Astakhov oscillator [27], in the Chua circuit [33], etc. Self-sustained os-
cillations in these systems resemble dynamics of noisy periodic oscillators. In particu-
lar, they are characterized by a =nite width of the spectral line at the basic frequency
and demonstrate e/ects of forced and mutual synchronization [37,38]. From a physical
viewpoint, chaotic attractors of the spiral type possess the properties of a noisy limit
cycle. However, spiral attractors are realized in fully deterministic systems, i.e., without
external 0uctuations.
Consider the regime of spiral chaos in the RJossler system:

ẋ =−y − z +
√
2D�(t) ;

ẏ = x + 0:2y ;

ż = 0:2− z(� + x); � = 6:5 ; (8)

where �(t) is the normalized Gaussian source of delta-correlated noise with zero mean,
and D is the noise intensity. Let us introduce the substitution of variables

x(t) = A(t) cos�(t) ;

y(t) = A(t) sin�(t) ; (9)

which de=nes the amplitude A(t) and the full phase �(t) of the chaotic oscillations.
In Ref. [39] it has been recently shown that for spiral chaos in the RJossler system the

variance of the instantaneous phase grows linearly in time both without noise (D= 0)
and when D �= 0. The variance of the total phase is equal to the variance of its
non-regular component �(t) = �(t) − !0t, where !0 = 〈�̇(t)〉 is the mean frequency
of the chaotic oscillations. The linear dependence of the variance �2

�(t) on time allows
us to introduce the e/ective phase di/usion coe8cient

Be/ =
1
2

d�2
�(t)

dt
: (10)

In our numerical simulation of Eqs. (8) we calculate the normalized autocorrelation
function of the chaotic oscillations x(t). Using Eqs. (9) we compute the covariance
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Fig. 2. Normalized ACF of the x(t) oscillations in system (8) for �=6:5 (grey dots 1) and its approximation
by (11) (black dots 2) for D= 0 (a) and D= 10−3 (b). (c) The envelopes of ACF in a linear-logarithmic
scale for D = 0 (curve a), D = 0:001 (curve b), and D = 0:01 (curve c).

function of the amplitude KA(�) and the e/ective phase di/usion coe8cient Be/ . We
use the time-averaging procedure for calculating �x(�) and KA(�). The coe8cient Be/

is computed by averaging over an ensemble of realizations [39]. Fig. 2 shows the
calculation results for �x(�) in system (8). The ACF decays almost exponentially both
without noise (Fig. 2a) and in the presence of noise (Fig. 2b). Additionally, as seen
from Fig. 2c for �¡ 20 there is an interval on which the correlations decrease much
faster.
Using Eq. (4) we can approximate the envelope of the calculated ACF �x(�). To

do this, we substitute the numerically computed characteristics KA(�) and B=Be/ into
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Fig. 3. A part of the normalized power spectrum of x(t) oscillations in system (8) for � =  = 0:2, and
� = 6:5 (solid line) and its approximation by Eq. (12) (dashed line) for the noise intensity D = 10−3.

an expression for the normalized envelope !(�):

!(�) =
KA(�)
KA(0)

exp(−Be/ |�|) : (11)

The calculation results for !(�) are shown in Fig. 2a,b by black dots (curves 2). It is
seen that the behavior of the envelope of �x(�) is described well by Eq. (11). Note
that taking into account the multiplier KA(�)=KA(0) enables us to obtain a good approx-
imation for all times �. This means that the amplitude 0uctuations play a signi=cant
role on short time intervals, while the slow process of the correlation decay is mainly
determined by the phase di/usion. Thus, we can observe a surprisingly good agree-
ment between the numerical results for the spiral chaos and the data for the classical
model of harmonic noise. At the same time, it is quite di8cult to explain rigorously
the reason of such a good agreement. Firstly, the relationship (4) was obtained by
assuming the amplitude and phase values to be statistically independent. However, this
approach cannot be applied to a chaotic regime. Secondly, when deriving (4) we used
the fact that the phase 0uctuations are described by a Wiener process. In the case of
chaotic oscillations, �(t) is a more complicated process and its statistical properties are
unknown. It is especially important to note that the =ndings presented in Fig. 2a were
obtained in the regime of purely deterministic chaos, i.e., without noise in the system.
We have shown that for �¿�cor the envelope of the ACF for the chaotic oscillations

can be approximated by the exponential law exp(−Be/ |�|). Then according to the
Wiener–Khichin theorem, the spectral peak at the average frequency !0 must have a
Lorenzian shape and its width is de=ned by the e/ective phase di/usion coe8cient
Be/ :

S(!) = C
Be/

B2
e/ + (!− !0)2

;

C = const : (12)

The calculation results presented in Fig. 3 justify this statement. The basic spectral peak
is approximated by using Eq. (12) and this =ts quite well with the numerical results
for the power spectrum of the x(t) oscillations. We note that the =ndings shown in
Figs. 2 and 3 for the noise intensity D = 10−3 have also been veri=ed for di/erent
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Fig. 4. A part of the normalized power spectra for the Anishchenko–Astakhov oscillator (solid lines) and
their approximations by Eq. (12) (dashed lines) for two di/erent noise intensities D = 10−4 and 10−5.

values of D, 0¡D¡ 10−2, as well as for the range of parameter � values which
correspond to the regime of spiral chaos.
Our =ndings for the approximation of the ACF and the shape of the basic spectral

peak are completely con=rmed by our investigations of spiral attractors in other dynam-
ical systems. We exemplify this by considering the Anishchenko–Astakhov oscillator
[27]. Fig. 4 demonstrates the parts of the power spectra in the neighborhood of the
basic frequency and the corresponding approximations by Eq. (12) for two di/erent
noise intensities.

4. Autocorrelation functions and power spectra for funnel chaos

The results obtained for spiral chaos and presented in the previous section can also
be generalized to some extent to the regime of funnel chaos. Compared to spiral chaos,
a chaotic attractor of the funnel type is characterized by a more complicated rotation
of trajectories about an equilibrium point, which is given by a deterministic evolution
operator. The rotating behavior is accompanied by disruptions of instantaneous phase
values, that can lead to a non-monotonic phase dependence on time [36,40,39]. The
funnel chaos can be exempli=ed by the chaotic regime that is realized in the system
(8) for �=  = 0:2 and �¿ 8:5.
We use the concept of analytical signal [41–43] to introduce rigorously the instan-

taneous phase of x(t) oscillations in the regime with complex phase dynamics. The
analytical signal w(t) is a complex function of time that can be de=ned as follows:

w(t) = x(t) + ix̃(t) = a(t) exp[i�(t)] ; (13)

where x̃(t) is the Hilbert transform of the initial process x(t). The instantaneous phase
�(t) of x(t) reads

�(t) = arctan
(
x̃
x

)
+ %k ;

k = 0; 1; 2; 3; : : : : (14)
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Fig. 5. Normalized ACF (a) and a part of the power spectrum (b) for the funnel chaos in the system (8)
with �=13 and D=0. The dashed lines correspond to approximations (11) and(12). The di/usion coe8cient
is Be/ = 0:02186.
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Fig. 6. A part of the power spectrum for the funnel chaos in the system (8) with � = 10 and D = 0. The
dashed lines show the approximation (12). The di/usion coe8cient is Be/ = 0:04009.

When passing to the funnel attractor, the di/usion coe8cient Be/ of deterministic
chaos increases dramatically (by 2 or 3 orders). This causes the ACF to decay more
rapidly and the basic spectral peak to expand signi=cantly [40,39]. The numerical results
obtained for system (8) with �=13 and D=0 are shown in Fig. 5. They demonstrate
that in the regime of funnel chaos the considered approximations can reproduce quite
well the numerical =ndings.
However, for certain parameter � values the phase variable �(t) shows a so com-

plicated behavior that the approximation (11) is no longer valid and the basic spectral
peak does not even approximately bear a resemblance to a Lorenzian, see Fig. 6.
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5. Correlation characteristics of the Lorenz attractor

In Sections 3 and 4 we have used the e/ective phase di/usion coe8cient to de-
scribe the correlation properties of the RJossler system and the Anishchenko–Astakhov
oscillator. However, such an approach cannot be applied to approximate autocorrelation
functions of chaotic oscillations of a switching type. Some chaotic attractors demon-
strating a rather complex structure can contain certain regions which are separated by
manifolds of saddle points and cycles. Transitions (switchings) between these regions
can occur provided that certain conditions are ful=lled [44]. Such oscillations can be
observed, for example, in the Lorenz system:

ẋ =−10(x − y) ;

ẏ =−xz − y + 28x ;

ż =−8
3
z + xy : (15)

In the phase space of the Lorenz system there are two saddle-foci that are symmetrical
about the z-axis and are separated by the stable manifold of a saddle point in the ori-
gin. This stable manifold has a complex structure that allows the trajectories to switch
between the saddle-foci in speci=c paths [20,44] (see Fig. 7). Unwinding about one of
the saddle-foci the trajectory approaches the stable manifold and then can jump to the
other saddle-focus with a certain probability. The rotation about the saddle-foci does
not contribute considerably to the decay of the ACF, while the frequency of “random”
switchings essentially a/ects the rate of the ACF decay. Consider the time series of
the x coordinate of the Lorenz system, that is shown in Fig. 8. If one introduces a
symbolic dynamics, i.e., one excludes the rotation about the saddle-foci, one obtains a
telegraph-like signal. Fig. 9 shows the ACF of the x oscillations for the Lorenz attrac-
tor and the ACF of the corresponding telegraph signal. Comparing these two =gures
we can state that the time of the correlation decay and the behavior of the ACF on this

Fig. 7. Qualitative illustration of the structure of manifolds in the Lorenz system.



V.S. Anishchenko et al. / Physica A 325 (2003) 199–212 209

0.0 5.0 10.0 15.0 20.0
-20.0

-10.0

0.0

10.0

20.0

t

x 
(t

),
 X

 (
t)

Fig. 8. Telegraph signal (solid curve) obtained for the x(t) oscillations (dashed curve) of the Lorenz system.

0.0 1.0 2.0 3.0 4.0 5.0
0.0

0.2

0.4

0.6

0.8

1.0

τ

Ψ
 (τ

)

0.0 1.0 2.0 3.0 4.0 5.0
0.0

0.2

0.4

0.6

0.8

1.0

τ

Ψ
 (τ

)

(a)

(b)
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times multiple to �0 (b).

time scale are predominantly determined by switchings, whereas the rotation about the
saddle-foci makes a minor contribution to the ACF decay on large times. It is worth
noting that the ACF decreases linearly on short times. This fact is remarkable as the
linear decaying of the ACF corresponds to a discrete equidistant residence time proba-
bility distribution in the form of delta-peaks. Additionally, the probability of switchings
between the two states is equal to 1/2 [30,34].
Fig. 10 shows the residence time distribution calculated for the telegraph signal

resulting from switchings in the Lorenz system. As can be seen from Fig. 10(a), the
residence time distribution in the two attractor regions really has a structure that is
quite similar to an equidistant discrete distribution. At the same time the peaks are
characterized by a =nite width. Fig. 10(b) represents the probability distribution of
switchings which occur at multiples of �0, where �0 is the minimal residence time in
one of the states. This dependence shows that the probability of transition at time �0
is close to 1/2. The discrete character of switchings can be explained by peculiarities
of the structure of the manifolds of the Lorenz system (see Fig. 7). In the vicinity of
the origin x = 0; y = 0 the manifolds split into two leaves. This leads to the fact that
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the probability of switchings between the two states in one revolution about the =xed
point is approximately equal to 1/2. This particular aspect of the dynamics ensures
that the ACF of the x(t) and y(t) oscillations on the Lorenz attractor has the form
de=ned by expression (7). However, the =nite width of the peaks in the distribution
and deviations from the probability 1/2 can lead to an ACF that decays to a certain
=nite, nonvanishing value.

6. Conclusion

We have shown in our numerical simulation that the spiral chaos retains to a great
extent the spectral and correlation properties of quasiharmonic oscillations. With this,
the rate of correlation splitting in a di/erential system depends on short times on both
the instantaneous amplitude and the instantaneous phase di/usion. The width of the
basic peak in the power spectrum of the spiral chaos is correspondingly de=ned by
Be/ and oscillations of the instantaneous amplitude determine the level of the spectrum
background. The e/ective phase di/usion coe8cient in a noise-free system is de=ned
by its chaotic dynamics but is not directly related to the positive Lyapunov exponent.
Our studies of statistical properties of the Lorenz attractor have demonstrated that

the properties of the ACF is mainly de=ned by a random switching process and slightly
depends on the rotation about the saddle-foci. The classical model of telegraph sig-
nal enables one to describe the behavior of  (�) for the Lorenz attractor by using
expression (7). In particular, this expression approximates quite well a linear decay
of the ACF from 1.0 to 0.2 that allows to estimate theoretically the correlation time.
The power spectrum of the Lorenz attractor both in a 0ow and in the PoincarSe map
was studied in Ref. [17] by applying the symbolic dynamics methods. Already in this
paper it has been established that the power spectrum is not a Lorenzian. Our results
obtained by using the model of telegraph signal are in a good agreement with the
=ndings presented in Ref. [17].
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