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]

= 0 ,
O V8E9VRV7S

.3,6#
Ê
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yi(t) ≈ yi(t0) exp
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ρi(tk)∆t

]
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xn+1 = xn + yn + δ cos 2πyn, mod 1,

yn+1 = xn + 2yn, mod 1.
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xn+1 = 2λ tanh(xn) cos 2πϕn,

ϕn+1 = ω + ϕn, mod 1,
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t1 < t2 < t3
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p2(x1, t1;x3, t3) =

∫

X
dx2 p3(x1, t1;x2, t2;x3, t3).
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p2(x3, t3|x1, t1) =

∫

X
dx2 p2(x3, t3|x2, t2) p2(x2, t2|x1, t1),

O V8E Q8�TS

@�50�$50+(58#�96!"�?:�>l!0#/�$1R2 �/Ä /<@"Î6Ç/Î6Ï6Ç80���Ç�� 0sÇ/Î)/�� �4Å�� 0sÅAB ÅRÄ-ÅA@A/s�§2B>0%(2B#/�$1R2
581/9(50>89 :�� º?>$5"%('`£ �(509 9 :�� �Y+6!">89(#/9 �(#?�°, %(2*�i!"+ @�50>$1/@ �B �) +(50£(#?1?1?50>(E
¯ ) +(#&,6#&%6#ª�i!¤%(:j �� 9 �$#/+ >l!¤%650>�>8+(#?��#/9 �*��5[´�9(5�)(#/+(#/; �8� 50� O V8E Q8�TSs@
,(�(®s®s#/+(#/9 £ �6!¤%(�89(50;�®s50+(��#K�©!") �(1/�cVY@Y!"@qº?�$5�70�©,6#/��)(50@Y!"�©!"9(5�>�+6!"�/,6#&A
%6# V8E �BE 6�, %(2�@B%-!01?1[!�,(�(®s®<�Y�?�(509 9 :j ª) +(50£(#?1?1?50>(E

¿�5[´�9(5�)(#/+(#/) �(1[!"�8� O V8E Q8�TSi>�1/)(#/£ �6!¤%(�89(58�¶>8�B,6#8V�+6!"�/%(� ¡6!"2}>$#/+(5©2B�0A
9(581/�8�q)(#/+(#/; �8��� �4,-!"9 9(50.[5q1?581/�$5[2B9 � 2�>},(+ ��.?�(#�1?581/�$5[2B9 � 2��§>$#/+(5©2B�0A
9(581/�8�<581/�"!"�8�$1R2�>K,-!"9 9(58��1?581/�$5[2B9 � � � X8�
��E0¯¸>$#&,6#?��®s50+(�i!¤%(�89(5K¡6!01/�$50�8�
1/@Y![¡ @�50>���#/´�,(��+6!"�/%(� ¡ 9 :����}1?581/�$5[2B9 � 2 ���

x
�
∆x

>4��58��#/9 �s>8+(#?��#/9 �

t
@B!"@

W (x→ x+∆x, t) = lim
dt→0

1

dt
p2(x+∆x, t+ dt|x, t).
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p2(x, t+ dt|x+∆x, t) =

(

1 − dt

∫

dx′W (x+∆x→ x′, t)

)

δ(∆x)

+W (x+∆x→ x, t) dt + O(dt2),
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dt→ 0
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∂

∂t
p2(x, t|x1, t1)
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=

∫

dx′(W (x′ → x, t) p2(x
′, t|x1, t1) − W (x→ x′, t) p2(x, t|x1, t1) ).
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ti → ti+τ
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i = 1, 2, . . . , n
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p2(x2, t+ τ |x1, t) = p2(x2, τ |x1).
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ps(x) = lim
τ→∞

p2(x, τ |x0).
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p(x, t − t0) = p(x, t + T − t0)
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ϕ0 = 2πt0/T
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〈xξ(t)〉xξ(t0)=x0
=

∫

dxx p2(x, t|x0, t0).
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〈xξ(t)〉asy = lim
t0→−∞

〈xξ(t)〉xξ(t0)=x0
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p2(x, t|x0, t0) →
p(x, t)
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〈 xξ(t)xξ(t+τ) 〉xξ(t0)=x0
=

∫

dx1 dx2 x1 x2 p2(x2, t+τ |x1, t) p2(x1, t|x0, t0).
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∫

dx2〈xξ(t+ τ)〉xξ(t)=x1
x1 p2(x1, t|x0, t0).

O V8E W�V7S

"i1&%(�
t0 → −∞

V?@�50>l!"+ �6!"£ �(509 96!"2�®<�Y9 @ £ � 2s1/�8+(#?��� �$132�@�1/>$58#?���4!01/�(��A
) �$50�8� ¡(#?1/@�58���D) +(#&,6#&%(�H²

〈xξ(t)xξ(t+ τ) 〉asy =

∫

dx1dx2 x1 x2p2(x1, t, x2, t+ τ).
O V8E W0�TS

«�+ �
τ = 0

) +(#&,6#&%±@Y50>l!"+ �6!"£ �(509 9(50; ®<�Y9 @ £ � ��+6!">89 2B#/�$1R2�>8�$50+(58���
��58��#/9 �8� 〈x2(t)〉 E(·�,(+ �Y.[50;�1/�$50+(509 :sV >$5���9(50.?�B q1&%(�Y¡6!"2Y }) + �

τ →∞@�50>l!"+ �6!"£ �(509 96!"2�®<�Y9 @ £ � 2 O V8E W0�TS�+6!01/@B%-!¤,(:�>l!0#/�$132§96!���9(5[´�� �$#&%(�c²

〈xξ(t)xξ(t+ τ) 〉asy = 〈xξ(t+ τ)〉asy〈xξ(t)〉asy.
O V8E W([TS

�s%(2§1/�0!"£ �(5096!"+ 9 :j  ) +(50£(#?1?1?50>D!01/�(��) �$50�8� ¡(#?1/@ �(#��?96!?¡(#/9 � 2�9(#��©!¤A
>8�(132B�*2B>89(5 50�¬>8+(#?��#/9 �¼��)(50º?�$58���Á1/�"!"£ �(5096!"+ 96!"2¼@�50>l!"+ �6!"£ �(509 96!"2
®<�Y9 @ £ � 2�50@Y!"�?:�>l!0#/�$132§®<��9 @ £ �(#/;��$5"%(�8@Y5�+6!"�?9(581/�8�§��58��#/9 �$50>�>8+(#?��#&A
9 �

τ
²

cx,x(τ) =

∫

dx1 dx2 x1 x2 p2(x1, τ |x2) p(x2).
O V8E W 6 S

·¸�"!"£ �(5096!"+ 9 :�;�) +(50£(#?1?14� 9 >l!"+ �6!"9 �$#/9 50�89(581/� �$#&%(�89(5�1P,(>8� .[50>q>$5�>8+(#&A
��#/9 �

t → t − τ V�50�8@ �©,-!�1&%6#&,(�$#/�"Vc¡ �$5
cx,x


 ¡(#/�896!"2¥®s��9 @ £ � 2�!"+ .?��A
��#/9 �"!

τ
²
cx,x(τ) = cx,x(−τ)

E
�<50+ +(#&%(2B£ �(509 96!"2Á®s��9 @ £ � 2 O @Y50�$50+6!"2\V�>�1?5850�8>$#/�$1/�8>8� �¼1D) +(#&,()(5"A

%65[´�#/9 �(#?�5q9 �¤%6#/>$58�±1/+(#&,(9(#?� �?96!?¡(#/9 � �cV�1?50>8)6!¤,-!0#/��1�@�50>l!"+ �6!"£ �(509BA
9(50;>Sj50) +(#&,6#&%(2 #/��>l!"´�9 �Y'°@�5"%(� ¡(#?1/�8>$#/9 9 �Y'  �!"+6!"@ �$#/+ �(1/�8� @ ��1&%(�Y¡6!";BA
9(50.[5�) +(50£(#?1?1[!BVB96!"�?:�>l!0#?����'>8+(#?��#/9(#?�¶@�50+ +(#&%(2B£ � �cE(¯�+(#?��2�@Y50+ +(#&%(2�A
£ � ����5©´�#/�<70:��8�¢>8>$#&,6#/9(5¢9(#?1/@�5"%(�8@ �(����1/)(581?587$!0���cV"9(5�96!"�(785"%6#?#¸¡6!01/�$5
�(1/)(5"%(�8�?�$#/�$132�1&%6#&,(��'`��#?#s50) +(#&,6#&%6#/9 �(#8²
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τc =
1

cx,x(0)

∫ ∞

0
dt |cx,x(t)| .

O V8E W(XTS

¿�5[´�9(5�9(#/)(581/+(#&,61/�8>$#/9 9(5`58785870��� �8�K)(509 2B�8�(#�@�50>l!"+ �6!"£ �(509 9 :j �®s��9BA
@ £ � ;�96!�1&%(�Y¡6!";���9(50.[58��#/+ 9(50.[5�1&%(��¡6!"; 9(50.[5�) +(50£(#?1?1[!BE �s%(2}) +(581/�$50�8:
+6!01?1?��50�8+ �(�*1&%(�Y¡6!"; 9 :�;�) +(50£(#?1?1`1¢,(>8�B��2�@�58��)(509(#/9 �0!0��� {x(t), y(t)} E¯��©!"�(��9 :�#�@Y50>l!"+ �6!"£ � �¬��50.?�Y��70:��8��>8>$#&,6#/9 :�!"96!¤%650.?� ¡ 9 :�� 5870+6!"�[58�
1¬)(58��50���8' 1?50>$��#?1/�89(50;°)B%650�89(581/�8�°>$#/+(5[2B�89(581/�8�

px,y(x, t; y, t + τ)
E

�s%(2*1/�"!"£ �(5096!"+ 9 :j *) +(50£(#?1?1?50>¥)(5"%(�Y¡6!0#?��²
cx,y(τ) = cy,x(−τ) E�:K781?5"A%('`�89(58#��?96!?¡(#/9 �(#K@�50>l!"+ �6!"£ �(509 9(50;q®<�Y9 @ £ � ���©,650>0%6#/�8>$50+�2 #/�4�$1&%650>8� '

|cx,y(τ)|2 ≤ 〈x2〉〈y2〉 Vl� �?>$#?1/�89(58����@Y!"@}9(#/+6!">$#/9(1/�8>$5��<50=���� B >l!"+ £6!BEB¯
¡6!01/�89(581/�8�cV", %(2�!">8�$50@Y50>l!"+ �6!"£ �(509 9(50;}®<�Y9 @ £ � ��509(5¢,-!0#/� |cx,x| ≤ 〈x2〉 E
� :;5 ��� � )�5���� 
-5����%�-���&�����4���-���&5����&0����-������� � :;����0���� � ¯�!"´�9(50;
 �!"+6!"@ �$#/+ �(1/�8� @�50;D2Y>0%(2 #/�$1R2U���Y+ �$# �l) +(#?5870+6!"�[50>l!"9 �(#<@�50>l!"+ �6!"£ �(509 9(50;
®<�Y9 @ £ � �c²

Gx,x(ω) =

∫ ∞

−∞
dτ cx,x(τ) e−iωτ = 2

∫ ∞

0
dτ cx,x(τ) cos(ωτ),

O V8E W(QTS

.3,6#
Gx,x ≥ 0

E��s%(2¥��9(50.[58��#/+ 9 :j ¬1/�$5? �!01/�8� ¡(#?1/@ �B �) +(50£(#?1?1?50>���5[´�9(5
>8>$#?1/�8�
���Y+ �$# �l) +(#?5870+6!"�[50>l!"9 �(#`>8�©!"�(��9(50;�@�50>l!"+ �6!"£ �(509 9(50;q®<�Y9 @ £ � �c²

Gx,y(ω) =

∫ ∞

−∞
dτ cx,y(τ) exp−iωτ.

O V8E WRWRS

�`7$!�>8:�+6!"´�#/9 � 2§1/�Y��#?1/�8>8��'`�¤V-#?1&%(�§@Y50>l!"+ �6!"£ �(509 9 :�#�®<��9 @ £ � ��!0781?5"A
%('`�89(5¢� 9 �$#/.?+ � + �$#?��: >$��#?1/�$#j1f1?5850�8>$#/�$1/�8>8�Y'K���(���6����+ �$# ��5870+6!"�©!0���cE
*��s9 �B ª%6#/.?@�5�)(5"%(��¡ � �8��1&%6#&,(�Y'`���(#<)(5"%6#/�?9 :�#4>8:�+6!"´�#/9 � 2¹²

Gx,x(ω = 0) =

∫ ∞

−∞
dτ cx,x(τ),

O V8E W � S

cx,x(τ = 0) = 〈x2〉 =
1

2π

∫ ∞

−∞
dωGx,x(ω).

� 5���� �%���%� �����"� ����$'�% !5�� .�� � «�+(50� �?>$5?,(96!"2 , %(2�%('�7850; �©!¤,-!"9 9(50;
+(#[!¤%(� �©!"£ � �

x(t)
1/�$5[ �!01/�8� ¡(#?1/@�50.[5Á) +(50£(#?1?1[!�50) +(#&,6#&%(2 #/�$1R2±@Y!"@ , %(2

5870:�¡ 9(50;§®s��9 @ £ � �c²

ẋ(t) =
dx(t)

dt
= lim

ε→0

(

x(t+ ε)− x(t)
ε

)

.
O V8E W(YTS
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 �����

�¢,(96!"@�5 V¸1/����#?1/�8>$50>l!"9 �(#�) +(#&,6#&%-!BVf!�1&%6#&,650>l!"�$#&%(�89(5��*) +(50� �?>$5?,(9(50;cV
96!�!"9(1[!0��7"%6#4+(#[!¤%(� �©!"£ � ;§��5[´�#/��)(509 �(�i!"�8�$1R2D>�+6!"�/%(� ¡ 9 :j D1?��:�1&%-!¤ ¹E
¿§:À50.?+6!"9 � ¡ �(��132ª50) +(#&,6#&%6#/9 �(#?� 1/+(#&,(9(#/@ >l!¤,(+6!"�8� ¡(#?1/@�50.[5�) +(#&,6#&%-!BV��cV
1&%6#&,650>l!"�$#&%(�89(5 VY) +(50� �?>$5?,(9(50;cVB581/9(50>l!"9 9 :��¬96!<1/����#?1/�8>$50>l!"9 � �ª) +(#&,6#&A
%-!

lim
ε→0

〈

∣

∣

∣

∣

x(t+ ε)− x(t)
ε

− ẋ(t)
∣

∣

∣

∣

2〉

= 0.
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¨<#?587? l5[,(�(��:��¦�$1&%650>8�(#?�¦1P l5?,(�(��581/�8�§2B>0%(2B#/�$1R2 1/�Y��#?1/�8>$50>l!"9 �(# 1?��#&A
=�!"9 9(50;�>8�$50+(50;¦) +(50� �?>$5[,(9(50; @Y50>l!"+ �6!"£ �(509 9(50;Á®<�Y9 @ £ � �

cx,x(t1, t2))(5
t1

�
t2

�B%(��1/����#?1/�8>$50>l!"9 � 2§>8�$50+(50;�) +(50� �?>$5?,(9(50;
cx,x(τ)

>ª1&%(��¡6!0#
1/�"!"£ �(5096!"+ 9(50.[5}) +(50£(#?1?1[!BE6«<581/@Y5"%(�8@ �q@�50>l!"+ �6!"£ �(509 96!"2§®s��9 @ £ � 2ª, %(2
) +(50� �?>$5?,(9(50;

ẋξ(t)
#?1/�8�

〈ẋ(t1)ẋ(t2)〉 =
∂2

∂t1∂t2
〈x(t1)x(t2)〉,

O V8E � V7S

�$5}, %(2§1/)(#/@ �8+6!¤%(�89 :j �)B%650�89(581/�$#/;¥1/�"!"£ �(5096!"+ 9 :j �) +(50£(#?1?1?50>
xξ

�
ẋξ1/) +6!">$#&, %(� >$5 1&%6#&,(��'`��#?#D1?5850�89(50=�#/9 �(#8²

Gẋ,ẋ(ω) = ω2Gx,x(ω).
«<5"A

,658709 :�#`>8:�+6!"´�#/9 � 2�1/�Y��#?1/�8>8�Y'K���"!"@ ´�#K, %(2�>8�©!"�(��9(50;q@�50>l!"+ �6!"£ �(509BA
9(50;�®<�Y9 @ £ � �c² 〈x(t1)ẋ(t2)〉 = ∂

∂t2
〈x(t1)x(t2)〉

�0��>8�©!"�(��9(50;�1/)(#/@ �8+6!¤%(�0A
9(50;�)B%650�89(581/�8�

Gx,ẋ(ω) = iωGx,x(ω)
E

*�9 �$#/.?+6!¤%(:¶�"!"@ ´�#j50) +(#&,6#&%(2B'`�$132�>K1?��:�1&%6#�1/+(#&,(9(#/@ >l!¤,(+6!"�8� ¡(#?1/@�5"A
.[5�) +(#&,6#&%-!BE-«��$1/�8�

Tn
#?1/�8��+6!"�[70�(#/9 �(#4� 9 �$#/+ >l!¤%-!

T = [t0, t]
V(@�50�$50+(58#

1/�"!"9(50>8� �$1R2 >$1/'j,(��)B%650�89 :��Á>�) +(#&,6#&%6#
n → ∞ >

T
E���50.3,-!ª� 9 �$#/.?+6!¤%

50�*1&%(��¡6!"; 9(50.[5¶) +(50£(#?1?1[!BV��B��9(5[´�#/9 9(50.[5�96!¥�©!">8�(1R2Y���Y' 50�¶>8+(#?��#/9 �
,6#/�$#/+(��� 9 � +(50>l!"9 9 �Y'�®s��9 @ £ � '�V[) +(#&,61/�0!">0%(2B#/��1?587850;�1&%(�Y¡6!"; 9 :�;�) +(5"A
£(#?1?18V(50) +(#&,6#&%(2 #?��:�;�@Y!"@

If
ξ (t, t0) =

∫ t

t0

ds f(s)xξ(s) = lim
n→∞

q.m.

n−1
∑

k=0

f(tk,n)xξ(tk,n)
(

t
(n)
k+1 − t

(n)
k

)

,

O V8E � �TS
.3,6#

t
(n)
0 = t0

V
t
(n)
n = t

�
t
(n)
k ≤ tk,n ≤ t

(n)
k+1

E �`7850�?96![¡(#/9 �(#
q.m.

> O V8E � �TS
1?5850�8>$#/�$1/�8>8�$#/�¥) +(#&,6#&%(�¥>�1/+(#&,(9(#/@ >l!¤,(+6!"�8� ¡(#?1/@�58� 1?��:�1&%6#8E�¯ 1&%(�Y¡6!0#
@ �$1?50¡ 9(5 �l9(#/) +(#/+ :�>89(50;�®<�Y9 @ £ � �

xξ(t)
@�509 @ +(#/�89 :�;ª>8:�7850+�+6!"�[70�(#/9 � 2

Tn
9(#¢�(��#?#/���?96![¡(#/9 � 2¹E �s%(2}1/����#?1/�8>$50>l!"9 � 2�� 9 �$#/.?+6!¤%-!�9(#?587? l5[,(�(��5��

,6581/�"!"�$50¡ 9(5 V-¡ �$5870:±>8:�)(5"%(9 2Y%6581/�q1&%6#&,(��'`��#?#��$1&%650>8�(#�1P l5[,(�(��581/�8�

〈
(

If
ξ (t, t0)

)2
〉 =

∫ t

t0

∫ t

t0

ds1ds2 f(s1) f(s2)〈xξ(s1)xξ(s2)〉.
O V8E � [TS
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«�+ �4785"%6#?#¸1/�8+(50.[58��)(5?,  l5[,6#
xξ(tk,n)

(

t
(n)
k+1 − t

(n)
k

) �©!0��#/9 2 #/�$132�96!�) + �BA
+6!"��#/9 � 2

∆Itk = If=1
ξ (tk+1, tk)

VB@Y50�$50+ :�#4��5[´�9(5�+6!01?1?�i!"�8+ � >l!"�8��@Y!"@
1&%(�Y¡6!"; 9 :�#�) +(50£(#?1?1/:»1�50) +(#&,6#&%6#/9 9 :����*1/>$50;(1/�8>l!0���cE ��!"@B!"2¬®s50+(����A
%(� +(50>8@Y!<)(50�?>$5"%(2B#/��+6!01?1?�i!"�8+ � >l!"�8�41/�$5[ �!01/�8� ¡(#?1/@ �(#�� 9 �$#/.?+6!¤%(:sV",-!"´�#
#?1&%(��) + � +6!"��#/9 � 2�9(#/�©!">8�(1/�(��:sV��cV$1&%6#&,650>l!"�$#&%(�89(5 V�) +(50£(#?1?1

If=1
ξ (t, t0)�¶9(#&,(�(®4®s#/+(#/9 £ � + �$#?��:�;cEj·f l5[,(�(��581/�¶1/�$5[ �!01/�8� ¡(#?1/@�50.[5 � 9 �$#/.?+6!¤%-!¬1

.3%-!¤,(@Y50;
f(t)

, %(2 1&%(�Y¡6!"2
tk,n = t

(n)
k

70:j%-!ª)(50@Y!"�©!"96! *��$5 � � W ��V�!q1[!0�
1?5850�8>$#/�$1/�8>8�Y'K��� ;�� 9 �$#/.?+6!¤%¥)(5"%(��¡ �B%�96!"�?>l!"9 �(#�1/�$5? �!01/�8� ¡(#?1/@�50.[5D� 9BA
�$#/.?+6!¤%-! *��$5

If
ξ (t, t0) =

∫ t

t0

dIs f(s) = lim
n→∞

q.m.
n−1
∑

k=0

∆I
t
(n)
k

f(t
(n)
k ).
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f
2B>0%(2 #/�$132�1&%(�Y¡6!"; 9(50;����©!">8�(1/� �}50�

ξ
V(@Y!"@�>�1&%(�Y¡6!0#s���¤%(�0A

�8� )B%(� @Y!"�8� >89(50.[5ª=��Y�i!BE
� :;5 ��� � )�5���� 
-5����%�-���&����� 
!.�:;��� �����321)�5���0��%

�-�;� � )�����$'5 ����� 	
����
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xξ(t)
=�� +(50@�5

) + �(��#/9 2 #/�$132 96!�) +6!"@ �8� @Y#8Ef·¸)(#/@ �8+6!¤%(�89 :�;�!"96!¤%(� �$V�>l!"´�9(581/�8��@Y50�$5"A
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1/+(#&,61/�8>$#/9 9(5 +6!01/) +(581/�8+6!"9(#/9 96! +(#[!¤%(� �©!"£ � � 1&%(��¡6!"; 9(50.[5 ) +(50£(#?1?1[!
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ξ (t) = xξ(t)
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ξ (t) = 0
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xT
ξ (ω) =

∫ T/2

−T/2
dt xξ(t) exp(−iωt).
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ω ≥ 0
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∆ω = 2π/T
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P T
ξ (ω) =

2

T
|xT

ξ (ω)|2,
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P T (ω) = 〈P T
ξ (ω)〉 =

2

T

∫ T/2

−T/2
dt1

∫ T/2

−T/2
dt2 〈xξ(t1)xξ(t2)〉 exp(−iω(t1−t2)).

O V8E � WRS
��!"´�#�#?1&%(�

P T (ω)
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P T (ω) = 2

∫ T

−T
dτ

(

1− |τ |
T

)

cxx(τ) exp(−iωτ).
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xξ(t)
²

P (ω) = lim
T→∞

P T (ω) = 2

∫ ∞

−∞
dτ cx,x(τ) exp(−iωτ).
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Gx,x(ω)
1/)(#/@ �8+(58�±��50��9(581/�8� �B%(� ) +(581/�$5�1/)(#/@ �8+(58�

1&%(�Y¡6!"; 9(50.[5�) +(50£(#?1?1[!
xξ(t)

V¹50) �$1/@Y!"2¥�B��9(5[´�#/9 �(#�96!
2
E¹«<5[,(¡(#/+ @ 9(#?��V

¡ �$5�) + ��>8:�)(5"%(9(#/9 � � O V8E � QTS�� 9(®s50+(�i!"£ � 2�5�®�!"�[#�) +(50£(#?1?1[!��$#/+l2 #/�$132¹E



��� � ��
 � ����� � �����  �	� �	��� ��������� ��� ����������� � � � �

��� ��� ���7:+� � � �������������%
%����2(
%��
$'� � �'2

� 5��&�-�������+* 9 �&� � �����%��� � «<5"%(� �4!"9 ´�#/>$#/9°>8>$#&%°>À+6!01?1?��50�8+(#/9 �(#
1/�$5? �!01/�8� ¡(#?1/@ �(#�,(�(®s®s#/+(#/9 £ �6!¤%(�89 :�#j�Y+6!">89(#/9 � 2\V¤,6587$!">8� ><1&%(�Y¡6!"; 9 ��'
1/�B%(��>s�Y+6!">89(#/9 �(#�,(>8� ´�#/9 � 2}70+(50�Y9(50>$1/@�50;q¡6!01/�8� £ :sE �4!"9 ´�#/>$#/9ª) +(#&, A
)(5"%65[´��B%¶+6!">$#/9(1/�8>$5�9 �¤%(' 1/+(#&,(9(#/.[5D�?96!?¡(#/9 � 2¥� @Y50+ +(#&%(2B£ � �¬��#/´�,(�
)(5"%65[´�#/9 �(#?�»¡6!01/�8� £ : �¦1&%(�Y¡6!"; 9(50;�1/�B%(: >�5[,(� 9À��58��#/9 �¶>8+(#?��#/9 �cE
¯ º?�8�B �) +(#&,()(5"%65©´�#/9 � 2Y �509À+6!01?1?��50�8+(#&% !"9(1[!0��7"%(�¶1/�(1/�$#?���¦)(5"%(��A
¡ �B%§5870:�@ 9(50>$#/9 9 :�#4,(�(®s®s#/+(#/9 £ �6!¤%(�89 :�#<�Y+6!">89(#/9 � 2q, %(2�1/+(#&,(9 �B �>$#&A
%(� ¡ � 9cEY¯ ) +(#&,6#&%6#K1/�B%(�89(50.[5��8+(#/9 � 2�+(#/�?�¤%(�©�"!"�8:�� 9 �$#/.?+ � +(50>l!"9 � 2ª>8:jA
2B>8�B%(� ,(�(®s®<�Y�?�(509 9(58#�)(50>$#&,6#/9 �(#�¡6!01/�8� £ :sV¹�"E¹#8EbVH%(� 9(#/; 9(58#��Y>$#&%(� ¡(#&A
9 �(#�1/+(#&,(9(#/.[5�@ >l!¤,(+6!"�"!�1?��#/��#/9 � 2}¡6!01/�8� £ :±1K�$#/¡(#/9 �(#?� >8+(#?��#/9 �cEA��!¤A
�?� + �82 1/�}96!�+6!">89(58��#/+ 9(58�Á+6!01/) +(#&,6#&%6#/9 � ��º?9(#/+ .?� �cV>�4!"9 ´�#/>$#/9�>8:�>$#&%
®�%(�Y@ �8�l!"£ �(509 9(5 �$,(�(1?1/� )6!"£ �(509 9 :�#<1?5850�89(50=�#/9 � 2¹V$1/>82B�?:�>l!"'`���(#�,(�(®�A
®<�Y�?� '±1�@Y50º[®s®<� £ �(#/9 �$58�¶�8+(#/9 � 2q·¸�$50@Y1[!BV�)(5"%(�Y¡(#/9 9 :�#sµ¸; 9 =��$#/; 9(58�
�8+(#?��24.[5[,-!0����+6!"9 �8=�#i96!¢581/9(50>$#i@ � 9(#/�8� ¡(#?1/@Y50.[5���+6!">89(#/9 � 2<, %(24)B%650�0A
9(581/�8��>$#/+(5©2Y�89(581/�8��70+(50�Y9(50>$1/@ �B q¡6!01/�8� £cE

«��$1/�8�
x(t) = [x1(t), . . . , xn(t)]
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ẋi(t) = fi(x1, . . . , xn, t) + gi(x1, . . . , xn, ξ1(t) . . . ξm(t), t) .
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f(x, t) = [fi(x, t), . . . , fn(x, t)]
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g(x, ξ, t) =
[gi(x, ξ, t), . . . , gn(x, ξ, t)]

V�) + � ¡(#?�
gi(x, ξ = 0, t) = 0
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ξ(t) = [ξ1(t), . . . , ξn(t)]
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ẋi(t) = fi(x, t) +

m
∑

j=1

gi,j(x, t) ξj(t).
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(
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∑
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PN (t) =
(γt)N

N !
exp (γt ) ,
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t ≥ 0
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γ
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〈N(t)〉 = γ t , 〈 (N(t)−〈N(t) 〉 ) (N(t′)−〈N(t′) 〉 ) 〉 = γmin
(

t, t′
)
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ṖN (t) = −γPN (t) + γPN−1(t) ; N ≥ 1 , Ṗ0(t) = −γP0(t) ,
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P (∆N, t|∆N0 = 0, t0) =
[γ (t− t0)]∆N

∆N !
exp [−γ (t− t0)] , ∆N ≥ 0.
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D(τ) = 1− P0(τ)
O V8E9V[�RYTS

#?1/�8��>$#/+(5[2B�89(581/�8���$50.[5 V"¡ �$5¢) +(50£(#?1?1j70�¤,6#/�K581/�"!">l!"�8�$1R2�>K1?581/�$5©2Y9 � �
N096!D,-!"9 9(58�°� 9 �$#/+ >l!¤%6#q>8+(#?��#/9 �cE �s%(2�>$#/+(5©2Y�89(581/�8�À1/@Y!?¡ @B!BV�@�50�$50+ :�;

) +(50� �[50;B,6#/�ª>�� 9 �$#/+ >l!¤%6#
[τ, τ +∆τ ]

VB)(5"%(��¡6!0#?�

dD(τ) = −dP0

dτ
dτ = γ exp (−γτ) dτ = wN (τ) dτ .
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∞
∫
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∞
∫
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γ
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N(t) =

∫ t

0
ds ξSN(s).
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δ (t− ti) .
O V8E9VRV [TS



� � ��� � � �	���� �	� �	��� ��������� � ��� � ���������	�����	�	����� � � ��������� � ����
 �����

¿�58��#/9 �8:�>8+(#?��#/9 �
ti
�(��#/'K��) �l!01?1?509(50>$1/@Y58#�+6!01/) +(#&,6#&%6#/9 �(#f)(5

i
E[�s!"´�A

,(:�;¥,6#&%(�¤�"!¤A�5870+6!"�?9 :�;*) � @¶1?5850�8>$#/�$1/�8>8�$#/��1/@B!?¡ @ �¥�?96![¡(#/9 � 2
N(t)

96!
>$#&%(� ¡ � 9 �

∆N = 1
E;��!"@�58#§) +(#&,61/�"!">0%6#/9 �(# 70:j%65 >8>$#&,6#/9(5¶¯�E;B 50�0A

�8@ �¶, %(2¶50) �(1[!"9 � 2 �(��) �¤%(�$1?50>(V�96!">$5?,(�(��:j *50�[,6#&%(�89 :�����º/%6#/@ �8+(5096!¤A
���cV�º[��� �8� + �$#?��:����À@Y!"�$5?,-!0���À> >l!"@ ���B��9 :j  %-!0��)6!¤ \E�«�+ �¦�$1/+(#&,(9(#&A
9 � �

ξSN(t)
)(5"%(�Y¡6!0#?��50�[%(� ¡ 9(58#�50�q9 �¤%(2§�?96![¡(#/9 �(# 〈ξSN(t)〉 = γ > 0

E
*�9(50.3,-!¥�©,658709(#?#D70:�>l!0#/�¥+6!01?1?�i!"�8+ � >l!"�8�¶®<%(��@ �8�l!"£ � �¦50�89(581/� �$#&%(�89(5
1/+(#&,(9(#/.[5

ξSN(t) − γ = ηSN(τ)
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P (y) =

√
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2πD
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− τc
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y2
)
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√
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ẋ = v , v̇ = − γ(x, v) v − ∂

∂x
U(x) +

√
2Dξ(t),

O V8E9V Q86 S
.3,6#

x
�
v
#?1/�8�(V¤1?5850�8>$#/�$1/�8>$#/9 9(5 V"@�5850+l,(� 96!"�"!���1/@�50+(581/�8��¡6!01/�8� £ :sV[,(>8�BA

´��Y��#/;(1R2�>�)(50�$#/9 £ �6!¤%6#
U(x)

1<�8+(#/9 �(#?�
γ(x, v)

E-¯Á1&%(�Y¡6!0#
γ = const.



� � ��� � � �	���� �	� �	��� ��������� � ��� � ���������	�����	�	����� � � ��������� � ����
 �����

.[50>$50+l2B�Á5 @�509(1?#/+ >l!"�8� >89(58� 581/£ �B% %(2B�$50+(#�1�9(#&%(� 9(#/; 9 :�� )(50�$#/9 £ �6!¤A
%658��VB>�@�50�$50+ :�;D>8>$#&,6#/9 :±)(50�$#/+ �cE ¯��$50+(50;��8� )���#& �!"9 � ¡(#?1/@�50.[5}581/£ �B% A
%(2B�$50+6!�) +(#&,()(5"%-!"./!0#/�¤V�¡ �$5�)(50�$#/+ �¬2Y>0%(2B'`�$132 9(#&%(� 9(#/; 9 :���� ����50.?�Y�
5870+6!"��!"�8�$132�>�9(5"%(�(EA��!"@ �(#<1/�(1/�$#?��:70�©,6#?� 96!"�?:�>l!"�8��,(�(1?1/� )6!"�8� >89 :jA
����9(#&%(� 9(#/; 9 :�����1/�(1/�$#?�i!0������)(5"%-!".&!"�8�

U
@ >l!¤,(+6!"�8� ¡ 9 :��¦)(50�$#/9 £ �BA

!¤%658��V¹@B!"@¥º?�$5ª,6#&%-!0#/�$132 >�785"%(�8=�� 9(1/�8>$#�1&%(�Y¡6!0#/>	� XRYBV�V[�@V���EF� ��«», %(2
)B%650�89(581/�8�D>$#/+(5©2B�89(581/�8�§)(#/+(#& l5[,-!

p2 = p2(x, v, t|x0, v0, t0)
�(��#?#/��>8�B,

∂

∂t
p2 + v

∂

∂x
p2 −

∂U

∂x

∂

∂v
p2 =

∂

∂v
γ(x, v) v p2 + D

∂2

∂v2
p2.

O V8E9V QRXTS

¯ 1/�"!"£ �(5096!"+ 9(58�±) +(#&,6#&%6#
p2

1/�8+(#?��� �$1R2 @ 1/�"!"£ �(5096!"+ 9(50;�)B%650�89(581/�8�c²

p2 → ps(x, v)
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Φ0 = ω0 t
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ϕ
²
Φ = Φ0 + ϕ
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U(x) = ω2
0x
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x = A cos(ω0 t+ ϕ) , v = −ω0A sin(ω0 t+ ϕ).
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ϕ
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Ȧ =
sin(ω0 t+ ϕ)

ω0
γ(x, v) v + yA , ϕ̇ =

cos(ω0 t+ ϕ)

Aω0
γ(x, v) v + yϕ,
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yA(t)
�
yϕ(t)
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yA = −sin(ω0 t+ ϕ)

ω0

√
2Dξ(t) , yϕ = −cos(ω0 t+ ϕ)

Aω0

√
2Dξ(t) .

O V8E9V Q � S



��� � ��
 � ����� � �����  �	� �	��� ��������� ��� ����������� � � � �

«<#/+ >$58#�1&%-!"./!0#?��58#�><587850�B ��Y+6!">89(#/9 � 2Y �> O V8E9V QTWRS���5[´�9(5s�$1/+(#&,(9 � �8�s�©!
)(#/+ �(5?,

T = 2π/ω0
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KA
1 ∝ D

cos2(ω0 t+ ϕ)

ω2
0

, Kϕ
1 ∝ −D

cos(ω0 t+ ϕ) sin(ω0 t+ ϕ)

A2ω2
0

.
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KA,ϕ
2 = 0
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KA,A
2 =

D

2ω2
0

, Kϕ,ϕ
2 =

D

2ω2
0A

2
.
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p2(A,ϕ, t|A0, ϕ0, t0
S&VB�(��#?#/��>8�B,

∂

∂t
p2 = − ∂

∂A

(

fA +
D

2 ω2
0

)

p2−
∂

∂ϕ
fϕ p2 +

D

2ω2
0

∂2 p2

∂A2
+

D

2ω2
0A

2

∂2 p2

∂ϕ2
.
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γ = const
��./!"+BA
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ps(A,ϕ) =
1

2π

A

σ2
exp

(

− A2

2σ2

)

,
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σ2 = D/ω2

0γ
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v(x,E) = ±
√

2[E − U(x)],
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ẋ = v(x,E) , Ė = − γv2(x,E) +
√

2D v(x,E) ξ(t),
O V8E9V7W 6 S

.3,6#
v
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√
2D v(x,E) ξ(t)
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Kx
1 = v(x,E) , KE

1 = − γv2(x,E) + D , KE,E
2 = D v2(x,E).O V8E9V7W(XTS
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p2 =

p2(x,E, t|x0, E0, t0)
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∂p2

∂t
= − ∂

∂x
v(x,E) p2 +

∂

∂E

(

γv2(x,E) − D
)

p2 + D
∂2

∂E2
v2(x,E)p2.O V8E9V7W(QTS
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ps(x,E) =
N

|v(x,E)| exp

(

−γE
D

)

.
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E ≥ U(x)
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ps(E) ∝ T (E) exp

(

−γ E
D

)

,
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T (E)
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ps(E) ∝ E
d
2
−1 exp

(

−γ E
D

)
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dx
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= v , m

dv

dt
= −γv − ∂U

∂x
,
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U(x)
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U(x) = − a
2
x2 +

b

4
x4,
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f(x) = − ∂U(x)

∂x
= ax − bx3 .
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v0 = 0 , x1,3 = ±
√
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b
, a , b > 0 .
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v0 = 0 , x2 = 0.
O V8E9V � 6 S

«�+ � 1&%-!07858� �8+(#/9 � �cV�#?1&%(�
γ < 8a

V��$1/�$50; ¡ � >8:�#ª1?581/�$5©2B9 � 2¬+6!">89(50>$#&A
1/� 2� �!"+6!"@ �$#/+ � �?��'`�$132�@�58��)B%6#/@�1/9 :����¶1?58781/�8>$#/9 9 :������?96![¡(#/9 � 2B���¬�cV
�"!"@ �(��5870+6!"�[58��VH2B>0%(2B'K�$1R2D�$1/�$50; ¡ � >8:���� ®s50@ �$1[!0���cEH«�+ �

γ → 0
509 �

) +(#/>8+6!"��!"'K�$1R2�>�£(#/9 �8+ :sE
¯�1&%(�Y¡6!0#�1/�B%(�89(50.[5K�8+(#/9 � 2¹V"@�50.R,-!

γ →∞ V¤�B%(�4, %(24%6#/.?@ �B �¡6!01/�8� £cV
1?5850�8>$#/�$1/�8>$#/9 9(5

m→ 0
V¤�8+6!0#/@ �$50+ � ��70:�1/�8+(5K1/�8+(#?��2B�$132�@�581/�

v = 0
E¤¯

º?�$58�*1&%(�Y¡6!0#`��5©´�9(5��(1/@B%('K¡ � �8�
v(t)

�ª50.?+6!"9 � ¡ � �8�$1R2�+6!01?1?��50�8+(#/9 �(#?�
,(� 96!0��� @ �D�$5"%(�8@Y5�@Y5850+$,(� 96!"�8:

x(t)
²

dx

dt
=

a

γ
x − b

γ
x3.
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d

dt
E =

d

dt

(m

2
v2 + U(x)
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= −γv2 ≤ 0,
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∂
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)]

.
O V8E9V YR[TS

«<581&%6#s�$50.[5�@Y!"@�) +(50� �[50=4%-!�70�(®<�Y+ @Y!"£ � 2 :K9B,(+(509(50>l!7� 5`50)(®�!BV61/�"!"£ �BA
5096!"+ 96!"2�)B%650�89(581/�8��>$#/+(5[2B�89(581/�8�¥>�®4!"�[50>$58�Á) +(581/�8+6!"9(1/�8>$#�) + �(5870+(#&A
�"!0#/��@ +6!"�$#/+(5 �l)(5[,658709 ��' ®s50+(���$Vc.R,6#}�i!"@Y1/�(�i!¤%(�89 :�#q�?96!?¡(#/9 � 2 1?5850�0A
>$#/�$1/�8>8�Y'K���$1/�$50; ¡ � >$58����) +(#&,6#&%(�89(58����£ � @B%(� O 1?��E + �(18ELV8E �RQTS&E

«`%650�89(581/�8�4>$#/+(5©2B�89(581/�8� O V8E9V YR[TS�587"%-!¤,-!0#/���i!"@�1/�(���B��58�¥) + �
α, ε >

0
Ef· ,(+ ��.[50;�1/�$50+(509 :sV�>$7"%(� �?��70�(®s��+ @B!"£ �(509 9(50;��$50¡ @ ��=��Y���>$#&%(�BA

¡ � >l!0#/���$5"%(�8@�5�,(�(®s®<�Y�?�(509 9 �Y'Á@Y58��)(509(#/9 �8�}� �[��#/9(#/9 � 2q®4!"�?:sE �K�$��#&A
�8�(��VY¡ �$5�>�1&%(�Y¡6!0#`@Y!"9(509 � ¡(#?1/@ �B ª,(�(1?1/� )6!"�8� >89 :j �1/�(1/�$#?��VY1

γ(x, v) =
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dϕ

∫ ∞
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E − A2ω2
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p2(A,ϕ|A0, ϕ0),
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∂E
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{
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x0 ∈ (a, b)
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Pa,b (t, x0) =

b
∫

a

p2 (x, t|x0) dx
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p2(x, t|a) = p2(x, t|b) = 0 , x ∈ (a, b).
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Pa,b(t, a) = Pa,b(t, b) = 0.
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x
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t > t0
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∫

dx p2(y, ty|x, tx)LF
x p2(x, tx|x0, t0)

=

∫

dx p2(x, tx|x0, t0)L
B
x p2(y, ty|x, tx),
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p2(y, ty|x, tx) j(x, t) = p2(x, tx|x0, t0)
∂

∂x
p2(y, ty, |x, tx),
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x
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a
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j(a, t) = 0
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∂p2(x, t|x0, t0)

∂x0

∣

∣

∣

∣

x0=a

= 0 .
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∂Pa,b(t, x0)

∂x0

∣

∣

∣

∣

x0=a

= 0 .
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lim
τ→0

1

τ
(1 − Pa,b (τ, x0) ) = 0, x0 6= a, b .
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− ∂

∂t0
Pa,b =

∂

∂t
Pa,b (t, x0) = K1 (x0)

∂

∂x0
Pa,b +K2 (x0)

∂2

∂x2
0

Pa,b.
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Pa,b (t, x0)
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Pa,b (t→∞, x0) = 0
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Wa,b (t, x0) = 1− Pa,b (t, x0)
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Wa,b (t→∞, x0) = W as
a,b((x0) = 1
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W as

a,b(b) = 1
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a,b(a) = 0
EF:`1/�(��) �$50�8� ¡(#?1/@�58#�+(#/=�#/9 �(#8V¹�¤,650>0%6#/�8>$5"A

+l2B'`��#?#
∂W as

a,b(x0)/∂t = 0
VB�©!¤,-!0#/�$1R2�>8:�+6!"´�#/9 �(#?�

W as
a,b(x0) =

x0
∫

a
dx exp

(

−
∫ x K1

K2
dx′
)

b
∫

a
dx exp

(

−
∫ x K1

K2
dx′
)

.
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wa,b (x0, t)∆t =
∂Wa,b (t, x0)

∂t
∆t = −∂Pa,b

∂t
∆t .
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∂

∂t
wa,b = K1 (x0)

∂

∂x0
wa,b +K2 (x0)

∂2

∂x2
0

wa,b ,
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∂wa,b (x0, t)

∂x0

∣

∣

∣

∣

(x0=a)

= 0.
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Ta,b (x0) =

∞
∫

0

twa,b (x0, t) dt.
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Ta,b(x0) =

∞
∫

0

Pa,b (t, x0) dt.
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〈Ta,b〉x0
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∞
∫

0

Pa,b (t, x0)P (x0) dtdx0 .
O V8E �R[TWRS

�s%(2
Ta,b (x0)

��5[´�9(5¼)(5"%(�Y¡ � �8�¼5870:�@ 9(50>$#/9 9(58#*,(�(®s®s#/+(#/9 £ �6!¤%(�89(58#
�Y+6!">89(#/9 �(#8V #?1&%(���Y��9(5©´�� �8��96!

t
�ª) +(50� 9 �$#/.?+ � +(50>l!"�8� O V8E �R[8�TS¸)(5�>8+(#&A

��#/9 �cE=*�9 �$#/.?+ � + �82�%6#/>8�Y'°¡6!01/�8��+6!">$#/9(1/�8>l!BV()(5"%(�Y¡6!0#?�

∞
∫

0

∂

∂t
Pa,bdt = Pa,b (∞, x0)− Pa,b (0, x0) = −1 .
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−1 = K1 (x0)
∂

∂x0
Ta,b (x0) +K2 (x0)

∂2

∂x2
0

Ta,b (x0) .
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Ta,b(a) = Ta,b(b) = 0 .
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∂Ta,b(x0)

∂x0

∣

∣

∣

∣

x0=a

= 0.
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T
(n)
a,b = −

∞
∫

0

tn
∂

∂T
Wa,b (t, x0, t0) dt.
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T
(0)
a,b = 1

�
Ta,b =

T
(1)
a,b

V )(5"%(�Y¡6!0#?�

−nT (n−1)
a,b = K1 (x0)

∂

∂x0
T

(n)
a,b (x0) +K2 (x0)

∂2

∂x2
0

T
(n)
a,b (x0)
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u
(n)
a,b =

dT
(n)
a,b

dx0
,
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a < b

u
(n)
a,b (x0) = exp (− Φ(x0))



Cn − n
x
∫

a

T
(n−1)
a,b (x′)

K2 (x′)
exp (Φ(x′))dx′



 ,
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Cn
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Φ(x) =

∫ x K1(y)

K2(y)
dy .
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u
(n)
a,b (a) = 0

V
T

(n)
a,b (b) = 0

VB��)(50º?�$58���

T
(n)
a,b (x0) = n

b
∫

x0

exp (− Φ(x))





∫ x

a

T
(n−1)
a,b

K2 (x′)
exp (Φ(x′))dx′



dx .
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T
(1)
a,b (x0) =

b
∫

x0

dx exp (− Φ(x))









x
∫

a
dx′ exp (Φ(x′))

K2 (x′)
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T
(n)
a,b (x0) = Cn

x0
∫

a

exp (− Φ(x))dx−

n

x0
∫

a

exp (− Φ(x))





∫ x

a

T
(n−1)
a,b

K2 (x′)
exp (Φ(x′))dx′



dx,
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E
¨s!"�(785"%6#?#�5870��!"2�1/� �8�l!"£ � 2¹V01/>82B�©!"9 96!"2�1��©!¤,-![¡(#/;�1/@�50+(581/�8��>8:j l5?,-!

>�)(#/+(#&,6#?��)(®<� +(50>l!"9 9(58�*581/£ �B% %(2B�$50+(#8V�@B!01[!0#/�$132q>$#/+(5[2B�89(581/�8�q>8:j l5?,-!
� ��587"%-!01/�8�

(−∞, b) E$µ¸�$5�50�?96!?¡6!0#/�"V8¡ �$5 x = b
2Y>0%(2 #/�$1R2�)(50.R%650��!"'`��#/;

.?+6!"9 � £(#/;cVB!`�$50¡ @Y!
a
1P,(>8� 9 �Y�"!s96!<78#?1/@�509(#/¡ 9(581/�8�(E=��� �?� ¡(#?1/@ �}>l!"´�96!"2

1/� �8�l!"£ � 2�1?581/�$50� �ª>ª�$58��V-¡ �$5�>$#/+(5©2Y�89(581/�8��+6!">896!}9 �¤%(' 96! −∞ V(��#?#
) +(50� �?>$5?,(96!"2 �0!"@ ´�#�5870+6!"��!0#/�$132�>}9(5"%(�(EH«<50�$50@�>$#/+(5[2B�89(581/�8� >ªº?�$58�
1&%(�Y¡6!0#<�$50¡ 9(5�+6!">$#/9�9 �¤%('�EA��!"@ �(#<�$1&%650>8� 2�) + �

x =∞ >}®<� �?� ¡(#?1/@ �B 
�©!¤,-!?¡6!¤ �96!"�?:�>l!"'`�$132§#?1/�$#?1/�8>$#/9 9 :����§.?+6!"9 � ¡ 9 :����§�$1&%650>8� 2B���cE

¯�:�¡ �(1&%6#/9 �(#�� 9 �$#/.?+6!¤%650> > O V8E �86 � S�1ª@ � 9(#/�8� ¡(#?1/@ �(���¦@�50º[®4®<� £ �BA
#/9 �"!0���cV��©!¤,-!"9 9 :����¬, %(2¥70�(1/�"!070�B%(�89(50.[5�581/£ �B% %(2B�$50+6!BV�1/9(50>l!D��5[´�#/�
70:��8��>8:�)(5"%(9(#/9(5�1�)(58��50���8'±%650@B!¤%(�89(50.[5�.&!?�$1?1?50>l!�) + �(7"%(� ´�#/9 � 2¹V(#?1&A
%(�

∆U � kBT
E(¯�9 �Y�8+(#/9 9 � ;D� 9 �$#/.?+6!¤%�> O V8E �86 XTS��i!"@Y1/�(�i!¤%6#/9�>$7"%(� �?�

!"�8�8+6!"@ �$50+6!
x = x1

EY¨s!") +(50�8� >(V�)(#/+ >$58#`)(5[,(:�9 �$#/.?+6!¤%(�89(58#s>8:�+6!"´�#/9 �(#
>89(581/� ���?96![¡ � �$#&%(�89 :�;¬>8@B%-!¤,��$5"%(�8@Y5�>$7"%(� �?��7$!"+ �$#/+6!BE "i1&%(�¥96!?¡6!¤%(�0A
9(58#�1?581/�$5©2Y9 �(#

x0
96!¤ l5[,(� �$132*,6581/�0!"�$50¡ 9(5¥,-!¤%6#/@Y5�50��7$!"+ �$#/+6!

x2
V��$5

>�)(#/+(#&,6#?��)(®<� +(50>l!"9 9(58��1&%(�Y¡6!0#41/+(#&,(9(#?#4>8+(#?��2�)(#/+ >$50.[5�,6581/�8� ´�#/9 � 2
.?+6!"9 � £ :�2B>0%(2B#/�$1R2}) +(581/�$5�5870+6!"�89(50;q>$#&%(� ¡ � 9(50;q>$#/+(5[2B�89(581/�8��>8:j l5?,-!
O V8E �@V � S&V

T−∞,b(x0) = Q(b)
1

rK
,

O V8E �RX8�TS

.3,6#
Q(b)


 ��9(5[´�� �$#&%(�(VH��¡ � �8:�>l!"'`��� ;§®s50+(���ª)(50�$#/9 £ �6!¤%(�89(50;�2B��:sE
µ¸�$50�q��9(5[´�� �$#&%(��+(#/�?@�5ª>$50�?+6!01/�0!0#/�q50�ª9 �¤%(2�,65�#&,(� 9 � £ :sVH@�50.R,-!}.?+6!¤A
9 � ¡ 96!"2 �$50¡ @Y!

b
) + �(7"%(� ´�!0#/�$132�@��$50¡ @Y#�7$!"+ �$#/+6!

x2
� �©!"�$#?�±)(#/+(#?1?#&A

@Y!0#/�ª#?#8E «�+ �
b = x2

V
Q = 1/2

E



��� � � � ��� ��� ������ ����
 �	��� �	���	�	�	����� ��� ���	����� � � � �

�`785870��#/9 �(#s+6!01?1?��50�8+(#/9 9 :j ��©!¤,-!?¡§96!�1&%(��¡6!";§785"%6#?#<>8:�1?50@ �B �+6!"�/A
��#/+ 9(581/�$#/;*��5[´�#/�¥70:��8�§96!";B,6#/9(5�> �9VRV � ��V�!�96!"�(785"%6#?#}9(50>8:�#}+(#/�?�¤%(�0A
�"!"�8: 50�8+6!"´�#/9 :¾> � Q@V �AW�V8V YRXBV YRQBVTVRV QBVTVRV Y7� V[�86 ��E :K>8�$50@�5"%6#?7$!"�$#&%(�89 :�#
1/�(1/�$#?��: +6!01?1?�i!"�8+ � >l!"'`�$132§> �9V[�RX
��E

��� ����� � �&�;.�/1���%�����

¯¼,-!"9 9(50; .R%-!">$#�+6!01?1?��50�8+(#/9 : º/%6#?��#/9 �8:°�$#?50+ � �¥1&%(��¡6!"; 9 :j �) +(50£(#?1&A
1?50>��¶#?#}) + �(��#/9(#/9 �(#ª@�,(� 96!0��� ¡(#?1/@ �(� 1/�(1/�$#?�i!0��E�¨<#?1?��50�8+l2 96!D�$50�
®4!"@ �"V0¡ �$5<581/9(50>89 :�#j@�509 £(#/) £ � ����) + �B%65©´�#/9 � 2�1&%(�Y¡6!"; 9 :j �) +(50£(#?1?1?50>
>D®<� �?� @Y#�>$581P l5[,(2Y��@ 96!?¡6!¤%(�¥�8�¤A�.[5�1/�$5"%6#/�8� 2¹V��(1/)(5"%(�8�[50>l!"9 �(#}1/�$5[ �!¤A
1/�8� ¡(#?1/@ �B D��#/�$5?,650>}>$1?#s#/��#<581/�"!0#/�$132�1?50>8+(#?��#/9 9(50;cV670:�1/�8+(5�+6!"�?>8� >l!¤A
'`��#/;(1R2}�ª>8:��?:�>l!"'K��#/;�785"%(�8=�50;ª� 9 �$#/+(#?1�587"%-!01/�8�8'®<� �?� @ �ª�ª9(#&%(�BA
9(#/; 9(50;�,(� 96!0��� @ �cE

¯Á96!01/�$5[2B��#?#<>8+(#?��2�785"%(�8=��(#s96!¤,6#/´�,(: 1/>82B�?:�>l!"'K��1��(1/)(5"%(�8�[50>l!¤A
9 �(#?� 1/�$5? �!01/�8� ¡(#?1/@ �B ¶��#/�$5[,650>§>§70�(58®<� �?� @�#8E �¹!¤,-!?¡ �cV�>$50�?9 � @Y!"'`���(#
><º?�$50;�587"%-!01/�8�cV89(#/+6!"�?+ :�>89(5s587<;c#&,(� 9 2B'`�s9(#&%(� 9(#/; 9(581/�8�(V$9(#/+6!">89(50>$#?1&A
9(581/�8�(V81/� .?96!¤%(: ��=��B� O ®�%(�Y@ �8�l!"£ � �>S&E8¨<#/@�50�$50+ :�#j� ����#/�$5[,650>(V0+6!"�?>8�BA
�8:j §>�1/�0!"�8�(1/�8� ¡(#?1/@�50; ®<� �?� @�#8V¹50@B!"�?:�>l!"'K�$1R2¥50¡(#/9 ��)(5"%6#/�?9 :���� ) + �
+6!01?1?��50�8+(#/9 � �}70�(5"%650.?� ¡(#?1/@ �B �) +(587"%6#?��E$¨<5 V096!"�(785"%6#?#�>l!"´�9(50;cV09(50>$50;
587"%-!01/�8�8' ®<� �?� ¡(#?1/@ �B q�(1?1&%6#&,650>l!"9 � ;D2B>0%(2 #/�$132q� �?��¡(#/9 �(#s��) + �(��#/9(#&A
9 �(#�9(50>8:j ¥1/�$5? �!01/�8� ¡(#?1/@ �B ���#/�$5[,650>D96!q@B!?¡(#?1/�8>$#/9 9(5�785"%6#?#�>8:�1?50@�58�
�Y+(50>89(#8E �¹!"� 9 �$#/+(#?1?50>l!"9 9(58����¡ � �"!"�$#&%(' ��:�+(#/@�58��#/9B,(�$#?��>89 �(�i!"�$#&%(�0A
9(5�50�?96!"@Y58��� �8�$132§141?5?,6#/+l´�!"9 �(#?�Á.3%-!">8:�[BE

������� �!������� �!�
	)���������"�!��� � �� !"$#&%��
� #&� #&(�")�

��� �;� �,+3���!���������

·¸� 9B B+(509 � �©!"£ � 2À9(#&%(� 9(#/; 9 :j ¦@Y5"%6#?7$!"9 � ; � 5?,(9(5¬� �D®<�Y9B,-!0��#/9 �"!¤%(�0A
9 :j �2B>0%6#/9 � ;D) + � +(5?,(:sE "�.[5}��5[´�9(5�+6!01?1?�i!"�8+ � >l!"�8�q@B!"@D) +(581/�$#/; =�� ;
) + �(��#/+§1[!0��5850+ ./!"9 � �©!"£ � �§>8�©!"�(��5[,6#/;(1/�8>8��'`���B �9(#&%(� 9(#/; 9 :j D1/�(1/�$#?��E
«<5?,�1/� 9B B+(509 � �©!"£ �(#/;�5870:�¡ 9(5K)(509 �(�i!"'K�K�$1/�"!"9(50>0%6#/9 �(#�9(#/@�50�$50+ :j �1?5"A
50�89(50=�#/9 � ;���#/´�,(�¦ �!"+6!"@ �$#/+ 9 :����¼>8+(#?��#/96!0���cV�¡6!01/�$50�"!0���¼�B%(�¼®4!¤A
�©!0����@Y5"%6#?7$!"9 � ;À)6!"+ £ �6!¤%(�89 :j ¦1/�(1/�$#?� > +(#/�?�¤%(�©�0!"�$#D�B  >8�©!"�(��5?,6#/;BA
1/�8>8� 2¹Efµ�®s®s#/@ ��1/� 9B Y+(509 � �©!"£ � �cVf50�8@ + :��8:�;��¹'K; .[#/9(1?58� �9V[�RQ
��#/� ª>
�`C����K>$#/@�#8V�70:j%¬587096!"+ �Y´�#/9¶>D1[!0��:j ¥+6!"�/%(� ¡ 9 :j �1/�(1/�$#?�i!¤ ¥��96!"=�#&%
) + �(��#/9(#/9 �(#s>$5���9(50.?�B �587"%-!01/�¤2Y q�$#& B9 � @ �cV ¡ �$5�50�8+6!"´�#/9(5�>�+�2�,6#���5"A
9(50.?+6!0®<� ; �9V[�TW � V [RY
��E@��#?50+ � 2q1/� 9B B+(509 � �©!"£ � ��)(5"%(�Y¡ �B%-!�70:�1/�8+(58#�+6!"�/A



����� ��� � � �	���� �	� �	��� ��������� � ��� � ���������	�����	�	����� � � ��������� � ����
 �����

>8� �8�(#��¬) + � >0%6#/@B%-!�@¬1?#?78#�581?5870:�;�� 9 �$#/+(#?1}�Y¡(#/9 :j �>D96!"=�#?�1/�$5"%6#&A
�8� ��><1/>82B�?��1j1?50�/,-!"9 �(#?� º/%6#/@ �8+(509 9 :j �1/+(#&,61/�8>41/>82B�?� �9V 6l�
��E8¯�96!01/�$5©2YA
��#?#i>8+(#?��2s,6#/�0!¤%(�89(5¢+6!"�?+6!07850�0!"96!�1/�"!">8=�!"2s@B%-!01?1/� ¡(#?1/@�50;��$#?50+ � 2�1/� 9BA
 B+(509 � �©!"£ � �*)(#/+ �(5?,(� ¡(#?1/@ �B �!">8�$50@�5"%6#?7$!"9 � ; �9V[�TW � V [TWYV V 6l�7� V X8�
��V�+6!01&A
1?��50�8+(#/9 : 1&%(�Y¡6!"� 1/� 9B Y+(509 � �©!"£ � � @ >l!"�?� )(#/+ �(5[,(� ¡(#?1/@ �B Â@�5"%6#?7$!"9 � ;
�9V [86 ��V �9V X@V8V V X8�
����@�5"%6#?7$!"9 � ;�>�) + �(1/�Y�$1/�8>8� �§1&%(�Y¡6!"; 9 :j q>$50�/,6#/;(1/�8>8� ;
�9V[�R[BV�V [86(V�V XR[7�FV XTW ��EY¯*+6!0��@Y!¤ ª@B%-!01?1/� ¡(#?1/@�50;��$#?50+ � �ª+6!"�/%(� ¡6!"'K� @A9�Î � 5
� -"Ç/Î6Î � � È?Ï(Î

�
Ä-Å"Î(Ï �A/��(Ï���V/�"E^#8E©1/� 9B B+(509 � �©!"£ � 'À!">8�$50@�5"%6#?7$!"9 � ;�>89(#/=�A

9 �(� 1/� .?96!¤%658��V�� @��A/0Ï?0<Î � � È?Ï(Î
�
Ä-Å"Î(Ï �A/��(Ï���V�96!07"%('j,-!"'`���Y'�132¶) + �

>8�©!"�(��9(58�°>0%(� 2B9 � �¶,(>8�l ¶!">8�$50@Y5"%6#?7$!"�$#&%(�89 :j �1/�(1/�$#?��E�¯ 587850�B ¶1&%(��A
¡6!"2Y �) +(5[2B>0%(2B'K�$1R2�5?,(9 �}���$#�´�#�º[®4®s#/@ �8:sV81/>82B�©!"9 9 :�#¢1j,(>8�B��2�@B%-!01&A
1/� ¡(#?1/@ �(���}��#& �!"9 � �[�i!0���q1/� 9B B+(509 � �©!"£ � �c²$�©!¤ B>l!"�$58�¥1?58781/�8>$#/9 9 :j �¡6!¤A
1/�$50� O �cV01?5850�8>$#/�$1/�8>$#/9 9(5 V$®4!"� Sc@�5"%6#?7$!"9 � ;��B%(��´�#¸)(5[,-!">0%6#/9 �(#?��5[,(9(50;
� �<,(>8�� ª9(#/�©!">8�(1/�(��:j �¡6!01/�$50��@ >l!"�?� )(#/+ �(5?,(� ¡(#?1/@ �B §@Y5"%6#?7$!"9 � ;cE

"i1&%(�
Φ(t)

�
ω1
�<1?5850�8>$#/�$1/�8>$#/9 9(5<®4!"�©!���¡6!01/�$50�0!�5?,(9(50.[5`@ >l!"�?� .&!"+BA

��509 � ¡(#?1/@�50.[5}!">8�$50.[#/9(#/+6!"�$50+6!BV(!
Ψ(t)

�
ω2

��®�!"�©!s�ª¡6!01/�$50�"!4,(+ �Y.[50.[5 V
1/>82B�©!"9 9(50.[5q1s9 �(�À!">8�$50.[#/9(#/+6!"�$50+6!BV\�$5��$1&%650>8� 2§1/� 9B B+(509 � �©!"£ � � ®s50+BA
���¤%(� + ��'`�$132�@B!"@

|mΦ(t)− nΨ(t)| = const, mf1 = nf2,
O V8E �RX@V7S

.3,6#
m

�
n

 £(#&%(:�#�¡ �(1&%-!BE�µ¸�8�À�$1&%650>8� 2Á50) +(#&,6#&%(2Y'`� º[®s®s#/@ �¬�©!¤A

 B>l!"�"!<¡6!01/�$50�8: O ®4!"�?: S���,65"%(´�9 :À>8:�)(5"%(9 2B�8�$132�>49(#/@�50�$50+(50;q587"%-!01/�8�
�?96!?¡(#/9 � ;ª�Y) +6!">0%(2Y'`���B �)6!"+6!0��#/�8+(50>(V�96!"�?:�>l!0#?��50;}587"%-!01/�8�8'¼1/� 9B B+(5"A
9 � �©!"£ � �cEH¯¼º?�$58��+6!"�/,6#&%6#�>}581/9(50>89(58�À+6!01?1?�i!"�8+ � >l!0#/�$132�) +(581/�$#/; =�� ;
1&%(�Y¡6!";D1/� 9B Y+(509 � �©!"£ � � V8²9V O

m = n = 1
S&E

2`>0%6#/9 �(#�1/� 9B B+(509 � �©!"£ � ��) + � >0%6#/@Y!0#/�4581?587858#j>89 �(�i!"9 �(#j�(1?1&%6#&,650>l!¤A
�$#&%6#/;�>�+6!"�?9 :j �587"%-!01/�©2Y �96!?�Y@ �cE(¨s!") + �(��#/+cV6�(1/)(5"%(�8�[50>l!"9 �(#41/� 9B B+(5"A
9 � �©!"£ � ��>�� 9 ´�#/9(#/+ 9 :j ��©!¤,-![¡6!¤  �9V [RX
�(�(��#?#/�s50.?+(58��9(58#j�?96![¡(#/9 �(#���1[!¤A
��58#<=�� +(50@�58#<+6!01/) +(581/�8+6!"9(#/9 �(#8EH��+(58��#<�$50.[5 V º[®4®s#/@ �8:sV 1/>82B�©!"9 9 :�#s1
1/� 9B B+(509 � �©!"£ �(#/;cV"70:j%(��587096!"+ ��´�#/9 :¬>¢70�(5"%650.?� ¡(#?1/@ �B �1/�(1/�$#?�i!¤  �9V [RY
��E
¯¼º?�$50;�1/>82Y�?����5[´�9(5ª50�$��#/�8� �8�q)(50>$#&,6#/9 �(#4>8�©!"�(��5[,6#/;(1/�8>8��'`���B §@B%6#&A
�$50@ª�8@Y!"9 � �9V X � ��VY!"9(1[!0��7"%6#/;q9(#/; +(509(50> �9V XRY7� V Q@V��\�cV$96!"@Y509(#/£cV 70�(5"%650.?�BA
¡(#?1/@ �B ¬)(50) �¤%(2B£ � ; �9V Q8�
��E ��5"%6#?#�1&%65©´�9 :�#qº[®s®s#/@ �8:»1/� 9B Y+(509 � �©!"£ � �
70:j%(� 9(#&,-!">89(5�587096!"+ ��´�#/9 : >§1/�(1/�$#?��#},(:j �!"9 � 2¬�¶@ +(50>$585870+6!"��#/9 � 2
¡(#&%650>$#/@Y! �9V QR[
��V$!K�"!"@ ´�#�>`º?9 £ �(®�!¤% %650.?+6!0���i!¤ \EB·¸� 9B Y+(509 � �©!"£ � 2�+(#/.?��A
%(2B+ 9 :j \Vc �!050�8� ¡(#?1/@ �B ¥�¥1/�$5? �!01/�8� ¡(#?1/@ �B ¶@�5"%6#?7$!"9 � ;¬70:j%-!�>8:�2B>0%6#/96!
>�!"9(1[!0��7"%(2Y �>8�©!"�(��5?,6#/;(1/�8>8�Y'`���B }581/£ �B% %(2B�$50+(50> �9V Q860� V7W(X
�-��+6!01/) +(#&A
,6#&%6#/9 9 :j D1/+(#&,-!¤  �9V7W(Q7�>V7W(Y
��E



��� � � � ��� ��� ������ ����
 �	��� �	���	�	�	����� ��� ���	����� � � � �

¯ º?�$58�°+6!"�/,6#&%6#�50) �(1/:�>l!"'`�$132 +(#/�?�¤%(�©�0!"�8: @B%-!01?1/� ¡(#?1/@�50;À�$#?50+ � �
1/� 9B B+(509 � �©!"£ � �À)(#/+ �(5[,(� ¡(#?1/@ �B ¦@�5"%6#?7$!"9 � ;cE'*<1/)(5"%(�8�?�82*@Y!"@À) + �(��#/+
581/£ �B% %(2B�$50+�¯�!"9<,6#/+4«<5"%(2¹V?+6!01?1?�i!"�8+ � >l!"'`�$132�>8:�9 ��´�,6#/9 96!"24�<>8�©!"�(��A
96!"2�1/� 9B B+(509 � �©!"£ � '�VY>8@B%('`¡6!"2}!"96!¤%(� �¢º[®4®s#/@ �$50>4>$50�/,6#/;(1/�8>8� 2}=��B�i!BE
�`785870��#/9 �(#�@B%-!01?1/� ¡(#?1/@�50;¬�$#?50+ � ��1/� 9B Y+(509 � �©!"£ � ��96!} �!050�8� ¡(#?1/@ �(#��
1/�$5? �!01/�8� ¡(#?1/@ �(#s@�5"%6#?7$!"9 � 2ª) +(5?,6#&%-!"9(5��ª58781/�Y´�,-!0#/�$132ª>4+6!"�/,6#&%-!¤ ��BE �
�§�BE [BV(!��0!"@ ´�#4>�.3%-!">$# [BE

��� �;� � � ���+2;5������ ���&0��+*4 !������5��&$'�-5�� +3�&� ����5 � ��.�*

� .��&

������
��� * $'�%�-5��+* � ¿§5[,6#&%(��¯�!"9q,6#/+�«<5"%(2q2Y>0%(2 #/�$1R2�) +(581/�$#/;BA
=��(� ) + �(��#/+(58��.[#/9(#/+6!"�$50+6!À�$58��1?509(50>$1/@�50.[5��8� )6!BE`��+(58��#��$50.[5Á5096!
50) �(1/:�>l!0#/����9(50.?�(#���#& �!"9 � ¡(#?1/@ �(#8V º/%6#/@ �8+(509 9 :�#��q70�(5"%650.?� ¡(#?1/@ �(#s1/�BA
1/�$#?��:sVB>�@�50�$50+ :j q96!07"%('j,-!"'K�$1R2D!">8�$50@�5"%6#?7$!"9 � 2¹E=�Y#/9(#/+6!"�$50+§¯�!"9ª,6#/+
«<5"%(2¦1&%(�Y´�� ��7$!"�[50>$50;À��5[,6#&%(�8' , %(2*�(1?1&%6#&,650>l!"9 � 2¦º[®s®4#/@ �$50>¥1/� 9BA
 B+(509 � �©!"£ � �cV¹96!07"%('j,-!"'K���B l132�@Y!"@¥) + ��,6#/;(1/�8>8� �¥>89(#/=�9(#/; )(#/+ �(5?,(�BA
¡(#?1/@�50;�1/�B%(: O @49�Î � � -"Ç/Î(Î$/ ��È?Ï(Î

�
Ä-Å"Î(Ï �</��6Ï ��S&V`�0!"@ �°) + � >8�©!"�(��5"A

,6#/;(1/�8>8� � ,(>8�� ¶1/>82B�©!"9 9 :j ¬.[#/9(#/+6!"�$50+(50> O @��A/0Ï?0sÎ)/��ÀÈ?Ï(Î
�
Ä-Å¤Î6Ï �A/��(Ï �@S

�9V[�TW � V[�RYBV V [86(VHV [TWYVHV 6l�
��E
:K>8�$509(58��9 :�;*.[#/9(#/+6!"�$50+ ¯�!"9¶,6#/+ «<5"%(2¶50) �(1/:�>l!0#/�$1R2¬,(�(®4®s#/+(#/9BA

£ �6!¤%(�89 :����Y+6!">89(#/9 �(#?��>8�$50+(50.[5�)(50+l2Y,(@Y!
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ẍ− ε(1− x2)ẋ+ ω2
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ϕn+1 = ϕn + f(ϕn) , f(ϕn) ≡ f(ϕn + 2π k) .
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xk+1 = xk + δ − K

2π
sin (2π xk), mod 1.
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θ = r+p
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ẍ1 − ε(1− x2
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ϕ̇ = ∆−∆c cosϕ+
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ξ2(t),
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∆c = µ/A0

��=�� + � 96!<)(5"%6581/:À1/� 9B B+(509 � �©!"£ � �cE �K+6!">89(#/9 �(# O V8E �RQTWRS
50) �(1/:�>l!0#/��70+(50�Y9(50>$1/@�58#�,(>8� ´�#/9 �(# � ¡6!01/�8� £ : �<1�@�5850+$,(� 96!"�$50;

ϕ
>�5?, A

9(58��#/+ 9(58�»96!"@B%6509(#/9 9(58� )(#/+ �(5[,(� ¡(#?1/@�58� )(50�$#/9 £ �6!¤%6#
U(ϕ) = −∆ ·
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ϕk = arccos (∆/∆c) + 2πk
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A0 = 1
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∂p(ϕ, t)

∂t
= − ∂

∂ϕ

[

(∆−∆s cosϕ) p(ϕ, t) −Q∂p(ϕ, t)
∂ϕ

]

,
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Q = D/A2
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[−π, π]
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P (ϕ, t) =

∞
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p (ϕ+ 2πn, t) .
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Pst(ϕ) = N exp

(

∆ · ϕ−∆s sinϕ

Q

)
∫ ϕ+2π

ϕ
exp

(

−∆ · ψ −∆s sinψ

Q

)

dψ ,

−π ≤ ϕ ≤ π,
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Pst(ϕ) =
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2πI0(∆s/Q)
exp

(

∆s

Q
cos(ϕ+ π/2)

)

, −π ≤ ϕ ≤ π,
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cos(ϕ+π/2) ≈ 1−(ϕ+π/2)2/2
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〈ω〉 = 〈ϕ̇〉+ ω1 =

∫ π
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(∆−∆s cosϕ)Pst(ϕ)dϕ+ ω1 ,
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√
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1 + exp

(

−2π∆

Q
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− 2

Q
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√

∆2
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∆s

)]
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〈ω〉 = lim
T→∞

1

T

∫ t0+T

t0

dΦ(t)

dt
dt = lim

T→∞
1

T
(Φ(t0 + T )−Φ(t0)),
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Deff =
1

2

d

dt

[

〈ϕ2(t)〉 − 〈ϕ(t)〉2
]

,
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ϕ(t) = Φ(t)− Ψ(t)

�
Ψ(t)
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w(t) = x(t) + iy(t) = A(t)eiΦ(t).
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A(t) =
√

x2(t) + y2(t) , Φ(t) = arctan
(y

x

)

+ πk, k = 0,±1, . . .
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ω(t) =
d

dt
Φ(t) =

1

A2(t)
[x(t)ẏ(t)− y(t)ẋ(t)].
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Φ = ωt
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x → y
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−ẋ sgn(ω)/ω
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ω < 0
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y(t) =

∫ ∞

−∞
K(t− τ)x(τ)dτ.
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yω = Kω xω.
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Kω = −i sgn(ω)
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sgn(0) = 0
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K(t) =
1

πt
.
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y(t) = H[x] =
1

π

∫ ∞

−infty

x(τ)

t− τ dτ =
1

π

∫ ∞

0

x(t− τ)− x(t+ τ)

τ
dτ.
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(x1, x2)
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x1(t) = A(t) cos Φ(t),

x2(t) = A(t) sin Φ(t).
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Φ(t)lin = π
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+ π k, tk < t < tk+1,
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Φ(t)discr = πk(t) = π
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k

θ(t− tk),
O V8E � � � S

.3,6#
k(t)


 >$50�?+6!01/�"!"'`��!"2�)(581&%6#&,650>l!"�$#&%(�89(581/�8�¦£(#&%(:j Á¡ �(1?#&%�V�!
tk
V

@Y!"@¦�*> ) +(#&,(:j,(����#?� 1&%(�Y¡6!0#8Vi50) +(#&,6#&%(2B'K�$1R2*9(#/@�50�$50+(50;�,(� 96!0��� ¡(#&A
1/@�50;D�B%(��>$#/+(5[2B�89(581/�89(50;D�©!"@Y509(58��#/+ 9(581/�8�8'�E

θ(x)

 ®<�Y9 @ £ �(#/; 5`#/>8�BA

1[!";B,-!BE6·¸+(#&,(9 2B2}¡6!01/�$50�0!�) + �q�"!"@Y58�*50) +(#&,6#&%6#/9 � �D®4!"�?:¼#?1/�8��1/+(#&,(9(#?#
�?96!?¡(#/9 �(#�)(581&%6#&,650>l!"�$#&%(�89(581/�8�§,6#&%(�©�"!7��5870+6!"�?9 :j ��(��) �©%(�$1?50>(²

〈ω〉 = π
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δ( tk − t )
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x(t) = exp[iΦ(t)discr].
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Φ(t)Hilbert = πk(t) + arctan
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|nΦ1(t)−mΦ2(t)| < const.
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α = αk, k = 1, 2, 3, . . .
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ẋ = mx+ y − xz,
ẏ = −x,

O �BE9V7S

ż = −gz + gΦ(x),

.3,6#
Φ(x) = x2 ) + �

x ≥ 0
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Φ(x) = 0
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x < 0
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2 < d < 3
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xn+1 = 1 + yn − ax2
n,

yn+1 = bxn,
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xn+1 = f(xn) = r − x2
n,

O �BE [TS

.3,6#
r
�})6!"+6!0��#/�8+§50�$5870+6!"´�#/9 � 2¹V

r ≥ 0
E
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xn+1 = rxn(1− xn), xn+1 = 1− rx2
n.
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x0 > 0
O £ � @B%*)(#/+ �(5?,-!
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x0 = −1/2 +

√

r + 1/4
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¡ � >l!�) + �
r ∈ [0; 3/4]
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r = r1 = 3/4
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µ1 = −1
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x1, x2
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x1,2 = 1/2±
√

r − 3/4
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µ2 = f

′

x(x1)f
′

x(x2) = 4(1− r) E �¤A�£ � @B%��$1/�$50; ¡ � >
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r ∈ [3/4; 5/4]
E�«�+ �

r = r2 = 5/4���¤%(�©�8� )B%(� @Y!"�$50+�) + � 9 �(�i!0#/���?96![¡(#/9 �(#
µ2 = −1
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r1 = 3/4, r2 = 5/4, r3 ≈ 1.368099, r4 ≈ 1.394046, r5 ≈ 1.399637, . . .
V
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rcr ≈ 1.40115 . . .
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δ = lim
k→∞

rk+1 − rk
rk+2 − rk+1

= 4.669201 . . .
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a = lim
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∆k

∆k+1
= −2.5029 . . .
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fi+1(x) = aifi(fi(x/ai)),
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ai = a.
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T̂ g(x) = ag(g(x/a) = g(x),
O �BE9V[�TS

.3,6#
T̂
� 50)(#/+6!"�$50+ �¤,(>$58#/9 � 2��

a = 1/g(g(0))
E �s%(2¬@ + � �8� ¡(#?1/@�50;*�$50¡BA

@ �cV�1?5850�8>$#/�$1/�8>8��'`��#/;¼1/£(#/96!"+ � ' )(#/+(#& l5?,-!¬@¦ �!0581/�¦¡(#/+(#/�§�¤,(>$58#/9 � 2
)(#/+ �(5?,650>(Vi.?+6!"9 � ¡ 9 :����*�$1&%650>8� 2B���*�Y+6!">89(#/9 � 2 O �BE9V[�TS�70�©,(�Y�(²

g(0) =
1, g

′

x(0) = 0
E&����9 @ £ � 2

g(x)
96!"�?:�>l!0#/�$132 �$Î6Ï$@0ÇÌÄ-È /����$Î6Å436V¸)(581/@�5"%(�0A

@ �q5096!�9(#��©!">8�(1/� ��50��@�509 @ +(#/�89(50;�®s50+(��:¼�(1P l5[,(9(50.[5}50�$5870+6!"´�#/9 � 2��
50) +(#&,6#&%(2 #/�$132��$5"%(�8@Y5�)(50+l2Y,(@�58� º?@Y1/�8+(#?���Y�i!BE �K96!�,-! /�4!01/�(��) �$50�8� ¡(#&A
1/@ �Y'±®s50+(���

2i A�@ +6!"�89(5�) + �(��#/9�/9 9(50.[5�50)(#/+6!"�$50+6!sº?>$5"%('`£ � ��>�@ + � �8�BA
¡(#?1/@�50;¬�$50¡ @�#�) + �

i → ∞ 1��Y¡�/�$58��)(#/+(#/9(50+(��� +(50>8@ ��,(� 96!0��� ¡(#?1/@Y50;



� � � ��� � ������������������� � ��
	��� �	� ��� � 
	� � � ����
 �����

)(#/+(#?��#/9 9(50;
x
E$¯¸ l5?,(2B��!"2�>s�Y+6!">89(#/9 �(#K9(#/)(5?,(>8� ´�9(50;q�$50¡ @ �}@Y509(1/�"!"9BA

�"!
a
�0!"@ ´�#j2B>0%(2 #/�$132���9 � >$#/+(1[!¤%(�89(50;cE8¨s!";B,6#/9 9(58#<��#/; .[#/9(7$![�Y��58��¡ �(1&A

%6#/9 9(58#�+(#/=�#/9 �(#¸�Y+6!">89(#/9 � 2 O �BE9V[�TS�>¢) +(#&,()(5"%65©´�#/9 � ��@ >l!¤,(+6!"�8� ¡ 9(581/�8�
º?@�1/�8+(#?���B�i!�����@B!"�©!"9 9 :j q.?+6!"9 � ¡ 9 :j ��$1&%650>8� ;§�(��#?#/��>8�B,
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L̂gh(x) = a[g
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(g(x/a))h(x/a) + h(g(x/a))] = ρh(x).
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ẋ = σ(y−x), ẏ = −xy + rx− y,

ż = xy − bz � ����� r = 166.1, σ = 10, b = 8/3
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xn+1 = xn + yn, mod 1,

yn+1 = xn + 2yn, mod 1.
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xn+1 = xn + yn + δ sin 2πxn, mod 1,

yn+1 = xn + 2yn, mod 1,
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xn+1 = 2σ(tanh xn) cos (2πφn) + α cos (2π(φn + β)),

φn+1 = φn + θ, mod 1
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xn+1 = α(1 + ε cos 2πφnx(1− x)),
φn+1 = φn + θ, mod 1.
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x(t) = R0[1 + ρ(t)] cos [ω0t+ φ(t)].
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√
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〈ξ(t+ τ)ξ(t)〉 = δ(τ)
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[1 +Kρ(τ)] exp(−B|τ |) cosω0τ ,
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p(θ) = η exp(−ηθ), θ ≥ 0,
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ψ(τ) = a2 exp(−2η|τ |). O �BE X8�TS

�4+ �Y.[50;��8� )ª�$#&%6#/.?+6!0®s9(50.[5�1/� .?96!¤%-! ��Ñ @A/��0Ï(È�� � 2 /<3(Î)9 3 6�Ç��-Ç7B�Ä?/8Æ�Î$9 3
È?Ï$B Î)/��"��50) �(1/:�>l!0#/��1&%(��¡6!"; 9 :�#�)(#/+(#/@B%('K¡(#/9 � 2���#/´�,(��,(>8�B��2�1?581/�$5©2YA
9 � 2 ���

x(t) = ±a V8@�50�$50+ :�#���50.?�Y��) +(50�(13 l5?,(� �8���$5"%(�8@Y54>4,(�(1/@ +(#/�89 :�#��58��#/9 �8: >8+(#?��#/9 �
tn = nT0 + η, n = 1, 2, 3, . . .

V�.3,6#
T0 = const

V
η��9(#/@�50�$50+6!"2�1&%(�Y¡6!"; 96!"2*>$#&%(� ¡ � 96!BV�+6!">89(58��#/+ 9(5�+6!01/) +(#&,6#&%6#/9 96!"2�96!

50�8+(#/�?@�#
[0, T0]

E�"i1&%(�§587850�?96![¡ � �8�q�©!
p
>$#/+(5©2Y�89(581/�8�ª�$50.[5 V(¡ �$5�>��$#/@ ��A

��� ;���58��#/9 ��>8+(#?��#/9 ��1?581/�$5[2B9 �(#s9(#`� �[��#/9 � �$1R2\VH!��©!
q
��>$#/+(5[2B�89(581/�8�

�$50.[5 Vc¡ �$5§1?581/�$5[2B9 �(#}� �[��#/9 � �$132¹V��$5I:K�"� �0!"@�50.[5�) +(50£(#?1?1[!��©!¤,-!0#/�$1R2
>8:�+6!"´�#/9 �(#?�

ψ(τ) = a2

(

n− |τ |
T0

)

(p− q)n−1 + a2

[ |τ |
T0
− (n− 1)

]

(p− q)n,
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(n− 1)T0 ≤ |τ | < T0.
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ψ(τ) = a2

(

1− |τ |
T0

) ) + � |τ | < T0; ψ(τ) = 0
) + � |τ | ≥ T0,
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2Dξ(t), ẏ = x+ αy, ż = β + z(x− µ),
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x(t) = A(t) cosΦ(t), y(t) = A(t) sinΦ(t).
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αA− 1
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ξ(t) sinΦ,

ż = β + z(A cosΦ− µ).
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, C = const.
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ẋ = mx+ y − xz + rx3 +
√

2Dξ(t),
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ẋ1 = (m1 − z1)x1 + y1 + γ1(x2 − x1 + y1 − y2/p),

ẏ1 = −x1,

ż1 = g1(f(x1)− z1),
ẋ2/p = (m2 − z2)x2 + y2 + γ2(Bx1 − x2 + y2 −Bpy1),
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ẏ2/p = −x2,

ż1/p = g2(f(x2)− z2),
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x1 = F (x1,α1) + γg(x2,x1),

x2 = F (x2,α2) + γg(x1,x2),
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x1 = x2

V©�$5
g(x1,x2) = g(x2,x1) = 0
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α1 = α2

)6!"+ £ �BA
!¤%(�89 :�#q581/£ �B% %(2B�$50+ : )(5"%(9(581/�8�8' �B,6#/9 �8� ¡ 9 :sV��¶®4!"�[50>$58#�) +(581/�8+6!"9BA
1/�8>$5<1/�(1/�$#?��: O �BE W0�TS��(��#?#/�<� 9 >l!"+ �6!"9 �89(58#���9(50.[585870+6!"�?�(#
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x1(t) = x2(t + τd)
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κ = minτS(τ),
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S(τ)
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S2(τ) =
〈(x2(t+ τ)− x1(t))

2〉
√

(〈x2
1(t)〉〈x2

2(t)〉)
.
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Rx1x2(τ) =
〈x1(t)x2(t+ τ)〉 − 〈x1(t)〉〈x2(t+ τ)〉

√

(

〈x2
1(t)〉 − 〈x1(t)〉2

)(

〈x2
2(t+ τ)〉 − 〈x2(t+ τ)〉2

)

.
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∆Φ(t) = Φ1(t) − Φ2(t)
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∆φ(ω) = φ1(ω)− φ2(ω), ∆φ ∈ [−π, π],
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φ1,2(ω) = arg
∫ T/2
−T/2 x1,2(t) exp (−jωt)dt.
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ẋ1 = −Ω1y1 − z1 + γ(x2 − x1),

ẏ1 = Ω1x1 + αy1,

ż1 = β + z1(x1 − µ),

ẋ2 = −Ω2y2 − z2 + γ(x1 − x2),
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ẏ2 = Ω2x2 + αy2,

ż2 = β + z2(x2 − µ),
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C = 0.02
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ρ̇j = r(1− ρ2
j )ρj + g(ρj−1 cos θj−1 + ρj+1 cos θj+1 − 2ρj),

θ̇j = δj + g

[

ρj+2

ρj+1
sin θj+1 −

(

ρj

ρj+1
+
ρj+1

ρj

)

sin θj +
ρj−1

ρj
sin θj−1

]

,

j = 1, 2, . . . ,m− 1.
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θj = Φj+1 − Φj��+6!"�?9(581/�8��®4!"�4�
δj = ωj+1 − ωj
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δj = ∆
�
ω1 = 1
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ρ0 = ρ1, Φ0 = Φ1, ρm+1 = ρm, Φm+1 = Φm,
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ω̃j = | < Φ̇j(t) > | = lim
T→∞

|Φj(t0 + T )− Φj(t0)|
T
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Ωj = ω̃j − ω1
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ẋ1 = −ω1y1 − z1 + C sinωext,

ẏ1 = ω1x1 + αy1,

ż1 = β + z1(x1 − µ)

ẋj = −ωjyj − zj + γ(xj−1 − xj),

ẏj = ωjxj + αyj ,

żj = β + zj(xj − µ),
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xj = ρj cosΦj , yj = ρj sinΦj.
O �BE � YTS

j = 1, 2, 3, . . . ,m.
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bx+ a− b, #?1&%(� x > 1,
ax,

#?1&%(� |x| ≤ 1,
bx− a+ b,

#?1&%(�
x < −1,
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i = 1, 2, . . . , N
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x1 = xN+1, y1 = yN+1, z1 = zN+1.
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xi(t) = xi+N/2(t)
�
xi(t) = xi+1(t+ τi)
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φ(t) = ρΦ(t)− 2πf0,
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xn+1 = f(xn) + γ(f(yn)− f(xn)),

yn+1 = f(yn) + γ(f(xn)− f(yn)),
O �BE YRXTS

.3,6#
xn

�
yn

A4,(� 96!0��� ¡(#?1/@ �(#�)(#/+(#?��#/9 9 :�#�)(#/+ >$50;Á�À>8�$50+(50;Á)(5?,61/�BA
1/�$#?��:sV

γ
A�@Y50º[®s®<� £ �(#/9 ��1/>82B�?�cE �4� 96!0��� @Y!¶)6!"+ £ �6!¤%(�89(50; 1/�(1/�$#?��:

50) �(1/:�>l!0#/�$132�50�$5870+6!"´�#/9 �(#?�

xn+1 = f(xn) = (a− 1)xn − ax3
n,

O �BE YRQTS

.3,6#
a
Ai�Y) +6!">0%(2B'K��� ;�)6!"+6!0��#/�8+D)6!"+ £ �6!¤%(�89(50;�1/�(1/�$#?��:sE

¯ 50�$1/�Y�$1/�8>8�(#§1/>82B�?�
(γ = 0)

>¬� 9 �$#/+ >l!¤%6#D�?96![¡(#/9 � ;
0 < a < 21/�(1/�$#?�i! O �BE YRQTS��(��#?#/���$1/�$50; ¡ � >8�Y'±9(#/)(5?,(>8� ´�9 �Y' �$50¡ @ �

C0
1K@�5850+$,(�BA

96!"�$50;
x = 0

E$«�+ �
a = 2

#?#¢1?58781/�8>$#/9 9(58#¢�?96![¡(#/9 �(#
µ = a−1

1/�"!"9(50>8� �0A
132¬+6!">89 :��

+1
�
C0

) +(#/�$#/+ )(#/>l!0#/�¥70�(®<��+ @B!"£ � ' )(50�$#/+ �¶1/�(����#/�8+ � �
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�$#/+l2 #/��1/>$50' �$1/�$50; ¡ �BA
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C1
�
C2

1s@�5850+$,(� 96!"�0!0���
x1 =

√

(a− 1)/a�
x2 = −

√

(a− 1)/a
V 1?5850�8>$#/�$1/�8>$#/9 9(5 E6«�+ �q,-!¤%(�89(#/; =�#?���Y>$#&%(� ¡(#/9 � �

)6!"+6!0��#/�8+6!
a
V896!�7$!"�[#��$50¡(#/@

C1
�
C2

) +(50�(1P l5?,(� ��@B!01/@Y!¤,ª70�(®s��+ @B!"£ � ;
�¤,(>$58#/9 � 2�)(#/+ �(5?,-!BV�><+(#/�?�©%(�¤�"!"�$#K@�50�$50+(50.[5s) + �

a = 3.3
>$50�?9 � @B!0#/�4,(>l!

1/�(����#/�8+ � ¡ 9 :j � �!050�8� ¡(#?1/@ �B D!"�8�8+6!"@ �$50+6!BE(«�+ �
a = 3.6

509 ��1&%(� >l!"'`�0A
132���5870+6!"�?�$#/�$1R2§#&,(� 9 :�;� �!050�8� ¡(#?1/@ � ; !"�8�8+6!"@ �$50+cE
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)(5�50�89(50=�#/9 � 'Á@��©!0��#/9(#j)(#/+(#?��#/9 9 :j 

x ↔ y
�
x ↔ −y E8·¸�(����#/�8+ � ¡BA9(58#s)(5[,() +(581/�8+6!"9(1/�8>$5

x = −y >�,-!¤%(�89(#/; =�#?�Á70�©,6#?��96!"�?:�>l!"�8� � !"9 �8�BA
1/�(����#/�8+ � ¡ 9 :�� ��)(5?,() +(581/�8+6!"9(1/�8>$58��E �4>8� ´�#/9 � 2�> )(5?,() +(581/�8+6!"9(1/�8>$#

x = y
5870��#/.[5�®4!"�[50>$50.[5§) +(581/�8+6!"9(1/�8>l!§>8�©!"�(��5?,6#/;(1/�8>8�Y'K���B ¶1/�(1/�$#?�

1?5850�8>$#/�$1/�8>8�$#/��)(5"%(9(50;�1/� 9(®4!"�?9(50;�1/� 9B B+(509 � �©!"£ � �cE �4>8� ´�#/9 � 2ª>�)(5[, A
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x = −y 1?5850�8>$#/�$1/�8>8�$#/��)(5"%(9(50;¼) +(50�8� >$58®4!"�?9(50;±1/� 9BA
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u =
x+ y

2
,

v =
x− y

2
.

O �BE YTWRS

·¸@B%-!¤,(:�>l!"2���>8:�¡ � �0!"2���+6!">$#/9 � 2�>}1/�(1/�$#?��# O �BE YRXTS&V()(5"%(�Y¡ �(�

xn+1 + yn+1

2
=

1

2
[f(xn) + f(yn)] ,

O �BE Y � S

xn+1 − yn+1

2
=

1

2
[(1− 2γ)(f(xn)− f(yn))] .

O �BE YRYTS

«�+(#&,()(5"%65[´��(��V-¡ �$5�� �[5870+6!"´�!"'K��!"2��$50¡ @Y!�º?>$5"%('K£ �(509 � + �$#/�}>��i!¤%650;
50@ +(#?1/�89(581/�8� !"9 �8�(1/�(����#/�8+ � ¡ 9(50.[5�)(5[,() +(581/�8+6!"9(1/�8>l!B²

x =
x− y

2
+∆x, y =

y − x
2

+∆y,

.3,6#
∆x

�
∆y

A��i!¤%(:�#¥>$#&%(� ¡ � 9 :sE�¯ º?�$58� 1&%(��¡6!0#¥®s��9 @ £ � �
f(x)

�

f(y)
��5©´�9(5¥+6!"�/%65[´�� �8�¬> +l2Y, ��#/;B%650+6!�>¥50@ +(#?1/�89(581/�8�

(x − y)/2
�

50.?+6!"9 � ¡ � �8�$132§>�+6!"�/%65[´�#/9 � �D%(� 9(#/; 9 :����§¡B%6#/96!0���

f(x) = f

(

x− y
2

)

+ f ′
(

x− y
2

)(

x− x− y
2

)

,

f(y) = −f(−y) = −f
(

x− y
2

)

− f ′
(

x− y
2

)(

−y − x− y
2

)

.
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«<5?,61/�0!">0%(2B2Dº?�8�D1?5850�89(50=�#/9 � 2�> O �BE Y � S�� O �BE YRYTS&V6)(5"%(��¡ �(�

un+1 = f ′(vn)un,
O �BE9V[�8�TS

vn+1 = (1− 2γ)f(vn).
O �BE9V[�@V7S
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γ
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Λ‖ = lim
N→∞

1

N

N
∑

n=1

ln |(1− 2γ)f ′(vn)|. O �BE9V[�8�TS

�`+6!">89(#/9 �(# O �BE9V[�8�TS��Y) +6!">0%(2 #/�¼,(� 96!0��� @�50; >¼�8+6!"9(1/>$#/+(1[!¤%(�89(58� 96!¤A
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v
E($�#&A

=�#/9 �(#
u = 0

�Y+6!">89(#/9 � 2 O �BE9V[�8�TS<1?5850�8>$#/�$1/�8>8�$#/��) +(50�8� >$58®4!"�?9 :��@�5"A
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�i!¤%(�89 :���S�%(2B) �Y9(50>$1/@ �(��)(50@B!"�©!"�$#&%6#?�

Λ⊥ = lim
N→∞

1

N

N
∑

n=1

ln |f ′(vn)|. O �BE9V[�R[TS

*���>8:�+6!"´�#/9 � ; O �BE9V[�8�TS�� O �BE9V[�R[TS41&%6#&,(�$#/�¤V�¡ �$5�%(2B) �Y9(50>$1/@ �(#�)(50@Y!"�©!¤A
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Λ⊥ = Λ‖ − ln |1− 2γ|. O �BE9V[�86 S

�s%(2�� 9 �$#/+(#?1/��'`��#/.[5q96!01�,(�6!")6!"�[5096!q�?96!?¡(#/9 � ;¬@�50º[®s®<� £ �(#/9 �0!q1/>82B�?�

0 ≤ γ ≤ 0.5
)(5"%(��¡6!0#?�

ln |1− 2γ| ≤ 0
�cV(1&%6#&,650>l!"�$#&%(�89(5 V

Λ⊥ ≥ Λ‖.
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un+1 = (1 + r)f ′(vn)un,
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⊥contr = Λ⊥ + ln |1 + r|.
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r = 0 �  !� ��� � � � �	�������	� �	� � � �	�	� �
���������� �

r = −0.48 � � � ��� �
� ���� ����� � � �	��� �
�
 ���� ��� ��� �
����� ���� � ����� �
r = −0.5 �

%-!¦+6!01?1?��50�8+(#/96!Áº?>$5"%('K£ � 2 1/� 9B Y+(509 9(50.[5À �!050�8� ¡(#?1/@�50.[5±!"�8�8+6!"@ �$50+6!
) + � � �[��#/9(#/9 � ���?96!?¡(#/9 � ; �Y) +6!">0%(2B'K��#/.[5¼)6!"+6!0��#/�8+6!

r
E�«�+ � @�58��A

) �8'`�$#/+ 9(58����5?,6#&%(� +(50>l!"9 � ��96!?¡6!¤%(�89 :�#<�$1&%650>8� 2�>8:�70� +6!¤%(�(1/��>$7"%(� �?�
!"9 �8�(1/�(����#/�8+ � ¡ 9(50.[5�)(5[,() +(581/�8+6!"9(1/�8>l!BV �ª)(581/�$5[2B9 9(5�) + �(1/���$1/�8>$50>l!¤%65
�Y) +6!">0%(2Y'`��#?#�>$50�/,6#/;(1/�8>8�(#8E�«�+ ���?96!?¡(#/9 � 2Y ���) +6!">0%(2B'`��#/.[54)6!"+6!0��#/�0A
+6! −1 < r < −0.525
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r (r > −0.525)
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%(: >8+(#?��#/9 �cV�>��$#/¡(#/9 �(#�@�50�$50+ :j ¥� �[5870+6!"´�!"'K��!"2¥�$50¡ @Y!q,(>8� ´�#/�$132¬>
50@ +(#?1/�89(581/�8��!"9 �8�(1/�(����#/�8+ � ¡ 9(50.[5�)(5?,() +(581/�8+6!"9(1/�8>l!BVB�}@�50+(50�8@ �(#K>8+(#&A
��#/9 9 :�#}� 9 �$#/+ >l!¤%(:sV�@Y50.3,-!§� �[5870+6!"´�!"'`���Y' �$50¡ @ � >8:�70+6!01/:�>l!0#/��,-!¤A
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£(#�587"%-!01/�8�¦1/� 9B B+(509 � �©!"£ � �cEf¨s!"@Y509(#/£cVi) + �
r = −0.406

) +(50�(1P l5?,(� �
70�(®<�Y+ @Y!"£ � 2 ) +(50+ :�>l!BV�@�50.3,-!q �!050�8� ¡(#?1/@�58#ª��9(5[´�#?1/�8>$5§>89 �Y�8+ ��!"9 �8�BA
1/�(����#/�8+ � ¡ 9(50.[5 )(5[,() +(581/�8+6!"9(1/�8>l!¥785"%(�8=�#}9(#ª) + � �¤2Y.?� >l!0#/���8+6!0#/@ �$5"A
+ � ��>s�8+6!"9(1/>$#/+(1[!¤%(�89(58�¬96!") +6!">0%6#/9 � ����) +(#/>8+6!"��!0#/�$1R2�>� �!050�8� ¡(#?1/@�58#
1?#&, %65 �9V QR[
��Ec·¸� 9B Y+(509 9 :�#�@Y5"%6#?7$!"9 � 2 785"%(�8=�#�9(#���50.?���q96!07"%('j,-!"�8�$1R2
>�1/�(1/�$#?��#�� >�50�$1/�Y�$1/�8>8�(#8V¹� ) + � 96!¤%(� ¡ � �¥=��Y�i!BEL��!"�[50>8:�;�)(50+ �8+(#/�
 �!050�8� ¡(#?1/@�50.[5Á!"�8�8+6!"@ �$50+6!*1/�"!"9(50>8� �$1R2 1P l5©´��(� 1�) �Y�?:�+l2B���(��1R2 !"�0A
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r
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r < −1.472
V
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.[5�!"�8�8+6!"@ �$50+6!BV�+6!01/)(5"%65[´�#/9 9(50.[5�>�!"9 �8�(1/�(����#/�8+ � ¡ 9(58�¶)(5?,() +(581/�8+6!"9BA
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 � � � �  �� ��� � � �	� � �� ���	���	�������� � � � � � � �	���������� �	����� # �� � � � � ���  � � ��� �
� �	����
	� � � ��� ��� � ����� �	�����	� ��

!"�8�8+6!"@ �$50+6!�96!`78#?1/@�509(#/¡ 9(581/�8�cE :¢9 �8�(1/�(����#/�8+ � ¡ 9(58#¢)(5?,() +(581/�8+6!"9(1/�8>$5

(u = 0)
)(58��#/¡(#/9(5�=��8+ �B l50>$50;�%(� 9 �(#/;cE
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	 � 	�� � 	 � ����� #
(−0.005 ≤ u ≤ 0.005) � � ������� � � �����	� 
 ��� ����
 � � ��
���� ������ �� � �����	�	����� � � ���������	� �������	�  � � ��� � � �����	������� �������	� ��� � � �	���	�����������	� �	���� � �����

a =
3.8, γ = 0.04

�
r = −1.485

� � ������������� ���  ����������
� ��	��	� �����	��� ����� ���������  � ��� ��
��
� � �����	� ������� � �	� � ����� � �	� � �	�������

� � �;� ��� )�5��&�&.��%����� � 
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�
�"
%��
$'� � � � ���&�������"
��* �%�&�����32 ��
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·¸�Y��#?1/�8>8�$#/��,6581/�"!"�$50¡ 9(5���9(50.[5�1/)(581?587850>��Y) +6!">0%6#/9 � 2¹V�581/9(50>896!"2}£(#&%(�
@�50�$50+ :j *) +(#?5870+6!"�[50>l!"�8�� �!050�8� ¡(#?1/@�58#�)(50>$#&,6#/9 �(#�>�)(#/+ �(5[,(� ¡(#?1/@�58#�1
)(58��50���8' �i!¤%(:j Á>$50�/,6#/;(1/�8>8� ;±96!¶1/�(1/�$#?���$E�¿§#/�$5[,(:sVj)(50�?>$5"%(2Y'`���(#
1/�"!070�B%(� �?� +(50>l!"�8�À1?#&, %650>8:�#�£ � @B%(:sVf>$1/�8+(58#/9 9 :�#�>¬ �!050�8� ¡(#?1/@ � ; !"�0A
�8+6!"@ �$50+cV��©!?¡6!01/�8�Y' ) +(#&,61/�"!">0%(2B'K� 1?587850;�,6581/�"!"�$50¡ 9(5�1&%65[´�9 �Y' ) +(5"A
£(#&,(�Y+ �$V$1/>82B�©!"9 9 ��'¼1�)(50�(1/@Y58��1?#&, %650>8:j �£ � @B%650>(Vl#/.[5<��9(50.[585870+6!"�?� ;ª�
50) +(#&,6#&%6#/9 �(#?��>8�B,-!��Y) +6!">0%(2B'K��#/.[5�>$50�/,6#/;(1/�8>8� 2¹E �s%(2�1/�(1/�$#?��:�,(>8�l 
>8�©!"�(��5?,6#/;(1/�8>8�Y'`���B ��B,6#/9 �8� ¡ 9 :j �581/£ �B% %(2B�$50+(50>(Vl�(��#/'K��#/;�9(#?1/@�5"%(�0A
@�5�>8�B,650>�1/�(����#/�8+ � �cV¸) + ��9(#/@�50�$50+ :j ¦�8� )6!¤ �1/>82B�?��) +(50£(#&,(�Y+6!¥1/�0!¤A
70�B%(� �©!"£ � �±50) +(#&,6#&%6#/9 9(50.[5 )(5?,6��9(5©´�#?1/�8>l!*1?#&, %650>8:j Á£ � @B%650>*��5[´�#/�
70:��8��1/�Y��#?1/�8>$#/9 9(5���) +(50��#/96!BE

«�+ �(��#/+(58��"!"@�50; 1/�(1/�$#?��:���50.?�Y�§1&%(�Y´�� �8��,(>l!D1/>82B�©!"9 9 :j ¥¡(#/+(#/�
#?��@�581/�8�}�B,6#/9 �8� ¡ 9 :j �.[#/9(#/+6!"�$50+6!����l! � �RY � ��²

ẋ1,2 = α [y1,2 − x1,2 − h(x1,2)] ,

ẏ1,2 = x1,2 − y1,2 + z1,2 + γ [(x2,1 − x1,2)− (y2,1 − y1,2) + (z2,1 − z1,2)] ,

ż1,2 = −βy1,2,
O �BE9VRV[�TS
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x1,2, y1,2
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z1,2

A6,(� 96!0��� ¡(#?1/@ �(#i)(#/+(#?��#/9 9 :�#¸)6!"+ £ �6!¤%(�89 :j 41/�(1/�$#?� �

h(x1,2) = bx1,2+0.5(a−b)(|x1,2+1|−|x1,2−1|) � α, β, a � b A6)6!"+6!0��#/�8+ :.[#/9(#/+6!"�$50+6! �
γ
Ai@�50º[®s®s� £ �(#/9 ��1/>82B�?�cE

·¸�(1/�$#?�i! O �BE9VRV[�TS�2B>0%(2 #/�$132°1/�(����#/�8+ � ¡ 9(50;°)(5À50�89(50=�#/9 � ' @ �©!¤A
��#/9(#§)(#/+(#?��#/9 9 :j 

X1 = (x1, y1, z1) ←→ X2 = (x2, y2, z2)
�

X1 =
(x1, y1, z1) ←→ −X2 = (−x2,−y2,−z2)

E "i#q)(50>$#&,6#/9 �(#�>��©!">8�(1/�(��5"A
1/�8�¥50�q�?96!?¡(#/9 � ;¥)6!"+6!0��#/�8+(50>

α
�
γ
) + � ®<� @�1/� +(50>l!"9 9 :j 

a = −8/7
V

b = −5/7
V
β = 22

,6581/�0!"�$50¡ 9(5�)(5[,(+(58709(5�50) �(1[!"9(5�>�+6!07850�$# � �RY � ��E
¯*,-!"9 9(50;�1/�(1/�$#?��#�1�)(58��50���8'�i!¤%(:j }��) +6!">0%(2B'`���B �>$50�/,6#/;(1/�8>8� ;

96!¶5?,(� 9�� ��.[#/9(#/+6!"�$50+(50>  �!050�8� ¡(#?1/@ ��' ®4!"�[50>8�Y'½�8+6!0#/@ �$50+ � ' ��5©´�A
9(541/�0!070�B%(� �?� +(50>l!"�8��>s+6!"�/%(� ¡ 9 :j }1/�(����#/�8+ � ¡ 9 :j �)(5[,() +(581/�8+6!"9(1/�8>l!¤ 
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u = (x1−x2)/2, v = (y1−y2)/2, w = (z1−z2)/2, u1 = (x1+x2)/2, v1 =
(y1 + y2)/2, w1 = (z1 + z2)/2
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ẇ = −βv,
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v̇1 = u1 − v1 + w1,
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ẇ1 = −βv1,
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c(u) = [h(x1)− h(x2)] /2, c(u1) = [h(x1) + h(x2)] /2
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r < α(c− 0.5) + 0.5ξ −
√

0.25(ξ − α)2 − ξ(β − α),
O �BE9VRV7WRS

ξ = 1− 2γ, c =

{

1 + a, |x| ≤ 1,
1 + b, |x| > 1.
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α = 11.4, γ = 0.2
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ẍ1,2 + αẋ1,2 + f(x1,2)− γ(x2,1 − x1,2) = B sin(ωt),
O �BE9VRV � S

.3,6#
f(x) = (b − 1)x + 0.5(b − a)(|x − 1| − |x + 1|) V α A�)6!"+6!0��#/�8+

,(�(1?1/� )6!"£ � �cV
γ
A¸@�50º[®4®<� £ �(#/9 �ª1/>82B�?�cV

B
�
ω
A�!0��)B%(� �8�¤,-!��§¡6!01/�$50�"!

>89(#/=�9(#/.[5�>$50�/,6#/;(1/�8>8� 2¹V61?5850�8>$#/�$1/�8>$#/9 9(5 E
«�+ �

γ = 0
)(5"%(�Y¡6!0#?���Y+6!">89(#/9 �(#4)6!"+ £ �6!¤%(�89(50; 1/�(1/�$#?��:sEH¯±50�$1/���0A

1/�8>8�(#�>89(#/=�9(#/.[5�>$50�/,6#/;(1/�8>8� 2 O
B = 0

S�º?�$5���9(#&%(� 9(#/; 9 :�;¦�©!"�8�� �!"'¢A
��� ;�581/£ �B% %(2B�$50+¥1��8+(#?��2�1?581/�$5©2Y9 � 2 ��� +6!">89(50>$#?1/� 2¹²

P1(x1 = 0, y1 =
0), P2,3(x2,3 = ±(b − a)/(b − 1), y2,3 = 0)

E "i1&%(�
0 < a < 1, b >

(1 + α2/4), α > 0
Vc�$5

P1
2B>0%(2 #/�$132¶1?#&, %658��V�!

P2,3
���$1/�$50; ¡ � >8:����

®s50@ �$1[!0���cE�«�+ �¬>89(#/=�9(#?� >$50�/,6#/;(1/�8>8� � >D9(#/@�50�$50+(50;�587"%-!01/�8� �?96![¡(#&A
9 � ;�)6!"+6!0��#/�8+(50>¬9(#&%(� 9(#/; 9 :�;À581/£ �B% %(2B�$50+*,6#?��509(1/�8+ � + �$#/�¬ �!050�8� ¡(#&A
1/@ �(#�@Y5"%6#?7$!"9 � 2\E�¯°1/>82B�©!"9 9 :j �581/£ �B% %(2Y�$50+6!¤  O

γ > 0
S`96!07"%('j,-!"'`�$132

+6!"�/%(� ¡ 9 :�#K>8�B,(:�+(#/.?�©%(2B+ 9 :j ��� �!050�8� ¡(#?1/@ �B �,(>8� ´�#/9 � ;cVl>s�$58�¥¡ �(1&%6#
��+(#/´��(�*9(#?1/� 9B B+(509 9 :j � �!050�8� ¡(#?1/@ �B �@�5"%6#?7$!"9 � ;cE

¯ 1/�(1/�$#?��# O �BE9VRV � S�+(#/´��(�¥1/� 9B Y+(509 � �©!"£ � �} �!050�8� ¡(#?1/@ �B �@�5"%6#?7$!"9 � ;
581/£ �B% %(2B�$50+(50>}��5©´�9(5�5878#?1/)(#/¡ � �8�}1�)(58��50���8' )6!"+6!0��#/�8+ � ¡(#?1/@�50.[5ª)(#&A
+ �(5?,(� ¡(#?1/@Y50.[5s>$50�/,6#/;(1/�8>8� 2�96!Kº/%6#?��#/9 �s1/>82B�?�cE0«�+(#&,()(5"%65[´��(��V$¡ �$5`@Y5"A
º[®s®<� £ �(#/9 �}1/>82Y�?�

γ
��5[´�9(5}��#/9 2B�8��)(#/+ �(5?,(� ¡(#?1/@ �(��5870+6!"�[58��>$5�>8+(#&A

��#/9 �D50�89(581/� �$#&%(�89(5}9(#/@�50�$50+(50.[5})(581/�$5[2B9 9(50.[5��Y+(50>89 2
γ0
VB�$5�#?1/�8�

γ = γ0 + F (t),
O �BE9VRV YTS

.3,6#
F (t)

A�)(#/+ �(5?,(� ¡(#?1/@Y!"2¶®<�Y9 @ £ � 2�1�)(#/+ �(5?,658�
T = 2π/Ω

O
Ω

A�¡6!¤A
1/�$50�"!�)6!"+6!0��#/�8+ � ¡(#?1/@�50;¶96!"@Y![¡ @ �>S&E��s%(2��$50.[5�¡ �$5870:Â785"%6#?#�96!".R%(2�,(9(5
) +(50�B% %('�1/�8+ � +(50>l!"�8�s��#& �!"9 � �[��1/�0!070�B%(� �©!"£ � ��1/�(����#/�8+ � ¡ 9 :j 4,(>8� ´�#&A
9 � ;cV �©!¤,-!¤,(�(�¦)6!"+6!0��#/�8+ � ¡(#?1/@�58#�>$50�/,6#/;(1/�8>8�(#s>�>8�B,6#

F (t) = εΩ2sgn (sin (Ωt)) ,
O �BE9V[�8�TS

.3,6#
ε
A¸!0��)B%(� �8�¤,-!�)6!"+6!0��#/�8+ � ¡(#?1/@�50.[5ª>$50�/,6#/;(1/�8>8� 2¹E

· �Y¡(#/�$58� )6!"+6!0��#/�8+ � ¡(#?1/@�50; 96!"@Y![¡ @ � O �BE9VRV YBV �BE9V[�8�TS�)(#/+(#/) � =�#?�
�Y+6!">89(#/9 � 2D1/>82B�©!"9 9 :j �581/£ �B% %(2B�$50+(50> O �BE9VRV � S�1&%6#&,(�Y'K���(�*5870+6!"�[58��²



� ��� ��� � ������������������� � ��
	��� �	� ��� � 
	� � � ����
 �����

ẋ1,2 = y1,2

ẏ1,2 = −αy1,2 − f(x1,2) +
[

γ0 + εΩ2sgn (sin (Ωt))
]

×(x2,1 − x1,2) +B sin (ωt) .
O �BE9V[�@V7S

*<1/)(5"%(�8�?�82��©!0��#/9 �<)(#/+(#?��#/9 9 :j 
u = (x1−x2)/2, u1 = (x1+x2)/2, v =

(y1 − y2)/2, v1 = (y1 + y2)/2
��5[´�9(5q)(5"%(�Y¡ � �8��1&%6#&,(�Y'K����'�1/�(1/�$#?���

�Y+6!">89(#/9 � ;c²

u̇ = v,
O �BE9V[�8�TS

v̇ = −αv − ω2
0(t)u,

O �BE9V[�R[TS

u̇1 = v1,
O �BE9V[�86 S

v̇1 = −αv1 − f(u1) +B sin(ωt),
O �BE9V[�RXTS

.3,6#

ω2
0(t) = A+ 2γ0 + 2εΩ2

0sgn( sin(Ωt)), f(u1) = (f(x1) + f(x2))/2,

A =

{

a− 1, |x| ≤ 1,
b− 1, |x| > 1.

�`+6!">89(#/9 � 2 O �BE9V[�86 S&V O �BE9V[�RXTS¬50) �(1/:�>l!"'K�°1/� 9B Y+(509 9 :�#À,(>8� ´�#/9 � 2
O
u = 0, v = 0

S�1/>82B�©!"9 9 :j ¦581/£ �B% %(2Y�$50+(50>(Vj! O �BE9V[�8�TS&V O �BE9V[�R[TS���º?>$5"A
%('`£ � ' �i!¤%(:j �50�8@B%6509(#/9 � ;�50�}1/� 9B B+(509 9 :j �,(>8� ´�#/9 � ;��B%(�§50�}1?581/�$5"A
2B9 � 2�+6!">89(50>$#?1/� 2 O

u = 0, v = 0
S&E �s%(2��$50.[5�¡ �$5870:±)(5"%(�Y¡ � �8���$1&%650>8� 2

1/�"!070�B%(� �©!"£ � ��1/�(����#/�8+ � ¡ 9 :j s,(>8� ´�#/9 � ;4 �!050�8� ¡(#?1/@ �B �581/£ �B% %(2Y�$50+(50>(V
�(1?1&%6#&,(�$#?�¼º?>$5"%('`£ � '��i!¤%(:j �>$50�[������#/9 � ;�>q50@ +(#?1/�89(581/�8�¥1?581/�$5©2B9 � 2
+6!">89(50>$#?1/� 2 O

u = 0, v = 0
S��©!<)(#/+ �(5?,q)6!"+6!0��#/�8+ � ¡(#?1/@�50.[5�>$50�/,6#/;(1/�8>8� 2

T
Eiµ¸�$5 ��5[´�9(5 13,6#&%-!"�8�(V��(1/)(5"%(�8�?�82*� �?>$#?1/�89 :�#q) +(50£(#&,(��+ : O 1?��EbV�96!¤A

) + �(��#/+cV � [ � ��E
«<#/+ �(5?,¥)6!"+6!0��#/�8+ � ¡(#?1/@Y50.[5�>$50�/,6#/;(1/�8>8� 2�+6!"�/,6#&%(�(��96!�,(>l!}� 9 �$#/+BA

>l!¤%-!BV¹!��(��#/9 9(5 V
[0;T/2]

�
[T/2;T ]

E¹¨s!}@Y!"´�,658��� ��º?�8�B D� 9 �$#/+ >l!¤%650>
�Y+6!">89(#/9 � 2 O �BE9V[�8�BV �BE9V[�R[TS�2B>0%(2B'K�$1R24%(� 9(#/; 9 :���������50.?�Y��70:��8�`+(#/=�#/9 :
!"96!¤%(� �8� ¡(#?1/@ �cE ¯j50�[������#/9 � 2�>���58��#/9 �8:�>8+(#?��#/9 �

0
�
T/2

�ª>���58��#/9BA
�8:

T/2
�
T
1/>82B�©!"9 :�i!"�8+ � ¡ 9 :����D�Y+6!">89(#/9 � 2 ���

[

u(T/2)
v(T/2)

]

= [M1]

[

u(0)
v(0)

]

,

[

u(T )
v(T )

]

= [M2]

[

u(T/2)
v(T/2)

]

.



� � � � �	��� �
	�����	� � � ������� � � �

�i1/�$50; ¡ � >$581/�8�D+(#/=�#/9 � 2 O
u = 0, v = 0

S`50) +(#&,6#&%(2 #/�$132¬1?58781/�8>$#/9 9 :����
�?96!?¡(#/9 � 2 �����i!"�8+ � £ :

[M ] = [M2] [M1]
V-@�50�$50+ :�#��(��#/'`��1&%6#&,(��'`��� ;

>8�B,

µ1,2 = exp(απ/Ω)(0.5S ±
√

0.25S2 − 1),
O �BE9V[�RQTS

.3,6#

S = 2(coshβ1coshβ2 +Ksinhβ1sinhβ2),

β1 = (π/Ω)
√

0.25α2 −A− 2γ0 − 2εΩ2,

β2 = (π/Ω)
√

0.25α2 −A− 2γ0 + 2εΩ2,

K =
0.25α2 −A− 2γ0

√

(0.25α2 −A− 2γ0)2 − 4ε2Ω4
.

·¸�(����#/�8+ � ¡ 9 :�#ª,(>8� ´�#/9 � 2¬�$1/�$50; ¡ � >8:sV�#?1&%(� |µ1,2| < 1.
«�+ � ¡(#?� º?�$5

�$1&%650>8�(#�,65"%(´�9(5°>8:�)(5"%(9 2B�8�$132 ) + ��%('�70:j »�?96!?¡(#/9 � 2Y �,(� 96!0��� ¡(#&A
1/@ �B �)(#/+(#?��#/9 9 :j �>�50@ +(#?1/�89(581/�8�*1/�(����#/�8+ � ¡ 9(50.[5�)(5?,() +(581/�8+6!"9(1/�8>l!BV
�$5�#?1/�8���q, %(2

A = a− 1,
�q, %(2

A = b− 1.¨s!j+ �(18E©�BE Q � 96!j)B%6581/@�581/�8��)6!"+6!0��#/�8+(50>
ε−Ω O !0��)B%(� �8�©,-!��<¡6!01/�$50�"!

)6!"+6!0��#/�8+ � ¡(#?1/@�50.[5q>$50�/,6#/;(1/�8>8� 2�S�>8:j,6#&%6#/96!�587"%-!01/�8�(V6.3,6#4>8:�)(5"%(9 2B#/�0A
132��$1&%650>8�(#��$1/�$50; ¡ � >$581/�8��1/�(����#/�8+ � ¡ 9 :j �,(>8� ´�#/9 � ;cE��H96!?¡(#/9 � 2�,(+ ��A
.?�B *)6!"+6!0��#/�8+(50>¬1/�(1/�$#?��: 1/>82Y�©!"9 9 :j �581/£ �B% %(2B�$50+(50>

(B = 1.5, α =
0.1, ω = 1, γ = 0.1, a = 0.5, b = 2)

1?5850�8>$#/�$1/�8>8��'`�D1&%(�Y¡6!"'�VH@Y50.3,-!q>
50�$1/�Y�$1/�8>8�(#�)6!"+6!0��#/�8+ � ¡(#?1/@�50; 96!"@B!?¡ @ � O

ε = 0
S`96!07"%('j,-!0#/�$1R2�+(#/´��(�

9(#?1/� 9B B+(509 9 :j � �!050�8� ¡(#?1/@ �B �@�5"%6#?7$!"9 � ;cE
«�+(50>$#&,6#/9 9 :�#K¡ �(1&%6#/9 9 :�#��(1?1&%6#&,650>l!"9 � 2}1/�(1/�$#?��: O �BE9V[�@V7S�)(5?,(�8>$#/+BA

,(�B%(�cV�¡ �$5�+(#/´��(�½1/� 9B B+(509 � �©!"£ � �  �!050�8� ¡(#?1/@ �B  @Y5"%6#?7$!"9 � ;Â��5[´�9(5
5878#?1/)(#/¡ � �8�Â1À)(58��50���8' )(#/+ �(5?,(� ¡(#?1/@Y50.[5 >$50�/,6#/;(1/�8>8� 2»96!º/%6#?��#/9 �
1/>82B�?�cEH·¸� 9B B+(509 � �©!"£ � 2� �!050�8� ¡(#?1/@ �B �@Y5"%6#?7$!"9 � ;�) +(50�(13 l5?,(� �q) + ���$#& 
�?96!?¡(#/9 � 2Y ¬!0��)B%(� �8�¤,(:Â� ¡6!01/�$50�8:�)6!"+6!0��#/�8+ � ¡(#?1/@�50; 96!"@Y![¡ @ �cV�@Y50�$5"A
+ :�#�70:j%(�}) +(#&,61/@Y!"�©!"9 :Á+(#/�?�©%(�¤�"!"�"!0���q�$#?50+(#/�8� ¡(#?1/@Y50.[5�!"96!¤%(� �©!BE����(1&A
%6#/9 9(58#s��5[,6#&%(� +(50>l!"9 �(#s) +(50>$5?,(�B%6581/�ª1&%6#&,(��'`���(�*5870+6!"�[58��E «�+ ����@B!¤A
�©!"9 9 :j  >8:�=�#��?96![¡(#/9 � 2�  )6!"+6!0��#/�8+(50>§>8:�70� +6!¤%(�(1/��96!?¡6!¤%(�89 :�#��$1&%65"A
>8� 2ª>��i!¤%650;�50@ +(#?1/�89(581/�8��1/�(����#/�8+ � ¡ 9(50.[5�)(5[,() +(581/�8+6!"9(1/�8>l!B²

x1(0) =
x2(0) + ∆x, y1(0) = y2(0) + ∆y.

�`70:�¡ 9(5D>8:�70� +6!¤%6581/�
∆x = 0.02

�

∆y = 0.02
E �¹!"�$#?�°1/�8+(50�B%(�(1/��) +(58#/@ £ � ��®4!"�[50>8:j �)(50+ �8+(#/�$50>��¶>8+(#&A

��#/9 9 :�#�+(#[!¤%(� �©!"£ � ��@Y5"%6#?7$!"�$#&%(�89 :j �+(#/´��(��50>¥) + �*+6!"�/%(� ¡ 9 :j  �?96!¤A
¡(#/9 � 2Y �!0��)B%(� �8�¤,(:

ε
��¡6!01/�$50�8:

Ω
EH¯ 50�$1/�Y�$1/�8>8�(#�)6!"+6!0��#/�8+ � ¡(#?1/@�50;

96!"@Y![¡ @ �
(ε = 0)

®�!"�[50>l!"2*�8+6!0#/@ �$50+ � 2¦)(50@ �B,-!0#/�¬50@ +(#?1/�89(581/�8� 1/�(��A
��#/�8+ � ¡ 9(50.[5�)(5[,() +(581/�8+6!"9(1/�8>l!���96!07"%('j,-!"'`�$132D9(#?1/� 9B Y+(509 9 :�#s �!050�8�BA
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Ω

ε

Ω

ε

�����
	 � 	�� � 	 � � 
 � ��� #�� �������	������������ ��� ��� ��� � �	��� ��� ����� �� �	� ��
������ ������� �	������� �����
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��	��� ���

�
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¡(#?1/@ �(#�@Y5"%6#?7$!"9 � 2�581/£ �B% %(2Y�$50+(50> O + �(18E$�BE QRY8!TS&E$«�+ ��)6!"+6!0��#/�8+ � ¡(#?1/@�58�
>$50�/,6#/;(1/�8>8� ��96!?¡6!¤%(�89 :�#�50�8@B%6509(#/9 � 2

∆x
�
∆y

�©!"�8�l �!"'`�¤V¤� �[5870+6!"´�!"'KA
��!"2��$50¡ @Y!4>0 l5?,(� ��>�1/�(����#/�8+ � ¡ 9(58#`)(5?,() +(581/�8+6!"9(1/�8>$5���º?>$5"%('K£ �(509 �BA
+ �$#/�¢�0!0� O + �(18E"�BE QRY07 S&V©#?1&%(�4�?96![¡(#/9 � 2

ε
�
Ω
) + � 96!¤, %6#/´�!"��>8:j,6#&%6#/9 9(50;

96!�+ �(18E6�BE Q � 587"%-!01/�8�cE "i1&%(���?96![¡(#/9 � 2�>8:�70� +6!¤%(�(1/��>89(#<º?�$50;§587"%-!01/�8�cV
96!?¡6!¤%(�89 :�#}50�8@B%6509(#/9 � 2¥96!"+6!01/�"!¤%(�¬>$5q>8+(#?��#/9 �¥�¥1/� 9B B+(509 � �©!"£ � 2¥9(#
96!07"%('j,-!¤%-!01/�(E

*�� + �(18E��BE Q � >8�B,(9(5 V�¡ �$5¶º[®s®s#/@ �*1/�"!070�B%(� �©!"£ � � 1/�(����#/�8+ � ¡ 9 :j 
,(>8� ´�#/9 � ; �(��#?#/�Á)(50+(50.[50>8:�;  �!"+6!"@ �$#/+cE��s!01/�$50�"!À)6!"+6!0��#/�8+ � ¡(#?1/@ �B 
>$50�/,6#/;(1/�8>8� ;

Ω
,65"%(´�96! > 9(#?1/@�5"%(�8@�5¬+6!"��) +(#/>8:�=�!"�8�¥ �!"+6!"@ �$#/+ 9 �Y'

¡6!01/�$50�8��9(#/>$50�[������#/9 9 :j �,(>8� ´�#/9 � ; O >q,-!"9 9(58�±1&%(��¡6!0#�¡6!01/�$50�8�
ω =

1
S&E��<#?� ��#/9 �8=�#¼!0��)B%(� �8�¤,-! )6!"+6!0��#/�8+ � ¡(#?1/@�50.[5�>$50�/,6#/;(1/�8>8� 2\V��$#?�
785"%(�8=�#q,65"%(´�96!�70:��8�¥#/.[5�¡6!01/�$50�"!

Ω
E�¯�+6!01?1?�i!"�8+ � >l!0#?��50;Á1/�(1/�$#?��#

, %(2�1/� 9B B+(509 � �©!"£ � �¦ �!050�8� ¡(#?1/@ �B ¦581/£ �B% %(2B�$50+(50>¬,6581/�"!"�$50¡ 9(5¬9(#/�?96!¤A
¡ � �$#&%(�89 :j ±>$50�[���Y��#/9 � ;@�50º[®s®<� £ �(#/9 �0!¦1/>82B�?� O

ε
)(50+l2Y,(@Y!

20%
50�

γ0 = 0.1
S�96!�¡6!01/�$50�$#

Ω
V¹> V X¤AÌ�8��+6!"��) +(#/>8:�=�!"'K��#/;�¡6!01/�$50�8�

ω = 1O + �(18E6�BE Q � S&E
$�#/´��(�À1/� 9B B+(509 � �©!"£ � �� �!0581[!�>$50�?9 � @Y!0#/�q�§>��$58�¦1&%(�Y¡6!0#8V6@Y50.3,-!�@

��58��#/9 �8�4>8@B%('`¡(#/9 � 2�)6!"+6!0��#/�8+ � ¡(#?1/@�50;�96!"@B!?¡ @ ��� �[5870+6!"´�!"'K��!"2��$50¡BA
@Y!496!¤ l5?,(� �$1R2�,-!¤%6#/@Y5�50��1/�(����#/�8+ � ¡ 9(50.[5�)(5[,() +(581/�8+6!"9(1/�8>l!BE �¢,(96!"@�5�>
º?�$58�±1&%(�Y¡6!0#�1/�Y��#?1/�8>$#/9 9(5D>$50�?+6!01/�"!0#/�D>8+(#?��2�)(#/+(#& l5?,(9(50.[5�) +(50£(#?1?1[!BV
)(581&%6#�@ �$50+(50.[5`96!07"%('j,-!0#/�$132�+(#/´��(�D�$1/�0!"9(50>8� >8=��B l1R2�1/� 9B Y+(509 9 :j � �!¤A
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������ � �	�������
 � ���� � ����������� � �	� � � � � ������ ����������	��� � ��� � ����������� � �	� � �

50�8� ¡(#?1/@ �B D@Y5"%6#?7$!"9 � ;cE¹¯¸+(#?��2�,6581/�8� ´�#/9 � 2�50@ +(#?1/�89(581/�8��1/�(����#/�8+ � ¡BA
9(50.[5�)(5?,() +(581/�8+6!"9(1/�8>l!BV .R,6#¢96![¡ � 96!0#/��+6!07850�"!"�8����#& �!"9 � �[� 1/�"!070�B%(� �©!¤A
£ � ��1/�(����#/�8+ � ¡ 9 :j �,(>8� ´�#/9 � ;cV$>s>$50�[���Y��#/9 9(50;}1/�(1/�$#?��#��?96!?¡ � �$#&%(�89(5
785"%(�8=�#8V ¡(#?�*>�9(#/>$50�[���Y��#/9 9(50;cE

� � �;��� � $� 
-�;.�� ���&0��+* )�5���
%$ 5��&��
$'���%����� 	 �%������5��%�����32
� ��� � ����� � )���
%5��!��
$'�-�-� )��&5������%$'5������%
���- !�"��� � � ����
$'���+*

¯½,-!"9 9(58� +6!"�/,6#&%6#¶+6!01?1?�i!"�8+ � >l!0#/�$132 >$50�[��5©´�9(581/�8�±1/� 9B Y+(509 � �©!"£ � �
£(#/)(50¡ @ �} �!050�8� ¡(#?1/@ �B }581/£ �B% %(2B�$50+(50>�1�)(58��50���8'¼)(#/+ �(5?,(� ¡(#?1/@Y50.[5�)6!¤A
+6!0��#/�8+ � ¡(#?1/@�50.[5ª>$50�/,6#/;(1/�8>8� 2�96!�º/%6#?��#/9 �8: 1/>82B�?�cE

$�!01?1?��50�8+ �(��£(#/)(50¡ @ �s9(#&%(� 9(#/; 9 :j 4�B,6#/9 �8� ¡ 9 :j �9(#[!">8�$509(58��9 :j �581&A
£ �B% %(2B�$50+(50> � [8�86 ��²

ẋm = ym,
O �BE9V[�TWRS

ẏm = −αym − f(xm) + (γ/2)(xm+1 − 2xm + xm−1) +B sin(ωt),

1�)(#/+ �(5[,(� ¡(#?1/@ �(����.?+6!"9 � ¡ 9 :������$1&%650>8� 2B���
x0 = xN , y0 = yN , xN+1 =

x1, yN+1 = y1,
.3,6#

m = 1, . . . , N
�
N

A�¡ �(1&%65�º/%6#?��#/9 �$50> >§£(#/)(50¡BA
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N = 2
1/�(1/�$#?�i! O �BE9V[�TWRS�)(#/+(#& l5?,(� ��>s1/�(1/�$#?���

�Y+6!">89(#/9 � ; O �BE9V[�@V7S&E
�s%(2��$50.[5}¡ �$5870: 50) +(#&,6#&%(� �8���$1&%650>8� 2��$1/�$50; ¡ � >$581/�8��1/� 9B B+(509 9 :j 

,(>8� ´�#/9 � ; >¬�©!">8�(1/�(��581/�8� 50��!0��)B%(� �8�¤,(: �Á¡6!01/�$50�8:½)6!"+6!0��#/�8+ � ¡(#&A
1/@�50;§96!"@Y![¡ @ �cV(%(� 9(#[!"+ � �?�$#?�À��+6!">89(#/9 � 2D£(#/)(50¡ @ � O �BE9V[�TWRSj>�50@ +(#?1/�89(5"A
1/�8�¶) +(581/�8+6!"9(1/�8>$#/9 9(5DA�5?,(9(50+(5[,(9(50.[5 1?581/�$5[2B9 � 2

xm = x̄, ym = ȳ.
¯

+(#/�?�¤%(�©�"!"�$#�)(5"%(��¡ �(�Á�Y+6!">89(#/9 � 2�, %(2§>$50�[���Y��#/9 � ;¥50�89(581/� �$#&%(�89(5
x̄
�

ȳ
²

η̇(1)
m = η̇(2)

m ,
O �BE9V[� � S

η̇(2)
m = −αη(2)

m − [A+ 2Γ (t)] η(1)
m + Γ (t)

[

η
(1)
m+1 + η

(1)
m−1

]

,
O �BE9V[�RYTS

.3,6#
η

(1)
m = xm−x̄, η(2)

m = ym−ȳ, Γ (t) = (1/2)[γ0+εΩ2sgn( sin(ωt))]
�

A = f ′(x̄) =

{

a− 1, |x| ≤ 1,
b− 1, |x| > 1.

*<1/)(5"%(�8�?�82��©!0��#/9 �ª)(#/+(#?��#/9 9 :j 

ξ
(1)
j =

1

N

N
∑

m=1

e−kmη(1)
m , ξ

(2)
j =

1

N

N
∑

m=1

e−kmη(2)
m ,

.3,6#
k = i(2πj/N), i2 = −1, j = 1, . . . , N

��5©´�9(5q)(#/+(#/) �(1[!"�8�q��+6!">89(#&A
9 � 2 O �BE9V[� � V �BE9V[�RYTSj>�>8�B,6#

ξ̇
(1)
j = ξ

(2)
j ,

ξ̇
(2)
j = −αξ(2)

j − ω2
0(t, j)ξ

(1)
j ,

O �BE9V [8�TS

.3,6#
ω2

0(t, j) = A+ [γ0 + εΩ2sgn( sin(Ωt))][1− cos(2πj/N)]
E

�`+6!">89(#/9 � 2 O �BE9V [8�TSf50) �(1/:�>l!"'K��,(� 96!0��� @ ��) +(581/�8+6!"9(1/�8>$#/9 9 :j ª>$50�/A
���Y��#/9 � ;�>¥50@ +(#?1/�89(581/�8�Á1/� 9B Y+(509 9(50.[5¬1?581/�$5[2B9 � 2

xm = x̄, ym = ȳ
E

«�+(581/�8+6!"9(1/�8>$#/9 9(5�A¹5?,(9(50+(5[,(9 :���>$50�[������#/9 � 2 ��1?5850�8>$#/�$1/�8>8�$#/�
j = N

V
) +(581/�8+6!"9(1/�8>$#/9 9(5"A�9(#?5?,(9(50+(5[,(9(:�� �

j = 1, . . . , N − 1
E6·¸� 9B Y+(509 9(58#41?5"A

1/�$5[2B9 �(#q70�¤,6#/�§�$1/�$50; ¡ � >8:���V�#?1&%(�¶>§£(#/)(50¡ @Y#ª>$1?#�>$50�[��5©´�9 :�#q9(#?1/� 9BA
®4!"�?9 :�#<>$50�[���Y��#/9 � 2�70�©,(�Y���©!"�8�l �!"�8�(E

�K�$��#/�8�(��V[¡ �$5¢��+6!">89(#/9 � 2 O �BE9V [8�TS\�(��#/'`���"!"@Y50;�´�#�>8�B,�V[@B!"@4�s�Y+6!">0A
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1/�(����#/�8+ � ¡ 9(58���4)(5[,() +(581/�8+6!"9(1/�8>8��>$50�[���Y��#/9 � ;4>�,(>8�� s1/>82B�©!"9 9 :j �581&A
£ �B% %(2B�$50+6!¤ \Vl��)(5"%(9(581/�8�8'±1?50>8)6!¤,-!"'`��1�9 �(����) + �

N = 2, j = 1
E�·f%6#&A

,650>l!"�$#&%(�89(5 V\+(#/�?�¤%(�©�"!"�8: )(5"%(�Y¡(#/9 9 :�#�>}) +(#&,(:j,(�Y��#?�À+6!"�/,6#&%6#���50.?�Y�
70:��8�*�(1/)(5"%(�8�[50>l!"9 :½, %(2�50) +(#&,6#&%6#/9 � 2±1?58781/�8>$#/9 9 :j Á�?96![¡(#/9 � ;

µ1,2
V

@�50�$50+ :�#� �!"+6!"@ �$#/+ � �?��'`�<º?>$5"%('K£ � '
j
A�.[5��8+6!"9(1/>$#/+(1[!¤%(�89(50.[5<>$50�[���Y��#&A

9 � 2D�©!�)(#/+ �(5?, )6!"+6!0��#/�8+ � ¡(#?1/@�50.[5q>$50�/,6#/;(1/�8>8� 2
T = 2π/Ω

EH¯¸:�+6!"´�#&A
9 � 2q, %(2�1?58781/�8>$#/9 9 :j ��?96!?¡(#/9 � ;��(��#/'K��1&%6#&,(�Y'`��� ;�>8�B,�²

µ1,2(j) = e−απ/Ω
[

0.5S(j) ±
√

0.25S2(j)− 1
]

,
O �BE9V [@V7S

.3,6#

S(j) = 2cosh[β1(j)]cosh[β2(j)] +K(j)sinh[β1(j)]sinh[β2(j)],

β1,2(j) = (π/Ω)
√

C1(j) ∓ C2(j),

K(j) =
2C1(j)

√

C2
1 (j)− C2

2 (j)
,

C1(j) =
α2

4
−A− γ0[1− cos(2πj/N)],

C2(j) = εΩ2[1− cos(2πj/N)].
·¸� 9B B+(509 9 :�#¶,(>8� ´�#/9 � 2°>À£(#/)(50¡ @Y#*1/>82B�©!"9 9 :j  �!050�8� ¡(#?1/@ �B  581&A

£ �B% %(2B�$50+(50> 70�¤,(�Y�±�$1/�$50; ¡ � >8:����cV�#?1&%(� , %(2 >$1?#& 
j = 1, . . . , N −

1
>8:�)(5"%(9 2 #/�$132��$1&%650>8�(# |µ1,2(j)| < 1

Vc@Y!"@ , %(2
A = a − 1

V\�"!"@�� , %(2

A = b− 1
E

¨s!�+ �(18E\�BE W0�}50�8+(#/�?@Y!0����) +l2 ��:j §>$#/+ �8� @B!¤%(�89 :j §%(� 9 � ;�)(50@Y!"�©!"9 :
587"%-!01/�8���?96!?¡(#/9 � ;¥!0��)B%(� �8�¤,(: )6!"+6!0��#/�8+ � ¡(#?1/@Y50;¥96!"@Y![¡ @ �

ε
V6.R,6#�>8:jA

)(5"%(9 2B'K�$1R2}�$1?50>8� 2}�$1/�$50; ¡ � >$581/�8��1/� 9B Y+(509 9 :j �,(>8� ´�#/9 � ;�>�£(#/)(50¡ @Y!¤ 
1�+6!"�/%(� ¡ 9 :�� ¡ �(1&%658�»º/%6#?��#/9 �$50>

N
) + �¼®<� @Y1/� +(50>l!"9 9(58�

Ω = 25
E

�H96!?¡(#/9 � 2�,(+ ��.?�B ¶)6!"+6!0��#/�8+(50>�1/�(1/�$#?��: O
B = 1.5

V
ω = 1

V
α = 0.1

V

γ0 = 0.1
V
a = 0.5

V
b = 2

S�1?5850�8>$#/�$1/�8>8�Y'`� 1&%(��¡6!"'�V<@Y50.3,-!¼>±50�0A
1/�Y�$1/�8>8�(#�)6!"+6!0��#/�8+ � ¡(#?1/@�50; 96!"@Y![¡ @ � O

ε = 0
S`96!07"%('j,-!"'`�$132¥+(#/´��(��:

) +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9 9(50.[5q �!0581[!BE
¯��B,(9(5 V$¡ �$5<)(54��#/+(#���>$#&%(� ¡(#/9 � 2�¡ �(1&%-!<º/%6#?��#/9 �$50>

N
587"%-!01/�8��1/� 9BA
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9 � ;cE���#&%65�>��$58��V¹¡ �$5�1/�0!070�B%(� �©!"£ � 2¬1/� 9B B+(509 9(50.[5D1?581/�$5[2B9 � 2¬)(5�50�0A
9(50=�#/9 � ' @��8+6!"9(1/>$#/+(1[!¤%(�89(58���¥>$50�[���Y��#/9 � ' 1�50) +(#&,6#&%6#/9 9 :�� 9(58��#&A
+(58�

j
) +(50�(1P l5[,(� ��>¶50) +(#&,6#&%6#/9 9(58�»@Y509(#/¡ 9(58�»� 9 �$#/+ >l!¤%6#��?96!?¡(#/9 � ;
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!0��)B%(� �8�¤,(: >$50�/,6#/;(1/�8>8� 2
ε
E �¹+6!"9 � £ :�º?�8�B ¬� 9 �$#/+ >l!¤%650>�9(#�1?50>8)6!¤,-!¤A

'`�¤E6·¸� 9B B+(509 � �©!"£ � 2�>�£(#/)(50¡ @Y#<>$50�[��5[´�96!��$5"%(�8@�5�>��$58� 1&%(�Y¡6!0#8V #?1&%(�
1/�Y��#?1/�8>8�$#/��5870��!"2¹V�) + � 96!¤, %6#/´�!"��!"2�@Y!"´�,658��� � ��º?�8�B ¬� 9 �$#/+ >l!¤%650>
587"%-!01/�8���?96![¡(#/9 � ;

ε
E¹«�+ �

N > 10
¡6!01/�8�D� 9 �$#/+ >l!¤%650>�9(#�)(#/+(#/@ + :�>l!¤A

#/�$132¹E
��!"9 9 :�#��$#?50+(#/�8� ¡(#?1/@ �(#§+(#/�?�©%(�¤�"!"�8: 96!¤ l5?,(2B�$132À>� l50+(50=�#?�Â1?5850�0A
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9 � ;§70:j% ��#/9 �8=�#4#&,(� 9 � £ : @Y!"@§, %(2

A = a − 1
V(�0!"@§�D, %(2

A = b− 1
V
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Ω = 15; 25; 50; 100
509(5 9(#§) +(#/>8:�=�!0#/�

8; 10; 15; 21
1?5850�8>$#/�$1/�8>$#/9BA
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1/�8>0%(2B�8�*1/�"!070�B%(� �©!"£ � ' ) +(#&,(>l!"+ � �$#&%(�89(5 >8:�70+6!"9 9 :j Á9(#/�$1/�$50; ¡ � >8:j 
) +(581/�8+6!"9(1/�8>$#/9 9(5�A�>8+(#?��#/9 9 :j D1/�8+ ��@ �8�Y+cE

$�!01?1?��50�8+ �(� £(#/)(50¡ @ �¦1/>82B�©!"9 9 :j ¬%650.?�(1/�8� ¡(#?1/@ �B *50�$5870+6!"´�#/9 � ;Á1
,(>8�B��2�>8�B,-!0���D1/>82B�?�	� [8�RXBV [8�RQ
��²

xn+1(i) = α− x2
n(i) + γ[2x2

n(i) − x2
n(i− 1)− x2

n(i+ 1)],
O �BE9V [8�TS

xn+1(i) = α− x2
n(i) + γ[2xn(i) − xn(i− 1)− xn(i+ 1)],

O �BE9V [R[TS

.3,6#
α
��)6!"+6!0��#/�8+Á9(#&%(� 9(#/; 9(581/�8���

γ
�¬@Y50º[®s®<� £ �(#/9 ��1/>82B�?���

xn(i)
�

�?96!?¡(#/9 �(#s,(� 96!0��� ¡(#?1/@�50;�)(#/+(#?��#/9 9(50;D>��$50¡ @Y#s1�,(�(1/@ +(#/�89(50; @�5850+$,(�BA
96!"�$50;

i
>¦,(�(1/@ +(#/�89 :�;���58��#/9 �¼>8+(#?��#/9 �

n
�
N
�±¡ �(1&%65Áº/%6#?��#/9 �$50>

£(#/)(50¡ @ � O
i = 1, 2, . . . , N

�
n = 0, 1, 2, . . .

S&E\¯±,-!"9 9 :j  1/�(1/�$#?�i!¤  1�)(#&A
+ �(5?,(� ¡(#?1/@ �(���ª.?+6!"9 � ¡ 9 :������$1&%650>8� 2 ���

xn(1) = xn(N+1)
1/�Y��#?1/�8>8�lA
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'`�q587"%-!01/�8� �?96![¡(#/9 � ; )6!"+6!0��#/�8+(50>(V¹.3,6#�96!07"%('j,-!0#/�$1R2 +6!"�?>8� �8:�; ) +(5"A
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70�(®<�Y+ @Y!"£ �(509 9 :�#�)(#/+(#& l5[,(: ��#/´�,(��+6!"�/%(� ¡ 9 :�����) +(581/�8+6!"9(1/�8>$#/9 9(5qA
>8+(#?��#/9 9 :�����+(#/´��(�i!0��� � [8�TW �@[@V[�
��E

�s%(2��$50.[5§¡ �$5870:»581/����#?1/�8>8� �8����) +6!">0%(2 #?��:�#ª)(#/+(#& l5?,(:»� �ª+(#/´��BA
�i!�) +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9 9(50.[5� �!0581[!�@D+6!"�/%(� ¡ 9 :��Á+(#/.?�©%(2B+ 9 :��À>
) +(581/�8+6!"9(1/�8>$#���>$5�>8+(#?��#/9 �q1/�8+ ��@ �8�Y+6!0��Vl�Y) +6!">0%(2B'K���(#K>$50�/,6#/;(1/�8>8� 2
>¶!"9(1[!0��7"%6#§>8�©!"�(��5?,6#/;(1/�8>8�Y'`���B À581/£ �B% %(2B�$50+(50>¶,65"%(´�9 :�5878#?1/)(#/¡ �BA
>l!"�8�49(#��$5"%(�8@�5�1/�"!070�B%(� �©!"£ � ' 50) +(#&,6#&%6#/9 9 :j �)(#/+ �(5[,(� ¡(#?1/@ �B �,(>8� ´�#&A
9 � ;D>}@Y!"´�,658�Á581/£ �B% %(2B�$50+(#8V69(5��§1/� 9B B+(509 � �©!"£ � ' º?�8�B q,(>8� ´�#/9 � ;�>
50) +(#&,6#&%6#/9 9 :j D®4!"�©!¤ q)(5�>$1?#?����!"9(1[!0��7"%('�E

«�+(#&,()(5"%65[´��(��Vs¡ �$5¦) + �°�?96!?¡(#/9 � 2Y  ��) +6!">0%(2B'`���B  )6!"+6!0��#/�8+(50>(V
1?5850�8>$#/�$1/�8>8�Y'K���B ª+6!"�?>8� �$58���}) +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9 9(58���� �!0581/�$VY>
£(#/)(50¡ @�# 1/�Y��#?1/�8>8��'`��9(#/�$1/�$50; ¡ � >8:�#�) +(581/�8+6!"9(1/�8>$#/9 9(5 A�5[,(9(50+(5?,(9 :�#
1?581/�$5[2B9 � 2ª1�>8+(#?��#/9 9 :���)(#/+ �(5[,658�

T = s
��9(#/�$1/�$50; ¡ � >8:�#Á) +(581/�8+6!"9BA

1/�8>$#/9 9(5�A�)(#/+ �(5[,(� ¡(#?1/@ �(#D1/�8+ �Y@ �8��+ : 1}, %(� 9(50;*>$5"%(9 :
λ = 2

� >8+(#&A
��#/9 9 :���)(#/+ �(5[,658�

T = 2
V(1

λ = 3
�
T = 2

V(1
λ = 5

�
T = 4

E
¨s!"�(785"%6#?#�) +(581/�8:�����2B>0%(2B'`�$132�) +(581/�8+6!"9(1/�8>$#/9 9(5sA�5[,(9(50+(5?,(9 :�#K+(#&A

´��(��:¾1�9(#/@�50�$50+ :�� >8+(#?��#/9 9 :�� )(#/+ �(5?,658�
T = s

E¸«�+(#&,()(5"%65©´��(��V
¡ �$5

i
A�;�º/%6#?��#/9 ��£(#/)(50¡ @ � O �BE9V [8�TS¢)(50)6!¤%¥>q�i!¤%(�Y'Â50@ +(#?1/�89(581/�8��9(#/)(5"A

,(>8� ´�9(50;q�$50¡ @ �
x̄k

50+(70� �8:À)(#/+ �(5[,-!
s
V$��,(� 96!0��� ¡(#?1/@ �Y'±)(#/+(#?��#/9 9 �Y'

��5[´�9(5¬) +(#&,61/�"!">8� �8� >¥>8�B,6#
xn+k−1(i) = x̄k + x̃n+k−1(i), xn+s(i) =

x̄1 + x̃n+s(i)
V
k = 1, . . . , s,

.3,6#
x̃n+k−1(i)

�}�i!¤%658#4>$50�[������#/9 �(#�,(� 96!¤A
��� ¡(#?1/@�50;§)(#/+(#?��#/9 9(50;�>�50@ +(#?1/�89(581/�8��9(#/)(5?,(>8� ´�9(50;§�$50¡ @ �

x̄k
EB«�+(#&, A

)(5"%65[´��(���0!"@ ´�#8V"¡ �$5¢1/�Y��#?1/�8>8�$#/�K>$50�[��5[´�9(581/�8�<�i!¤%(:j s� �[��#/9(#/9 � ;�)6!¤A
+6!0��#/�8+6!¢9(#&%(� 9(#/; 9(581/�8��º/%6#?��#/9 �$50>`£(#/)(50¡ @ ��50�89(581/� �$#&%(�89(5`9(#/@�50�$50+(50.[5
9(58��� 96!¤%(�89(50.[5}�?96!?¡(#/9 � 2

α0
²

α = αn+k−1(i) = α0 + α̃n+k−1(i), k = 1, . . . , s.
O �BE9V [86 S

·Á�Y¡(#/�$58�*1P,6#&%-!"9 9 :j �) +(#&,()(5"%65©´�#/9 � ;�)(#/+(#/) � =�#?�¦��+6!">89(#/9 �(# O �BE9V [8�TS
1&%6#&,(�Y'K���(��5870+6!"�[58��²

x̄k+1 + x̃n+k(i) = α0 + α̃n+k−1(i)− [x̄k + x̃n+k−1(i)]
2 + γ[2(x̄k +

+ x̃n+k−1(i))
2 − 2x̄2

k]− γ[(x2
n+k−1(i+ 1)− x̄2

k) +

+ (x2
n+k−1(i− 1)− x̄2

k)],
O �BE9V [RXTS

.3,6#
k = 1, . . . , s

E
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«<5"%-!".&!"2¹V¸¡ �$5¥96!¥º?�$58� º?�"!")(#§@�5850+l,(� 96!"�8:½1?581?#&,(9 �B 
(i − 1)

A�.[5��

(i+1)
A�.[5�º/%6#?��#/9 �$50>�£(#/)(50¡ @ �ª50�[%(� ¡6!"'`�$132ª50�s@�5850+l,(� 96!"�8:Á9(#/)(5[,(>8� ´�A

9(50;¥�$50¡ @ �
x̄k

96!ª�"!"@ �(#��?96!?¡(#/9 � 2¹Vc¡ �$5q)(581&%6#&,(9(#?#�1&%-!"./!0#?��58#�>��Y+6!">0A
9(#/9 � � O �BE9V [RXTSj2Y>0%(2 #/�$1R2�>$#&%(� ¡ � 9(50;D�$50.[5�´�#s)(50+�2�,(@B!��i!¤%6581/�8�cV6¡ �$5��

x̃n+k−1(i)
V0�©!") � =�#?����+6!">89(#/9 �(#�, %(2�9(#/)(5[,(>8� ´�9(50;��$50¡ @ ������+6!">89(#/9 �(#

, %(2�º?>$5"%('K£ � ��>$50�[���Y��#/9 � 2§,(� 96!0��� ¡(#?1/@�50;¬)(#/+(#?��#/9 9(50;
i
A�.[5}º/%6#?��#/9BA

�"!B²

x̄k+1 = α0 − x̄2
k, x̄s+1 = x̄1,

O �BE9V [RQTS

x̃n+k(i) = α̃n+k−1(i) − 2x̄k(1− 2γ)x̃n+k−1(i)−
O �BE9V [TWRS

− γ[(x2
n+k−1(i+ 1)− x̄2

k) + (x2
n+k−1(i− 1)− x̄2

k)],

.3,6#
k = 1, . . . , s

E
���©,6#?��1/¡ � �0!"�8�(V¹¡ �$5q>$50�[������#/9 � 2�)6!"+6!0��#/�8+6!

i
A�.[5qº/%6#?��#/9 �"!q�©!">8�BA

132B�D50��#/.[5�@�5850+$,(� 96!"�8: � @�5850+l,(� 96!"�D,(>8��  1?581?#&,(9 �B �º/%6#?��#/9 �$50>§1&%6#&A
,(�Y'K���(�*5870+6!"�[58��²

α̃n+k−1(i) = a1x̃n+k−1(i)

+a2[(x
2
n+k−1(i+ 1)− x̄2

k) + (x2
n+k−1(i− 1)− x̄2

k)].
O �BE9V [ � S

«<5?,61/�0!">0%(2B2 O �BE9V [ � S�> O �BE9V [TWRS&V���5[´�9(5¬)(5"%(��¡ � �8�¶@�50º[®s®s� £ �(#/9 �8:

a1
�
a2
V�) + �¶@Y50�$50+ :j *>$50�[������#/9 � 2�,(� 96!0��� ¡(#?1/@Y50;¦)(#/+(#?��#/9 9(50;

i
A�.[5

º/%6#?��#/9 �"!Á70�¤,(���¦�©!"�8�l �!"�8�À>$5�>8+(#?��#/9 �cE`¯¸�B,>$50�[������#/9 � ;)(5�)6!"+6!¤A
��#/�8+6!0�¼º/%6#?��#/9 �$50>�£(#/)(50¡ @ � O �BE9V [8�TS&V¹1�)(58��50���8'�@Y50�$50+ :j �>$50�[��5©´�#/9
�Y) +6!">0%(2B#?��:�;})(#/+(#& l5?,�� ��+(#/´��(�i!s) +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9 9(50.[5� �!05"A
1[!�@4) +(581/�8+6!"9(1/�8>$#/9 9(5"A�5?,(9(50+(5?,(9 :���+(#/´��(�i!0�D1�>8+(#?��#/9 9 :��§)(#/+ �(5?,658�

T = s
V 70�©,6#/��1&%6#&,(�Y'`���(��²

α̃n+k−1(i) = 2(1− 2γ)x̄k(xn+k−1(i) − x̄k)

+γ[(x2
n+k−1(i+ 1)− x̄2

k) + (x2
n+k−1(i− 1)− x̄2

k)],
O �BE9V [RYTS

.3,6#
k = 1, . . . , s

E
· £(#&%(�8' ) +(50>$#/+ @ �Â)(5"%(�Y¡(#/9 9 :j  +(#/�?�¤%(�©�"!"�$50> 70:j%(� ) +(50>$#&,6#/9 :

@�58��) �8'`�$#/+ 9 :�#Kº?@�1/)(#/+ �(��#/9 �8:¦96!<£(#/)(50¡ @�#�1/>82B�©!"9 9 :j �%650.?�(1/�8� ¡(#?1/@ �B 
50�$5870+6!"´�#/9 � ; O �BE9V [8�TS&E�«�+(#&,(+(5"%65[´��(��V�¡ �$5��8+(#?70�$#/�$1R2¬) +(#?5870+6!"�[50>l!"�8�
 �!050�8� ¡(#?1/@�58#�)(50>$#&,6#/9 �(#�>}) +(581/�8+6!"9(1/�8>$#/9 9(5ªA�5?,(9(50+(5?,(9(58#�1s)(#/+ �(5?,658�

T = 1
E �¹!¤,-!">À�?96![¡(#/9 � 2 )6!"+6!0��#/�8+(50>

α = 1.6
�
γ = 0.01

V`@�50�$5"A
+ :�#�1?5850�8>$#/�$1/�8>8��'`��+(#/´��(����) +(581/�8+6!"9(1/�8>$#/9 9(5qA�>8+(#?��#/9 9(50.[5ª �!0581[!BV\�
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50) +(#&,6#&%(� >q� � O �BE9V [RQTS��?96!?¡(#/9 �(#�9(#/)(5?,(>8� ´�9(50;��$50¡ @ �
x̄1
V(>�) +(581/�8+6!"9BA

1/�8>$#/9 9(5�A�>8+(#?��#/9 9(50;�º?>$5"%('`£ � ��1/�(1/�$#?��:±5[´��B,-!0#?� �$50����58��#/9 �"VB@�50.3,-!
@�5850+l,(� 96!"�"!§5?,(9(50.[5q� ��º/%6#?��#/9 �$50>�£(#/)(50¡ @ �¥)(50)6!¤,6#/��>

ε
A�50@ +(#?1/�89(581/�8�

�$50¡ @ �
x̄1
E�«<581&%6#qº?�$50.[5¥50£(#/9 � >l!0#/�$1R2*>$#&%(� ¡ � 96!

γ[(x2
n(i + 1) − x̄2

1) +
(x2

n(i − 1) − x̄2
1)]

E "f1&%(��5096!�9(#s) +(#/>8:�=�!0#/�}�©!¤,-!"9 9(50;�>$#&%(� ¡ � 9 :
ε
V6�$5

� >8@B%('`¡6!"'K�$1R2
��>$50�[���Y��#/9 � 2Á)6!"+6!0��#/�8+6!¬>8�B,-! O �BE9V [RYTS&Vj>$50�/,6#/;(1/�8>8�Y'KA
���(#�96!Dº?�$50�§º/%6#?��#/9 �"E��<50.3,-!§�?96!?¡(#/9 � 2¶,(+ �Y.?�B ¥º/%6#?��#/9 �$50> >0 l5?,(2B��>
�©!¤,-!"9 9 �Y' 50@ +(#?1/�89(581/�8�(Vf96!��B ¶)6!"+6!0��#/�8+ : �$5[´�#D96!?¡ � 96!0#/��,6#/;(1/�8>$5"A
>l!"�8��>$50�[���Y��#/9 �(#8V-#?1&%(��>8:�)(5"%(9 2 #/�$1R2§�Y@Y!"�©!"9 9(58#��$1&%650>8�(#s96!�@�5850+$,(�BA
96!"�8: 7"%(� ´�!"; =��B ±1?581?#&,(9 �B ¼º/%6#?��#/9 �$50>(E¢«�+ �¼º?�$58� >*) +(581/�8+6!"9(1/�8>$#
96!07"%('j,-!0#/�$132§)(50º?�"!") 9 :�;§)(#/+(#& l5?,§º/%6#?��#/9 �$50>}>��8+(#?70�$#?��58#41?581/�$5©2Y9 �(#8E
¯�96!?¡6!¤%6#ª5870+6!"�?��'`�$132�9(#?785"%(�8=��(#ª1&%(��¡6!"; 9 :��5870+6!"�[58� +6!01/) +(#&,6#&%6#/9BA
9 :�#�) +(581/�8+6!"9(1/�8>$#/9 9(54A�5?,(9(50+(5[,(9 :�#`��¡6!01/�8@ �cE �¹!"�$#?�¥509 ��+6!01/=�� +l2B'`�0A
132���>}+(#/�?�¤%(�©�0!"�$#�5? B>l!"�8:�>l!"'K��>$1/' £(#/)(50¡ @ �$E\¯1/�(1/�$#?��#�96!07"%('j,-!0#/�0A
132¬�$1/�"!"9(50>8� >8=�� ;(132*) +(581/�8+6!"9(1/�8>$#/9 9(5"A�5[,(9(50+(5?,(9 :�;�+(#/´��(��E�«�+(50£(#?1?1
�Y) +6!">0%6#/9 � 2D)(581&%6#&,650>l!"�$#&%(�89(5ª) +(50�B% %('`1/�8+ � +(50>l!"9�96!�+ �(18E-�BE W�V[!BE$"f1&A
%(���Y70+6!"�8�}>$50�[������#/9 � 2D)6!"+6!0��#/�8+6!BV\1/�(1/�$#?�i!�>$50�?>8+6!"��!0#/�$1R2§>}+(#/´��(�
) +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9 9(50.[5q �!0581[!BE

:K96!¤%650.?� ¡ 9 :��Á5870+6!"�[58�À �!050�8� ¡(#?1/@Y58#�)(50>$#&,6#/9 �(#���5©´�#/��70:��8�ª) +(#&A
5870+6!"�[50>l!"9(5±> ) +(581/�8+6!"9(1/�8>$#/9 9(5"A�5?,(9(50+(5?,(9 :�#±+(#/´��(��: 1*785"%(�8=��(���
>8+(#?��#/9 9 :����*)(#/+ �(5?,-!0���cEf¯ º?�$58�°1&%(��¡6!0#ª®s50+(�i!D>$50�[������#/9 � ; )6!"+6!¤A
��#/�8+6!�1/�"!"9(50>8� �$1R2D785"%6#?#�1&%65[´�9(50;cV ¡ �$5�>8�B,(9(5�� ��>8:�+6!"´�#/9 � 2 O �BE9V [RYTS&E
���$5870:¼581/����#?1/�8>8� �8��)(#/+(#& l5?,�1/�(1/�$#?��:�@�+(#/´��(���}1¢>8+(#?��#/9 9 :��¶)(#/+ �BA
5?,658���BV�9(#?587[ l5?,(�(��5��(1/)(5"%(�8�[50>l!"�8� ,(>l!§>8�B,-!�>$50�[������#/9 � ;cE �¢,(9(5�� �
9 �B �>$50�/,6#/;(1/�8>8�$#/�¤Vj@Y50.3,-!�º/%6#?��#/9 �8: £(#/)(50¡ @ �À>0 l5[,(2Y�¶>¬50@ +(#?1/�89(581/�8�
�$50¡ @ �

x̄1
Vc>8�$50+(58#}96!?¡ � 96!0#/��,6#/;(1/�8>$50>l!"�8��96!�1&%6#&,(�Y'K��#?�±>8+(#?��#/9 9(58�

=�!".[#8VB@�50.3,-!�509 ��>0 l5?,(2B��>�50@ +(#?1/�89(581/�8���$50¡ @ �
x̄2
E �s%(2q1/�"!070�B%(� �©!"£ � �

+(#/´��(�i!�1s>8+(#?��#/9 9 :��¦)(#/+ �(5[,658� 6(V �(1/)(5"%(�8�?�Y'K�$1R2D¡(#/�8:�+(#4!"96!¤%650.?� ¡BA
9 :j �>8:�+6!"´�#/9 � 2�, %(2�>$50�[������#/9 � ;cV�@Y!"´�,658#K� ��@�50�$50+ :j �>$50�/,6#/;(1/�8>8�$#/�
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xn(i) = xn(i+ pλ)
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xn+1(λm+ 1) = α− x2
n(λm+ 1) + γ[2X2

n(λm+ 1)− x2
n(λm+ 2)−

− x2
n(λm)],

xn+1(λm+ 2) = α− x2
n(λm+ 2) + γ[2X2

n(λm+ 2)− x2
n(λm+ 3)−

− x2
n(λm+ 1)],

xn+1(λm+ λ) = α− x2
n(λm+ λ) + γ[2x2

n(λm+ λ)− x2
n(λm+ λ+ 1)−

− x2
n(λm+ λ− 1)],
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(m = 0, 1, . . . , (N/λ) − 1).
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α̃n(i) = 2p1(i)(1 − 2γ)[xn(i) − p1(i)] +

+ γ[(x2
n(i+ 1)− p2

2(i)) + (x2
n(i− 1)− p2

2(i))],

α̃n+1(i) = 2p11(i)(1 − 2γ)[xn+1(i)− p11(i)] +

+ γ[(x2
n+1(i+ 1)− p2

21(i)) + (x2
n+1(i− 1)− p2

21(i))],

p1(i) =

{

x̄1,
x̄2,

p2(i) =

{

x̄2, i = 2m+ 1,
x̄1, i = 2m+ 2,

p11(i) =

{

x̄11,
x̄21,

p21(i) =

{

x̄21, i = 2m+ 1,
x̄11, i = 2m+ 2,

.3,6#
x̄1, x̄2, x̄11, x̄21
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α
�

γ

«�+(#&, %65[´�#/9 9 :�;¬)(5[,  l5?,¶@ ��) +6!">0%6#/9 � '») +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9BA
9 :��  �!0581?58�»��5[´�#/�¦70:��8� ) + �(��#/9(#/9¼�Á@�+(#/=�#/�8@Y!0� 785"%6#?#�>8:�1?50@�50;
+6!"�[��#/+ 9(581/�8�cE

$�!01?1?��50�8+ �(��,(>8�B��#/+ 9 ��'¶+(#/=�#/�8@ ��1/>82B�©!"9 9 :j �%650.?�(1/�8� ¡(#?1/@ �B 450�$587"A
+6!"´�#/9 � ;



� � � � �	��� �
	�����	� � � ������� � � �

xn+1(i, j) = α− x2
n(i, j) + γ[4x2

n(i, j) − x2
n(i− 1, j) −

− x2
n(i+ 1, j) − x2

n(i, j − 1)− x2
n(i, j + 1)],

O �BE9V 6=V7S

1�)(#/+ �(5[,(� ¡(#?1/@ �(��� .?+6!"9 � ¡ 9 :������$1&%650>8� 2 ���
xn(1, j) = xn(N +1, j)

V

xn(i, 1) = xn(i,N + 1)
Vc.R,6#

i, j = 1, 2, . . . , N
�
N × N �§¡ �(1&%65�º/%6#&A

��#/9 �$50>�+(#/=�#/�8@ �cE
«�+ �q� �[��#/9(#/9 � ��)6!"+6!0��#/�8+(50>

α
�
γ
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)(50�?>$5"%(2B'K���(#�)(#/+(#/>$#?1/�8� 1/�(1/�$#?���°@ ) +(581/�8+6!"9(1/�8>$#/9 9(5"A�5?,(9(50+(5[,(9 :��
+(#/´��(�i!0� 1q>8+(#?��#/9 9 :��Â)(#/+ �(5[,658�

T = s
���"!"@¦96!"�?:�>l!0#?��50; � =�!¤ �A

�i!"�89(50;���1/�8+ �Y@ �8��+(#8EK¯�º?�$58� +(#/´��(��#�1?581?#&,(9 �(#�º/%6#?��#/9 �8: +(#/=�#/�8@ �
@�5"%6#?7"%('`�$132D>�) +(50�8� >$58®�!"�[#����(��#/'K��>8+(#?��#/9 9(50;�)(#/+ �(5[,

T = 2
EA:¢96!¤A

%650.[58�º?�$50.[5�+(#/´��(�i!D>�£(#/)(50¡ @Y!¤ �2B>0%(2 #/�$132¬�?� .?�©!".[50>l!"2¬1/�8+ �Y@ �8��+6!U�
) +(581/�8+6!"9(1/�8>$#/9 9(5"A�)(#/+ �(5?,(� ¡(#?1/@ � ;¬+(#/´��(��1

λ = 2
�
T = 2

E
*��s!"96!¤%(� �©!���+6!">89(#/9 � ;�º?>$5"%('`£ � �q>$50�[������#/9 � ;q,(� 96!0��� ¡(#?1/@�50;§)(#&A
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α̃n+k−1(i, j) = 2x̄k(1− 4γ)(xn+k−1(i, j) − x̄k) + γ((x2
n+k−1(i− 1, j) −

− x̄2
k) + (x2

n+k−1(i+ 1, j) − x̄2
k) + (x2

n+k−1(i, j − 1)− x̄2
k) +

+ (x2
n+k−1(i, j + 1)− x̄2

k)),
O �BE9V 6l�TS

O .3,6#
k = 1, 2, . . . , s, x̄k

A`�?96!?¡(#/9 � 2¶9(#/)(5?,(>8� ´�9 :j ¶�$50¡(#/@¶50+(70� �8: )(#&A
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T = s
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T = s
E
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α̃n(i, j) = 2p1(i, j)(1 − 4γ)[xn(i, j) − p1(i, j)] + γ[[x2
n(i+ 1, j) −

− p2
2(i, j)] + [x2

n(i− 1, j) − p2
2(i, j)] + [x2

n(i, j − 1)− p2
2(i, j)] +

+ [x2
n(i, j + 1)− p2

2(i, j)]],

α̃n+1(i, j) = 2p11(i, j)(1 − 4γ)[xn+1(i, j) − p11(i, j)] +

+ γ[[x2
n+1(i+ 1, j) − p2

21(i, j)] + [x2
n+1(i− 1, j) − p2

21(i, j)] +

+ [x2
n+1(i, j + 1)− p2

21(i, j)] + [x2
n+1(i, j − 1)− p2

21(i, j)] +

+ [x2
n+1(i, j + 1)− p2

21(i, j)]],

p1(i, j) =

{

x̄1,
x̄2,

p2(i, j) =

{

x̄2, (i+ j)
Ai¡(#/�89(58#

,
x̄1, (i+ j)

Ai9(#/¡(#/�89(58#
,

p11(i, j) =

{

x̄11,
x̄21,

p21(i, j) =

{

x̄21, (i+ j)
Ai¡(#/�89(58#

,
x̄11, (i+ j)

Ai9(#/¡(#/�89(58#

.3,6#
x̄1, x̄2, x̄11, x̄12

���?96![¡(#/9 � 2�9(#/)(5?,(>8� ´�9 :j ��$50¡(#/@cE
¨s!¬+ �(18E��BE W 6*�¼�BE W(X¬) +(#&,61/�0!">0%6#/9 : +(#/�?�¤%(�©�"!"�8: ¡ �(1&%6#/9 9 :j Áº?@Y1&A

)(#/+ �(��#/9 �$50>�)(5��Y) +6!">0%6#/9 � ' ) +(581/�8+6!"9(1/�8>$#/9 9(5"A�>8+(#?��#/9 9 :��° �!0581?58�>
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20 × 20
º/%6#?��#/9 �$50>(E ��:j%(�>8:�70+6!"9 : �?96![¡(#/9 � 2)6!¤A

+6!0��#/�8+(50>
α = 1.7

�
γ = 0.01

V�) + �À@Y50�$50+ :j À96!07"%('j,-!0#/�$1R2Á+(#/´��(�
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ϕm(t) = 2π
t− Ti

Ti+1 − Ti
+ 2πi , Ti 6 t < Ti+1 ,
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ϕp = arctan
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x

)

.
O �BE9V X8�TS

¯�5870��#?�¦1&%(��¡6!0#<�?96![¡(#/9 � 2
ϕm �
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z(t) = a(t) + i aH(t) = A(t) exp (iϕH(t))
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aH(t) =
1

π

∫ ∞

−∞

a(τ)

t− τ dτ ,
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A(t) = (aa+ aHaH)1/2 , ϕH(t) = arctan

(

aH(t)

a(t)

)

.
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limA→−∞,B→∞
∫ B
A f(x) dx
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limA→∞
∫ A
−A f(x) dx
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z(t)
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ωH(t) =
dϕH(t)

dt
=
ȧHa− ȧaH

a2 + (aH)2
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Ti
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ωi = 〈ωH(Ti)〉 =
2π

Ii
,
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dx

dt
= −(y + z) ,

dy

dt
= x+ ay ,

dz

dt
= b+ z(x− c) ,
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0
a(t1)dt1 , c(t) =

∫ t

0
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c(t) ,
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dt
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}
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µ∗i (t) = µ0
i + µi(t), i = 1, . . . ,m.
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xn+1,1 = xn,2, xn+1,2 = xn,3, . . . , xn+1,n = f(xn,µ) .
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xn+1 = 1− ax2
n + yn , yn+1 = bxn .
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dx

dt
= m0x+ y − xz , dy

dt
= −x , dz

dt
= −g0z + 0.5g0(x+ |x|)x .
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y(t)
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dY

dt
= Z ,

dZ

dt
= X ,

dX

dt
= f(X,Y,Z,µ) , µ = (m0, g0) ,
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f(X,Y,Z,µ) =
X(X + Y )

Z
+ (m0g0 − 1)Z − g0(X + Y )

+0.5g0(|Z| − Z)Z2 ,
O �BE9V � [TS

1<)(58��50���8'�©!0��#/9 :)(#/+(#?��#/9 9 :j \²

Y = y , Z = −x , X = −m0x− y + xz .
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��,m,��� C+ � s ���� � � 	  g � � ��	-� ��� ���� � ��� � ��4 g �5� � 	��+ � yz.����/. � �  � � � � � � � �
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� � � � � � � �	� � ���� ���  <Q � � � ��� � � 
 � �� V�� ��� ������ R6 �R=zK��C9<= �������	� � ��a�U=:Z �/NF@ =RI �/8:�U`

=:9*@�=C@O8 ��=C@�T�=:9*@ ��
/8C@ = �:@��  ��� �	��� � �����  �Q �����  � � � � � � �
� � � � � � � � � ��� 	 ����� �  � � � � � � �	�� � ������  � � �	������� � ���	� � � � 
	��������� ����� � ��� � � �  � � �� � � ��� � �
� � ��� � � � � � ���"� � �

���  U+ � � �Ud ����� �  g � e �B� �m.����5���uw �
 � ���������<� g ��� � �������/. � ��� � � � � ��� �  

� � � � � � � � � �
� � ��� � � � �U¬ � 
 � ����� � � � � � �����	��
 � � � � ������
	� � � � � � � ��
	� � ���� ���  ������
	������������	 �

��	�� �
�������
��� ��� 	�������� ���
��� ���  � � � � � � � � �
� � � �pV�� � � ��� ���
	������
 � � � � ��� �����  � � � � � � # � ��� � �  � � Q � � 	����!� �
���
 � � P � � � �

� � �� � �  ��� � � � � � � � � �
� � � � � � � � ��� ���"�  V�� � � �#	�����	 � #� � � � �f¬ 	��  � ��� � �
�
����� � �$	�� � �!�%�
�
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� � � � �  ��� � � � � � � � � �



� �
� 	������������ � � �

� � � �Fe � � yz�
�
���  C+ ��d �
�:���  � w � ¢ ��� �

�
	-�  �~� �
�m.� q� �����������. �
�:� ��	 ��� � �
�. � � � �  � � �� � � � � � �
� � � � � � �Rw � �.�*���  � ��� � �

��� �  R+ 	�m,
	 � s � � ��	 � + � yz. � � �  � � � � � � � � �
� ��� �p� � � � + �� ���5.��By  R¥ � + � yz. � � � � �  � � � � � � � � � �
� � � � � � � � ���
� �
	������� � ��� � �
� ����� � �$	�� � �!�%�
�
���&��'�
��� � � � � �  � � � � � � � � � �
� � � � � � � � � ����� � � �� � � � � �$	���� � �����
 V�� � � � � � 
�	��
 � � � � �$	 � 	���� ���
 � �
� #���� ���� �

� � � � �  � � � � � � � � �
� � � � � � � � � � ��� ����� �����  7P � P � � 	����	�
	��
 bQ � � � �!� � � �������	�  � ��� � ��� ����� � �$	�� � �!���

�
��� �&�����
��� � � � � �  ��� � � � � � � � � �
� � ��� � � � � �$� � �����������
�  RP � � � ��� � # �����
 � �
��#�� � �	�  � � � � � �  � � � � � � � �
� � ���pd�� + � ����	 �  Cs �1� ��	�	������ 1+ � yz. �z� ��� ��d � ��� � � �  ����� � � � � � � �
� � � �pd����~� w �  g � � �� �  d��7
 � ���
	���  
 � � ��� � 	��  �~� ����.�.�y � � � 	�����-� �
������ ��� �~� w �zx .

��� 	�/w����� � � �~�q�5 R& � ���7!����" 5!%'��\��o�&���&m��!u���M&f�/�����q�R&U���  �<� �C� � ¢ �1g ��� ��� � ¤ ��	�u�
� � ��� � ���r �  C� ����, �*� ��	� � � � � � � � � � � �

� � � � � � � � � ��� 	�	��
���  � � � � � ����� �����
 � ����#�����	�� � � � � � �  � � � � � � � � � �
� � � � � � � ��� ���. � � � ���R� �
 :s � � � � ����������.������  � � � � + �m. �� ���  g � � � � �*4 ��� �����  � � � � � � ��4

� ��4%w 	� �
������ ���:� �~� �
�m. � � � �  � � � � � � � � � �
� � � � � � � � � ��� 	�	������   � � � � �%�
��� ������� �  � � � � � ����� �
���
 �Q � � � � ��� � �
� � �  �!�����
�
�

� 	�� ���
����� ��� 	���� ��� ������� � � � � �  �� � � � � � � � � �
� � � � � � � �H� � �. � � � ���R� �
 "s � � � � �m� �����*.��
���  � � � � + �m. �� ���  *�By���� � 	���������
������ �*4�� � �
�m. ���

+ 	� � � ��4 � � � � ��. ��� � � �B� ���z4 � ��� � �R� �����<���5y � � 	-,�� ����/. ���:���By���� 	-,�� ����3� ��,�������� 	����,  
� � � � � + � � � �

�
� ��� �

� � � �p� �:� 	� ���5� �
 �+ �C� ������� �  � � s 	�/.�.�� 	  � � � �
w�� �Rg �
� � � + � yz. � � �! �
� � � � � � � � �

� � � �Fg ��� ��.����5� �w �
 � � + �� ���5.��5y  z� ��
 w 	�� � .� �+ � yz. �z� ��� �Rd � ��� � ���! � � � � � � � � � � �

� � � �p� � + �� ���5.��5y  g ��� ��.����5� �w �
 z� ��
 w 	�� � .� ������A��s 	 ���R. �C��� � ��� � � � � � � �

� � ��� � � � � � � ����4 ��� �! e � � � 0f.��� ���  F+ 	� � � �*4 � � � � � � � � �z� �������
���. � ¤ ��	-�5. � ��� ���
¢ ��� ����� � ��	 � ��� � �

���/. �*4�� ����� ��	��� ���J�5yz. ��
�
.� � � ��� � + � � � �

�
� ��� �

� � ��� ¢ � � �:� w �� ���  g � g � �zw�. � � � ��! d�� � � sq.�� �
	����,  �� � � � � ��� � ��	-� �
� ���� �+ � yz. ��� ��� � �

� � � � � � � � � � � �
� � � �pd���
 � � �
	� �! �� � + �
	��� ���  :+ � yz. ��� ��� �Rd � ��� � ��� � ��� �  � ��� � � � � � � � �
� � � � � � � � � ��� � �
	-� �
� ���� H¢ � � �*� w �� ���  g � g � �5w�. � � � ��  H+ � yR. �*� ��� � � � �  � � � � � � � � � � �
� � � � � � � �q� � �. � � � ����� �  � � ¢ � � ����� � ����� �  �� � � ��
�� �����
� ���  �+ � yz. �q� ��� � � � � � � �  � � �� � � � � � �
� � � �p� � � � ¢ ��� �

���  R+ � yR. �z� ��� � � � � �  � � � � � � � � � � �
� �
� � � � � � � � w �,����  � � � � ¢ ���

�
�
�  � � � ��� � �. � � � � ��� �  �+ � yz. ��� ��� ��d � ��� � � �  � � ���

� � � � � � �
� � � �Fg � e �5� �m.����5���uw �

 � � � � + �� ���z.��By  m� �B
 w 	�� � .� B+ � yz. �B� � � �Ud � ��� � � �  � � � ��� � � � � � �
� � � � � � � � � ����� � ���
 � � � � �$	���� ���
���
 � � � ��� � �
��� � ��	������
 � � � � �$	 � 	���� ���� � ��� � ��� ���� � � �$	�� � �!���
��� �&�����
��� �!� � � �  ��� � � � � � � � �
� � � � � � � � � ����� � ���
 � � � � �$	���� ���
���  � � P � � �
� ��� � � �  � � � � �$	 � 	���� �'�� �  � � � � ��� �  

� � � � � � � � �
� ����� � � � �X� ���u. � � � �������
 � � � �X� . � ��� � �
�  �s � � � � �m� �����*.��
���  ]0 � � � � �m.����
� �-.������  

� � ¤ �z¤ w  d$� 0 ���~� w �  �� � � � � � ��4b� �4�w�	� �������� ����� �~� �
�m. � � � �  � � ��� � � � � � � �
� ����� � ��� . � �*� � ���! g � � �*.���� 	  hs � 
 �*� � � ���������  � � � � �*��w �����  � � � ���. � � � ���R� �
 

+ � yz. �z� ��� � � � � � � �  � ��� � � � � � � � �
� � � � + ��� . � � ���  �� � �~w �/.��"w  �� � � ��"� �
	��  R¢ ����������� �
	� �Oy �  � � � � � � � � � �
� � � � � � 0 ���  R� � � � � � � �

� 	� 	  z+ � yz. ��d � ��� ��� � � �  � � � � � � � � �
� � � �Fg � � ��.���� 	  � ��g �
�u. ��	� ��� �  	�t�A���_s 	 ���R. � ��� � ��	�"w � �-. �����Y�ByR. ��

�
. � ��w ��� � �

��� � ���
s � � ��	�y ���:� � �R� ����� �
������R. � �  � � � � � � ��� � �

� ��� ��� �Cg �
�. ��	����� �  Cs �R
 ������� �
� �����  �+ � yz. �R� ��� � � � � �  � � � � � � � � � � �
� � � �p� � + �� ���5.��5y  z+ �:e 	 ��.�.�� � 	-,�� 	  1� � + � yz. ��� � g �
� � �Ce � � � � �  � � � � � � � � � � �
� � � �Fg � �5w�. � � � �u�  q¢ � � �7� w �� ���  \� � � � � �7� � �
	-� ��� � �  
�����A� s 	 �
��. � ��� � � 	�/w�� �-. �����

�5yz. ��
�

. � � � ��� �  ��� � � � � � � � �



� � � � �
� 	������������

� � � � � �:� . � ��� � ���  � � � � ����w�� ���  Rs ��
 ��� � � �
� �����  � ��� � �. � � � ����� �  R+ � yz. ��� ��� �Rd � ��� �
� � � � �  � � � � � � � ��� � �

� � � � � �1g ����� ��	  � � � �
w � �Rg ��� � � + � yz. � � �  � ��� � � � � � � �

� � ���p� � + �� ���5.��By  e � 0f.��� ���! g �z� �m.����5���uw �
 g � ¥ ���5.� z� �z
 w�	�� � .� 5+ � yz. �5� ��� �5d � ��� �

� �  
� � � � � ��� � �
� � ��� � � � � �$� � � �
� ��  � � � �$���
��� � ����� �  � � � � � ����� ������ � � � � �$��������� ��	�� �  � �'� � ��� �

��� � � � ���
� � ��� ��� 
 �
	 � � �
	 � ��� 
 �
� �
���!�
������� � � �  �� � � � � ��� � �
� � � �p� � � � + �� ���z.��By  g � e �5� ��.����5� �w �

 e � � � 0f.��� ���  5� �B
 w 	�� � .� U+ � yz.���� � � ��� �  � � �
� � � � � � �

� � � � � �:� �m.�  :� � 0 ���  g � � � � �".�.� :+ � yR. �z� ��� �:d � ��� � � � � � �  � � � � � � � � � � �
� � � ��� �B
 w�	 �

�
����  q�q�����J!(�-&	����� �"! ���&*'$!(��)��-| �Y&���� �f&*)C�h�� 5�"¡" ��u� )C��� ���z� 	����,�� 	  B� � 	�����

� � � � � �
� � � � � � � � ��� �����  :SJ@O8 ��=C@�T�=�?A@ �B9-8C@"D ��= � � � 
�9-8�=R? �$P�� �����  �Q ������� � � � � � � �
� �
� � � � � ��� 4 	 ���

�
��� ��� �  � � � � ¢ �/����	-� ���  e � � � 0f.��� ���  � � � � � � ����4 � ���  �nR'�&U¡"! � !%'$�*|

n�'$�� R�"'$ 5�-� �f&�)C� �q�R&U����!%))����)�� !�)1��&��	n��*)C���5����)�!-,H&*'$!(��) �p� ' $A�����*��� ¤ �
	����� ������� ���r �  
� ���R, ��� �
	� � � � � � �

� � � � � � � � � ��� 	�	��
���
 � � � � � ����� �
� �� \Q � � � � �
� � ����� �  � �
� #���� � �  � � � � � � �  
� � � � � � � � � � �

� � � � � � � � � ��� 	�	��
���  � � � � � ��� �
��� �  � � � � � ����� �����
 �Q � � � �!� � � �
� ���	�  � � P
� � � � � ��� � � �  ��� � � � � � � � � �

� � � � + � � �������"y  g � � � � � �*.���� y  
 �z¤ ���/.����R4 ���u�  :+ � yz. �z� ��� � � � �  � � � � � � � � � � �
� ����� � � � � � ��	�m,��
���  � � � �:g ��	�������  �+ � yz.���� � � �!� � � � � � � � � � �
� ����� � � � � � ��	�m,��
���  � � � �:g ��	�������  �� � + � yz. �R� � � d � � � � � � � � � �
� � � ��
 �z¤ ���/.����z4 ���u�! C+ � � �m� ��� y  �+ � yz. �R� ��� �Rd � ��� � � �  � � � � � � � � � � �
� � � � � � ¢ � � � �yz� �  U¢ � ¢ � � � 	��� � ���  d�� � �5
 � � ��	���  d$� 0 �R�~� w �  � � � � � � � ��4%w 	� �
������ �����

�~� �
�m. � � � �  ��� � � � � � � � �
� � � ��� � � 	 ��� �

���  :� � � �:d ���:� � 	  ¤ � d$��� ������  �¢ �
�-w 	� � � �  
� � � � � � � � � �
� ��� ��� � � 	 ��� �

���  ¤ � d$��� � ����
 
 �R¤ ���".����R4 ���u�  g � d�� �z� �����
 C+ � yz. ��d � ��� �_� � � �  � �
� � � � � � �

� � � �pV�� Q � �#����� �
���������
�  5P � � � �$� 	'��� ����� �  � � � � � 	�� ��� �������
�  5W ��I�@tN ��I ��[R@"G�� �:@
N�9*Z*@O8 � 
MD��:9�� � �� �B@ �$P�� �����  �Q ������� � � � � � � �

� � � �pV�� Q � �#����� �
���������
�  5P � � � �$��	���� �
��� �  � � � � � 	�� ����� �������  BW �*IM@ON �*I ��[R@"G � ���
D��:9�� ���� � � �$P�� �����  �Q ������� � � � � � � �

� � � �p� � s ��¤ ���R4 	���  A�����f�B�����M� '$� �c���p¡"!(����-��!(�-&	��'$!��M�  ���z� 	����,�� 	  R¢ �"� � �
	-� � � � � � �
� � � ��� ��
 w 	 �

�
�
��
 R+ 	��,�	 � s � ���
	 � + � yz. � � �  ��� � � � � � � � �

� � ��� � � � �1g w�	�	 �/y  :�X&�'��R���M&�'$!(�-&	�C©	!(�	��-�������z� 	���R,�� 	  �� � 	�����  �� ���u� ���� � 	-, � � � � � �
� � ��� ���<�B� ��� !%)B� '����§k��*)C&��J!(�"�j�t� ©	!(�	��-��!$��&���n��*��'O���J�  �<� � �By«� �Yg �m.��/� ���u��� �����

0 � e �Cg ��w�	� �-.����"���5��	����,�� 	  �� � 	����� � � � � � �
� � � � � � � ��� ���  zo~� !�)C�"! � �u� �a�t�f¡"��!(&�)��� z):�"'$!(��)R!%)5� ���z� 	���R,�� 	  U� � 	�����  5� ���u������ � 	-, � � � � � �
� � � � � � � � � � � � � � � � �
	 � #� �Q � � � �!� � � ���������  � � � � � #�� 	������ � �  YQ � � � � � � 	 �
���
 

� � � � � �����  RQ � Q � � � 	 �
�  � � � � � � � ��� �������
�  ����JP � ��� � � �  �� � � � � � � � � �
� � � � � ��g ��.��/� ����� �  � w � g ���. ��	���R� �
 � � + ��. �� ���  �q�R&U�*'$!(� n��*)C���5����)�!�,<&�'$!$��) 

�~�U� � !(�-&�'$!(�*)��'��+�b!��<!�)5��n��*��'O���J��� ¤ ��	�u��� � ��� � ���r �  �� ����,���� ��	� � � ��� � �
� � � � � � Q � Q�� � �
� 	�	��
 :Q � � � � � � 
���� � �  V�� Q � �#����� ����� �������  �� ��� � ��� ��� � � �$	�� � �!���

�
��� �&�����
����� � � � �  � � � � � ��� � � �
� ��� � � � � � � ������� �  V�� Q � �#����� ����� �������  � 	���� ���
�hQ � � � �$	�� � �&�� � � ������� � � � � � �  � � � � � ��� � � �
� � � ��� �:� �-� �/� �  :+ 	��,�	 � s � ���
	 � + � yR. � � � � � �  � � � � � � � � � �
� � � ��
 ��¤ ���/.����z4 ���u�! � � � 	 ������ �<�	.�� �� e � ��� �

�/.� � ��� �/y  �+ � yz. ��� ��� �\d � ��� � � � � � � �  
� � � � � � � � � � �

� � � �Fe � � � � 	 �
� � ��	��w��  z¢ �z
 �m� ������ 1� � �g � �Cg ��� � ��� � � � � �  ��� � � � � � � � �

� ����� � � ���*���*,mw � � �� 3� � � � ����� �
�
��
 � ��
 w�	 �

�
�
��
 a+ 	�m,
	 � s � ����	 � + � yR. � � �! ��� � �

� � � � � � �



� �
� 	������������ � � �

� ����� � � � ��� � �
 ¤ � �t� ��� ���R� ���� �+ � yz. ��� ��� �R� � � � � � �  � � � � � � � � � � � �

� � � � + � s ��.�.� :+ � yz. �R� ��� � � � � � � �  � � � � � � � � � � �
� � � �Fe � � � 0f.��� ���  g � g � �5w�. � � � �u�  R+ � yz. �z� ��� � � � � � � �  � � � � � � � � � � �
� � � � � � � � � ���������� \Q � Q � � � 	 �
�  � 	���� ���
�]P � ��	��%������������� ���� � � ��� ��P 	 � � �
	�� ����


�
� ��� ������� � � ������ � � � � � � � �
�
� � �

� ��� ��� ��� � �
�*,mw�� � �  z� � � � � �

�-�/w  R+ � yR.���� � � �� ��� � � � � � � � �
� � � �Fe � � � � 	 �

� � ��	��w��  ¤ � � � s 	�<y  C� � �g � �:� ��� � ��g �
� � � � �  ��� � � � � � � � �
� � � �Fe � � � � 	 �

� � ��	��w��  R+ � yz.���� � � � � ��� � � � � � � � �
� � � � + � � �1g ����� � �"�	.� C� � � � � ��	�m, �����  C+ � yz. �R� ��� �Rd � ��� � � �  � � � � � � � � � � �
��� � � � � � � � ����� � ���
 � � � � �$	���� ���
���  � � � � � � ����������	��
���  � �'� � ��� ����� � �$	�� � �!�����
�
�

�&�����
��� � � � � �  �� � � � � � � � �
������� � �1g ��.��/� ����� � � � ��� �  � � � � � � � ��4 �C�~� �
�m. � � � �  ��� � � � � � � � � �
��� ���p� �:� �

����,�w �
� � ����� �  C+ � yz. �R� � � �Rd � ��� � � � � � � �  � � � � � � � ��� � �
��� � � � � � � ��� ����� ����� 1� � � 	 �*, ��	��  Cs � � �:� 	����� � �� �+ � yz. �R� ��� � � � � � � �  � �
� � � � � � � � �
��� � � � � � � ��� ����� ���� � ����� �  C+ � yR. �R� ��� ��d � ��� � � � � � �  � � � � � � � � � �
��� � �p� � � � + �u���
�5.��By  g � e �*� �m.����5� �w �

 H� �H
 w�	�� � .� H�bw�	�m� � yR. �*d � ��� � � � � � �  � � � � � � � � � �
����� �Fe � � � 0f.��� ���  � � � � + �� ���5.��By  g � e �\� �m.����5� �w �

 �� �q
 w 	�� � .� �+ � yR. ��� ��� � � � �! 
� � � � � � � � � � �

��� � � s � � � � ����������.������  e � � � � ��	���� �����  � � � �:� ���u. � � � �������
 �+ � yz. �:� ��� � � � �  � � ����� �
� � � � � � �

��� � � s � � � � �m��������.������  � � � �\� � �. � � � ����� �  e � � � � ��	���� �����  � � � � � � �
���  � ��� � ����¥

�� �R� �����<�c¢ ����������� �
	 � y � �
�
���/. ��� � � �  ����� � � � ��� � �

��� � ��� � e ��� 	 �
��.����  e � � � � 	 �
��� ��	�mw��  z¢ �R
 �m� ������ C+ � yz.������ � � � 
� � � � � � � � � �

��� � � � � � � � ���!� �  � � � � � ������� � ����� �  � � � � �$��� �
�����
	�� �  � � � � � ��� 	�	������
 � ��� � ��� �
��� �
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� ����� � ��� �
��
 �
	 � � ��	�� �
��
 �
� ��� ������� � � � �  � � � � � � � � � �

��� ���Fg � 
 � �
w�	�
 � � s �m�5w�� ��,��  s � g �
�-.�w

�
�
��
 d�� 0 � �~� w �  � � � ����� �  

� � � � � � � ��4%w 	� �
������ �
�:� �~� ����. �� � �  � � � � � � � � � �
������� � � � �ª� � �. � � � � ��� �  � � � �ª� . � ��� � ���  � � � � ¢ �u�����������  � � � � � � �*��w�� ���  

� �:� � � �
w � � s ��� � � ��� � � ��� � ��	��� � � � � � �  � � � � � � � � � �

��� � �p� � + � 	� � � g w �5w �"w�	�� � � + � 	� � � g w �5w �"w�	�� � � + � 	� � � � �������
	  d�� 0 ���~� w �  �������
s 	 �
��. �:� ��	�"w � �-.�Byz. � � � ���Rw �:� � s � ��� �R� � � � � � ��� �  � � � � � � � � � �

��� � �p� � � �~� ���"2 �"y ���  e � � � 0f.��� �
�  � � � � � � ����4 ��� �! �����A��s 	 ���R. �	� � 	�/w����-.h�5yz. � � � �
��w��:� � s � �C� ��� � � � � � � � �  � � � � � � � � � �

��� � �Fg � � �zg �
�����.� � � + � 	� � � g w �5w �/w 	�� � � + �5g ��	��� �
 g � ¢ �5d �
	��� � �
 � � + � 	� � � � ��������	  
�bw�	�m� � yR. �Rd � ��� � � � � � �  �� � � � � � ��� � �

��� � � � � + �bg �
	��� �  � � + � 	� � � g w �5w �/w 	�� � � + � 	� � � � �������
	  �� � ���
� � � � �� g � � ��g ���� �*.� 
+ � yz.���� ��� � � �  ��� � � � � � � � �

��� � �p� � � � �*��w �����  � �R� . � �*� � ���  � �:� � �. � � � � ��� �  �� � � � � � ��47� ��4%w�	���
������������ �~� ���m.
� � � � �  � � � � � � � ��� � �

��� � �p� � ¢ ��� �
�
�  �� � + � �  � �5� w�.�.�� ���� ¤ �5¤ � � �� � �/�  d$�5¤ ���� ���R.� �� ��g �m.�.� R� � � 	 �*w �  

g � s � �3w�� � 	  
 � � ���u,
�a+ � yz. �R� ��� �Rd � ��� � � �! ��� � � � � � � � �
��� � ��� � ¤ ��g w�	�	 �/y  Js � � �

�
�Rw ������� �*4 d �
	��� �������  ��� } �u�-�"'$�����-�����O�:'������ &�)C� �~'���� �

nm�R���"!(&�� !�,H�-� �	�-���O�:'��*� � !%) �q� $�� ��{�� ��'O�/¡"��&�'O� � �$� ���:�z� � �m� ��43� ����.��
	�yX+ � yz.��������m,*y  
� ��� � � � � � � �  ��<� ��� � � �".�.�
	�� ���5��	����,�� 	 � � � 	���*,
 �� � 	����� � ��� � � ��� � � �

�
� � ���

� � � �pd�� � �:¤ ���� ���R.� � � � �C� w�.�.�� ���� �� � + ���� � �1e w�	-,�� ��.� 1+ 	� � �C� �<y � � � � � � d ���:� ��� � �
� � �  � � � � � � � � � � �

� � ���p� � ¢ ��� �
���  � � � �R� w�.�.������� :+ � yz. ��� ��� �Rd � ��� � � �  �� � � � � � � � � � �

� � ����� � d$� � ��	 ��������
� ��� �  _�C� ��!(�"� !%)�'��R� ���R�-�*� ����� ��&�)C�m��� ����!%�"� � e �
	������ �����
� 	� �
� �  �¢ �"� � �
	-� � � � � �  � ��� �����

� � � �F� � � � � *�H4 � 	  g � e �U� ��.����5� �w �
 *� �m� � � �  m� �m
 w�	�� � .� m+ � yz. ��� � � � � � � � ��� � � � � � � �

� � � �p� � ¢ ��� �
���  � � � �R� w�.�.������� :+ � yz. ��� ��� �Rd � ��� � � �  � � � ��� � � � � ��� � �

� � � � � � � � � ���  �Q � Q � ���  ���I [ �mG/9
 �K �m9HG"��� � ��I�N�?X; � �*= ����Q �
�  UQ ������� � � � � � � �
� � � �p� � � ��� ���<y �
� ���� � � � �".���� 2 � �  R� ����� ��� yz� � 	��� ����/. � �  � � � � � � � � � �



� � � � �
� 	������������

� ��� � + � � � ���*� ��	��� � ����� �  C+ � yR. �R� ��� � � � � � � �  � � � � � � � �
� � � � � � P � � � � � � �� :P � � ����� ��� �  � ��� � ��� ����� � � ���
� � ��� � ��
 � 	 � � � 	�� � ��
 �
� � � �������

� � � �  � � � � � � � � �
� � � � � � � ��� � �. � � � ����� � � � ��� �  � �u.�� 	� �� � y � �

�
���". ���L¢ ���-w�	� �
�:�L� � ����� �ty  � � � � � � �

� � � � � � � �z� ���. � � � ���R� �
 � ����� �  �� � � � � � ��4\� ��4%w�	���
������ �
�:� �~� �
�m.���� � � � �  � � � � � � � � � �
� � ���F� � � � � *�H4 � 	  g � e �q� ��.����5� �w �

 �� �q
 w�	�� � .� �� � � �q� � ���� �¢ �
�-w 	� � � � � ��� � � �  � � �� � � � � � �
� � ���Fg ��� ��.����5� �w �

� � ��� �  �������i� ��, � ��� g �<� ��� ����� ���:�c� �������m,*y g �*, � � ��� ���!� � �  
� �� � � � � � �
� � � �p� � ¤ � � *w������ 	  :� �Cd w�.�� � � 	  z¢ �
�-w�	�� �.�.����R.�� � �*4 � ���! � � � � � � � � �
� � � � � � � � � �����5.����  C+ � yz.���� � � � �  � � � � � � � � � �
� � � � � � � � � �����5.����  C+ � yz. ��d � ��� �R� � � � � � � � � � � � � �
� � � � � � 0 ���  � �:e 	�/� �m,��� C� � � ��� �
	-� �  R+ � yz. �z� ��� ��d � ��� � � �  ��� � � � � � � � � �
� � � � s � � � ���5� 	���  � �Ce 	�"� �m,��� :� � 0 ���  :� � � ��� ��	-���  z¢ �
�-w 	� � � �! � ��� � � � � � � �
� � � ��
 � +7y 	 �*, �*.� C+ � yz. ��d � ��� �R� � � �  
� ��� � � � � � � �
� � � �¤ � d�� � ������  C� � ¢ �R� �*w�.����  g � d$� �z� ��� �  R+ � yz. ��� ��� �Rd � ��� � � �  �� � ��� � � � � � � �
� � � � s � � � ���5� 	���  �� � 0 ���  � �5e 	�/� ��,��� B� � � ��� ��	-���  U+ � yz. ��� ��� ��d � ��� � � �  � � � � � � � � � � �
� � ��� � � � ���R,�� 	  � �5¤ �
��,  �� � � �*w  �+ � yz. �R� ��� �Rd � ��� � ���  ��� � � � � � � � � �
� � ��� � � � �m� � �

��� 	 ��.� � �Ue 	�/� �m,��  U� � 0 ���  ¤ � + ��� �<y �<� ��.��  m+ � yz.������ � � �! ��� ��� � � � � � �
� � � � s � � � ���5��	���  ¤ � � � ����
 � �ie 	�/� �m,��� j� � 0 ���  g � �z� �
� �  §� � � � � �
	-� �  

+ � yz. �z� ��� ��d � ��� � � �  � � � � � � � � � � �
� � � � s � � � ���5� 	���  R� � 0 ���  � �1e 	�/� ��,��� C� � � ��� ��	-���  R+ � yz. ��� ��� �R� � �! � � � � � � � � � � �
� � � �p� �Ce ��	�r �R� ���� g � �z� �����
 ¤ ��� � ����
 �� ��¤ ���.�.� C� ������� ��� � � �! � � � � � � � � � � �
� � � � � � + � ��	�
�  � ��e ��.�� �
	  :� �Cg �*.�� 	�  
 � � � �<� �
���� 	  :¢ ���-w�	� ��� � � � � � � � � � � �
� �
� ��� � � �Cd �
�� � �Ce 	�/� �m,��  :+ � yz. �z� � � � � � �  � � � � � � � � � � �
� � � � � � � � � � � � �� 
 � ��� 	-,�� 	  � � � � � w ����,  Us �U�~� �
��,
 g � d$� �z� ��� �  ¤ � d$� � � ����
 *¢ ���-w�	�

� � �  ��� � � � � � � � �
� � � � � � � �/y �/.� � �1e 	�/� ��,��� C� � 0 ���  � �:g ��	-�  :+ � yR. �R� ��� ��d � ��� � � �  � � ��� � � � � � � �
��� � �Fg � �z� ��� �  R� � 0 ���  :+ � yz. � s �5� �/y  � �  � � � � � � � � �
������� � � � �  ¤ � d$��� � ����
 �+ � yz. �R� � � � � � � ��� � � � � � � � � �
������� � � 0 ���  g � �5� �����
 � � ��� ��	���������R, � � ���m.�� � � � �F�q�R&U�*'$!(�"|��1��&U�"'�&	�&�)C� �p�*)�� !%)C�-&*�

n�!��)C&	�Ao~���<��� �-�-!%)5�� �<� � �By � � � �b
 �
��� �A� �t+ � ���R4 � + 	� � �  � ��� � ��� � � � ��+�+ 	�".�.� 
¢ � � � ��	-� � � � � � � � � ���

��� � � � � � �
	� ����  � �Ce 	�/� �m,��  :+ � yz. �R� ��� � � � �  � � � � � � � � � � �
��� � �pd�� + � ���  � �Ce 	�/� ��,��� C+ � yz. ��� ��� �Rd � ��� � � �  
� ��� � � � � � � � �
��� � �Fe �A�~� ���  � � � ����,  ������� �q�z&U��� '�� �����B� � |	oa� ���(�R���"'$!���� �-|��X� '��R�<�U�	��-��!�� �-|p&*)C�

�~�U� � !(�-&�'$!(�*)�� � ¤ ��	�u��� ������� ���r �  �� ���R, ��� �
	� � � � � � �
����� �p� � d$� ��	 ���R� ���  � � � w � + ��,�	� �

.��5y  '�)�'$���<�* ��"'$!$��)�'��]����)�'$���	����� ��� �"! � �&�'$!(��)R�Y&*)C�
�q�R&U�*� � ¤ ��	�u��� � ��� � ���r �  �� ����,���� ��	� � � � � � �

��� � ��
 � �mw����  � ��g � �/.� 
 � d$� s ���  �s � � ��������� � � �<�R. � �  ^����)�'$���	� &�):� �q�R&U�����
�X&�'��R���M&�'$!(�-&	�C�X�<�B� � !%)B� �(� � 	-� � ��wR.�� 	  :� �m. ���� � � ��� � �

��� � � s �c
 ����� � ��� ���*�! §�q�R&U�*���/�*�£}~)5��!%)C�-� � ���i������������|]�~�U� � !$��&*'$!(��)��-| &*)C�±����)R'$���	�
���z� 	����,�� 	  �¢ �"� � �
	-� � � � � � �

��� � �Fg �:d �*�z. � �
��� ���  
 �:g w�	 �
���� A�q�R&U����!%) ����)�� !%)1��&�� ��� �"! � �&�'�������������)R'$���	��� !�)5�c&*)C�

n��*)C���B����)R!�,<&�'$!(��) � ¤ �
	�u�L� � ��� � ���r �  C� ����, �*� ��	� � � � � � �
� � � �Fg � � � 0f,���	��������/�  
�t�A��� s 	 �
��. �b� � 	�/w�� � � �5yz. �� �

. ����w ��� �
�
��� � ����s � ���
	 �7� ��� � �

� �  � � � � � � � � � �
� � ���Fe �C�~� ���  � ��� ���R,
 �� � � � � � � �4�w�	� �C�~� �
�m. �  � � � � � � � � � � �
� � ����� � � �Cd �
�� � �Ce 	�/� �m,�� �:+ � yz. �z� � � � � ���! � � �
� � � � � � � �
� � � � s � � � ¢ �"� ������ q+ � g ��� �.�����,  � ��e � � 	��� ���u� �/.� � �1
 ������� �.� �+ � yR. �1� ��� � � � �  � � �

� � � � � � �
� � � �Fg � � � 	� �
	����  �� � � � � � � ��4%w 	� �1�~� ����. �! � ��� � � � � � � �
� � � � � � � � 
 � �5wRyz� ���R.� 5+ � � ��� w 	�	 ���  d$� 0 ���~� w �  �� � � � � � � ��4%w�	� �1�~� �
�m. �! � � � � � � � � � �



� �
� 	������������ � � �

� � � � � � � � + ���R,
 �� � � � � ����,  g ��� ����,  ¤ ��� ����,  R+ � yz. ��� ��� �Rd � ��� � ���  � � � � � � � � � �
� �
� �Fe �Cg �����/.������  1+ � yz. �z� � � � � � �  � � � � � � � � � � �
� � � �F� � 
 � � w �
�  �� � � ��� ����,  R+ � yz. �:d � ��� �R� � � �! � � � � � � � � � �
� � � � � ��� ����,  e � �3w  �� � � �����
 :+ � yz. �z� � � �Rd � ��� � � �  � � � � � � � � � �
� � � � � �Ce �
��,  � � ¥ � �������  :+ � yR. �R� ��� ��d � ��� � � �  � � � � � � � � �
� ������� �:� w � 	-� ��� �  R+ � yz. �z� � � ��d � ��� � � �  ��� � � � � � � � � �
� ����� � �:� 	 ���R.����  R� �Rd ��� �����  d$� sq.�� �

	���R,
 �+ � yz. �z� � � ��d � ��� � � �  � � � � � � � � � � �
� � � ��� � � � � ������ d�� g � + 	�u���  �+ � yz. �:d � ��� ��� � � �! � � � � � � � � �
� � � ��� � � ������m,
��m� �  � ��g �� � ���������! :+ � yz.���� � � � �  � � � � � � � � �
� � � ��� � 0 �ze 	�,��
	��� �! g � � ��� 	�m.�.� z� � e � � � � wR. �� 	  5+ � yz. �B� ��� �5d � ��� � � �  � � � � � � � � � � �
� ��� �Fg � 
 �:� ���� :� � � �
��,
 � �.�� 	� �� � y�� � ¢ �
� � � � � � � � � � � � � � � � �
� � � � + � + �
	 �

�
� ����� �  � w � �����
��,
 C+ � yz. �Rd � ��� ��� � � � �� � � � � � � � � � �
� � � �Fe � �fw  :¥ � �fw  
 � � �  �� � � � � � � ��4%w�	� �1�~� �
�m.� �  � � � � � � � � � �
� � � �Fe � � � 0f.��� ���  � � � � � � ����4 �����  ��t�A���is 	 ����. �:� � 	�/w � � � �5yz. � � � �  � � � � � � � � � �
� � � �Fe � � � 0f.��� �
�  � � � � � � ����4 �����  5� �5
 w 	�� � .� � � .��

� �
� ��	�y ��4 � �mw��������R, ��� � �~� ����� ��4

� �.�� 	� ��Y+ � ��.�� � d � � � �/� d � �m��. �*. � � � �*.�������4 �~� ����.F�zw��R��	�/.�.��������  � � ��o����<� ����
'�)�' ~����)/�<� �-� ):������) ����)�'$���	�7��� ��� �"! ���&*'$!(��)���&�)C�_�q�R&U���  �/� � �5y � � d$�C�~� � 	���mwR.�� �
����� � � d$� ��	 �m�z� ��� � � ��. � � + 	�m�����

�
. �*4 g � � � � � �R,���� � � 	����, ��4 �3� �! B� � � + � �� 	-.���w 	-,

� � � � � �
� � ��� s ��
 ������� �
� �����  � w ��g ���. ��	�������
 �+ � yz.���� � � � � �! � � � � � � � � �
� � ��� � � � � � ����� � � �� � � � ��¬ � � � � � �  � � � � � � � 	�	 � ���  � ��� � � � ��� �

�
� ����� � ��� � ��


� 	 � � � 	�� � ��
 �
� � � ������� �! �� � � � � � � �
� � � � � � � � � ����� � ���� � � � �C¬ � � � � � �  � � � � �$��� � #���� � � �� � � � � � � ��� � � �  � ��� � � � ���� �

�
� ����� � ��� � ��
 � 	 � � � 	�� � ��
 �
� � � ������� �  � � � � � � � � �

� � � �pd�� � � �C� �
�
 � � � � �:d ���� :+ � yz. ��� ��� � � � �  �� ��� � � � � � � �
� � � � + ��� . � � ���  �� � �~w �/.��"w  ���:� � � � ��"� �
	��  �+ � yz. ��d � ��� ��� � � �  � ��� � � � � � � �
� � � ��� � � �~� �Bd ���� � �ze 	�"� �m,��� 5� � � �	� ��	-� �� B� � � � � � �����
� �
	 � �

�����  �+ � yR. �m� � � �md � ��� � � �  
� � � � � � � � �

� ��� � ¢ � + ���
���  �� � � � �z�����/,����� � � s 	�/.�.�� 	  C+ � yz. ��� ��� �Rd � ��� � � �  � � � � � � � � � �
� � � � � � � � � ����� � ���
 � � � �z¬ � � � � � �  � � P � � � � # ��	 � ���  � � � � �$� ��	 � ����� �  � � � � � � � �

	�	 � ���  �!�%�
�
��� 	�� � ������� � � 	�������� � �
��� � �  �� � � � � � ��� � �
� � � � � � � � � ����� � ���
 � � P � � � � # ��	 � ���  � � � � �$� ��	 � ��� � �  � � � �R¬ � � � � � �  � � � � � � � �

	�	 � ���  �!�%�
�
��� 	�� � ������� � � 	�������� � �
��� � � � � � � � � � � � � �
� � � � � � � � ��� �������  �� �  � � � � � � � � � � � � �
� ����� � � � � ��� �������  �� �FP � �  � � � � � � � �
� ����� � � � ��� . � ��� � �
�  � � � ��� � �. � � � � ��� �  � � � � � � �*��w�� ���  � � � �*� �����-� �
������ �*4 � � �O+ � ��.��

g ���������. �����5y
� �

� ��	��� �
����y � �mwR� ���<�§0f.�������� �����	-.M�By�+ ��	 �
�
� ��	���h+ � 	��-w�	-� �
������R.��  

� � �qo����<� ���� ��`(�-' '�)R' a����)<�  ��)j����)R'$���	�A��� ��� �"! � �&�'$!(��)R��&�):�]�q�R&U���  � ��� � �  �<� �
�By�� � d$���~� � 	� �mwR.�� � ���:� � � d�� ��	 �m�z� ��� � � �R. � � + 	��� ��� �

. ��4 g ��� � � � ��,�������� 	����, ��4
�3� �! �� � � + � �� 	-.���w 	-, � � � � � � � ��� � �

� � � � � � � �R� . � �*� � ���! � � � �z� ���. � � � ���R� �
 zs �z
 ����� � ��� ���*�! � � � � � � �*��w�� ���  5+ � yz.������ �
��� �! ��� � � � ��� � �

� � � � � � � � � ����� � ���� � � � �7¬ � � � � � �  � �'� � � �
�����
�
� ���
� � ��� � � 
 � 	 � � � 	�� � � 
 ��� �

� � �!�
��� �  � � � � � ��� � �
� � � � � � � �m� . � ��� � �
�  � � � �m� ���. � � � ���R� �
 � � � � � � ���Rw � ���  	�t�A����s 	 �
��. �B� ��	�"w � � � �ByR. � �

� �  �� � � � � � � � � �
� ��� � � � � �H� . � ��� � ���  � � � �H� ���u. � � � �������
 e � � � � ��	���� �����  � � � � � � ����w�� ���  � � ��� ��	����������,

�z� �
�������
�

� ��	 ��� �~� ����. ��� 0 � � � �����£s�� ��� � � �
� ��.������ ��� � ��w�� ���<� d �m,��. ���� g �*�

d ����������/.��  � � � �q�R&U��'$!$�"| ����&U�"'�&	�>&*)C� �p��)�� !%)1��&�� nR!u��)C&�� o~���<��� �-��!�)5�� �<� � �By
� � � �z
 �
��� ��� �t+ � ���R4 � + 	� � �  � ��� � ��� � � � �t+�+ 	�/.�.� �¢ �"� � ��	-� � � � � � � � � � � �

� � � � � � + �q� 	-w��� � r ���u�  
 �:
 ��� �"� �
 � + � ��� � �
��� �����m,�y �*4~.�� �
����
� ��

�
� �
	 ��� � � �
�m. �  ��� �

k�!��-���"'$!(��)_!%)_���z&U���  �<� � �5y � � � ��� � ����� � ¤ ��	�u�h� ������� ���r �  �� ���R, �*� ��	� � � � � � � ��� � � �



� � � � �
� 	������������

� � � � � � � � ���
� � 	������� � � � � ��� � � 	��
� �� � �'� � ��� ��� � � �$	�� � �!���
��� �&�����
��� � � � � � � � � �  
��� � � � � � � � � �

� � � � � �R¤ ������� 	  � �z
 ��� 	 ���� :+ � yz. ��� ��� �R� � �  � � � � � � � � � � �
� � � ��
 �R
 �����/� �  :+ � yR.���� � � � �  � � � � � � � �
� ����� � � + �\� 	-w��� � r ���u�  
 �1
 �����/� �  � + � ����� �

���������m,*y ��4��z� ���������
�
� �
	 ��� �~� �
�m.�� � � � �

k�!��-���"'$!(��)R��!%)_�q�R&U���  �/� � �ByJ� � � ��� � ����� � ¤ ��	�u��� ������� ��r �  U� ����,���� ��	� � � � � � � � � � � �
� � ��� ¢ � � � + �������
	��  z� � + ��� 	-w��� � r ���u�  z� � � � � �
	 �

� 	  � � � � � � �/�  z+ � yz. �5� � � �Bd � ��� � � �! 
� � � � � � � � � �

� � � � � � s ��� � ��.� � � � �� � �����,«� ��	 �
��,�� � ����	 �
� ���	-. ��� s�w�	-��w������ ��� �  � � ��k��*)C&��Y!(�-&	�
n��*�-'O���Y�_&*)C�£�� 5�/¡" ��u� )C���  �<� � �By � �~� ���R, ����� d$� � � � �mw �R, �Ad � � �-w�	��¢ ����/. ���
g �
� � � �

�
����/.� � ��� � � � � ���5��	����,�� 	  R� � 	�����  :� ���u������ � 	-, � � � � � � � � ��� �
� � � ��� �Ug ��� �� � 0 � � � �����

�
����.������ ��4 � � � ��� �

� ��� � ��� ����	����� ��.�� �-. �*4 ��� 	�� �
��� ������������� �
	
�
���R.��  �� � �zk��):&��Y!$��&���n��*�-'O���Y�f&�)C�h�R z�"¡" ��u� )C���  �<� � �By � �U� ����, �
�:� d�� � � � �mw �R, �

d � � �-w�	�X¢ ����". ��� g ��� � � �
������".� � ��� � � � � ���5��	����,�� 	  a� � 	������� ���u������ � 	-, � � � � �

� ��� � � �
� � � � � � � � ��	-�! � � � � � 	� �

� � ���m�  g � � � � � � ���/.� �� � �fwR� �  � s �*� ���R. �
�
� �/�������R,

s � � ��	� �
.�4 ��	 � ��	� �<� �
�:�L� �� � � ��. ����F�5yz. ��

�
.��  � � ������)�� !%)C��&��f�a)C&	� �*�-!%�-|	������������|

�]� '��R�<�*�&�):���~�U� � !(�-&�'$!$��)�� � + 	� � � �*4 � �:� � ����,�	�".�. ��4�¢ ��� ����� ���
	 � � �
�yz.��.� � ��� � � �
�(� �u.�� � ��� 	  � �

. �� 	����
� � � ��� � � � � � � � �

� ��� � � � � � � ��	 �
� 	  R� � � � � ��� ��	�<� ��� �  C+ � yR. �z� ��� �Rd � ��� � � �  � � � � � � � � � �

� � � �Fg �C� ��.-����,����� 1+ � yR.���� � � � �  �� � � � � � � � � �
� � � � � � � � � ��� � ��	-� �
� ���� � � � 	�<� �  :� � � �:
 ��� �-� �� �+ � yz. �R� ��� �R� � � � � ��� � � � � � � �
� � � � + �:e 	 ��.�.�� � 	-,�� 	  � � + 	� � �
�������  �+ � yR. �z� ��� �Rd � ��� � � �  �� � � � � � � � � �
� � � � + �:e 	 ��.�.�� � 	-,�� 	  � � + 	� � �
�������  �+ � yR.���� � � �  � � � � � � � � � �
� � ���p� �R¤ ����4  �� � � � �B� ��4 �  R� � d$� �5� ��� ���"y  R� � � � � �*. � �����
 �+ � yz.���� � � � �! � � � � � � � � � �
� ����� � � + � � ���

�
�����  A� � 0 ��
 � �

� � �
	-. �  � ��� w��������� � ��e ���� � 	���  �+ � yz. �b� ��� �A� � �  
� ��� � � � � � � � �

� � � � � �1� 	� �
� 	-.� � � � *w������ 	  1¥ � ¢ �
�-w 	�4 ��	-.�� � w �R, � � �! � � � � � � � � � �

� � � � � � + �C� 	-w��� � r � ���! R� � � �1g �"¢ �
�
��	 �  � � �

����� 2L�Byz. � � �� � � � � � � � � � �
� � � � s � ���*w � 	  �� � � ��� �
	-� �  g �:� ��.-� �*,����� 1� � � � �
� � + � yR. � � �  ��� � � � � � � � �
� � � ��� � � � � 	� � � � ���m�  e � + ��
 ����,  :+ � yz.������ � � �  ��� � � � � ��� � �
� � � �Fg � s ��� ��.�����. ������  C� � � �C� ���������R.� � � � � � � d w�� �  �+ � yz.���� � � � �  ��� � � � � � � �
� � � � s � � � + ��	-� � 	  d$� 0 ���~� w �  Co���&U�"'$!(�-&	� � �� � ��!(�-&	�:��� �U����!%'����Y�7�/�����q�R&m��'$!(�FnR���-'O���J�

���z� 	����,�� 	  �¢ �"� � �
	-� � � � � � � � � � ���
� � � �p� � g � ��	 �*.�� 	  �� � d$� �5� ��� ���"y  R+ � yz. �z� ��� �R� � �! ��� � � � � � ��� � �
� � � �¤ �:d ���"� � 	��  �� � e � � � � w�. �� 	  �+ � yz. �:d � ��� �:� � � �  ��� � � � � � � � �
� � ��� � � + � � ��� �

��� �  � �R� w��������� :+ � yR.���� � � � �  � � � � � � � � � �
� � ��� � � d�� � 	� �<�����  �¢ � � � + ��������	��  � � � � � � � �4�w�	� �C�~� �
�m. �  �� ��� � � � � � � �
� � � �Fe � � ��g ���:� �����  5� � e � � �����
	�� g � � � ¢ ������ ���  � �5e ��� �

�
	�  � � �O� � � ��w  z� � ¢ ����������� �
	
� � � � � � � � � � � � � � �

� � � � � � � � sqw ���B� ������ '�)R'$���<�� R�"'$!(�*) '��ª����������� '$!(�-&	� �F�  5���m¡"!(�	��-���  � ���u. � � ����� �
� � � �

��	�u�R,���� ����� � 	-.�� �tyc+ 	�/.�.� � � �
��	�u�z,�� � � � � � �

� � � � s ��.�� � ��	��� �*4 � � �M�bw�	��� � ����� � ����� �Oy �*4 � �
	�� �������m,�y ����� � � ��¢ ��	�� �]� �
� 	��� �
�

� � � ��� �ty ��4 � �������R, �����h� ��� � ��	�m� � yz.���������,�y  � � 	�/w����
������ � �! ��� � � � � � � � � �
� � � �p� � � � � 	 �

�
�  z�~w���� �Cg �
� � � � ����� � � �  � ��� � � � � � � �
� ��� � s � � ��w�� 	  � � �������R. ��	-w � ������ ��4 � � ��/,
	 �
�� � ����� � � � 	� � y � �

�
���/.��  � � ���p�*)�� !%)C�-&*�

k��*)C&��Y!(�"��&�)C���\!��M�Yn1� ��!�� �  �<� � �5y � �\� w����� 	 �
�:� � ��
 ��� ���
� � � �����u�R. � �R. ����-w ��
� � � �

w �������
������R.� � ��� � ��� � � �
� 	��� ��� g �
� � � �

�
���� ����� � ����� �Oy  7+ 	�
� �u��� � ��� � � � � �
� �
� � �

� � � � s � ���*w � 	  �+ � yz. �z� � � �Rd � ��� � � �  � � ��� � � � � � � �
� � � ��� �:� ��. ��	�
 :s � � ��w�� 	  :+ � yz. ��� ��� � � � �  � � � � � � � � � �
� � � ��� �:� ��. ��	�
 :s � � ��w�� 	  :+ � yz. ��� ��� �Rd � ��� � � �  ��� � � � � � � � � �
� � ����� � g ��� �
���������  � ��d ����,
����  :+ � yz.������ � ��� �  � � � � � � � � � �



� �
� 	������������ � � �

� � ����� � � �/,�,�� 	  R� �R
 ��� ���  R�bw�	�m� � yR. ��d � ��� � � �  � � � � � � � � � �
� � � � ¢ � � � � ���R.����  � � ¢ � + � � �����! � � � � ¢ � � �

�
�  � � � �B� � �. � � � � ��� �  5+ � yz. �B� ��� � � � �! 
� � � � � � � � � � � ¢ � + � � �����  ~0 � � � � ��.�� ��� �-.������  A� �~g ��.��/� ���u� �  � � � ��� ���. � � � ���R� �
 
+ � yz. �1� ��� � � �!� � � � � � � � � � � � � � ¢ � + � � �����  q0 � � � � �m.������ �-.�� ���  �� �qg �5���"� ���u���� 
� � � ��� � �. � � � � ��� �  �+ � yz. �R� ��� � � � �! � � ��� � � � � � � � � �

� � � ��� �Ce �*� ��	  C� � �t�A��� d ���:� � � �  � � � � � � � � � �
� � � � + � + �
� �� 	  ��X�<�� ��&�'$!(�*)�| ����!%�"� |b&�):�Jnm�R���"'$��&	�C�a):&	� �*��!���� g � e 	 �/� ��� �����  z¢ �"� � ��	-�

� � � � � �
� � � � � � d�� � 	� �<�����  � � � *w������ 	  :+ � yz. �R� ��� ��� � �  � ��� � � � � � � � �
� � � ��� � � 	�<� �  R¢ � � ��� w �� ���  R� � � � s 	 ���"y  �+ � yz. �z� � � � � � �  �� � � � � � � � � � �
� � � �Fg � � � ��*w ��� � 	  g � + �����  5s � �zg � y � 	  � �B
 � ������� � �B� ��w  B� � + ��	�.��  z+ � yz. �5d � ��� �B�

� ��� � � � � � � � � � �
� � � � � � � �:
 �m. �������� �  C� � � ��� ��	-���  R+ � yz.���� � � � �� � � � � � � � � � �
� � � �Fe �Ce �mw��/.�� � �  �� �Cg ���Bw � �  �+ � yz.���� � � � �  � ��� � � � � � � �
� � ���Fe �Ce �mw��/.�� � �  � �:d � ���������� 	  1+ � yz. �z� � � � � � �  
� � � � � � � � � � �
� � ����
 � �mw����  � �Cg ���".� C+ � yz.���� � � � �  
� ��� � � � � � � �
� � � � � � � ���*� �  g � � �������  �� � e � � � � �  
 � g � � 	�,�,m.� C+ � yz. �5� ��� �z� � �  � � � � � � � � � � �
� � � �F� � � � g �Rd ������.��/.��"�! �� � � � � *w�	�	� 	  z� �5
 �m� �-���  � � � � � � � ��4%w�	� �:�~� ����. �  � � � � � � � � � �
� � � � � � � ��� � �  '�)<�/�*����&�'$!(��)�&�):�pnC� � �"` ���(�U&�)R!�,<&�'$!(��)
 � �:� �/� � ���z��	���R,�� 	  �� � 	����� � � � � � �
� � � � 0 � d�� � ���m.����  0 � � � � �~w��-� ���5.�� ���  � w � � �^
 	 � � �-.��
�  �� � � � �zw 	�
�By ���-� ��� �  

� + 	�/����� � �������j¢ ��� ����� � ��	 � y � �
�
���/.�� � � ���
� ���/. ���:� d � �

� � �
�������.��  � � �_�q�R&m��'$!(�"|
����&U�"'�&	��&�):� ����)�� !%)1��&��MnR!u��)C&	�\o~���<��� �-��!�)5�� �<� � �By � � � �q
 ����� �\� ��+ � ���R4 � + 	� � �  
� ��� � ��� � � � ��+  z¢ �"� � ��	-� � � � � � � � � ���

� �
� � � �:
 �m� �-� �  R+ � yz. �Rd � ��� �:� � ���  � � � � � � � � � �
� � � �Fg �q
 	� �

�����
�5.��By  �� �q
 �m� �-���  g � � � � � ���m.�  7+ �7g � �
	�  
� � � � � � � ��4%w 	� �b�~� ����. �  
� � � � � � � � � �

� � � � � � � � � 	-w�. �  � � ����.�.���4�y����R,>s 	 ���R.������ �X� �,�� ���. ¤ � � � ¢ ����������� �
	 � y�� �
�
��� � ��� �� 	

� �
���5.��  �� � ���q�R&U��'$!(�"|�����&U�"'�&	�1&�):������)�� !�)1��&��	n�!u��):&	�5o~���<��� �-�-!%)5�� �<� � �By � � � ��
 �
��� �
� �t+ � ���R4 � + 	� � �  � ��� � ��� � � � ��+  z¢ �"� � ��	-� � � � � � � � � � � �

� � � � ¢ � � � � �
��.����  � � ¢ � + � � �����  � � � �~� � �. � � � ����� �  � � � � � � � ��4�w�	� ���~� ����. �! ��� �
� � � � � � �

� �����pd��U
 � � �
	���  
 � � � � �������  
 � � � � � 	��  d�� 0 �B�~� w �   � � + �
	��� ���  � � � � � � � ��4%w 	� �5�~� ���m.
�  � � � � � � � � � �

� ������
 � g �C� w �
�
� ����� � � � � 0f� ��� � ��� �

 z+ � yR. �R� ��� ��d � ��� � �!� � � � � � � � � �
� � � ��
 � g �z� w��

�
�  � � � � 0f�R� ��� � ��� �

 U� � � � � ��	�m,��
���  ������A�]s 	 ���R. �z� � 	�/w � � � �Byz. � � � �  
��� � � � � � � � �

� � � � � �.� �<� ���/w  g � + ��
 ����� �<�5y  g � � ��.���� 	  �t�A��� s 	 ���R. �a� � 	�/w � � � �ByR. � � � �  � � �
� � � � � � �

� � � � � � + ��	��� ���  d�� 0 �z�~� w �  d$�B
 � � �
	� �! 
 � � � � �������  � � � � ����,  � � � � � � � ��4�w�	� �R�~� ���m.
�  � � � � � � � � � �

� ��� � � � + ��	�������� C+ � yz. �z� ��� �:d � ��� � ���  � � � � � � � � � � �
� � � � � � + ��	�������� d$�R
 � ���
	���  �� � � � � � � �4�w�	� �C�~� �
�m. �  � � � � � � � � � �
� � � � � � � � � ��� � ��	-� �
� ���� �+ � � ��d ����.�/y  ��t�A���is 	 ����. �:� � 	�/w � � � �5yz. � � � �  � � � � � � � � � �
� � � �p� � � �!� �

����	�����  � � �����������
������ g �*��.�� ��� � � ���	�<� � �R4 ��	
�
�
������ ��� � �pgL�

� � � �
w �������
������±�5yz. ��

�
.��  � � �ho~���<� ����>'���� ��`(��' '�)R'  ����)/� _��) ���*)�'$���������

��� �"! ���&*'$!(��)��]&�):� �q�z&U���  � ��� ���  �/� � �By � � d$��~� � 	���mwR.�� � ����� � � d�� ��	 ���R� ���
� � �R. � � + 	��� ��� �

. ��4 g � � � � � ��,�������� 	����, �*4 �3� �! �� � � + � �� 	-.���w 	-, � � � � � � ���������
� � � � � � 0 � � � �
	-���
�  �� � � � � � �

� ���  � � �,���� �
� � � � �
w � ��� ��������X�5yz. ��

�
.� �3.�����, �~� ����.��  

� � �zo~���<� ����a'���� ��`(�-' '�)�' 7����)<� ���)�����)�'$���	����� ��� �"! � �&�'$!(��)R�a&�)C� �q�R&U���  � ��� ���  �<� �
�By�� � d$���~� � 	� �mwR.�� � ���:� � � d�� ��	 �m�z� ��� � � �R. � � + 	��� ��� �

. ��4 g ��� � � � ��,�������� 	����, ��4
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A2BDC/BECGF�H9IKJ�IML�NOI
P"QSRUT3VKW>XZY\[�]_^�Y\R9`aQKbSced9XfRUR>QK^)]_g>QShKR>XiQKbSc�jUR>QkhlQKmfnUgUWURUW>^
`SXfVlmoTqp3`rp
Y\n>QK^�X\sM`UYSt3R9`vu>WUjUW>XwpMQSVlQSg>QSxk^�Qzy�XfV�VlQru>{KpMQ�]Ms_]vd>[�WUVK{�|"]_RUpU}UW>QSRUWUg>Qr~
h�`rRUW>X�u>�wbKQSx�mfW>mfVlX�^%c�����QSg>QS[�Q�WU��hlX�mfVKRUc�p3u/`Sm�mfWUj>X�mfpUW>XZnUg>QKbru9X�^%c
g9`vd>W>QK|"WU��WUpUW@t�mfhKT3��`rRURUc�Xkm�mf]M��X�mfVKhlQSh�`rRUW>X�^�nUg>X\d9X\u/`ZjU]MhlmfVKhKWUVlX\u>{S~
R>QKmfVKW�]lmfW3u>WUVlX\u9Xfx�WZp_QSR>XfjUR>QKmfVK{K��[�WUgUWURUc�mfn>XfpUVKg9`vu>{KR>QSx�u>WURUWUW��zX\~
R>Xfg9`rVlQSg>QSh>t
QKbS]lm\u9QShSu9XfRURUces�hlQS�fd9Xfx>mfVKhKW>X�^�X�mfVlX�mfVKhlXfRURUces�WGVlX\s3RUWUj>X\~
mfpUW3sk[�]3^�QSha�����3�v���Dm�^��3dUu>Tkmfg9`rhKR>XfRUWUTag9`r�fd9X\uG�K���l�\�
��ceu9Q�]lmfVr`rR>QShSu9XfR>QUt5jUVlQ�W>mfVlQSjURUWUpUW�[�]_^
`�h�R>X\u>WUR>XfxURUces�d>WUR9`S^%W3~

j>X�mfpUW3skmfW>mfVlX�^
`vs ^�QS��]_V�WUR3d>]M}UWUg>QSh�`rVK{�nUgUWURU}UWUnUW9`vu>{KR>Q�R>QShKc�X�g>Xfy�W3~
^%c¡|"]_RUpU}UW>QSRUWUg>QSh�`rRUWUT2t�R>X�g>Xz`vu>WU��]lX�^%c�X�h�QSVlmf]_VlmfVKhKW>X�[�]_^
`3tlR9`rnUgUW3~
^�Xfg@tKWUR3d>]_}UWUg>QSh�`rRURUc�X�[�]3^�QK^�R>Xf��`rVK]�sM`r�w��W>X�pMQru9X�bl`rRUWUT�� ¢S�'�_£�VKW�¤z|�~
|�XfpUVKc�n>Qru>]MjUW3u>WqR9`r��h�`rRUW>XiWUR3d>]_}UWUg>QSh�`rRURUces![�]_^�QK^¥n>Xfg>X\s�Q�d9QSh���¦v�'�
§ZR>QS�zQKQKbSg9`r��W>X�W�m\u9Q�y�R>QKmfVK{�VS`rpUW3s�n>Xfg>X\s�Qzd9QSh�h¨R>X\u>WUR>XfxURUces�d>WUR9`S^%W3~
j>X�mfpUW3s©mfW>mfVlX�^
`vs©hKc���h�`vu>W�n>QKmfVr`rR>QShKpU]©]�d>WUhKWUVlX\u>{KRUcesqd9Q�R>X\d/`rhKR>Xf�zQ
hKg>X�^�XfRUW�hlQSnUg>QKm�QSh>ªKhlm�Xf�od/`«u>W�hlQS�fd9Xfx>mfVKhKW>X�[�]_^
`«nUgUWUhlQ�d>WUV¨p�]�s3]�d>[�X\~
RUWU��sM`rg9`rpUVlXfgUW>mfVKWUp!d>WUR9`S^%WUj>X�mfpUW3s�mfW>mfVlX�^¬W�hlQS�z^�Q�y�RUc�u>W�m\u>]_j9`rW@t
pMQS�od/`�d9Xfx>mfVKhKW>X"[�]3^
`¨hKc���c�h�`SXfVi]MhlX\u>WUj>XfRUW>X�mfVlXfn>XfRUW�]Mn>QSgMTMd9QSj>XfRUR>Qr~
mfVKW�d>hKWUy�XfRUWUx�h«mfW>mfVlX�^�X
W3u>W�]�u>]_jU[�XfRUW>X8X�X8QKmfR>QShKRUces�g9`SbKQSjUW3s"sM`rg9`rp3~
VlXfgUW>mfVKWUp/"®"m�m\u9X\d9QSh�`rRUWUT�n>QKm\u9X\d>RUW3siu9XfV�]3bKX\d>WUVlX\u>{KR>Q�n>QSp3`r��`vu>W@t3jUVlQ
h�R>X\u>WUR>XfxURUces�mfW>mfVlX�^
`vs�hlQS�fd9Xfx>mfVKhKW>X�[�]_^
`�^�Q�y�XfV�WUR3d>]M}UWUg>QSh�`rVK{�R>Qr~
hKc�XebKQru9X�Xe]Mn>QSgMT_d9QSj>XfRURUc�X�g>Xfy�W>^%c�tSnUgUWUhlQ�d>WUVK{"p�QKbSg9`r�zQSh�`rRUWU�¯bKQru9X�X
g>Xf��]vu>T_gURUces"hKg>X�^�XfRURUces�W"nUg>QKmfVKg9`rR>mfVKhlXfRURUces�mfVKgU]_pUVK]_g@t�]MhlX\u>WUjUWUh�`rVK{
mfVlXfn>XfRU{wpMQS�zXfg>XfRUVKR>QKmfVKW@trhKc���c�h�`rVK{«]lmfW3u9XfRUW>X�m\u/`SbSces¨mfWU��R9`vu9QSh>trm�QSnUg>Qr~
hlQzy�d/`r�w��X�X�m°T�]_hlX\u>WUj>XfRUW>X�^�QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]3^�tKW3u>W�WUR3d>]_}UWUg>Qr~
h�`rVK{ R9`rnUg9`rhSu9XfRURUc�X�d>hKWUy�XfRUWUT�h�mfW>mfVlX�^
`vs�hi]lm\u9QShKWUT_sZjUg>Xf��hKc�j9`rxUR>Q
m\u/`SbSces+hKR>Xf[�RUW3sihlQS�fd9Xfx>mfVKhKWUx@�_²¨gU]_��W>^%Wkm\u9QSh�`S^%W@t_h�R>X\u>WUR>XfxURUceskmfW3~
mfVlX�^
`vsk[�]3^�^�Qzy�XfViWU��g9`rVK{+pMQSR>mfVKgU]_pUVKWUhKRU]M��W3u>Wan>Qru9Xf��RU]_�³g>Qru>{>�
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� d>RUW>^ WU��R9`rW>bKQru9X�X�T_gUpUW3s¬W)QSVKR>QKmfWUVlX\u>{KR>Q¡nUg>QKmfVKces¯nUgUW>^�Xfg>QSh
]_p_`r��`rRUR>QS�zQqVKWUn9`�n>QShlX\d9XfRUWUT�R>X\u>WUR>XfxURUces¡mfW>mfVlX�^�T3hSu>TUXfVlm°T¡¤z|�|�XfpUV
mfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ�g>Xf�zQSR9`rR>mz`��������\����Xfg>^%WUR�������� �!���#" $&%���'(" )+*,%�-!�!. ��. �
bSceu hKhlX\d9XfR `rhKVlQSg9`S^%W g9`SbKQSV �0/��&1v�/h���2313���/��23134¨���\��R9`¨QKmfR>QShlXwW>m�m\u9X\d9Qr~
h�`rRUWUxa^�Q�d9X\u>WabSW>mfVS`SbSW3u>{KR>QS�zQ�QKmf}UW3uUu>T3VlQSg9`3tUnUg>X\dUu9Qzy�XfRUR>QSxadUu>T�QSnUW3~
mz`rRUWUT n>XfgUW>Q�d>WUjUR>QKmfVKWZh�R9`SmfVK]_n3u9XfRUWUW u9X\d>RUWUpMQShKceskn>XfgUW>Qzd9QSh�R9`#5-X�^O~
u9XK�8§�Q�d9X\u>{©QSnUW>mfc�h�`vu/`�d>hKWUy�XfRUW>X�j9`SmfVKWU}Uc�h!mfW>^�^�XfVKgUWUjUR>QK^ d>hK]�s_~
TU^%R>QK^¯n>QSVlXfRU}UW9`vu9X�n>Q�d�d9Xfx>mfVKhKW>X�^¬n>XfgUW>Qzd>WUj>X�mfpMQSx©mfW3u>c³h ]lm\u9QShKWUT_s
bKQru>{K[�QS�zQkVKg>XfRUWUT2�76
mfVlQSxUjUWUhKc�X�n>Qru9Qzy�XfRUWUT�j9`SmfVKWU}Uc m�QKQSVKhlXfVlmfVKhlQSh�`v~
u>W�u9X\d>RUWUp_QShlQK^%]in>XfgUW>Qzd>]�WiR>QSg>^
`vu>{KR>QK^%]�p3u>W>^
`rVK]85-X�^Ou>W@�_P"XfgUW>Q�d>W3~
j>X�mfp_`rTqmfW3u/`km�QKQSVKhlXfVlmfVKhlQSh�`vu/`ap_Qru9X�bl`rRUWUTU^)¤�pMmf}>XfRUVKgUW>mfWUVlXfVS`�QSg>bSWUVKc
5-X�^Ou>W@t>WU�z^�XfRUT3Tk¤�R>XfgU�zXfVKWUj>X�mfpUWUx�bl`vu/`rR>m�m�n>XfgUW>Q�d9QK^ h

105 u9XfVr�
�%`Smfj>XfVKc n>QSp_`r��`vu>W@t�jUVlQkg>Xz`vu>{KR9`rT!`S^%n3u>WUVK]vd/`kn>XfgUW>Qzd>WUj>X�mfpMQSx�mfW3~

u>c QSp_`r��`vu/`Smf{G^
`vu/`�W R>X�QKbKX�mfn>XfjUWUh�`vu/`qn>Xfg>Xfp3u>�«j>XfRUWUx¬mfW>mfVlX�^%c�WU�
Q�d>R>QS�zQ�m�QKmfVlQ�T_RUWUT©had>gU]_�zQKXK�:9�QS�z^�Q�y�R>QKmfVK{�n>Xfg>Xfp3u>�«j>XfRUWUx�bSceu/`ad9Qr~
mfVKWU��RU]_Vr`�hKhlX\d9XfRUW>X�^©d9QSn>Qru>RUWUVlX\u>{KR>QSxam\u>]Mj9`rxUR>QSxkmfW3u>c��D|�u>]_pUVK]�`r}UWUW
`rVl^�QKm�|�XfgUc«�\�2P"Qzd9QKbSR>Q nUgUc�y�p_`S^¬bSg>QS]_R>QShlmfpUW3s�j9`SmfVKWU}�h+d>hK]�s3TU^%R>QK^
mfW3u9QShlQK^�n>Qru9XeWU��Q�d>R>QS�zQ�]lmfVlQSxUjUWUhlQS�zQ�m�QKmfVlQzT3RUWUT�hwd>gU]M�zQKXKtl`rVl^�QKm�|¨Xfg3~
RUc�X�|�u>]_pUVK]�`r}UWUW¯WUR3d>]M}UWUg>QSh�`vu>W)p3u>W>^
`rVKWUj>X�mfpUW>X!WU�z^�XfR>XfRUWUT��En>Xfg>X\~
s�Q�d>c«�aQSV�]lmfVlQSxUjUWUhlQS�zQ�s�Qru9Qzd>R>QS�zQ�n>XfgUW>Qzd/`�p)VlXfn3u9QK^%]¯W¬R9`SQKbKQSg>QSVv�
;�]_R3d/`S^�XfRUVr`vu>{KRUc�^�g>Xf��]vu>{�VS`rVlQK^<nUgUW©W>m�m\u9X\d9QSh�`rRUWUWGd/`rRUR>QSxG^�Q�d9X\u>W
T3hKW3u9QKmf{GVlQUt
jUVlQG`rhKVlQSg9`S^ ]vd/`vu9QKmf{qR9`rxUVKW�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{�]_n>Qr~
g�T_d9QSj>XfRURUces�hlQihKg>X�^�XfRUW�n>Xfg>X\s�Qzd9QSh>�7<wu>W>^
`rVknUg9`rpUVKWUj>X�mfpUW�m\u9X\d9QSh�`vu
��`�jUg>Xf��hKc�j9`rxUR>Q�^
`vu>c�^©hKR>Xf[�RUW>^©n>XfgUW>Q�d>WUj>X�mfpUW>^�hlQS�z^%]M��XfRUW>X�^©nUgUW
pMQSR>XfjUR>QSx�WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`�h+`rVl^�QKm�|�Xfg>XK�

dx/dt=f(x,s(t),D)
s(t) x(t)
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� bS��`rT�m s�X�^
`qmfVlQ�sM`SmfVKWUj>X�mfpMQS�zQGg>Xf�zQSR9`rR>mz`!n>QSp_`r��`rR9`!R9`�gUW>mK���3���K�
£�VlQSV�¤z|�|¨XfpUV�QSnUg>X\d9X\u>TUXfV���gU]_nUnU]©T_hSu9XfRUWUx@t
nUgUW�pMQSVlQSgUces�]Mn>QSgMT_d9Qr~
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j>XfRURUc�x¡QSVKp3u>WUp�R>X\u>WUR>XfxUR>QSx mfW>mfVlX�^%c R9`�m\u/`SbSc�X hKR>Xf[�RUW>X�mfWU��R9`vu>c
��`S^�XfVKR>Qa]lmfW3u>WUh�`SXfVlmoT!nUgUW!QSnUVKW>^
`vu>{KR>QSx¬�DQSVzu>WUjUR>QSxGQSVkRU]vu>T>��WURUVlXfR3~
mfWUhKR>QKmfVKW�[�]_^
`3�r®�RUVlXf��g9`vu>{KRUc�X�sM`rg9`rpUVlXfgUW>mfVKWUpUW�nUg>QS}>X�m�mz`3tSVr`rpUW>X�p3`rp
pMQS¤z|¨|"WU}UW>XfRUV�]lmfW3u9XfRUWUT-trQSVKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]3^�W3u>W���R9`�j>XfRUW>XehSs�QzdU~
R>QSx/±vhKces�Q�d>R>QSx�hK��`rW>^%R>QSx�pMQSgUg>X\u>T3}UWUW@t�nUgUW�d9QKmfVKWUy�XfRUWUW+QSnUVKW>^
`vu>{KR>Qr~
�zQ�]Mg>QShKRUT�[�]_^
`¨W>^�Xf�«V�R9`�hKces�Q�d9X"mfW>mfVlX�^%c)QSVKj>XfV�u>WUhlQ�hKc�g9`ry�XfRURUc�x
^
`rpMmfW>^%]3^��:9 VlQay�X�hKg>X�^%T�¤�RUVKg>QSnUWUT�p3`rp!^�Xfg9`amfVlXfn>XfRUWqbKX�mfn>QSg�T_d>p_`
d9QKmfVKWU�\`SXfVk^%WURUW>^%]3^
`3t/mfhKW3d9XfVlX\u>{lmfVKhK]KT�Q�hlQS��g9`SmfVS`rRUWUW�mfVlXfn>XfRUWZWUR3d>]M~
}UWUg>QSh�`rRUR>QS�zQ+[�]3^�QK^Gn>QSg�T_d>p_`��02v�'�

9)R9`SmfVlQ�T3��X�X�hKg>X�^%T�¤z|�|�XfpUV ���¯nUg>X\d9mfVS`rhSu>TUXfVam�QKbKQSxZs�QSg>QS[�Q�WU�f~
hlX�mfVKR>QKX+n>QShlX\d9XfRUW>X+R>X\u>WUR>XfxURUces©mfVlQ�sM`SmfVKWUj>X�mfpUW3s�mfW>mfVlX�^��������/��1v�'� � R
bSceu¬QKbSR9`rgU]My�XfR�W W>m�m\u9X\d9QSh�`rR¯hlQ!^%R>QS��W3s bSW>mfVS`SbSW3u>{KRUces�mfW>mfVlX�^
`vs2ª
VKgUWU���zXfg>X���^%WUVKVS`<����2v�'t�p_Qru>{K}>XfhlQK^�u/`r�zXfg>X��04��v�'t�^
`r��RUWUVKRUces<mfW>mfVlX\~
^
`vs��043�\�'t�n9`Sm�mfWUhKRUces)QSnUVKWUj>X�mfpUW3s¬bSW>mfVr`SbSW3u>{KRUces¥mfW>mfVlX�^
`vs��0434v�'t�mfW3~
mfVlX�^
`vs�mZ¤fu9XfpUVKg>QSRURUc�^ n9`rg9`S^
`r��RUWUVKRUc�^ g>Xf�zQSR9`rR>m�QK^ �04K�v�'t�¤�pMmfn>XfgUW3~
^�XfRUVr`vs�m�bSg>QS]_R>QShlmfpUW>^%W!j9`SmfVKWU}9`S^%W¡�04r¢S�'t@¤�pMmfn>XfgUW>^�XfRUVr`vs©m�^
`r��RUWUVlQr~
¤fu/`SmfVKWUjUR>QSx u9XfRUVlQSx¥�04K¦v�'t�VK]_RUR>X\u>{KR>QK^�d>W>Q�d9Xq�043/v�'t
mfhlXfgls3nUg>QShlQ�d>T3��W3s
pUh�`rRUVlQShKcesaWURUVlXfg>|�Xfg>QK^�XfVKg9`vs!���
	�������w�04����'t>|�XfgUg>QK^
`r��R>XfVKWUp3`vsaWam�X\~
��R>XfVlQS¤fu9XfpUVKgUWUp_`vs¬�0431��3���v�'�?���¥R9`Sbru>�ed/`vu9moTqVS`rpUy�X+has3W>^%WUj>X�mfpUW3sqmfW3~
mfVlX�^
`vs+���3���3�K�v�'����`rW>bKQru9X�X�T3gUpUW>X8nUgUW3u9Q�y�XfRUWUT�¤z|�|�XfpUVS``����bSceu>W�nUg>Qr~
d9X�^�QSR>mfVKgUWUg>QSh�`rRUc h bSW>Qru9QS��WUj>X�mfpUW3s mfW>mfVlX�^
`vs2� ��� R9`Sbru>�ed/`vu9m°T³R9`
]_g>QShKR>XZQSV�d9X\u>{KRUces m�XfR>m�QSgURUces¡R>XfxUg>QSR>QSh¬���r¢r�_�3/v�«W¡d/`ry�XZR9`�]_g>QShKR>X
W>QSRURUces p3`rR9`vu9QSh¬�������'�R��� bSceu¬W>m�m\u9X\d9QSh�`rR¯hqn>mfW3s�QK|"WU��WUp_X�j>X\u9QShlX\~
p_`a���31v��Wan>QShlX\d9XfRUj>X�mfpUW3sa¤�pMmfn>XfgUW>^�XfRUVS`vs�R9`�y�WUhlQSVKRUces����323t ¢��v�'�
£�|�|�XfpUV ��� bSceu©g>Xz`vu>WU�zQSh�`rRqh�bSW>mfVS`SbSW3u>{KRUces��0/3t ¢>�\��W!^�QSR>QKmfVr`v~

bSW3u>{KRUces�QKmf}UW3uUu>T_VlQSg9`vs�� ¢D4v�'t2`�VS`rpUy�X�h+d>WUR9`S^%WUpMX�hlQS�zbS]�d>W>^%ces�mfg>X\d
WiR>X\d>WUR9`S^%WUj>X�mfpUW3s+n>QSg>QS�zQShKcesimfW>mfVlX�^
`vs�� ¢����M¢�¦v�'tlW�h�sM`SQSVKWUj>X�mfpUW3s+mfW3~
mfVlX�^
`vs�� ¢D/3t ¢����'�

9 R9`SmfVlQzT3��X�^)g9`r�fd9X\u9X�bS]�d>]_V g9`Sm�m�^�QSVKg>XfRUc �°u/`rhKRUc�^¥QKbSg9`r�zQK^)bSW3~
mfVr`SbSW3u>{KRUc�Xe^�Qzd9X\u>W@��9�m\u9X\d>]_�«��W3s"g9`r�fd9X\u/`vs¨bS]�d>]_V�QKbKmf]_y�d/`rVK{lm°T�g9`r�f~
u>WUjURUc�Xe`Smfn>XfpUVKc ���Zh���`r[�]_^Ou9XfRURUces�hlQS�zbS]vd>W>^%ces�mfW>mfVlX�^
`vs�W���`r[�]3^O~
u9XfRURUcesamfg>X\d/`vskW3u>W�mfhKT3��`rRURUceskm�XfVvT_skmfVlQzsM`SmfVKWUj>X�mfpUW3s�g>Xf�zQSR9`rVlQSg>QSh>�

A2BDC/B�����N���N���I����ON�I! "�lL� 9H$#&%�'!'aI���(�)+*-,

;�WU��WUj>X�mfp_`rT¯p3`rgUVKWUR9`!T3hSu9XfRUWUT ��� d9QKmfVS`rVlQSjUR>Q©R9`r�°u>T_d>R9`qW¡nUg>QKmfVr`3�
9 QSVzu>WUjUW>X�QSV�u>WUR>XfxUR>QSx�mfW>mfVlX�^%c�t8R>X\u>WUR>XfxUR9`rT�mfW>mfVlX�^
`�n>QqQSnUg>X\d9X\~
u9XfRUWU�¥hlm�Xf�od/`�W>^�X�XfV�g9`r�fu>WUjURUc�X�j9`SmfVlQSVKc¬W3u>W�g9`r�fu>WUjURUc�X�hKg>X�^�XfRURUc�X
^
`Smf[�Vr`SbSc��>²�QKbl`rhSu9XfRUW>X¨[�]_^
`3t>d/`ry�X�`vdUd>WUVKWUhKR>QS�zQUt5^�Q�y�XfV�hKced9X\u>T3VK{
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g9`r�fu>WUjURUc�X!^�Qzd>c m�g9`r�fu>WUjUR>QSx hlXfg>QzT3VKR>QKmfVK{K��t«jUVlQGT3hSu>TUXfVlm°T¥QSV�u>W3~
jUWUVlX\u>{KR>QSx�QKm�QKbKXfRUR>QKmfVK{K��QSV�VKg9`vd>WU}UW>QSRUR>QiWU��]_j9`SX�^%ces u>WUR>XfxURUces�mfW3~
mfVlX�^��(�O`rpUW>^�QKbSg9`r�zQK^�tKhlQS�fd9Xfx>mfVKhKW>X�W�WU�z^�XfR>XfRUW>X�]_g>QShKRUT�[�]3^
`w^�Qzy�XfV
WU�z^�XfRUWUVK{in>QShlX\d9XfRUW>X¨R>X\u>WUR>XfxUR>QSxZmfW>mfVlX�^%c��

��n>Xf}UW>|"WUp3`¨¤z|¨|�XfpUVr`#���G��`rp3u>�«j9`SXfVlmoT h�VlQK^�t_jUVlQ�Q�d>WURkWU�«sM`rg9`rp3~
VlXfgURUces!hKg>X�^�XfRURUcesG^
`Smf[�VS`SbKQSh�mfW>mfVlX�^%c ��`rhKW>mfWUV�QSVZWURUVlXfR>mfWUhKR>QKmfVKW
[�]_^
`3�U9 m\u>]Mj9`SXkbSW>mfVS`SbSW3u>{KR>QSx n>Xfg>X\d9X�^%n>|�WUg>QSh�`rRUR>QSx mfW>mfVlX�^%c�t�nU]M~
VlX�^�WU�z^�XfR>XfRUWUT�WURUVlXfR>mfWUhKR>QKmfVKWi[�]3^
`«^�Q�y�R>Q"]_nUg9`rhSu>T_VK{¨j9`SmfVlQSVlQSx�n>X\~
g>Xfp3u>�wj>XfRUWUx!^�Xfy�d>]ad>hK]3^%T�^�XfVS`SmfVr`SbSW3u>{KRUc�^%WGm�QKmfVlQzT3RUWUTU^%W@� 52`vd/`�j9`
hKces�Q�d/`ibSceu/`�d9XfVr`vu>{KR>Q+g9`Sm�m�^�QSVKg>XfR9`�h�g9`r�fd9X\u9X+�K�043�0/3�

�%`Sm�m�^�QSVKgUW>^<p_`�j>X�mfVKhlXfRUR>Q�d>hKWUy�XfRUW>X bSg>QS]MR>QShlmfp_QSx�j9`SmfVKWU}Uc�h�mfW3~
mfVlX�^�X�m�mfW>^�^�XfVKgUWUjURUc�^ bSW>mfVr`SbSW3u>{KRUc�^ n>QSVlXfRU}UW9`vu9QK^ VKWUn9`

U(x) =
−0.5x2 + 0.25x4 hk]lm\u9QShKWUT_s�d9Xfx>mfVKhKWUT!m\u/`SbKQS�zQkn>XfgUW>Q�d>WUj>X�mfp_QS�zQ�hlQS�f~
^%]_��XfRUWUT

A sinωt
� ��W>mfVlX�^
`aW>^�X�XfVad>h�` hKg>X�^�XfRURUces©^
`Smf[�VS`Sbl`3� � d>WUR

QKbS]lm\u9QShSu9XfRqm\u>]_j9`rxURUc�^%W!bru>]_y�d/`rRUWUTU^%W�j9`SmfVKWU}Uc�hkQSpUg>X�mfVKR>QKmfVKWqQzdU~
R>QS�zQZWU�+m�QKmfVlQzT3RUWUxGg9`rhKR>QShlX�mfWUT2t�p_QSVlQSgUc�X�R9`r��c�h�`r�«VlmoTqhKRU]_VKgUWUTU^%R>QSx
W3u>W�u9QSp3`vu>{KR>QSx©d>WUR9`S^%WUpMQSx@�:9�m\u>]Mj9`SXi�°u>]3bKQSpUW3s!n>QSVlXfRU}UW9`vu>{KRUces!TU^
WaR>X�m\u>WU[�pMQK^ bKQru>{K[�QS�zQi[�]3^
`�¤�VlQSV�hKg>X�^�XfRUR>QSx�^
`Smf[�Vr`Sb�R>X���`rhKW>mfWUV
QSV�]_g>QShKRUTk[�]3^
`3�

9�VlQSg>QSx�^
`Smf[�Vr`SbqsM`rg9`rpUVlXfgUWU��]lXfV�mfg>X\d>R>X�X�hKg>X�^%T¡n>Xfg>X\s�Qzd/`qj>Xfg>Xf�
n>QSVlXfRU}UW9`vu>{KRUc�x!bl`rgU{lXfg��E�°u9QKbl`vu>{KR9`rT�d>WUR9`S^%WUp_`l�\�79¥j9`SmfVlQSVKR>QSx�QKbru/`v~
mfVKW�X�^%]�QSVKhlXfj9`SXfVamfg>X\d>RUT3T�mfp_QSg>QKmfVK{!�EW3u>W�j9`SmfVlQSVr`l�«hKces�Q�d/`�WU��^�XfVS`v~
mfVr`SbSW3u>{KR>QS�zQ�m�QKmfVlQzT3RUWUT �+mfp_QSg>QKmfVK{[<�g9`S^�Xfg>mz`a� ¢D13t ¢D2v�'�
²�u>Tam\u>]_j9`rTabKX\u9QS�zQ�[�]_^
`3tUn9`rg9`SbKQru>WUj>X�mfpUW3sZn>QSVlXfRU}UW9`vu>{KRUces�TU^�W

QSVKR>QKmfWUVlX\u>{KR>QwhKc�m�QSpUW3s�n>QSVlXfRU}UW9`vu>{KRUces�bl`rgU{lXfg>QSh«mfp_QSg>QKmfVK{ <�g9`S^�Xfg>mz`
d/`SXfVlm°T���`rpMQSR>QK^��«gUg>XfRUWU]lmz`3ª

r = ν exp(−∆U0/D).

P�g>X�|¨`rpUVlQSg
ν
�!p_QS¤z|�|"WU}UW>XfRUVrt
QSnUg>X\d9X\u>TUX�^%c�x¡pUgUWUhKWU��R>QSx¡n>QSVlXfRU}UW3~

`vu>{KRUces+TU^!W�bl`rgU{lXfg9`3� � R�Vr`rpUy�X"QSnUg>X\d9X\u>TUXfV�mfpMQSg>QKmfVK{�g>X\u/`rp_mz`r}UWUWkh
u>WUR>XfxUR>QK^¬g>Xfy�W>^�X�haQSpUg>X�mfVKR>QKmfVKWqQ�d>R>QS�zQkWU��m�QKmfVlQ�T_RUWUx!g9`rhKR>QShlX�mfWUT-�
®���¤�VlQS�zQ"m\u9X\d>]lXfVvt�jUVlQ�hKg>X�^%T�g>X\u/`rpMmz`r}UWUWihlm�Xf�od/`"^�XfRU{K[�Xeh�mfg9`rhKR>XfRUWUW
m �°u9QKbl`vu>{KR>QSx¡d>WUR9`S^%WUpMQSx@� �O`r�fd9X\u9XfRUW>Xad>hK]�s©hKg>X�^�XfRURUces�^
`Smf[�Vr`SbKQSh
W@t@m\u9X\d9QSh�`rVlX\u>{KR>QUtOR>X\u>WUR>XfxURUc�x©g>Xfy�W>^�t@pMQSVlQSgUc�xGmfVKg>QS�zQa��`rhKW>mfWUV�QSV
]_g>QShKRUTi[�]_^
`3tld9QKmfVKWU�\`r�wVlm°T�nUgUWi]lm\u9QShKWUW@t_jUVlQ�hKc�m�QSVS`¨n>QSVlXfRU}UW9`vu>{KR>Qr~
�zQ�bl`rgU{lXfg9`

∆U0
bKQru>{K[�X"WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`

D
�

�w^%n3u>WUVK]�d/`Zn>XfgUW>Q�d>WUj>X�mfp_QS�zQ!hlQS�fd9Xfx>mfVKhKWUT
A
nUg>X\d>n>Qru/`r�f`SXfVlm°T�^
`v~

u9QSx R9`SmfVlQru>{KpMQUt�jUVlQ W>mfp3u>�«j9`SXfV<n>Xfg>X\s�Q�d>c j>Xfg>Xf�¯bl`rgU{lXfg h³QSVlmf]_VS~
mfVKhKW>X�[�]3^
`3� � d>R9`rpMQi^
`vu9QKX¨n>XfgUW>Q�d>WUj>X�mfp_QKX�hlQS�fd9Xfx>mfVKhKW>X¨hlm�Xf�°d/`�nUgUW3~
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hlQ�d>WUV�pZ^
`vu9QSx�^�Q�d>]vu>T3}UWUWZhKc�m�QSVKc³n>QSVlXfRU}UW9`vu>{KR>QS�zQkbl`rgU{lXfg9`��
∆U '

∆U0 + A sinωt
�a�EgUW>mK���3�04l�\t�jUVlQ!nUg>Q�T_hSu>TUXfVlmoT�hlm\u9X\d9mfVKhKW>X�¤�p_mfn>QSR>XfR3~

}UW9`vu>{KR>QSx���`rhKW>mfW>^�QKmfVKWqR>X\u>WUR>XfxUR>QSx!^�Q�d>]vu>T3}UWUW!mfpMQSg>QKmfVlXfx¯�Ej9`SmfVlQSVM�\�
��`+gUW>mK�2�3���inUg>X\d9mfVS`rhSu9XfRUc mfWU��R9`vu>c<R9`+hKces�Q�d9X�bSW>mfVr`SbSW3u>{KR>QSxqmfW>mfVlX\~
^%c)W�mfn>XfpUVKgZ^�QS��R>QKmfVKW�QSVl|�W3u>{�VKg>QSh�`rRUR>QS�zQ�mfWU��R9`vu/`3� 9�g>Xf��]�u>{vVr`rVlX�h
mfn>XfpUVKg>Xk^�QS��R>QKmfVKW©hKces�Qzd>R>QS�zQ�mfWU��R9`vu/`�R9`aj9`SmfVlQSVlXk^�Qzd>]�u>T3}UWUW�WGX�X
R>Xfj>XfVKRUcesk�\`rg>^�QSRUWUp3`vsq�Eh�m\u>]Mj9`SX�mfW>^�^�XfVKgUWUjUR>QS�zQin>QSVlXfRU}UW9`vu/`l�ej>XfVKp_Q
g>Xf��W>mfVKgUWUgU]lXfVlm°T

δ
~ nUWUp@�M²�`ry�X�nUgUWa^
`vu>cesk`S^%n3u>WUVK]�d/`vs hKR>Xf[�R>Xf�zQ�hlQS�f~

d9Xfx>mfVKhKWUTahKces�Qzd>R>QSxZmfWU��R9`vuZhKp3u>�wj9`SXfV�n>XfgUW>Qzd>WUj>X�mfpU]M��p_QK^%n>QSR>XfRUVK]l�
9 QKbS��X�^�m\u>]_j9`SX ¤�VlQ�R>Xf]�d>WUhKWUVlX\u>{KR>QUt
Vr`rp�p3`rpGu>�wbl`rT©d>WUR9`S^%WUp_`3t

d/`ry�X8u>WUR>XfxUR9`rT2t�W>^�X�XfV«n>XfgUW>Q�d>WUj>X�mfpUWUx�QSVKp3u>WUp�R9`�n>XfgUW>Q�d>WUj>X�mfp_QKX�hlQS�f~
d9Xfx>mfVKhKW>XK� � d>R9`rp_QUt2n>QShlX\d9XfRUW>X�QSVKp3u>WUp_`kR>X�^�QSR>QSVlQSRUR>QU�X9¥R>X\u>WUR>XfxUR>QSx
mfW>mfVlX�^�X8^
`rp_mfW>^
`vu>{KR9`rT¨n>XfgUW>Qzd>WUj>X�mfp_`rT�pMQK^%n>QSR>XfRUVr`�R9`Sbru>�ed/`SXfVlm°T¨nUgUW
pMQSR>XfjUR>QSx�QSnUVKW>^
`vu>{KR>QSx�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`3�

�2g9`S|"WUp!��`rhKW>mfW>^�QKmfVKWqQSVKp3u>WUp_`�mfW>mfVlX�^%c QSVaWURUVlXfR>mfWUhKR>QKmfVKWq[�]3^
`
R9`rn>QK^%WUR9`SXfV¡g>Xf�zQSR9`rR>mfRU]_� pUgUWUhK]M� dUu>T¯u>WUR>XfxUR>QS�zQGd>W>m�mfWUn9`rVKWUhKR>QS�zQ
QKmf}UW3uUu>T3VlQSg9`3�-P"Q�¤�VlQSx�nUgUWUjUWUR>X�g9`Sm�m�^
`rVKgUWUh�`SX�^%c�x�¤z|�|�XfpUV�n>Qru>]_jUW3u
R9`r��h�`rRUW>X mfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ�g>Xf�zQSR9`rR>mz`3�%®�RUVlXfR>mfWUhKR>QKmfVK{�[�]3^
`�WU��g9`SXfV
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g>Qru>{wg9`r��R>QKmfVKW�^�Xfy�d>]"j9`SmfVlQSVlQSx�hlQS�fd9Xfx>mfVKhKWUT�W�m�QKbKmfVKhlXfRUR>QSx�j9`SmfVlQSVlQSx
mfW>mfVlX�^%c��
²�`rRUR9`rTG��`S^�XfR9`�W>^�X�XfV�m�^%c�m\u�t�VS`rp�p_`rp�WU�z^�XfR>XfRUW>Xk]_g>QShKRUTG[�]3^
`

nUgUWUhlQ�d>WUV�pim�QShKn9`vd9XfRUWU�¥hKg>X�^�XfRURUcesi^
`Smf[�VS`SbKQSh�R9`�RUWU��pUW3s�j9`SmfVlQSVS`vs-t
^�XfRU{K[�W3s¯mfp_QSg>QKmfVKW)g>X\u/`rpMmz`r}UWUW@�a�%`Sm�m�^�QSVKgUW>^ R>XfhlQS�z^%]_��XfRURUc�x¬hKg>X\~
^�XfRUR>QSxG^
`Smf[�VS`Sb

1/rK
p_`rpG|"]_RUpU}UWU� WURUVlXfR>mfWUhKR>QKmfVKWG[�]_^
`

D
�@P�gUW

^
`vu9QSx�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`wmfg>X\d>RUW>X�hKg>X�^�XfR9`whKces�Q�d/`«d9QKmfVS`rVlQSjUR>Q"hlX\~
u>WUpUW W+R9`S^%R>QS�zQ�nUg>XfhKc�[�`r�«V�n>XfgUW>QzdkmfWU��R9`vu/`�^�Qzd>]�u>T3}UWUW@�UP�gUW�hKc�m�Qr~
pMQK^q]_g>QShKR>X�[�]_^
`���`�hKg>X�^%TiQ�d>R>QS�zQ�n>XfgUW>Qzd/`¨mfWU��R9`vu/`�mfW>mfVlX�^
`¨m�hKc�m�Qr~
pMQSxZmfVlXfn>XfRU{K�³hlXfg>Q�T3VKR>QKmfVKWZm�QShlXfgU[�WUV�^%R>QS�zQSpUg9`rVKRUc�X�n>Xfg>Xfp3u>�wj>XfRUWUT-�
9�`rgU{KWUgU]KT¯WURUVlXfR>mfWUhKR>QKmfVK{¡[�]_^
`3te^�Qzy�R>Q�QKbKX�mfn>XfjUWUVK{¡g>Xfy�W>^�tepMQS�°d/`
mfg>X\d>R>X�X�hKg>X�^%Tan>Xfg>X\s�Q�d9QSh j>Xfg>Xf��bl`rgU{lXfg�bS]�d9XfV�bru>WU��pMQ+p�n>XfgUW>Qzd>]�^�Qr~
d>]vu>WUgU]M�w��Xf�zQ�mfWU��R9`vu/`3��P"Xfg>Xfp3u>�wj>XfRUWUT¨mfW>mfVlX�^%c!bS]vd>]MV�nUg>QSW>m°s�Q�d>WUVK{wh
mfg>X\d>R>X�^�m"j9`SmfVlQSVlQSxZhKR>Xf[�R>Xfx�n>XfgUW>Qzd>WUj>X�mfpMQSx�mfW3u>c�� ��`rpUW>^�QKbSg9`r�zQK^�t
nU]_VlX�^<WU�z^�XfR>XfRUWUT�]Mg>QShKRUTG[�]_^
`�^�Qzy�R>Q�R9`SmfVKg>QSWUVK{!mfVlQ�sM`SmfVKWUj>X�mfpU]_�
bSW>mfVr`SbSW3u>{KRU]_� mfW>mfVlX�^%]�hkg>Xfy�W>^¥^
`rp_mfW>^
`vu>{KR>QS�zQ�]lmfW3u9XfRUWUTq^�Q�d>]vu>W3~
gU]_�«��Xf�zQ�mfWU��R9`vu/`�WaQSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]_^��
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£�VlQGbSceu9Q©n>Q�d>VKhlXfg�y�d9XfR>Q�VlX�QSg>XfVKWUj>X�mfpUW)W ¤�p_mfn>XfgUW>^�XfRUVr`vu>{KR>Q hlQ
^%R>QS��W3s�m\u>]_j9`rT_sadUu>Tad9QKmfVS`rVlQSjUR>Qam\u/`SbScesZmfWU��R9`vu9QSh>� � Vl^�XfVKW>^�t5jUVlQ�h
¤�VlQK^�nUgUW>bru>WUy�XfRUWUW�m�QKbKmfVKhlXfRUR9`rT�d>WUR9`S^%WUp3`�mfW>mfVlX�^%c R>X ��`rhKW>mfWUV©QSV
��R9`�j>XfRUWUT!`S^%n3u>WUVK]vd>c�hKR>Xf[�R>Xf�zQ hlQS�fd9Xfx>mfVKhKWUT2t2p_`rp�W�hkm\u>]_j9`SX�QKbSc�j3~
R>QS�zQ«g>Xf�zQSR9`rR>mz`�h«u>WUR>XfxUR>QK^�QKmf}UW3uUu>T3VlQSg>XK�!9�g9`r�fd9X\u9Xe�3���«bS]vd>]MV«nUgUWUhlX\~
d9XfRUc¯QS��g9`rRUWUj>XfRUWUTiR9`�d/`rRUR>QKX«g9`Sm�m�^�QSVKg>XfRUW>XKt_hKp3u>�«j9`rT+m\u>]Mj9`rx@t�pMQS�°d/`
hKR>Xf[�RUT_T d>WUR9`S^%WUp3`�^�Qzd>]�u>WUgU]lXfV�hKRU]MVKg>XfRURU�w���

A2BDC/B�A�� )���)
��(3I��ON���(3N���N %�'!'�I���(�)+*-,

�eg9`rpUVlQShKp_`Z|"WU��WUj>X�mfp_QS�zQ�^�X\sM`rRUWU�z^
` ���¥W�Xf�zQaQSnUg>X\d9X\u9XfRUW>X+hlQk^%R>Qr~
�zQK^¬��`rhKW>moT_V�QSVaVlQS�zQUt2p3`rpUW>X�pMQru>WUj>X�mfVKhlXfRURUc�XisM`rg9`rpUVlXfgUW>mfVKWUpUW©¤�VlQS�zQ
T3hSu9XfRUWUT�hKc�jUW>m\u>T_�wVlm°T!`rR9`vu>WUVKWUj>X�mfpUW@t�^�Q�d9X\u>WUgU]_�«VlmoT�R9`ip_QK^%nU{K�«VlX\~
g>X+W3u>W!WU�z^�Xfg�T3�wVlm°T©hZ|"WU��WUj>X�mfp_QK^¥¤�p_mfn>XfgUW>^�XfRUVlXK�U9<d/`rRUR>QK^ g9`r�fd9X\~
u9X�^%c g9`Sm�m�^
`rVKgUWUh�`SX�^��\`rg>^�QSRUWUj>X�mfpMQKX�hlQS�fd9Xfx>mfVKhKW>X�R9`¨��`r[�]3^Ou9XfRURU]M�
bSW>mfVr`SbSW3u>{KRU]_� mfW>mfVlX�^%]l�,9¥¤�VlQK^¯m\u>]Mj9`SX�h+p3`�j>X�mfVKhlX�QKmfR>QShKRUcesZsM`rg9`rp3~
VlXfgUW>mfVKWUp ��� W>mfn>Qru>{K��]M�wVlm°T¯p_QS¤z|�|"WU}UW>XfRUVG]lmfW3u9XfRUWUT n>Q©^�QS��R>QKmfVKW
η
��¦��3t\¦3�\�'t�QSVKR>QS[�XfRUW>X mfWU��R9`vu5±v[�]_^ �������w�i����2v��W©n3u9QSVKR>QKmfVK{�g9`SmfnUg>X\~

d9X\u9XfRUWUT�hKg>X�^�XfR¬nUg>X�bSc�h�`rRUWUT j9`SmfVKWU}Uc hGQ�d>R>QSx¬WU��n>QSVlXfRU}UW9`vu>{KRUces
TU^

p(τ)
��¦343t ¦K�v�'� � Vl^�XfVKW>^�t>jUVlQ�dUu>T n>Qru>]Mj>XfRUWUTamfVS`r}UW>QSR9`rgURUces���R9`�j>X\~

RUWUx�n>Xfg>XfjUW>m\u9XfRURUc�X«hlX\u>WUjUWURUc¯RU]_y�R>Q�]lmfg>X\d>RUWUVK{�n>Q�R9`zj9`vu>{KR>QSxk|¨`r�zX
hSs�Q�d>R>QS�zQ��\`rg>^�QSRUWUj>X�mfp_QS�zQ�mfWU��R9`vu/`i�Dm�^��SdUu>T�mfg9`rhKR>XfRUWUT�g9`r�fd9X\u��K�043�04l�\�
P�gUW©`rR9`vu>WUVKWUj>X�mfpUW3s©g9`Smfj>XfVr`vs!]lmfW3u9XfRUW>X�QSnUg>X\d9X\u>TUXfVlm°T©p_`rp©QSVKR>Qr~

[�XfRUW>X�^�QS��R>QKmfVKWZmfWU��R9`vu/`�R9`�hKces�Q�d9X¨pa^�QS��R>QKmfVKW�mfWU��R9`vu/`�R9`�hSs�Qzd9XKª

η = Pout/Pin ,
� �3�����

�°d9X
P
d/`SXfVlmoTG^%R>Q�y�WUVlX\u>TU^%W¡nUgUW

δ
~'|�]MRUpU}UWUT_sqR9`Zj9`SmfVlQSVlXamfWU��R9`vu9QSh

hKces�Q�d/`�WahSs�Q�d/`�m�QKQSVKhlXfVlmfVKhlXfRUR>QU�
9<m\u>]Mj9`SXim\u/`SbKQS�zQkhSs�Q�d>R>QS�zQ��\`rg>^�QSRUWUj>X�mfpMQS�zQ�mfWU��R9`vu/`aj9`SmfVlQSVKc

Ωmfn>XfpUVKg9`vu>{KR9`rTa^�QS��R>QKmfVK{�R9`¨hKces�Q�d9X�nUg>X\d9mfVS`rhSu>TUXfVlm°Tkh�hKW3d9X�mfWU��R9`vu>{S~
R>QSx j9`SmfVKW W [�]3^�QShlQS�zQ<nU{lX\d9X�mfVr`vu/`

G
(0)
x,x(ω)

�8��WU��R9`vu>{KR9`rT m�QKmfVr`rhS~
u>T3�«��`rT¬W>^�X�XfV¡hKW3d d9X\u>{�VS`v~'|"]MRUpU}UWUx�m�}>XfRUVKg>QK^ R9`�j9`SmfVlQSVS`vs ±Ω ª
δ(ω − Ω) + δ(ω + Ω)

� 9¯¤�VlQK^ m\u>]Mj9`SX
Pout

� ¤�VlQ�WURUVlXf��g9`vu>{KR9`rTZn3u9QSVS~
R>QKmfVK{�^�QS��R>QKmfVKW@t@m�Q�d9XfgMy�`r��`rTUm°T!h�d9X\u>{vVr`v~ nUWUp_`vsqR9`�j9`SmfVlQSVr`vs ±Ω h
mfn>XfpUVKg>Xi^�QS��R>QKmfVKW�hKces�Qzd>R>QS�zQZmfWU��R9`vu/`3� � bS��`rT�^�QS��R>QKmfVK{ahSs�Q�d>R>QS�zQ
mfWU��R9`vu/`

Pin = A2 �
9 jUW>m\u9XfRUR>QK^ W¯|"WU��WUj>X�mfp_QK^�¤�p_mfn>XfgUW>^�XfRUVr`vs¥^�QS��R>QKmfVKW¬mfWU��R9`vu/`

QSnUg>X\d9X\u>T3�«VlmoT�p_`rp�WURUVlXf��g9`vu QSV)mfn>XfpUVKg9`vu>{KR>QSx�n3u9QSVKR>QKmfVKW ^�QS��R>Qr~
mfVKW¬hGn>Qru9QKm�X�WU�z^�Xfg�TUX�^%ces¬j9`SmfVlQSVv� 9 ¤�p_mfn>XfgUW>^�XfRUVr`vs¥m��\`rg>^�QSRUWUj>X\~
mfpUW>^%WkmfWU��R9`vu/`S^%W+n>Qru9QKmz`�j9`SmfVlQSV�m�QKQSVKhlXfVlmfVKhK]lXfV

Ω±∆ω t��°d9X«j9`SmfVlQSVr`
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∆ω
QSnUg>X\d9X\u>TUXfV�j9`SmfVlQSVKR>QKX�g9`r��g>Xf[�XfRUW>X�h�WU�z^�Xfg>XfRUWUT_s-� ��n>XfpUVKg9`vu>{KR9`rT

n3u9QSVKR>QKmfVK{k^�QS��R>QKmfVKW�R9`ij9`SmfVlQSVlX�mfWU��R9`vu/`
Ω
nUg>X\d9mfVS`rhSu>TUXfVlm°T�h+|¨QSg3~

^�X�g>Xf��]vu>T3gUR>QSxZW�[�]3^�QShlQSx�p_QK^%n>QSR>XfRUVv�-§ZQS��R>QKmfVK{+mfWU��R9`vu/`iR9`vs�Q�d>WUVS~
m°T�m�QKQSVKhlXfVlmfVKhK]_�«��W>^�hKc�jUWUVr`rRUW>X�^�ª

Ps = 2[Gx,x(Ω) − 〈G(0)
x,x〉]∆ω

t/�°d9X
〈G(0)

x,x〉
�©mfn>XfpUVKg9`vu>{KR9`rT n3u9QSVKR>QKmfVK{![�]_^
`3t�n>Qru>]_j9`SX�^
`rT�]lmfg>X\d>R>XfRUW>X�^

n>Q�m�QKm�X\d>RUW>^¡j9`SmfVlQSVr`S^��
� VKR>QS[�XfRUW>X
mfWU��R9`vu5±v[�]3^q�������w�5QSnUg>X\d9X\u>TUXfVlmoT�p_`rp¨QSVKR>QS[�XfRUW>X8mfn>Xfp3~

VKg9`vu>{KRUceskn3u9QSVKR>QKmfVlXfx�^�QS��R>QKmfVKWamfWU��R9`vu/`�W [�]3^
`�R9`�j9`SmfVlQSVlX"mfWU��R9`v~
u/`k����4v�'� 9¯m\u>]_j9`SX"�\`rg>^�QSRUWUj>X�mfp_QS�zQ mfWU��R9`vu/`�W>^�X�X�^

SNR =
1

G
(0)
x,x(Ω)

2

∫ Ω+∆ω

Ω−∆ω
Gx,x(ω)dω ,

� �3�04l�

�°d9X�[�]3^�QShlQSx�nU{lX\d9X�mfVr`vu
G

(0)
x,x

hKc�jUW>m\u>TUXfVlmoT�R9`�j9`SmfVlQSVlX�mfWU��R9`vu/`
ω =

Ω
�-P�gUW�`rR9`vu>WUVKWUj>X�mfpUW3s�g9`Smfj>XfVS`vs�h hKc�g9`ry�XfRUWUW�dUu>T �����<W>mfn>Qru>{K��]�~

XfVlm°T©nUg>X\d9X\u
∆ω → 0

��P�gUW©�\`rg>^�QSRUWUj>X�mfp_QK^�mfWU��R9`vu9X�R9`khSs�Q�d9X�VS`rpMQr~
^%] QSnUg>X\d9X\u9XfRUWU�³h�¤�p_mfn>XfgUW>^�XfRUVlX�QSVKhlXfj9`SXfV+QSVKR>QS[�XfRUW>X"hKc�m�QSVKc mfn>Xfp3~
VKg9`vu>{KR>QSx¯u>WURUWUW¬mfWU��R9`vu/`©^�Q�d>]vu>T_}UWUW¯R9`vd¬[�]_^�QShKc�^ QKmfR>QSh�`rRUW>X�^ p
hKc�m�QSVlX�[�]3^�QShlQS�zQiQKmfR>QSh�`rRUWUTahimfn>XfpUVKg>X¨hKces�Q�d>R>QS�zQ�mfWU��R9`vu/`3� �OXf��]vu>{S~
Vr`rVKc�nUg>X\d9mfVS`rhSu>T3�«VlmoT�u>W>bKQ hiu>WUR>XfxUR>QK^��EhkX\d>WURUWU}9`vs9�\t5u>W>bKQ+h�u9QS�f`v~
gUW>|�^%WUj>X�mfp_QK^ � d9Xf}UW>bKX\u>c«��^
`Smf[�VS`Sbl`vs-�

9 g>Xf��]�u>{vVr`rVlXZm\u>]Mj9`rxURUcesGn>Xfg>Xfp3u>�«j>XfRUWUx�mfWU��R9`vu¡R9`�hKces�Q�d9X�mfVlQr~
sM`SmfVKWUj>X�mfpMQSx�bSW>mfVS`SbSW3u>{KR>QSx�mfW>mfVlX�^%c �DbKXf�!]_j>XfVr`�d>hKWUy�XfRUWUx³hKRU]_VKgUW
n>QSVlXfRU}UW9`vu>{KR>QSx�TU^%c«��nUg>X\d9mfVr`rhSu>TUXfVam�QKbKQSx�m\u>]Mj9`rxURUc�x�VlX\u9Xf��g9`S|�RUc�x
nUg>QS}>X�m�m��Dm�^��OgUW>mK�O�3���U�Db�� �\�?9�g>X�^%TqnUg>X�bSc�h�`rRUWUT©h�Q�d>R>QSxGWU� n>QSVlXfRU}UW3~
`vu>{KRUces�T3^¡��m\u>]_j9`rxUR9`rT�hlX\u>WUjUWUR9`3t-n3u9QSVKR>QKmfVK{�g9`SmfnUg>X\d9X\u9XfRUWUT�hlXfg>Qr~
T3VKR>QKmfVlXfx�pMQSVlQSg>QSx

p(τ)
h�QSVlmf]_VlmfVKhKW>Xe^�Q�d>]vu>T3}UWUW�X�mfVK{w¤�p_mfn>QSR>XfRU}UW9`vu>{S~

R>Q�mfn9`vd/`r�w��`rT�|"]MRUpU}UWUT���¦34v�'� 9�hlX\d9XfRUW>X+mfWU��R9`vu/`�^�Qzd>]�u>T3}UWUWqnUgUWUhlQr~
d>WUVkp�mfVKgU]_pUVK]MgUWUg>QSh�`rRUWU� n3u9QSVKR>QKmfVKW�g9`SmfnUg>X\d9X\u9XfRUWUT

p(τ)
t-nUgUW>QKbSg>X\~

Vr`r�w��Xfx©hKW3d�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW��f`�]lm�m�QKQKbSg9`r��RUces�nUWUp_QSh>tO^
`rp_mfW>^%]�~
^%c¡p_QSVlQSgUces�g9`Smfn>Qru9Qzy�XfRUc�R9`vd���R9`�j>XfRUWUTU^%W�hKg>X�^�XfRUW

τ = nTs/2, n =
1, 3, 5, . . .

tr�°d9X
Ts
�¨n>XfgUW>Q�dimfWU��R9`vu/`"^�Qzd>]�u>T3}UWUW@�l§�`rpMmfW>^%]3^%c

p(τ)
¤�pMm\~

n>QSR>XfRU}UW9`vu>{KR>Q!mfn9`vd/`r�wV�m�g>QKmfVlQK^
n
t�WGh�g>Xfy�W>^�X ����R9`rW>bKQru>{K[�X�^%]

^
`rpMmfW>^%]3^%]iQSVKhlXfj9`SXfV�]lm\u9QShKW>X
n = 1

�lP�gUW�¤�VlQK^�tMX�mfVlX�mfVKhlXfRUR>QUtMmfg>X\d>R>X�X
hKg>X�^%T©nUg>X�bSc�h�`rRUWUT 〈τ〉 bS]�d9XfV�R9`rW>bKQru9X�X bru>WU��pMQ�p©n>Qru>]Mn>XfgUW>Qzd>]qmfWU�f~R9`vu/`�^�Q�d>]vu>T3}UWUW@�A��`rpUW>^�QKbSg9`r�zQK^�tUQSnUW>mz`rRUW>X ���©R9`�QKmfR>QShlX«g9`SmfnUg>X\d9X\~
u9XfRUWUT�hKg>X�^�XfR�nUg>X�bSc�h�`rRUWUT!QSVKg9`ry�`SXfVZ¤z|¨|�XfpUVkmfWUR3s_g>QSRUWU��`r}UWUWqn>Xfg>X\~
p3u>�wj>XfRUWUx!mfW>mfVlX�^%c�hKR>Xf[�RUW>^)n>XfgUW>Q�d>WUj>X�mfpUW>^)hlQS�fd9Xfx>mfVKhKW>X�^���¦K�3t ¦r¢S�'�
��`rp p3`rp mfVS`rVKW>mfVKWUj>X�mfpUW>X�mfhlQSx>mfVKh�`�VlX\u9Xf��g9`S|"R>QS�zQ�mfWU��R9`vu/`���`rhKW>m°T3V�QSV
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WURUVlXfR>mfWUhKR>QKmfVKWk[�]_^
`3t_mfVKgU]MpUVK]_g>QSx�n3u9QSVKR>QKmfVKW�g9`SmfnUg>X\d9X\u9XfRUWUT ^�Qzy�R>Q
]_nUg9`rhSu>T_VK{inU]MVlX�^©h�`rgUW9`r}UWUWa[�]_^
`3� � Vlmf�ed/`�hlQS��RUWUp3`SXfV�WUR>QSx@t>`vu>{�VlXfg3~
R9`rVKWUhKRUc�x@tUn>QzdUs�Q�dZpa`rR9`vu>WU��] ^�X\sM`rRUWU�z^�QSh�¤z|�|�XfpUVS` ����tUQKmfR>QSh�`rRURUc�x
R9`�W>m�m\u9X\d9QSh�`rRUWUW�mfVr`rVKW>mfVKWUpUW�hKg>X�^�XfRanUg>X�bSc�h�`rRUWUT2�
�"`rg9`rpUVlXfgUW>mfVKWUpUW�W�mfhlQSx>mfVKh�`+����tSbKXf��]lm\u9QShKR>QUtrd9Qru>y�RUcG��`rhKW>m�XfVK{"QSV

mfVKgU]_pUVK]MgUc�mfWU��R9`vu9QSh>tlhlQS�fd9Xfx>mfVKhK]_�«��W3s�R9`�R>X\u>WUR>XfxURU]M�)mfW>mfVlX�^%]l�_£�VlQ
hiQzd>WUR9`rpMQShlQSx�mfVlXfn>XfRUW�QSVKR>QKmfWUVlmoT�p3`rp�paWUR>|�QSg>^
`r}UW>QSRUR>QK^%]ZmfWU��R9`vu>]lt
Vr`rpZWapk[�]_^�QShlQK^%]l� ��WU��R9`vu�^�Q�d>]vu>T3}UWUWZ^�Q�y�XfV bSc�VK{��\`rg>^�QSRUWUj>X�mfpUW>^
W3u>W�^%R>QS�zQSj9`SmfVlQSVKRUc�^�te`�^�Qzy�XfV!nUg>X\d9mfVr`rhSu>T3VK{qm�QKbKQSx�]_��pMQSn>Qru9QKmfRUc�x
m\u>]_j9`rxURUc�x�nUg>QS}>X�m�m"��¦K¦v�3W3u>W�bSc�VK{wjUW>mfVlQ«[�]_^�QShKc�^�� ��]3^�QShlQSx�mfWU��R9`vu
^�Qzy�XfV�n>Q¨mfhlQSW>^©mfVr`rVKW>mfVKWUj>X�mfpUW>^�mfhlQSx>mfVKh�`S^©bSc�VK{�bru>WU��pUW>^©pibKX\u9QK^%]
[�]_^%]lt>`�^�Qzy�XfViW>^�XfVK{�p_QSR>XfjUR>QKX�hKg>X�^%T pMQSgUg>X\u>T3}UWUW�WaQS��g9`rRUWUj>XfRURUc�x
mfn>XfpUVKg���¦3/3tE¦����'� 9���`rhKW>mfW>^�QKmfVKW QSV�mfhlQSx>mfVKh�mfWU��R9`vu/`3t�[�]_^
`"WipMQSRUpUg>XfVS~
RUces¬mfhlQSx>mfVKh¡R>X\u>WUR>XfxURUces)mfW>mfVlX�^ ¤z|�|�XfpUV ��� bS]�d9XfV�sM`rg9`rpUVlXfgUWU�zQr~
h�`rVK{lm°T)mfn>Xf}UW>|�WUj>X�mfpUW>^%W)mfhlQSx>mfVKh�`S^%W@�a9 VlQGy�X�hKg>X�^%T-teR>Xf��`rhKW>mfW>^�Q
QSV�mfhlQSx>mfVKh�mfW>mfVlX�^%c W©mfVKgU]_pUVK]_gUc�mfWU��R9`vu9QSh>tOT3hSu9XfRUWU� ���³nUgUW>mf]M��W
QKbS��W>Xa|"]_R3d/`S^�XfRUVr`vu>{KRUc�X�mfhlQSx>mfVKh�`3t
nUg>QzT3hSu>T3�w��W>X�moT�h�]_hlX\u>WUj>XfRUWUW
mfVlXfn>XfRUW¡n>QSgMT_d>p_`�h!hKces�Q�d>R>QK^ mfWU��R9`vu9X�h�mfg9`rhKR>XfRUWUW mamfWU��R9`vu9QK^ R9`
hSs�Q�d9X+�023to�z¦3t ¦31v�'�

A2BDC/B���� ( ����N�� L�) ��� )
	$#�� �lN�KL�)��eB���I� ��I�(3N��OI����ONOI��� �J��  lJ #
�%`Sm�m�^�QSVKgUW>^q^�Qzd9X\u>{¨n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QS�zQ�bSW>mfVr`SbSW3u>{KR>QS�zQ�QKmf}UW3uUu>T_~
VlQSg9`3tKmfVr`rhK[�]_�¡p_`rR>QSRUWUj>X�mfp_QSx�dUu>T�W>m�m\u9X\d9QSh�`rRUWUT ������6wg9`rhKR>XfRUW>X�d>hKW3~
y�XfRUWUT�h�bKXf��g9`r�z^�XfgURUcesan>Xfg>X�^�XfRURUcesaW>^�X�XfV�hKW3d

ẋ = x− x3 +A cos(Ωt+ φ) +
√

2D ξ(t)
� �3���l�

W�QSnUW>mfc�h�`SXfV d>hKWUy�XfRUW>X+bSg>QS]MR>QShlmfp_QSx�j9`SmfVKWU}Uc �EhknUg>X\d9X\u9X�bKQru>{K[�QS�zQ
VKg>XfRUWUT9�ih d>hK]�s3TU^%R>QK^ n>QSVlXfRU}UW9`vu9X

U0(x) = −x2/2 + x4/4
n>Q�d

d9Xfx>mfVKhKW>X�^ bKX\u9QS�zQ¥[�]3^
`
ξ(t)

WURUVlXfR>mfWUhKR>QKmfVKW
D
W n>XfgUW>Q�d>WUj>X�mfp_QSx

mfW3u>c
f(t) = A cos(Ωt + φ)

� ��QKQSVKhlXfVlmfVKhK]_�«��X�X�]Mg9`rhKR>XfRUW>X8;�QSpUp_Xfg9`
��Pwu/`rRUp3`�� 6`;�P¨��dUu>T n3u9QSVKR>QKmfVKW�hlXfg>Q�T3VKR>QKmfVKW

p(x, t;φ)
W>^�X�XfV�hKW3d

∂ p

∂ t
= − ∂

∂ x
[(x− x3 +A cos(Ωt+ φ))p] +D

∂2 p

∂ x2
.

� �3� ¢M�

£�VlQ�]_g9`rhKR>XfRUW>X¨^�Q�y�XfV+bSc�VK{i��`rnUW>mz`rR>Q�h�QSn>Xfg9`rVlQSgUR>QSxZ|¨QSg>^�XKª

∂ p

∂ t
= [L0 + Lext(t)] p,

� �3��¦l�
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�°d9X L0 = − ∂
∂ x(x − x3) + D ∂2

∂ x2

�©R>XfhlQS�z^%]_��XfRURUc�x¯QSn>Xfg9`rVlQSg ;�QSp3~
pMXfg9`���Pwu/`rRUp_`G�

A = 0
�\t%` Lext(t) = −A cos(Ωt + φ) ∂

∂ x

QSnUW>mfc�h�`SXfV
n>XfgUW>Q�d>WUj>X�mfp_QKX�hlQS�z^%]M��XfRUW>XK�
��]MgUR>QKXZg9`r��hKWUVKW>X�W>m�m\u9X\d9QSh�`rRUWUx)hGQKbru/`SmfVKW ��� n>QSVKg>X�bKQSh�`vu9Q�m�Qr~

�fd/`rRUWUTGQKbS��Xfx©VlX�QSgUWUW�mfVlQ�sM`SmfVKWUj>X�mfpUW3sGd>W>|�|"]_��W>QSRURUces�nUg>QS}>X�m�m�QSh�m
n>XfgUW>Q�d>WUj>X�mfpUWG^�XfRUT3�«��W>^%W>m°T�p_QS¤z|�|"WU}UW>XfRUVS`S^%W!mfR>QKmz` W�d>W>|�|"]_��WUW@�
��`rp3`rTiVlX�QSgUWUT�bSceu/`�nUg>X\dUu9Q�y�XfR9`�h"g9`SbKQSVr`vs���¦3�KtE¦323t /��v�'� � R9`�nUg>X\d9mfVr`rhS~
u>T_u/`"m�QKbKQSxig9`Smf[�WUg>XfRUW>X�VlX�QSgUWUW�;¨u9QSpMX�R9`"m\u>]Mj9`rx86`;�P)m�n>XfgUW>Q�d>WUj>X\~
mfpUW>^%W�p_QS¤z|�|"WU}UW>XfRUVS`S^%W@� � d>RUW>^�WU��QKmfR>QShKRUces hKc�hlQzd9QSh+¤�VlQSx�VlX�QSgUWUW
T3hSu>TUXfVlm°T¬VlQSV¡|¨`rpUVrtejUVlQGhlXfg>QzT3VKR>QKmfVK{¡h¡`SmfW>^%nUVlQSVKWUj>X�mfp_QK^�nUg>X\d9X\u9X
t0 → −∞

^�Qzy�XfV+bSc�VK{�nUg>X\d9mfVS`rhSu9XfR9`�h�hKW3d9X"gMT_d/` ;�]_gU{lXKª

pas(x, t;φ) =

∞
∑

n=−∞
an(x) exp [ i (nΩt+ φ)].

� �3�0/l�

�"X�Q�d>R>QSg>Qzd>R>QKmfVK{�hlQwhKg>X�^�XfRUW�W>mfp3u>�wj9`SXfVlm°T�nU]_VlX�^�]lmfg>X\d>R>XfRUWUT�n>Qwg9`rhS~
R>QK^�XfgUR>Q©g9`SmfnUg>X\d9X\u9XfRUR>QSx¬R9`�j9`vu>{KR>QSx)|¨`r�zXZmag>Xf��]vu>{�VS`rVlQK^ 〈pas〉φ =
a0(x)

� �egU]vd>R>QKmfVKW@t-mfhKT_��`rRURUc�X�m�n>XfgUW>Q�d>WUj>X�mfp_QSx�R>X�mfVr`r}UW>QSR9`rgUR>QKmfVK{K��t
|�QSg>^
`vu>{KR>Q<^�QS��]_V³bSc�VK{³nUg>X�Q�d9Qru9XfRUc nU]_VlX�^ g9`Smf[�WUg>XfRUWUT |¨`r�zQShlQr~
�zQknUg>QKmfVKg9`rR>mfVKh�`ZmfW>mfVlX�^%c�m�n>QK^�QS��{K� d9QSn>Qru>RUWUVlX\u>{KR>QSxqn>Xfg>X�^�XfRUR>QSx
θ = Ωt+φ

� ;�QSg>^
`vu>{KR>Q�nUg>QS}>X�m�m«mfVr`rR>QShKWUVlm°T mfVr`r}UW>QSR9`rgURUc�^©n>Q��
x, θ

�\t
WqXf�zQZmfVr`r}UW>QSR9`rgUR9`rT©n3u9QSVKR>QKmfVK{�m�QS�°u/`Smf]lXfVlm°TGm�nUg>X\d>ced>]_��W>^)g>Xf��]vu>{S~
Vr`rVlQK^�t/X�m\u>WanUg>QSWURUVlXf��gUWUg>QSh�`rVK{�n>Q

θ
�

�wmfW>^%nUVlQSVKWUj>X�mfpMQKXKt�R>QZ��`rhKW>m°T3��X�XkQSVZhKg>X�^�XfRUW�mfg>X\d>R>X�X 〈x(t)〉 W3u>WR>X\u>WUR>XfxURUc�xiQSVKp3u>WUp�mfVlQ�sM`SmfVKWUj>X�mfpUWUx�mfW>mfVlX�^%c�R9`��f`rg>^�QSRUWUj>X�mfpMQKX�hlQS�f~
d9Xfx>mfVKhKW>XKt%^�Qzy�XfV�bSc�VK{ZnUg>X\d9mfVr`rhSu9XfR@t%W>m°s�Q�d>T©WU��� �3�0/l�\t�hZm\u9X\d>]_�«��X�^
hKW3d9XKª

〈x(t)〉asy =

∞
∑

n=−∞
Mn exp[i (nΩt+ φ)],

� �3���K�

�°d9X�p_QK^%n3u9XfpMmfR>QS��R9`�jURUc�X�`S^%n3u>WUVK]�d>c
Mn

T_hSu>T3�wVlm°T©|"]MRUpU}UWUTU^%W©WUR3~
VlXfR>mfWUhKR>QKmfVKW�[�]3^
`3t>j9`SmfVlQSVKc<mfWU��R9`vu/`

Ω
WZXf�zQ�`S^%n3u>WUVK]�d>c

A
�,��`rpUW>^

QKbSg9`r�zQK^�t/R>X\u>WUR>XfxURUc�x�QSVKp3u>WUp�mfVlQ�sM`SmfVKWUj>X�mfpMQSx�mfW>mfVlX�^%c³R9`��\`rg>^�QSRUW3~
j>X�mfpMQKX�hlQS�fd9Xfx>mfVKhKW>X�nUg>X\d9mfVS`rhSu>T3XfV�m�QKbKQSx�pUh�`r��WUn>XfgUW>Q�d>WUj>X�mfpUWUx¥nUg>Qr~
}>X�m�m�m�j9`SmfVlQSVr`S^%W@t2pUg9`rVKRUc�^%W!j9`SmfVlQSVlX�hKc�RU]My�d/`r�w��Xfx�mfW3u>c��79�ces�QzdU~
R9`rTq^�QS��R>QKmfVK{�R9`�QKmfR>QShKR>QSx�j9`SmfVlQSVlX QSnUg>X\d9X\u>TUXfVlm°T |M1|2

dUu>Tqn>Qru9Qr~
y�WUVlX\u>{KRUces�W�QSVKgUWU}9`rVlX\u>{KRUces

Ω
�(�8u9X\d9QSh�`rVlX\u>{KR>QUt�pMQS¤z|�|"WU}UW>XfRUV"]lmfW3~

u9XfRUWUTkn>Q�^�QS��R>QKmfVKW
η
W>^�X�XfV�hKW3dq��¦��v�'ª

η =

(

2|M1|
A

)2

.
� �3�01l�
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�«R9`vu>WUVKWUj>X�mfpUW>X�hKc�g9`ry�XfRUWUT�dUu>T�pMQS¤z|�|�WU}UW>XfRUVr`�]lmfW3u9XfRUWUT¡W¡QSVS~
R>QS[�XfRUWUT©mfWU��R9`vu5±v[�]_^³]vd/`SXfVlm°T©n>Qru>]MjUWUVK{�min>QK^�QS��{K� g�T_d/`ZnUgUW>bru>W3~
y�XfRUWUx@� � d>RUW>^ WU�+QKmfR>QShKRUces!T3hSu>TUXfVlm°TqnUgUW>bru>WUy�XfRUW>X ^
`vu9QS�zQ�mfWU��R9`v~
u/`3tlp_QS�°d/`¨QSVKp3u>WUp+mfVlQ�sM`SmfVKWUj>X�mfp_QSxkmfW>mfVlX�^%c R9`�hKR>Xf[�RU�w�¯mfW3u>]�^�Qzy�R>Q
mfjUWUVr`rVK{�u>WUR>XfxURUc�^���²¨gU]_��W>X�nUgUW>bru>WUy�XfRUWUTGR9`rp3u/`vd>c�h�`r�wV�QS��g9`rRUWUj>X\~
RUWUT�R9`�j9`SmfVlQSVK]�mfWU��R9`vu/`3� ��WUy�X�^%c g9`Sm�m�^�QSVKgUW>^ d>hlXZnUgUW>bru>WUy�XfRURUc�X
VlX�QSgUWUW ���OªGVlX�QSgUWU� d>hK]Ms m�QKmfVlQ�T_RUWUx@t�nUg>X\dUu9Qzy�XfRURU]_� h g9`SbKQSVlX
�0/3�\�'tkWaVlX�QSgUWU� u>WUR>XfxUR>QS�zQ QSVKp3u>WUp_` �0/34��A/K¦v�'�

A2BDC/B�� ��I� �ON��GJ�H�� � �� $��(  ���L�N��
��X�QSgUWUTGd>hK]Msqm�QKmfVlQ�T_RUWUx@t
W3u>W¡`vd>W9`Sbl`rVKWUj>X�mfp_`rT�VlX�QSgUWUT¯�0/3�\�'t%T3hKW3u/`Smf{
n>XfgUhKc�^�VlX�QSg>XfVKWUj>X�mfpUW>^ QSnUW>mz`rRUW>X�^�¤z|�|�XfpUVr` ���O����u/`r�zQzd/`rg�T mfhlQr~
Xfx�]MRUWUhlXfg>mz`vu>{KR>QKmfVKW@t@nUg>QKmfVlQSVlX�W�¤fu9Xf�\`rRUVKR>QKmfVKWqQSR9`iW>mfn>Qru>{K��]lXfVlmoT�hlQ
^%R>QS��W3skW>m�m\u9X\d9QSh�`rRUWUT_san>Q �����

�%`Sm�m�^�QSVKgUW>^)mfW>^�^�XfVKgUWUjURU]M� bSW>mfVr`SbSW3u>{KRU]_� mfW>mfVlX�^%]lt-n>Xfg>X�^�XfRUR9`rT
m�QKmfVlQzT3RUWUT�p_QSVlQSg>QSxq^�Qzy�XfVanUgUWURUW>^
`rVK{aVlQru>{Kp_Qkd>h�`id>W>mfpUg>XfVKRUces���R9`v~
j>XfRUWUT2ª

σ(t) = ±xm
�

p(x, t|x0, t0) = p(σ, t|σ0, t0) δ(σ − xm) + p(−σ, t|σ0, t0) δ(σ + xm).� �3�02l�
p(σ, t|σ0, t0)

�a]lm\u9QShKRUc�X�hlXfg>QzT3VKR>QKmfVKW�R9`vs�Q�y�d9XfRUWUT�mfW>mfVlX�^%c<hkQ�d>R>QK^
WU��m�QKmfVlQzT3RUWUx

σ
hG^�QK^�XfRUVGhKg>X�^�XfRUW

t
t�]�d9QShSu9XfVKhlQSgMT_�w��W>X�]lm\u9QShKWUT3^

R>QSg>^%WUg>QShKpUW@�
� bKQS��R9`�jUWUh�j>Xfg>Xf�

Wσ(t)
hlXfg>QzT3VKR>QKmfVKWin>Xfg>X\s�Qzd9QSh¨WU��Qzd>R>QS�zQ¨m�QKmfVlQzT_~

RUWUTih¨d>gU]M�zQKX«h�X\d>WURUWU}U]�hKg>X�^�XfRUW@t_n>Qru>]MjUW>^q]MnUg9`rhSu>T3�w��X�X«]_g9`rhKR>XfRUW>X
�Dmfg9`rhKRUWZm�� �K�0/K¦l� �\ª

dp(σ, t|σ0, t)

dt
= −Wσ(t) p(σ, t|σ0, t) + W−σ(t) p(−σ, t|σ0, t).

� �3�����l�

®"mfn>Qru>{K��]KT�]lm\u9QShKWUT�R>QSg>^%WUg>QShKpUW@tK¤�VlQ�]_g9`rhKR>XfRUW>X�^�Qzy�XfV¨bSc�VK{"g>Xf[�XfR>Q
`rR9`vu>WUVKWUj>X�mfpUW�nUgUWa��`vd/`rRUR>QSx�R9`zj9`vu>{KR>QSx�n3u9QSVKR>QKmfVKW@�

9GnUg>X\d>n>Qru9Qzy�XfRUWUWkd9QKmfVr`rVlQSjUR>Q�RUWU��pUW3s�j9`SmfVlQSV�n>Q¨mfg9`rhKR>XfRUWU�¥m�u9Qr~
p_`vu>{KR>QSxGd>WUR9`S^%WUp_QSx�hlXfg>QzT3VKR>QKmfVKW�n>Xfg>X\s�Qzd9QSh�dUu>T©bSW>mfVS`SbSW3u>{KR>QSx�d>W3~
R9`S^%WUpUW h¨nUgUW>mf]_VlmfVKhKWUW n>XfgUW>Q�d>WUj>X�mfpMQS�zQihlQS�fd9Xfx>mfVKhKWUT+W>^�Xf�wV�m\u9X\d>]M�«~
��WUxahKW3d�ª

Wσ(t) = rK exp

(

−Aσ
D

cosΩt

)

.
� �3���K���

9 QSVlmf]_VlmfVKhKW>XkmfWU��R9`vu/`G�
A = 0

�"n3u9QSVKR>QKmfVKW�hlXfg>Q�T_VKR>QKmfVlXfx¡n>Xfg>X\s�Q�d9QSh
m�QShKn9`vd/`r�wV�m�Q�mfp_QSg>QKmfVK{K� <�g9`S^�Xfg>mz`

rK
�K²�u>T ^�Q�d9X\u>Wkn>Xfg>X\d9X�^%n>|"WUg>Qr~
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h�`rRUR>QS�zQibSW>mfVS`SbSW3u>{KR>QS�zQiQKmf}UW3uUu>T3VlQSg9`�� �3���l�\t9mfpMQSg>QKmfVK{ <�g9`S^�Xfg>mz`�QSnUW3~
mfc�h�`SXfVlm°T���`rpMQSR>QK^

rK =
1√
2π

exp

(

− 1

4D

)

.
� �3����4l�

9�c�g9`ry�XfRUW>X�� �3���K���«R9`rn>QK^%WUR9`SXfVZmfpMQSg>QKmfVK{ <�g9`S^�Xfg>mz`am�n>XfgUW>Q�d>WUj>X�mfpUW
^�Q�d>]vu>WUg>QSh�`rRURUc�^�n>QSVlXfRU}UW9`vu9QK^

∆Ueff = ∆U0 ± Axm cosΩt
�-²�QKmfVS`v~

VlQSjUR>Q�^
`vu>c�Xw`S^%n3u>WUVK]vd>c
∆U0−A� D

n>Qr~ nUg>Xfy�R>X�^%]+QKbKX�mfn>XfjUWUh�`r�wV
g9`r�fd9X\u9XfRUW>X�hKg>X�^�XfRURUces�^
`Smf[�VS`SbKQSha^�Xfy�d>]ku9QSp_`vu>{KR>QSx�W��°u9QKbl`vu>{KR>QSx
d>WUR9`S^%WUpMQSx@�

55R9`rRUW>XZ]lm\u9QShKRUces¡hlXfg>QzT3VKR>QKmfVlXfx¯n>QS��hlQru>TUXfVqhKc�jUW>m\u>WUVK{�`rhKVlQSpMQSg3~
g>X\u>T3}UW>QSRURU]M� |"]_RUpU}UWU���9²�u>T�]MnUg>QS��XfRUWUT�W>m�m\u9X\d9QSh�`rRUWUT��0/3�\�8mfWU��R9`vu
nUg>X\d>n>Qru/`r�\`SXfVlmoT�m\u/`SbSc�^�t

Axm � D
tUjUVlQiR9`rp3u/`vd>c�h�`SXfVkQS��g9`rRUWUj>XfRUW>X

R9`
D
��9�¤�VlQK^�m\u>]_j9`SX�hKc�g9`ry�XfRUW>X¨� �3���K���O^�Q�y�R>Q�g9`r�fu9Qzy�WUVK{�h�g�T_d ��Xfx3~

u9QSg9`kW!]�d9XfgMy�`rVK{Zu>WU[�{ku>WUR>XfxURUc�X+n>Q�`S^%n3u>WUVK]vd9XimfWU��R9`vu/`aj3u9XfRUc�� 9
g>Xf��]vu>{�Vr`rVlX¨dUu>T ]lm\u9QShKR>QSx�hlXfg>Q�T_VKR>QKmfVKW�n>Qru>]_j9`SXfVlm°TahKc�g9`ry�XfRUW>X

p(σ, t|σ0, t0) =
1

2



exp[−2rK(t− t0)]







2 δσ0,σ − 1− 2rKAxm cos(Ωt0 + ψ)

D
√

4r2
K +Ω2







+ 1 +
2rKAxm cos(Ωt+ ψ)

D
√

4r2
K +Ω2



 ,
� �3���z�l�

�°d9X
ψ = − arctan(Ω/2rK)

�
��`rW>bKQru>{K[�WUx�WURUVlXfg>X�m�nUg>X\d9mfVr`rhSu>T3�wV�mfg>X\d>R>X�X���R9`�j>XfRUW>XKt@sM`rg9`rpUVlX\~

gUWU��]_�«��X�X�QSVKp3u>WUp�mfW>mfVlX�^%c�t8W¡mfn>XfpUVKg9`vu>{KR9`rT n3u9QSVKR>QKmfVK{>t8R>X�QKbzs�Q�d>W3~
^
`rT dUu>TaQS}>XfRUpUWZQSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]_^��9®��+� �3�02l��^�Q�y�R>Q�n>Qru>]_jUWUVK{
n>XfgUhKc�xa]lm\u9QShKRUc�x�^�QK^�XfRUV 〈x(t)|x0, t0〉 =

∫

xp(x, t|x0, t0) dx
�&9�`SmfW>^O~

nUVlQSVKWUj>X�mfpMQK^ nUg>X\d9X\u9X
t0 → −∞

n>XfgUW>Q�d>WUj>X�mfpUWUx�QSVKp3u>WUpaW>^�X�XfVihKW3d�ª

〈x(t)〉as = A1(D) cos [Ωt+ ψ(D)].
� �3���f¢M�

�w^%n3u>WUVK]�d/`
A1(D)

W�|¨`r�zQShKc�x�m d>hKWU�
ψ(D)

��`rhKW>moT_V�QSV"WURUVlXfR>mfWUhKR>QKmfVKW
[�]_^
`�W�QSnUg>X\d9X\u>T3�wVlm°TahKc�g9`ry�XfRUWUTU^%W

A1(D) =
Ax2

m

D

2 rK(D)
√

4r2
K(D) + Ω2

,
� �3���z¦l�

ψ(D) = − arctan
Ω

2 rK(D)
.

� �3����/l�



�����[� � �L	�� �������
	������!Q ��	ON�� � � � � � � �

55R9`rTi`S^%n3u>WUVK]vd>]�QSVKp3u>WUp_`"R9`"hKces�Q�d9XKt�QSnUg>X\d9X\u>TUX�^!pMQS¤z|�|"WU}UW>XfRUV¨]lmfW3~
u9XfRUWUTkn>Q�^�QS��R>QKmfVKW@ª

η =
4r2Kx

4
m

D2(4r2
K +Ω2)

.
� �3��� �K�

�"XfVKgU]vd>R>Q�hKW3d9XfVK{>t>jUVlQipMQS¤z|�|�WU}UW>XfRUV�]lmfW3u9XfRUWUT�p3`rp�|"]_RUpU}UWUTkWURUVlXfR3~
mfWUhKR>QKmfVKW�[�]3^
`

D
W>^�X�XfViX\d>WUR>mfVKhlXfRURUc�x�^
`rpMmfW>^%]3^��

��`rpUW>^�y�X
QKbSg9`r�zQK^aR9`vs�Q�d>WUVlm°T�]lm\u9QShKR9`rT¨`rhKVlQSpMQSgUg>X\u>T3}UW>QSRUR9`rT�|"]MR3~
pU}UWUT 〈x(t + τ)x(t)|x0, t0〉 =

∫ ∫

xyp(x, t + τ |y, t)p(y, t|x0, t0)dx dy
W

X�X�`SmfW>^%nUVlQSVKWUj>X�mfpUWUx¬nUg>X\d9X\u�nUgUW
t0 → −∞

� � d>R9`rpMQ©hqmfW3u>]�n>XfgUW3~
Q�d>WUj>X�mfp_QSx�^�Q�d>]vu>T_}UWUW n3u9QSVKR>QKmfVlXfx¥hlXfg>Q�T_VKR>QKmfVKW³n>Xfg>X\s�Q�d9QSh d/`ry�X!h
`SmfW>^%nUVlQSVKWUj>X�mfpMQK^ nUg>X\d9X\u9XG`rhKVlQSp_QSgUg>X\u>T3}UW>QSRUR9`rT�|"]MRUpU}UWUT¥��`rhKW>mfWUV
R>X«VlQru>{KpMQ�QSV�hKg>X�^�XfRUR>QS�zQ�m°d>hKWU�\`

τ
tlR>Q�Win>XfgUW>Qzd>WUj>X�mfpUW�QSV¨hKg>X�^�XfRUW

t
�

P"QS¤�VlQK^%]�dUu>T�hKc�jUW>m\u9XfRUWUT�mfn>XfpUVKg9`vu>{KR>QSx�n3u9QSVKR>QKmfVKW�R>X�QKb�s�Q�d>W>^�Q�nUg>Qr~
hlX�mfVKW�d9QSn>Qru>RUWUVlX\u>{KR>QKX«]lmfg>X\d>R>XfRUW>X�n>Q"n>XfgUW>Qzd>]�hKR>Xf[�R>XfximfW3u>c�� � Vl^�X\~
VKW>^�t2jUVlQ VS`rp_`rT�nUg>QS}>X\d>]_g9` ¤�pUhKWUh�`vu9XfRUVKR9`k]lmfg>X\d>R>XfRUWU� n>Qa`rR>mz`S^�bru>�
m\u>]_j9`rxUR>QSx R9`zj9`vu>{KR>QSx�|¨`r��c mfWU��R9`vu/`�W¡m�QKQSVKhlXfVlmfVKhK]lXfV©¤�pMmfn>XfgUW>^�XfR3~
Vr`vu>{KRUc�^ ^�XfVlQ�d/`S^�WU�z^�Xfg>XfRUWUTamfn>XfpUVKg9`vu>{KRUceskn3u9QSVKR>QKmfVlXfxaW p_QSgUg>X\u>TM~
}UW>QSRURUces¡|"]_RUpU}UWUx@�
P"QKm\u9XanUg>X�QKbSg9`r�zQSh�`rRUWUT ;�]_gU{lXkhKc�g9`ry�XfRUW>XZdUu>T
mfn>XfpUVKg9`vu>{KR>QSx�n3u9QSVKR>QKmfVKW

Gσ,σ(ω)
W>^�X�XfV�hKW3d

Gσ,σ(ω) = G(0)
σ,σ(ω) +

π

2
A2

1(D) [ δ(ω −Ω) + δ(ω +Ω)].
� �3����1l�

� R9`�m�Qzd9Xfg�y�WUV�d>hlX�m�QKmfVS`rhSu>T3�«��W>XKª�n>XfgUW>Qzd>WUj>X�mfpU]M��t_nUg>X\d9mfVr`rhSu9XfRURU]_�
d9X\u>{�VS`v~'|"]_RUpU}UW>XfxGm�hlX�m�QK^�t@nUg>QSn>QSgU}UW>QSR9`vu>{KRUc�^<pMQS¤z|¨|"WU}UW>XfRUVK]�]lmfW3~
u9XfRUWUT2tUWa[�]_^�QShK]_�

G
(0)
σ,σ(ω)

ª

G(0)
σ,σ(ω) =

4rKx
2
m

4r2K + ω2

(

1− A2
1(D)

2x2
m

)

.
� �3����2l�

<�`rpGhKW3d>R>Q�WU� n>QKm\u9X\d>R>Xf�zQ�hKc�g9`ry�XfRUWUT2t�[�]_^�QShlQSxGnU{lX\d9X�mfVr`vu�h�mfhlQS�
QSj>Xfg>X\d>{inUg>X\d9mfVS`rhSu9XfR�mf]3^�^�QSx�R>XfhlQS�z^%]_��XfRUR>QS�zQimfn>XfpUVKg9`��EnUgUW

A = 0
�

W�R>XfpMQSVlQSgUc�^¬d9QSn>Qru>RUWUVlX\u>{KRUc�^)j3u9XfR>QK^¯n>QSg�T_d>p3`
A2 �-P"Q�T_hSu9XfRUW>X�d9Qr~

n>Qru>RUWUVlX\u>{KR>QS�zQ�j3u9XfR9`�nUg>QSW>m°s�Q�d>WUV hlm\u9X\d9mfVKhKW>X�R9`vu>WUjUWUTZmfWU��R9`vu/`3t/n>Qr~
RUWUy�`r�w��Xf�zQ�[�]3^�QShlQSx nU{lX\d9X�mfVr`vu��/£�VlQ�hlQS��RUWUp_`SXfV�h�mfW3u>]iW>mfn>Qru>{K�zQSh�`v~
RUWUTkVlX�QSg>X�^%c P�`rg>m�Xfh�`vu>TkhiVlX�QSgUWUWkd>hK]�skm�QKmfVlQzT3RUWUx@�

� VKR>QS[�XfRUW>XwmfWU��R9`vu5±v[�]3^�dUu>T�^�Q�d9X\u>W d>hK]Msim�QKmfVlQzT3RUWUx n>Qru>]Mj9`SXfVlmoT
h�hKW3d9X

SNR = π

(

Axm

D

)2

rK
� �3�04��l�
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W¨W>^�X�XfV�X\d>WUR>mfVKhlXfRURUc�x�^
`rpMmfW>^%]3^�nUgUW
D = DSNR

max = ∆U/2 = 1/4
�SP"Qr~

m\u9X\d>R>X�XwhKc�g9`ry�XfRUW>X"R>X�d/`SXfV�d>WUR9`S^%WUj>X�mfpMQS�zQ�QKb��2TUmfR>XfRUWUT m�QShKn9`vd9XfRUWUT
hKg>X�^�XfRURUces�^
`Smf[�VS`SbKQSh�hkm\u>]_j9`SX�^
`rpMmfW>^
`vu>{KR>QS�zQZ]lmfW3u9XfRUWUT�mfWU��R9`vu/`3t
p_`rpZn>QSp_`r��c�h�`vu9QKmf{�hKc�[�XK� 9¯nUg>X\d9X\u/`vs RUWU��pUW3saWkhKc�m�QSpUW3saj9`SmfVlQSV+hKce~
g9`ry�XfRUWUTadUu>TkpMQS¤z|�|"WU}UW>XfRUVS`�]lmfW3u9XfRUWUTkW>^�Xf�wV�hKW3dZm�QKQSVKhlXfVlmfVKhlXfRUR>QUª

ηΩ→0 =
4x4

m

D2
, ηΩ→∞ =

4r2Kx
4
m

D2Ω2
.

� �3�043���

P"Qru>]_j9`SX�^
`rTZR9`�hKces�Q�d9X�pUgUWUh�`rT���`rhKW>mfW>^�QKmfVKW
η(D)

h�m�QKQSVKhlXfVlmfVKhKWUW�m
� �3��� �K�8hlm�Xf�°d/`�R9`vs�Q�d>WUVlmoTkRUWUy�Xw¤�VKW3s�d>hK]Ms�nUg>X\d9X\u9QSh>� ��QShKn9`vd9XfRUW>XwnUg>X\~
d9X\u9QSha^�Qzy�R>QaW>mfn>Qru>{K�zQSh�`rVK{kdUu>T�`rnUnUg>QSp_mfW>^
`r}UWUW!n>Qru9Q�y�XfRUWUT�^
`rpMmfW3~
^%]3^
`�pMQS¤z|�|"WU}UW>XfRUVS`�]lmfW3u9XfRUWUT2t-d/`r�«��Xf�zQ

2r2K = Ω
m�g>Xf��]vu>{�VKWUgU]_��~

��Xfx
DSPA

max

t3pMQSVlQSgUc�x�T3hKR>Q�n>QSp3`r��c�h�`SXfVid>WUR9`S^%WUj>X�mfpU]_�<nUgUWUg>Q�d>]�����4v�'�
��I� �ON�� ��NOL�I ��L� �  $( ���%N�� )-B ��QS�°u/`SmfR>Q�VlX�QSgUWUW u>WUR>XfxUR>QS�zQ QSVS~
p3u>WUp_`3t8QSVKp3u>WUp©R>X\u>WUR>XfxUR>QSx mfVlQ�sM`SmfVKWUj>X�mfpMQSx�mfW>mfVlX�^%c 〈x(t)〉 R9`�m\u/`v~bKQKXGhKR>Xf[�R>X�X�hlQS�fd9Xfx>mfVKhKW>X

f(t)
h)`SmfW>^%nUVlQSVKWUj>X�mfpMQK^ nUg>X\d9X\u9X�bKQru>{S~

[�W3s)hKg>X�^�XfR³QSnUg>X\d9X\u>TUXfVlm°T³u>WUR>XfxURUc�^�WURUVlXf��g9`vu>{KRUc�^ m�QKQSVKR>QS[�XfRUW3~
X�^)�0/343tO/K�3t\/3/v�

〈x(t)〉asy = 〈x〉st +

∫ ∞

−∞
κ(t− τ,D) f(τ) dτ.

� �3�0434l�

�°d9X 〈x〉st
�+mfg>X\d>R>X�X"��R9`�j>XfRUW>X¨R>XfhlQS�z^%]M��XfRUR>QSxan>Xfg>X�^�XfRUR>QSx�m�QKmfVlQ�T3RUWUT

mfW>mfVlX�^%c³�
f(t) = 0

�\t�`
f(t)

��hKR>Xf[�RUT3T�hlQS�z^%]_��`r�«��`rT�mfW3u/`3�lP"Qru9Qzy�W>^
dUu>TGnUg>QKmfVlQSVKc 〈x〉st = 0

t%jUVlQ�hKc�n>Qru>RUT3XfVlmoTGdUu>T�mfW>^�^�XfVKgUWUjURUces¡QSVS~
R>QKmfWUVlX\u>{KR>Q�R9`�j9`vu/`¨pMQKQSgld>WUR9`rV�bSW>mfVr`SbSW3u>{KRUces�mfW>mfVlX�^�W@tKh�j9`SmfVKR>QKmfVKW@t
dUu>T�bl`r�zQShlQSxi^�Q�d9X\u>W�� �3���l�\�D;�]_RUpU}UWUT

κ(t)
h�� �3�0434l��T3hSu>T3XfVlmoT�|"]MRUpU}UW>Xfx

QSVKp3u>WUp_`3t2`�m°d9X\u/`rRUR>QKX�nUg>X\d>n>Qru9Qzy�XfRUW>X�T3hSu>TUXfVlm°TZQKmfR>QShlQSn>Qru/`r�\`r�w��W>^
h�VlX�QSgUWUWku>WUR>XfxUR>QS�zQ+QSVKp3u>WUp_`3�

� VKR>QS[�XfRUW>XZ� �3�0434l�wW>^�X�XfV�^�X�mfVlQ dUu>T�nUg>QSWU��hlQru>{KR>Q�m\u/`SbSces�hlQS�z^%]M~
��XfRUWUx@t�R>QwbKXf��n>QSVlXfgUW�QKbS��R>QKmfVKW�^�Q�y�R>Qwg9`Sm�m�^
`rVKgUWUh�`rVK{wW�m\u>]_j9`rx��f`rg3~
^�QSRUWUj>X�mfpMQS�zQ�hlQS�fd9Xfx>mfVKhKWUT2�:��`rp©p_`rp

κ(s) = 0
dUu>T

s < 0
t2VlQZQSVKp3u>WUp

mfW>mfVlX�^%c hKc�g9`ry�`SXfVlmoT�j>Xfg>Xf� hlQKmfnUgUWUW>^%jUWUhlQKmfVK{
χ(ω)

tOpMQSVlQSg9`rTGT3hSu>TM~
XfVlm°T ;�]_gU{lX\~'QKbSg9`r�zQK^�|"]MRUpU}UWUWaQSVKp3u>WUp3`3ª

〈x(t)〉 = A |χ(ω)| cos (Ωt+ ψ),
� �3�04K�l�

�°d9X�|¨`r�zQShKc�xam d>hKWU�
ψ
QSnUg>X\d9X\u9XfR�hKc�g9`ry�XfRUW>X�^

ψ = − arctan
Imχ(Ω)

Reχ(Ω)
.

� �3�04r¢M�
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<"QS¤z|�|"WU}UW>XfRUVi]lmfW3u9XfRUWUTaQSnUg>X\d9X\u>T3XfVlmoT�p3`rp

η = |χ(ω)|2. � �3�04K¦l�

<�`rp�W�h�g9`S^%p3`vsGVlX�QSgUWUW�d>hK]�sGm�QKmfVlQzT3RUWUx@t8mfn>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{
^�QS��R>QKmfVKW�m�QKmfVlQSWUVqWU�a[�]3^�QShlQS�zQ�nU{lX\d9X�mfVS`vu/`

G
(0)
xx (ω)

bKXf��]_j>XfVr`�n>Qr~
d/`rhSu9XfRUWUT�mfWU��R9`vu/`�W�n>XfgUW>Q�d>WUj>X�mfp_QS�zQ�hKces�Q�d>R>QS�zQ�mfWU��R9`vu/`3�lP"QKm\u9X\d>RUWUx
QSnUg>X\d9X\u>TUXfV

δ
~ nUWUpUWZm�hlX�m�QK^�t3g9`rhKRUc�^�]lmfW3u9XfRUWU��t>W+dUu>Tkmfn>XfpUVKg9`vu>{KR>QSx

n3u9QSVKR>QKmfVKWZ^�QS��R>QKmfVKW�n>Qru>]_j9`SX�^�ª

Gx,x(ω) = G(0)
x,x(ω) +

π

2
A2 |χ(Ω)|2 [ δ(ω −Ω) + δ(ω +Ω)].

� �3�043/l�

§�QS��R>QKmfVK{"R9`wj9`SmfVlQSVlX
ω = Ω > 0

nUg>X\d9mfVr`rhSu>TUXfV¨m�QKbKQSx�mf]3^�^%]�^%R>Q�y�W3~
VlX\u9Xfx�n>Xfg>X\d

δ
~ nUWUp3`S^%W�dUu>T ±Ω ��9!g9`S^%p_`vs�VlX�QSgUWUW�u>WUR>XfxUR>QS�zQ"QSVKp3u>WUp_`�����)R9`vs�Q�d>WUVlmoT�h�m�QKQSVKhlXfVlmfVKhKWUW�mi� �3�04l�

SNR =
πA2|χ(Ω)|2

G
(0)
x,x(Ω)

,
� �3�04��K�

W�hlQKmfnUgUWUW>^%jUWUhlQKmfVK{
χ(ω)

W>mfn>Qru>{K��]lXfVlm°T�hlQ¯hlm�X\s�hKc�g9`ry�XfRUWUT_s�p_`rp
QKmfR>QShKR9`rTahlX\u>WUjUWUR9`3�

��X�QSgUWUT�u>WUR>XfxUR>QS�zQ QSVKp3u>WUp3`)nUg>X\d9mfVS`rhSu>T3XfV³¤fu9Xf�\`rRUVKR>QKX g>Xf[�XfRUW>X
dUu>T�QSnUg>X\d9X\u9XfRUWUT

χ(ω)
��£�VlQ�g>Xf[�XfRUW>XZ^�Qzy�XfVqbSc�VK{!n>Qru>]_j>XfR>Q�j>Xfg>Xf�

|�u>]_pUVK]�`r}UW>QSRUR>Qv�ld>W>m�mfWUn9`r}UW>QSRURU]M� VlX�QSg>X�^%]¥��;w² ���\��9 g9`SbKQSVlX <�]3bKQ
�0/3/v�@bSceu9Q�hKn>XfgUhKc�X�n>QSp_`r��`rR>QUt3jUVlQ�dUu>T+g9`rhKR>QShlX�mfRUceskmfW>mfVlX�^G|"]_RUpU}UWUT
QSVKp3u>WUp_`!h!m\u>]_j9`SX�m\u/`SbSces�hlQS�z^%]_��XfRUWUx�mfhKT_��`rR9`!mkpMQSgUg>X\u>T3}UW>QSRUR>QSx
|"]_RUpU}UW>Xfx . %��!��-������ %�. . �!)�mfW>mfVlX�^%c���P"QS��y�Xk¤�VlQ�h�`ry�R>QKXkm�QKQSVKR>QS[�X	�
RUW>X�QKbKQKbS��W3u>W¡��XfRU��W�W ��QK^
`Sm!�0/K�v��R9`�[�WUg>QSpUWUx p3u/`Sm�m�mfVlQ�sM`SmfVKWUj>X	�
mfpUW3s�nUg>QS}>X�m�m�QSh>tSp_QS�°d/`wh�m�QKQSVKhlXfVlmfVKhK]M�w��X�^�]MnUg9`rhSu>T3�w��X�^�]_g9`rhKR>XfRUWUW
W>mfn>Qru>{K��]lXfVlm°TGQSn>Xfg9`rVlQSgGhlQS�z^%]M��XfRUWUT���g9`vd>W>XfRUVKR>QS�zQ�VKWUn9`3t@p3`rpqhZhKc
�
g9`ry�XfRUWUW�� ��� ¢M�	�,��`rpUW>^�QKbSg9`r�zQK^�t9VlX�QSgUWUT�u>WUR>XfxUR>QS�zQ+QSVKp3u>WUp3`id9Qru>y�R9`
bSc�VK{anUgUW>^�XfRUW>^
`ap�¤z|�|�XfpUVK] ���Ot2jUVlQabSceu9Qkd9QSp_`r��`rR>Q�^%R>QS�zQSjUW>m\u9XfR��
RUc�^%WaW>m�m\u9X\d9QSh�`rRUWUTU^%W��,�O`Sm�m�^�QSVKgUW>^ nUgUW3u9Qzy�XfRUW>X¨VlX�QSgUWUWku>WUR>XfxUR>QS�zQ
QSVKp3u>WUp_`�dUu>T�m\u>]_j9`rT�n>Xfg>X\d9X�^%n>|�WUg>QSh�`rRUR>QS�zQ¨bSW>mfVr`SbSW3u>{KR>QS�zQ�QKmf}UW3uUu>T�
VlQSg9`a� �����l�	�

;�]_RUpU}UWUTiQSVKp3u>WUp_`
κ(t)

mfhKT3��`rR9`�m«`rhKVlQSp_QSgUg>X\u>T3}UW>QSRUR>QSxa|"]MRUpU}UW>Xfx
c
(0)
x,x(t)

R>XfhlQS�z^%]_��XfRUR>QSx�mfW>mfVlX�^%c³m\u9X\d>]M�w��W>^�m�QKQSVKR>QS[�XfRUW>X�^ ��¦��3t ¦3�\�'ª

κ(t) = −Θ(t)

D

d

dt
c(0)x,x(t),

� ���0431l�
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�°d9X
Θ(t)

� |�]MRUpU}UWUT³�wXfhKW>mz`rx3d/`�� ��`rpUW>^ QKbSg9`r�zQK^�t#;«² � mfhKT3��c�h�` �
XfVZd>h�`anUgUWURU}UWUnUW9`vu>{KR>Q�g9`r�fu>WUjURUcesqnUg>QS}>X�m�mz`3ª%mfVS`rVKW>mfVKWUj>X�mfpUW>XkmfhlQSx��
mfVKh�`kh�hlQS�z^%]M��XfRUR>QK^¥m�QKmfVlQ�T_RUWUWGm�u>WUR>XfxURUc�^³QSVKp3u>WUpMQK^ R9` hKR>Xf[�R>X�X
hlQS�fd9Xfx>mfVKhKW>X �-²�u>T�hKc�jUW>m\u9XfRUWUT�hlQKmfnUgUWUW>^%jUWUhlQKmfVKW©R>X�QKb�s�Qzd>W>^�Q�n>Qru>] �
jUWUVK{�hKc�g9`ry�XfRUW>X
dUu>T�R>XfhlQS�z^%]_��XfRUR>QSx�`rhKVlQSpMQSgUg>X\u>T3}UW>QSRUR>QSx�|"]_RUpU}UWUW
c
(0)
x,x(τ,D)

�

��QSjUR>QKX8hKc�g9`ry�XfRUW>X
dUu>T"R>XfhlQS�z^%]M��XfRUR>QSx�`rhKVlQSp_QSgUg>X\u>T_}UW>QSRUR>QSx�|"] �
RUpU}UWUW

c
(0)
x,x(τ,D)

n>Qru>]MjUWUVK{¨R>X�]vd/`SXfVlm°T2tlQzd>R9`rpMQ�mf]M��X�mfVKhK]lXfV"R>X�mfpMQru>{Kp_Q
n>Q�dUs�Qzd9QShkdUu>T�X�X¨nUgUW>bru>WUy�XfRUR>QSx!QS}>XfRUpUW�� ��`rW>bKQru9X�X�VlQSjURUc�x�QKmfR>QSh�`rR
R9`©g9`r�fu9Qzy�XfRUWUW¥n>Q�m�QKbKmfVKhlXfRURUc�^ |�]MRUpU}UWUTU^ QSn>Xfg9`rVlQSg9` ;�QSpUp_Xfg9`q�
Pwu/`rRUp_`�� ¢>�KtF/���� �SP�gUW¨¤�VlQK^ZpMQSgUg>X\u>T3}UW>QSRUR9`rT�|"]_RUpU}UWUT�nUg>X\d9mfVr`rhSu>TUXfVlm°T
h�hKW3d9X�g�T_d/`"¤�p_mfn>QSR>XfRUV

gj exp(−λjτ)
tl�od9X

λj
��m�QKbKmfVKhlXfRURUc�X���R9`zj>XfRUWUT

QSn>Xfg9`rVlQSg9` ;�QSpUp_Xfg9`��qPwu/`rRUp3`3t
gj
�!p_QS¤z|�|"WU}UW>XfRUVKc�t8hKc�jUW>m\u>T3X�^%c�X

]lmfg>X\d>R>XfRUW>X�^�m�QKQSVKhlXfVlmfVKhK]_�«��W3sqm�QKbKmfVKhlXfRURUces©|�]MRUpU}UWUxqn>QaR>XfhlQS�z^%] �
��XfRUR>QK^%]�g9`rhKR>QShlX�mfR>QK^%]kg9`SmfnUg>X\d9X\u9XfRUWU� �

9�nUg>QKmfVlXfxU[�X�^ m\u>]Mj9`SX�nUgUW�g9`Smfj>XfVlX�p_QSgUg>X\u>T_}UW>QSRUR>QSx |"]_RUpU}UWUW
^�Qzy�R>Q�]Mj>X�mfVK{�R9`rW>^�XfRU{K[�X�X"R>XfRU]vu9XfhlQKX"m�QKbKmfVKhlXfRUR>QKX"��R9`�j>XfRUW>X

λm
t_p_Q �

VlQSg>QKX�mfhKT3��`rR>Q�m�QGmfpMQSg>QKmfVK{K� <�g9`S^�Xfg>mz`GhKces�Q�d/`©WU��n>QSVlXfRU}UW9`vu>{KR>QSx
TU^%c�ª

λm = 2 rK =

√
2

π
exp

(

− 1

4D

)

.
� ���0432l�

9�c�g9`ry�XfRUWUTidUu>T�pMQSgUg>X\u>T3}UW>QSRUR>QSxk|"]MRUpU}UWUWiWimfn>XfpUVKg9`vu>{KR>QSx n3u9QSVKR>Q �
mfVKWaR>XfhlQS�z^%]_��XfRUR>QSx�mfW>mfVlX�^%c¥h�¤�VlQK^�m\u>]_j9`SX"nUgUWURUW>^
`r�wV�hKW3d

c(0)x,x(τ,D) ≈ 〈x2〉st exp(−λmτ), G(0)
x,x(ω) =

2λm〈x2〉st
λ2

m + ω2
,

� �������l�

�°d9X 〈x2〉st
��mfVS`r}UW>QSR9`rgUR>QKX���R9`�j>XfRUW>X�hKVlQSg>QS�zQ�pU]_^%]vu>T3RUVr`�R>XfhlQS�z^%]_��XfR��

R>QSx mfW>mfVlX�^%c��`��`rp3`rT `rnUnUg>QSpMmfW>^
`r}UWUT<m�QKQSVKhlXfVlmfVKhK]lXfV nUgUW>bru>WUy�XfRUWU�
d>hK]Ms m�QKmfVlQ�T_RUWUxZWk]MjUWUVKc�h�`SXfV�u>WU[�{�d>WUR9`S^%WUpU] n>Xfg>X\s�Qzd9QSh+^�Xfy�d>]k^�X	�
Vr`SmfVS`SbSW3u>{KRUc�^%W�m�QKmfVlQzT3RUWUTU^%W�mfW>mfVlX�^%c��

6wj>XfV�hKRU]MVKgUWUTU^%R>QSx�d>WUR9`S^%WUpUW�h�pMQSgUg>X\u>T3}UW>QSRUR>QSx�|"]_RUpU}UWUW�QKmf]M��X	�
mfVKhSu>TUXfVlm°T�nU]_VlX�^ZhKp3u>�wj>XfRUWUT�¤�pMmfn>QSR>XfRU}UW9`vu>{KR>QS�zQ�j3u9XfR9`«h�hKc�g9`ry�XfRUW>X
� �������l�\t2QSnUW>mfc�h�`r�w��X�X�bSc�mfVKgUc�X�|�u>]_pUVK]�`r}UWUW�hKRU]_VKgUW�n>QSVlXfRU}UW9`vu>{KRUces
TU^ � 9 ¤�VlQK^ m\u>]_j9`SXap_QSgUg>X\u>T3}UW>QSRUR9`rT |"]_RUpU}UWUT�QSnUW>mfc�h�`SXfVqp3`rp¡�ou9Q �
bl`vu>{KRU]_� �En>QSp3`r��`rVlX\u>{

λm
�\t_Vr`rpaW�u9QSp3`vu>{KRU]M�<hKRU]_VKgUWUT3^%RU]_� d>WUR9`S^%W��

pU]���¦3�\�'ª

c(0)x,x(τ,D) = g1 exp(−λmτ) + g2 exp(−ατ), � �����3���
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�°d9X�n>QSp_`r��`rVlX\u>{
α
QSnUg>X\d9X\u>TUXfV¡mfpMQSg>QKmfVKW)g>X\u/`rp_mz`r}UWUW¥h�^%WURUW>^%]3^
`vs

n>QSVlXfRU}UW9`vu/`���²�u>T�pMQSRUpUg>XfVKR>QS�zQ�nUgUW>^�Xfg9`�� �����l�
α = 2

�(<"QS¤z|�|"WU}UW>XfRUVKc
g1,2

h�|�QSg>^%]vu9Xi� �����3����QSnUg>X\d9X\u>T3�wVlm°TaWU��hKc�g9`ry�XfRUWUTadUu>Tkp_QSgUg>X\u>T_}UW��
QSRUR>QSxZ|�]MRUpU}UWUWkWaX�X"nUg>QSWU��hlQzd>R>QSx�nUgUW

τ = 0
WkW>^�Xf�wV�hKW3dq��¦3�\�

g1 = 〈x2〉st − g2, g2 =
λm〈x2〉st
λm − α

+
〈x2〉st − 〈x4〉st

λm − α
.

� �����34l�

²�u>T�hlQKmfnUgUWUW>^%jUWUhlQKmfVKW h"nUgUW>bru>WUy�XfRUWUW�d>hK]Ms�m�QKmfVlQ�T_RUWUx�n>Qru>]_j9`SX�^
hKc�g9`ry�XfRUW>X

χ(ω,D) =
1

D

λm〈x2〉st
λ2

m + ω2
(λm − iω),

� �����K�l�

`�m�]_j>XfVlQK^�hKRU]_VKgUWUT3^%R>QSx�d>WUR9`S^%WUpUW �+hKc�g9`ry�XfRUW>X

χ(ω,D) =
1

D

(

g1λ
2
m

λ2
m + ω2

+
g2α

2

α2 + ω2

)

− iω

(

g1λm

λ2
m + ω2

+
g2α

α2 + ω2

)

.
� �����r¢M�

55R9`rT�hlQKmfnUgUWUW>^%jUWUhlQKmfVK{aW�mfn>XfpUVKg9`vu>{KRU]_� n3u9QSVKR>QKmfVK{ R>XfhlQS�z^%]_��XfRUR>QSx
mfW>mfVlX�^%c�t�u9Xf��pMQ«n>Qru>]MjUWUVK{�m�QKQSVKR>QS[�XfRUWUT¨dUu>T�pMQS¤z|¨|"WU}UW>XfRUVr`�]lmfW3u9XfRUWUT
� ���04K¦l��W¡QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]_^ � ���04��K�k��¦3�\� ��9 nUgUW>bru>WUy�XfRUWUW d>hK]�s
m�QKmfVlQzT3RUWUx QSRUW�W>^�Xf�wV¨Vr`rp_QSxiy�X�hKW3d�tKp3`rpiW�h�`vd>W9`Sbl`rVKWUj>X�mfp_QSx VlX�QSgUWUW
d>hK]Ms m�QKmfVlQ�T_RUWUx�� � ����� �_t����04��l�\ª

η (Ω,D) =
1

D2

(〈x2〉stλm)2

λ2
m +Ω2

, SNR =
πA2

2D2
〈x2〉stλm.

� �����K¦l�

�¡]Mj>XfVlQK^©hKRU]_VKgUWUTU^%R>QSxkd>WUR9`S^%WUpUWkhKc�g9`ry�XfRUWUT dUu>T�pMQS¤z|�|�WU}UW>XfR��
Vr`�]lmfW3u9XfRUWUTaWaQSVKR>QS[�XfRUWUTZmfWU��R9`vu5±v[�]3^�nUgUW>QKbSg>XfVr`r�wVihKW3d©��¦3�\�

η(Ω,D) =
(g1λm)2 (α2 +Ω2) + (g2α)2 (λ2

m +Ω2) + 2g1g2αλm(αλm +Ω2)

D2(λ2
m +Ω2)(α2 +Ω2)

,
� �����3/l�

SNR =
π A2

2D2

(g1λm)2 (α2 +Ω2) + (g2α)2 (λ2
m +Ω2) + 2g1g2αλm(αλm +Ω2)

g2α(λ2
m +Ω2) + g1λm(α2 +Ω2)

.
� �������K�

<�`rp¥hKW3d>R>Q�WU��gUW>m ����� ¢�`3t�QKbl`�nUgUW>bru>WUy�XfRUWUT)d/`r�wV¡Qzd>WUR9`rpMQShKc�X©g>X	�
��]vu>{�Vr`rVKc h!QKbru/`SmfVKW�^
`rpMmfW>^
`vu>{KRUces���R9`�j>XfRUWUx�]lmfW3u9XfRUWUT ���%`r�fu>WUjUWUT
n>QzT3hSu>T3�wVlm°T�u>WU[�{knUgUW!^
`vu>ces�WURUVlXfR>mfWUhKR>QKmfV�T_s![�]_^
`��7��X�QSgUWUT-t@nUgUW��
RUW>^
`r�w��`rT�hlQ�hKRUW>^
`rRUW>X�VlQru>{KpMQ��ou9QKbl`vu>{KRU]M� d>WUR9`S^%WUpU]Gn>Xfg>X\s�Q�d9QSh>t
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SUT�� �
D

�`������� ��� V ����M � � � � Ω

d/`SXfV�RU]�u9XfhlQKX���R9`zj>XfRUW>X
η
nUgUW

D → 0
� 6wj>XfV�hKRU]MVKgUWUTU^%R>QSxGd>WUR9`S^%W��

pUW©d/`SXfVZnUg9`rhKW3u>{KRUc�x�nUg>X\d9X\u�ª
η(Ω,D → 0) = 1/(α2 + Ω2)

�:9�¤�VlQK^
nUg>X\d9X\u9X�mfg>X\d>R>X�X�hKg>X�^%T¯n>Xfg>X\s�Qzd/`�WU��Q�d>R>QSx¥n>QSVlXfRU}UW9`vu>{KR>QSx¥TU^%c h
d>gU]_��]M� `SmfVKg>QSR>QK^%WUj>X�mfpUW�hlX\u>WUp_Q�Wq��`�hKg>X�^%T2tOg9`rhKR>QKX�bKQru>{K[�QK^%]�p_Q �
u>WUj>X�mfVKhK]¡n>XfgUW>Qzd9QSh�hKR>Xf[�R>Xfx¯mfW3u>c�temfW>mfVlX�^
`qR>X�]lmfn>Xfh�`SXfVGn>Xfg>Xfp3u>� �
jUWUVK{lm°T � ��`rpUW>^¯QKbSg9`r�zQK^�t/pMQS¤z|�|�WU}UW>XfRUV+]lmfW3u9XfRUWUTZhlX\d9XfV�m�X�b�TZm�QS�°u/`Sm	�
R>Q

1/(α2 + Ω2)
t2p_`rpqW�h�m\u>]_j9`SX�u>WUR>XfxUR>QSxqmfW>mfVlX�^%c m�sM`rg9`rpUVlXfgURUc�^

hKg>X�^�XfRURUc�^¡^
`Smf[�Vr`SbKQK^
1/α

�
P�gUW�]_^�XfRU{K[�XfRUWUW+j9`SmfVlQSVKc�hKR>Xf[�R>Xf�zQ�hlQS�fd9Xfx>mfVKhKWUT ^
`rpMmfW>^%]3^q]lmfW��

u9XfRUWUTZm°d>hKWU�\`SXfVlmoT�h�mfVlQSg>QSRU]�^�XfRU{K[�W3sa��R9`�j>XfRUWUx�WURUVlXfR>mfWUhKR>QKmfVKW�[�] �
^
`��39Gm\u>]Mj9`SX�^
`vu9QSxiWURUVlXfR>mfWUhKR>QKmfVKWi[�]_^
`�^�Qzd>]�u>T3}UWUT�mfpMQSg>QKmfVKWin>Xfg>X	�
s�Q�d/`��ER>Q�R>X
bl`rgU{lXfg9`�� �@mfVr`rR>QShKWUVlmoT���`S^�XfVKR>Q«mfW3u>{KR>X�XKtzW@tzm\u9X\d9QSh�`rVlX\u>{KR>QUt
mz`S^³pMQS¤z|�|�WU}UW>XfRUV�]lmfW3u9XfRUWUT©]_hlX\u>WUjUWUh�`SXfVlm°T � ��`ZgUW>m �O��� ¢lb�pMQS¤z|¨|"W��
}UW>XfRUV�]lmfW3u9XfRUWUT�� �����3/l���EW3u>W pUh�`vd>g9`rVi`SbKm�Qru>�«VKR>QS�zQ���R9`zj>XfRUWUTkhlQKmfnUgUW��
W>^%jUWUhlQKmfVKW/��n>QSp3`r��`rR�p_`rpq|"]MRUpU}UWUT�WURUVlXfR>mfWUhKR>QKmfVKW![�]3^
`�W�j9`SmfVlQSVKc
hKR>Xf[�R>Xf�zQkmfWU��R9`vu/`��@®���gUW>m �-��� ¢am\u9X\d>]lXfVrt-jUVlQa`S^%n3u>WUVK]�d>R>Q � j9`SmfVlQSVKR9`rT
sM`rg9`rpUVlXfgUW>mfVKWUp_`�mfW>mfVlX�^%c W>^�X�XfV©n>Q�d �@X�^�hqQKbru/`SmfVKW¯RUWU��pUW3s�j9`SmfVlQSV �
£�VlQ�mfhlQSx>mfVKhlQ�QSnUg>X\d9X\u>TUXfVlm°T�|"WU��WUj>X�mfp_QSx�nUgUWUg>Q�d9QSxi|�u>]_pUVK]�`r}UW>QSRURUces
nUg>QS}>X�m�m�QSh�hkbSW>mfVS`SbSW3u>{KRUces!mfW>mfVlX�^
`vs-tG�od9X ¤�R>XfgU��WUT�[�]3^
`�nUg>X�QKbSg9` �
��]lXfVlm°T¯h©RUWU��pMQSj9`SmfVlQSVKRU]_� d>WUR9`S^%WUpU]�m\u>]Mj9`rxURUces n>Xfg>X\s�Q�d9QSh�^�Xfy�d>]
^�XfVr`SmfVS`SbSW3u>{KRUc�^%Wam�QKmfVlQzT3RUWUTU^%W�� 9Gg>Xf��]vu>{�VS`rVlX«mfn>XfpUVKg�|�u>]_pUVK]�`r}UWUx�h
QKbru/`SmfVKW©RUWU��pUW3s�j9`SmfVlQSV�R9`khKces�Qzd9XiW>^�X�XfVZhKW3d��QSg>XfRU}UW9`rR9`Zm�[�WUgUW��
R>QSx@tOQSnUg>X\d9X\u>T3X�^�QSx�mfg>X\d>R>Xfx�mfp_QSg>QKmfVK{K� n>Xfg>X\s�Q�d9QSh <�g9`S^�Xfg>mz`3tOp_QSVlQ �
g9`rTaQS��g9`rRUWUjUWUh�`SXfVlm°T�mfhlXfgls3] hKg>X�^�XfR>X�^�g>X\u/`rpMmz`r}UWUWZhKRU]MVKgUW�T3^ �



�����[� � �L	�� �������
	������!Q ��	ON�� � � � � � � �

52`rhKW>mfW>^�QKmfVK{ QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]3^ QSV¬WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`
� �������K��nUg>X\d9mfVS`rhSu9XfR9`�R9`�gUW>m �>����¦��UP�gUWa^
`vu>ces ��R9`�j>XfRUWUT_s

D
��� �¯g9`Sm	�

s�Q�d>WUVlmoT2tKjUVlQ"QKb��2TUmfRUT3XfVlmoT�hKp3u/`vd9QK^�^�Q�d>]vu>WUgU]lX�^�QSximfWU��R9`vu9QK^�u9QSp_`vu>{ �
R>QSx+d>WUR9`S^%WUpUW+hKRU]_VKgUWin>QSVlXfRU}UW9`vu>{KRUces�T3^ �0/3�\� �S²�u>T�d9QKmfVS`rVlQSjUR>Q�RUWU� �
pMQSj9`SmfVlQSVKRUces�hlQS�fd9Xfx>mfVKhKWUx�^
`rpMmfW>^%]3^�QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]3^�d9QKmfVKW��
�\`SXfVlmoT�nUgUW

D ≈ 1/8
W¨nUg9`rpUVKWUj>X�mfpUW�R>X
��`rhKW>mfWUV"QSV

Ω
� � d>R9`rpMQwm
]_hlX\u>W��

j>XfRUW>X�^�j9`SmfVlQSVKc
Ω
¤z|�|�XfpUV ��� hlQKQKbS��X"nUg>QSn9`vd/`SXfVrt9VS`rp�p3`rp�QSVKR>QS[�X	�

RUW>X"mfWU��R9`vu5±v[�]_^GmfVr`rR>QShKWUVlmoT�^�QSR>QSVlQSRUR>Q�]3bSc�h�`r�«��Xfxk|"]MRUpU}UW>Xfx��3§Zc
hKW3d>W>^�t_jUVlQ"d>hlX«g9`r�fu>WUjURUc�X�^�XfgUc ���!��p_QS¤z|�|"WU}UW>XfRUV�]lmfW3u9XfRUWUTiW QSV �
R>QS[�XfRUW>XamfWU��R9`vu5±v[�]3^<��d9X�^�QSR>mfVKgUWUgU]_�wV!g9`r�fu>WUjUR>QKXan>QShlX\d9XfRUW>XanUgUW
WU�z^�XfR>XfRUWUW�j9`SmfVlQSVKc³mfWU��R9`vu/`�� <"QS¤z|�|�WU}UW>XfRUV�]lmfW3u9XfRUWUTkW>^�X�XfVi^
`rpMmfW��
^%]3^¥d/`ry�X R9`�d9QKmfVr`rVlQSjUR>Q�hKc�m�QSpUW3s©j9`SmfVlQSVr`vs�mfWU��R9`vu/`3t%g>Xf��W>mfVKgUWUgU]KT
���Ot9VlQS�od/`�p3`rp �����¥n>QSp3`r��c�h�`SXfV�R9`vu>WUjUW>X�¤z|�|�XfpUVS`�u>WU[�{�dUu>Tkd9QKmfVS` �
VlQSjUR>Q�RUWU��pUW3s j9`SmfVlQSV �
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��`�nUg9`rpUVKWUpMX+QSj>XfRU{kj9`SmfVlQ hlmfVKg>Xfj9`SXfVlm°T!mfWUVK]�`r}UWUT2t2p_QS�°d/` g9`Sm�m�^
`rVKgUW��
h�`r�wVlm°T�`rR>mz`S^�bru>W¯mfhKT3��`rRURUces¡mfW>mfVlX�^ � 9 mfg9`rhKR>XfRUWUW¯manUg>X\d>ced>]_��W>^
m\u>]_j9`SX�^�tlhlX\u>WUjUWUR9`�mfhKT_��Wi�fd9X�mf{¨hKc�mfVK]_n9`SXfV¨p_`rp+R>QShKc�x�]_nUg9`rhSu>T_�w��WUx
n9`rg9`S^�XfVKg���9�QS��RUWUp3`SXfV!hlQSnUg>QKmKª8p_`rpUW>^ QKbSg9`r�zQK^�mfhKT3��{!^�Qzy�XfVqQSp_`r��c
�
h�`rVK{�hSu>WUT3RUW>X�R9`�sM`rg9`rpUVlXfgUW>mfVKWUpUW ����
�eXf��]lm\u9QShKR>QUtzdUu>T"g9`r�fu>WUjURUces¨mfW>mfVlX�^Z^%c!n>Qru>]_jUW>^kg9`r�fu>WUjURUc�X�QSVKhlX	�

VKc����"Qwh�g�T_d9Xeg9`SbKQSV�bSceu9Q�n>QSp_`r��`rR>QUtKjUVlQ�nUgUW�R9`vu>WUjUWUW�n9`rg9`vuUu9X\u>{KR>QSx
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mfhKT3��Wa^�Xfy�d>]+mfVlQzsM`SmfVKWUj>X�mfpUW>^%W�bSW>mfVS`SbSW3u>{KRUc�^%WZmfW>mfVlX�^
`S^%WkpMQS¤z|¨|"W��
}UW>XfRUV!]lmfW3u9XfRUWUT�^�QS��R>QKmfVKW¡W ����� ^�QS��]_V!bSc�VK{�]lmfW3u9XfRUc��0/31�� �v¢S� ��9
g9`SbKQSVlX����S¦v�-hKhlX\d9XfR>Q�n>QSRUT_VKW>X��']lmfW3u9XfRUR>QS�zQ�^
`Sm�mfWUhlQK^�mfVlQzsM`SmfVKWUj>X�mfpMQS�zQ
g>Xf�zQSR9`rR>mz`UYStUW>mfn>Qru>{K�zQSh�`rRUR>QS�zQ�dUu>T QSnUW>mz`rRUWUT ¤z|�|¨XfpUVr`�WUR3d>]M}UWUg>QSh�`rR��
R>QS�zQ�R9`vu>WUjUW>X�^qmfhKT3��W�]MhlX\u>WUj>XfRUWUT ��� ��tSpMQSVlQSg>QKX�d9QKmfVKWU�\`SXfV�^
`rp_mfW>^%] �
^
`+nUgUWZp_QSR>XfjUR>QSx�hlX\u>WUjUWUR>X�mfhKT_��W�� <�`rp�WZh m\u>]_j9`SX�bKQru>{K[�QS�zQ�[�]3^
`3t
QSVKp3u>WUpGmfW>mfVlX�^%c mfVS`rR>QShKWUVlm°TGm\u/`SbSc�^)nUgUWqmfW3u>{KR>QSxGmfhKT3��W�� �"Q�n>QK^%W��
^�Q�WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`�h�QSVzd9X\u>{KR>QK^�mfVlQ�sM`SmfVKWUj>X�mfp_QK^�g>Xf�zQSR9`rVlQSg>XKt
hlX\u>WUjUWUR9`�mfhKT3��WaVS`rpUy�X¨]MnUg9`rhSu>TUXfV[��� �

� �lN��%IML�L�#�� �lH � �����  $( ���%N���H��OI �� $��� ) � � �ONOL� /H@B P�g>QSW3uUu>� �
mfVKgUWUgU]lX�^�d/`rRURUc�x�¤z|�|�XfpUV+R9`+QKmfR>QShlX�g>Xf��]vu>{�VS`rVlQSh>t-n>Qru>]Mj>XfRURUces�nUgUW
W>m�m\u9X\d9QSh�`rRUWUW�}>Xfn>QSjUpUW�mfhKT3��`rRURUces�j>Xfg>Xf�e|¨XfgUg>QK^
`r��RUWUVKR>QKX�n>Qru9X�g>Xf�zQ �
R9`rVlQSg>QShim«d>hK]3^%T�m�QKmfVlQ�T_RUWUTU^%W!����/3t ����� �A9�d/`rRUR>QK^�m\u>]_j9`SXw[�WUg>QSp_Q�W>m	�
n>Qru>{K��]lXfVlm°T�d>WUR9`S^%WUp3`��lu/`z]_bKXfg9`�mfVlQzsM`SmfVKWUj>X�mfpMQSx�^�Qzd9X\u>W ®���WURU�f`�����1v� �
²�Xfx>mfVKhKWUVlX\u>{KR>QUt2mfW>mfVlX�^
`�mfhKT3��`rRURUces�^
`r��RUWUVKRUces�mfnUWUR>QSh T3hKR>Q+d9X	�

^�QSR>mfVKgUWUgU]lXfV¨¤z|¨|�XfpUV ����tKp3`rp�bSceu9Q"n>QSp_`r��`rR>Q�h�����2��&13�\� �D��hKT3��{�m�QS�fd/` �
XfV�bl`rgU{lXfg�dUu>T�n>Xfg>Xfp3u>�«j>XfRUWUx�mfnUWUR>QSh �(�O`rpUW>^�QKbSg9`r�zQK^�tKX�m\u>W�R9`wmfW>mfVlX	�
^%]�hlQS�fd9Xfx>mfVKhK]lXfV�n>XfgUW>Q�d>WUj>X�mfp3`rT�mfW3u/`anUgUWqd/`rRUR>QK^¥��R9`zj>XfRUWUW�mfVlXfn>X	�
RUW�mfhKT3��W@tOVlQ�dUu>TGn>Qru>]_j>XfRUWUTGR9`rW3u>]MjU[�Xf�zQ�n>XfgUW>Q�d>WUj>X�mfp_QS�zQ!QSVKp3u>WUp_`
mfW>mfVlX�^%c R>X�QKbzs�Q�d>W>^�Q©hKc�bSg9`rVK{qQSnUVKW>^
`vu>{KRU]_� VlX�^%n>Xfg9`rVK]_gU]�� � d>R9`rpMQ
m�g>QKmfVlQK^ mfVlXfn>XfRUWqmfhKT3��W�hlX\u>WUjUWUR9`knUWUp3`kh�mfn>XfpUVKg>Xi^�QS��R>QKmfVKW©^�QSR>Q �
VlQSRUR>Qa]3^�XfRU{K[�`SXfVlm°T2t�n>QS¤�VlQK^%]�R9`rW3u>]_jU[�WUx!¤z|�|�XfpUV d9QKmfVKWU�f`SXfVlm°TqnUgUW
m\u/`SbKQSxZmfhKT3��W��
��u>{�VlXfgUR9`rVKWUhKRUc�x©n>Q�dUs�Q�dq��`rp3u>�«j9`SXfVlmoT�hkVlQK^�t-jUVlQamfhKT3��`rRUR9`rT�}>X	�

n>QSjUp_`©g>Xf�zQSR9`rVlQSg>QSh�m�d>hK]3^%T m�QKmfVlQzT3RUWUTU^%W)^�Qzy�XfV�bSc�VK{qg9`Sm�m�^�QSVKg>X	�
R9`ip_`rp�^�Q�d9X\u>{ mfhKT_��`rRURUces�bSW>mfVr`SbSW3u>{KRUces�¤fu9X�^�XfRUVlQSh �,9)¤�VlQK^¡m\u>]_j9`SX
dUu>T�QSVzd9X\u>{KR>QS�zQ¨R>X�mfhKT_��`rRUR>QS�zQ�¤fu9X�^�XfRUVr`"mf]_��X�mfVKhK]lXfV�bl`rgU{lXfg

∆U
��²�u>T

p_`ry�d9QS�zQa¤fu9X�^�XfRUVr`kmfnUg9`rhlX\dUu>WUh�`�hlXfg>Q�T_VKR>QKmfVK{�n>Xfg>X\s�Q�d/`�� �����K���\t-p_QSVlQ �
g9`rT�n>XfgUW>Q�d>WUj>X�mfpUW!^�Qzd>]�u>WUgU]lXfVlmoT�W���`rhKW>mfWUVkQSV [�]3^
`��7��hKT_��{ ^�Xfy�d>]
bSW>mfVr`SbSW3u>{KRUc�^%W©¤fu9X�^�XfRUVr`S^%WG^�Qzy�XfV�bSc�VK{ahKhlX\d9XfR9` ham�QKQSVKhlXfVlmfVKhKWUW©m
��u/`�]3bKXfg>QK^�tUpMQSVlQSgUc�xaQSnUg>X\d9X\u>TUXfV�n9`rg9`vuUu9X\u>{KRU]M� �EnUgUW

γ > 0
�
W `rRUVKW��

n9`rg9`vuUu9X\u>{KRU]_� �EnUgUW
γ < 0

��p_QSR>|"WU��]Mg9`r}UWU��m�QKmfVlQ�T_RUWUx��
��pMQSg>QKmfVKW�dUu>T+n>Xfg>X\s�Qzd/`

σi → −σi i
� �zQ�mfnUWUR9`�}>Xfn>QSjUpUWkW>^�Xf�«VihKW3d

Wi(σi) = rK(D)

(

1− σi
A

D
cos(Ωt+ ϕ0)

)

(

1− γ

2
(σi−1 + σi+1)σi

)

.
� �����31l�

� RUW QSnUg>X\d9X\u>T3�«V�d>WUR9`S^%WUpU]�}>Xfn>QSjUpUW W d9Qru>y�RUc bSc�VK{�]_jUVlXfRUc h
]_nUg9`rhSu>T_�w��X�^�]Mg9`rhKR>XfRUWUW@ª
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ṗ(σ̄) =
∑

k

Wk(−σk) p(. . . ,−σk, . . .) −
∑

k

Wk(σk) p(. . . , σk, . . .),

� �����32l�
�°d9X

p(σ̄, t)
�+|"]MRUpU}UWUT�hlXfg>QzT3VKR>QKmfVKWZR9`vs�Qzy�d9XfRUWUTa}>Xfn>QSjUpUWkh�p_QSRUpUg>XfV �

R>QK^�m�QKmfVlQ�T_RUWUW
σ̄ = (. . . , σk−1, σk, σk+1, . . .)

h�^�QK^�XfRUV�hKg>X�^�XfRUW
t
�39�hlX	�

d9X�^�n9`rg9`S^�XfVKg�mfhKT3��W�mfnUWUR>QSh
J
j>Xfg>Xf�

γ = tanh 2J/D
t9p_QSVlQSgUc�x�hkQSV �

mf]_VlmfVKhKW>X hlQS�z^%]M��XfRUWUx���`vd/`SXfV�mfVr`r}UW>QSR9`rgUR>QKX�g9`SmfnUg>X\d9X\u9XfRUW>Xa^�Q�d9X\u>W
®���WURU�\`��

��VlQ�sM`SmfVKWUj>X�mfpUWUx�nUg>QS}>X�m�mk^�Qzy�XfVqbSc�VK{�u9Xf��p_Q�m�^�Q�d9X\u>WUg>QSh�`rR jUW>m	�
u9XfRUR>Q ����`�gUW>m �S���0/«nUgUWUhlX\d9XfRUc�n>Qru>]_j>XfRURUc�XejUW>m\u9XfRUR>Qwg>Xz`vu>WU��`r}UWUWa�0134v�
�Dm�^ ��Vr`rpUy�X����K�\�E�	� ��`rW3u>]_jU[�WUx�n>XfgUW>Q�d>WUj>X�mfpUWUx)QSVKp3u>WUp¯}>Xfn>QSjUpUW¯R9` �
bru>�ed/`SXfVlm°T2t5X�m\u>W

∆U = 0.25
nUgUW

D ∝ 0.5
W
J ∝ 0.6

�

J

T

0.0 0.2 0.4 0.6 0.8

0.2
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1.0 1.2
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����W�������� �
�I��
��N ����� � � 	K��	 � � � �!W�� � � ��	K��	 � � W��!NK��	 � �Z:I�	K���^ � � �!NOT ����	���	 ��� 	K� ��V 	&�`H�	 � V 	 �JH�_
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®��k]_nUg9`rhSu>T_�w��Xf�zQ�]Mg9`rhKR>XfRUWUT�^�Qzy�R>Q!QSnUg>X\d9X\u>WUVK{�pMQS¤z|�|�WU}UW>XfRUV
]lmfW3u9XfRUWUT2t_`�pMQSgUg>X\u>T3}UW>QSRUR9`rT |"]MRUpU}UWUTih�R>XfhlQS�z^%]M��XfRUR>QK^©m\u>]Mj9`SX�d/` �
XfVlm°TZd>WUR9`S^%WUpMQSx ��u/`�]3bKXfg9`�����1v� �,9¥mfhlQS� QSj>Xfg>X\d>{kQKbl`ihKc�g9`ry�XfRUWUT�n>Q �
u>]_j9`r�«VlmoTkj>Xfg>Xf�¨]_g9`rhKR>XfRUW>X�dUu>Tk]lm\u9QShKR>QS�zQ�mfg>X\d>R>Xf�zQ�WU��� �����32l�
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1

2rK

d

dt
〈σi(t)|σ̄〉 = −〈σi(t)|σ̄〉+

γ

2
[〈σi+1(t)|σ̄〉+ 〈σi−1(t)|σ̄〉]

+
A

D

(

1− γ

2
(ri−1,i + ri,i+1)

)

cos(Ωt+ ϕ0).
� ��� ¢��l�

m"��`rhKW>moT_��W>^�QSV�hKg>X�^�XfRUW
ri,j(t) = 〈σi(t)σj(t)〉

�
� mfVr`rR>QShKW>^�moT!pUg9`rVKp_QaR9` R>XfhlQS�z^%]_��XfRUR>QK^ m\u>]Mj9`SX��

A = 0
�	�X�OXf[�X	�

RUW>X"]_g9`rhKR>XfRUWUT!� ��� ¢��l���
τ ≥ 0

�eX�mfVK{

〈σi(t+ τ)|σ̄(t)〉 = exp(−2rKτ)

∞
∑

m=−∞
σm(t)Ii−m(2γrKτ),

� ��� ¢>���

�°d9X
In
��^�Q�d>W>|"WU}UWUg>QSh�`rRUR9`rT<|"]_RUpU}UWUT)�eX�m�m�X\u>T ���
m\u>W¥n>Qzd9mfVr`rhKWUVK{

� ��� ¢>���eh�]_g9`rhKR>XfRUW>X

〈σi(t)σj(t+ τ)〉 =
∑

σ̄

〈σj(t+ τ)|σ̄(t)〉σip(σ̄, t),
� ��� ¢D4l�

VlQ�n>Qru>]_jUW>^

〈σi(t)σj(t+ τ)〉 = exp(−2rKτ)

∞
∑

m=−∞
ri,m(t)Ii−m(2γrKτ).

� ��� ¢��l�

�
m\u>W
i 6= j

�
ri,i = 1

�\t5VlQ+dUu>TZhKVlQSgUces�^�QK^�XfRUVlQShkh�nUg>X\d9X\u9X
A = 0^�Qzy�R>Qin>Qru>]MjUWUVK{

1

2rK

d

dt
ri,j = −2ri,j +

γ

2
(ri,j−1 + ri,j+1 + ri−1,j + ri+1,j).

� ��� ¢K¢M�

9 nUg>X\d>n>Qru9Qzy�XfRUWUW WU�zQSVKg>QSnUWUW W n>Xfg>XfhlQ�d>R>QSx�WURUh�`rgUW9`rRUVKR>QKmfVKW
ri,j^�Qzy�R>Q!mfjUWUVr`rVK{�VlQru>{KpMQ�|�]MRUpU}UWUTU^%W

∆ = |i − j| �?��QS�od/`�� ��� ¢K¢M�¨W>^�X	�XfV�hKW3d
1

2rK

d

dt
r∆ = −2r∆ + γ(r∆−1 + r∆+1)

� ��� ¢�¦l�
W
r0 = 1

� 9<`SmfW>^%nUVlQSVKWUj>X�mfpMQK^ mfVr`r}UW>QSR9`rgUR>QK^)nUg>X\d9X\u9X�d/`rRUR>QKX�hKc�g9` �
y�XfRUW>Xwd/`SXfV�g>XfpU]_gUg>XfRUVKR>QKX"m�QKQSVKR>QS[�XfRUW>XKt3p_QSVlQSg>QKX�g9`r��g>Xf[�`SXfVlmoTkQSVKR>Q �
mfWUVlX\u>{KR>Q

r∆ = ρ∆ t3�od9X ρ QSnUg>X\d9X\u>TUXfVlmoTaWU��]_g9`rhKR>XfRUWUT

ρ2 − 2γ−1ρ+ 1 = 0.
� ��� ¢D/l�

�¯|"WU��WUj>X�mfp_QSxaVlQSjUpUW���g>XfRUWUTkg>Xf[�XfRUW>X"W>^�X�XfV�hKW3d©����1v�

ρ = (1−
√

1− γ2)γ−1 = tanh(J/T ).
� ��� ¢��K�
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��Vr`r}UW>QSR9`rgUR9`rT�p_QSgUg>X\u>T3}UW>QSRUR9`rT�|"]MRUpU}UWUT���u/`�]3bKXfg>QShlQSx�}>Xfn>QSjUpUW�mfnUW��
R>QSh�^�Qzy�XfV�bSc�VK{���`rnUW>mz`rR9`�dUu>T!nUg>QSWU��hlQru>{KR>QS�zQ

τ
m\u9X\d>]_�«��W>^¥QKbSg9` �

�zQK^�ª

〈σi(t)σj(t+ τ)〉 = exp(−2rK|τ |)
∞
∑

m=−∞
η|i−j+m|Im(2γrK|τ |).

� ��� ¢D1l�

P"Qru>]_j>XfRUR>QKX+hKc�g9`ry�XfRUW>X�n>QKm\u9XinUg>X�QKbSg9`r�zQSh�`rRUWUT ;�]_gU{lX�d/`SXfV�mfn>XfpUVKg
[�]_^�QShlQS�zQ�nU{lX\d9X�mfVS`vu/`��

6
m\u9QShKRUc�X�mfg>X\d>RUW>X�hKc�jUW>m\u>T3�«VlmoT�`SmfW>^%nUVlQSVKWUj>X�mfpUW�nUgUW
t0 → −∞

�

��`rp�p_`rp
ri,j

h�� ��� ¢��l�-]3^%R>Qzy�`r�wVlm°T�R9`
A/D

t�VlQ�h�g9`S^%p3`vs�VlX�QSgUWUW¨u>WUR>Xfx��
R>QS�zQGQSVKp3u>WUp_`!d9QKmfVr`rVlQSjUR>QGn>Qru>]_jUWUVK{GW3s�`SmfW>^%nUVlQSVKWUj>X�mfpUW>X�hKc�g9`ry�X	�
RUWUT WU�i� ��� ¢��K�	� ��QS�od/`�hi`SmfW>^%nUVlQSVKWUj>X�mfp_QK^¡nUg>X\d9X\u9X"g>Xf[�XfRUWUT 〈σi(t)〉asy]lm\u9QShKRUces�mfg>X\d>RUW3sa^�Qzy�R>Qi��`rnUW>mz`rVK{�him\u9X\d>]_�«��X�^GhKW3d9XKª

〈σi(t)〉asy = A1(D) cos (Ωt+ ϕ0 + ψ(D)) .
� ��� ¢D2l�

�w^%n3u>WUVK]�d/`
A1(D)

p_Qru9X�bl`rRUWUxZX�mfVK{

A1(D) =
A

D

2rK
√

1− γ2

√

Ω2 + [4 rK (1− γ)]2
,

� ����¦��l�

W�|¨`r�zQShKc�xam°d>hKWU�
ψ(D)

QSnUg>X\d9X\u>TUXfVlm°TZp_`rp

tanψ(D) =
Ω

2rK(1− γ) .
� ����¦3���

� VKp3u>WUp+u9QSp_`vu>{KR>QS�zQ�mfnUWUR9`3t�hlmfVKg>QKXfRUR>QS�zQ�h�}>Xfn>QSjUpU]lt_^�Qzy�R>Q�nUgUWUhlX�mfVKW
pkg>Xf��]vu>{�Vr`rVK]lt9n>Qru>]Mj>XfRUR>QK^%] h�g9`S^%p3`vs nUgUW>bru>WUy�XfRUWUTad>hK]Ms�m�QKmfVlQ�T_RUWUx
� �����z¦l�\t@X�m\u>W�nUg>QSWU��hlX�mfVKWq��`S^�XfRU]�mfp_QSg>QKmfVKW

rK → rK(1 − γ) W�R>QSg>^%W��g>QSh�`rVK{ihlm�X�hKc�g9`ry�XfRUW>X¨R9` √
(1 + γ)/(1 − γ) �<"QS¤z|�|"WU}UW>XfRUV ]lmfW3u9XfRUWUT�nUgUWUhlX\d9XfR�R9`+gUW>m �-�����iW�^�Qzy�XfVabSc�VK{k��` �

nUW>mz`rR�h�m\u9X\d>]_�w��X�^GhKW3d9XKª

η =
ηs

1 + Ω2

4 r2
K [1−tanh( 2J

D )]
2

,
� ����¦34l�

�°d9X

ηs =
1

D2
exp

(

4J

D

) � ����¦K�l�

nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSx�mfVS`rVKWUj>X�mfpUWUx�QSVKp3u>WUp�}>Xfn>QSjUpUW�R9`en>QKmfVlQzT3RUR>QKX8hlQS� �
d9Xfx>mfVKhKW>X � �q]_hlX\u>WUj>XfRUW>X�^!mfhKT3��W

J
mfVr`rVKWUj>X�mfpUWUx QSVKp3u>WUp�g9`SmfVlXfVrtlVlQS�°d/`
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��

p_`rp�hKVlQSg>QSx�j3u9XfR�h�� ����¦34l�«QSp_`r��c�h�`SXfVlm°T!R>X�mfn>QKm�QKbSRUc�^¬m\u9X\d9QSh�`rVK{amfWU� �
R9`vu>]����"X�^¡bKQru>{K[�X�j9`SmfVlQSVr`3t5VlX�^ ^�XfRU{K[�X¨hlX�m"d9X\u>{�VS` � nUWUp_`�h�mfn>XfpUVKg>X �
� bKX���`rhKW>mfW>^�QKmfVKW�W>^�Xf�wVipMQru9QSp_Qru9QKQKbSg9`r��RU]M� |�QSg>^%]�dUu>TapMQS¤z|¨|"WU}UW��
XfRUVr`i]lmfW3u9XfRUWUT2t5Vr`rp�p_`rpZmfVS`rVKWUj>X�mfpUWUx�nUg>X�|¨`rpUVlQSg�g9`SmfVlXfViu>WUR>XfxUR>Q+n>Q
γ
t9`�d>WUR9`S^%WUj>X�mfpUWUx�QSVKp3u>WUpa]3^�XfRU{K[�`SXfVlmoTanUg>QSn>QSgU}UW>QSR9`vu>{KR>Q

γ−2 �

P�gUW�g9`Sm�m�^�QSVKg>XfRUWUWaQSVKR>QS[�XfRUWUT mfWU��R9`vu5±v[�]3^©R>X�QKb�s�Qzd>W>^�Q�nUgUWURUT3VK{
hlQ�hKRUW>^
`rRUW>X�d>hlX�g9`r�fu>WUjURUcesam s�X�^%c¬g9`Smfn>Qru9Q�y�XfRUWUT�QSVKp3u>WUp_`3tUp3`rpan>Q �
p_`r��`rR>QiR9`�gUW>m �9���01��
²�u>Tkmf]_^�^
`rgUR>QS�zQihKces�Q�d>R>QS�zQ�mfWU��R9`vu/`
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M(t) =

N
∑

i

σi(t)
� ����¦r¢M�

[�]_^�QSh�`rT�j9`SmfVK{�mfn>XfpUVKg9`�^�Qzy�XfV+bSc�VK{�T3hKR>Q�hKc�jUW>m\u9XfR9` ����1v�2h�nUg>X\d9X\u9X
bKX�mfpMQSR>XfjUR>QSx }>Xfn>QSjUpUW

N → ∞ � ����� dUu>Tqp3`ry�d9QS�zQ�¤fu9X�^�XfRUVr`�^�QSR>Q �
VlQSRUR>Q�]3^�XfRU{K[�`SXfVlm°Tam"]_hlX\u>WUj>XfRUW>X�^�mfhKT3��W

SNRM = π
A2

D2
rK
√

1− γ2.
� ����¦K¦l�

��`�gUW>m �S���02�nUg>X\d9mfVS`rhSu9XfRUc���`rhKW>mfW>^�QKmfVKW ��� �©QSVzd9X\u>{KR>QS�zQw¤fu9X�^�XfRUVr`
}>Xfn>QSjUpUW�QSViWURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`�dUu>Tag9`r�fu>WUjURUcesa��R9`zj>XfRUWUx�mfVlXfn>XfRUW
mfhKT3��W���§�Qzy�R>Q�R9`Sbru>�ed/`rVK{�]lmfW3u9XfRURUc�xG^
`Sm�mfWUhlQK^¥QSVKp3u>WUp���P�gUWqmfg>X\d �
R>X�^G��R9`�j>XfRUWUW�n9`rg9`S^�XfVKg9`�mfhKT3��WaQSVzd9X\u>{KRUc�x�¤fu9X�^�XfRUV�}>Xfn>QSjUpUWad9X�^�QSR��
mfVKgUWUgU]lXfV�bKQru>{K[�]_� hlX\u>WUjUWURU]�QSVKR>QS[�XfRUWUTimfWU��R9`vu5±v[�]_^!n>Q�mfg9`rhKR>XfRUWU�
m�R>X�mfhKT3��`rRURUc�^¬g>Xf�zQSR9`rVlQSg>QK^

J = 0
t-jUVlQ�T3hSu>T3XfVlmoT�g>Xf��]�u>{vVr`rVlQK^¬VlX�Q �

gUWUW�§�`rp ��`S^
`rg9`�� 9eXfxU�zXfR>|�X\u>{Sd/`Z� �����K�l�	�
²�u>T�RUWU��pMQ � j9`SmfVlQSVKR>QS�zQ�W�hKc�m�QSpMQ � j9`SmfVlQSVKR>QS�zQ�nUg>X\d9X\u9QSh¨QSVKR>QS[�XfRUW>X

mfWU��R9`vu5±v[�]_^GQSVzd9X\u>{KR>QS�zQ�¤fu9X�^�XfRUVS`�}>Xfn>QSjUpUW+d/`SXfVlmoT+m\u9X\d>]_�«��W>^%W hKc
�
g9`ry�XfRUWUTU^%W@ª

SNRΩ→0 = SNR0(1 + γ)2 = SNR0

(

tanh

(

2J

D

)

+ 1

)2

,
� ����¦3/l�
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SNRΩ→∞ = SNR0

√

1− γ2 = SNR0 cosh−1

(

2J

D

)

,
� ����¦��K�

�°d9X-�����
0
X�mfVK{�QSVKR>QS[�XfRUW>X"mfWU��R9`vu5±v[�]_^©dUu>T�W>mfj>Xf��`r�w��X�^
`vu9QSxkmfhKT3��W

WaW3d9XfRUVKWUj>XfR�QSVKR>QS[�XfRUWU��mfWU��R9`vu5±v[�]_^¡h�g9`S^%p_`vs�^�Qzd9X\u>W�d>hK]Mskm�QKmfVlQ �
T3RUWUx��X��`rpqp_`rp+������dUu>T�p_QSR>XfjURUces�j9`SmfVlQSV�R>X�m�^�Qzy�XfVZRUWUp_QS�°d/`anUg>X	�
hKc�mfWUVK{���R9`�j>XfRUW>XahKc�g9`ry�XfRUWUTGdUu>T!RUWU��pUW3sGj9`SmfVlQSVvt%VlQ�^�Q�y�R>Q�R9`rxUVKW
hlXfgls3RUWUx¬nUg>X\d9X\u¬WUR3d>]M}UWUg>QSh�`rRUR>QS�zQ�^
`Sm�mfWUhlQK^ ��� �e®�R3d>]M}UWUg>QSh�`rRUR>QKX
^
`Sm�mfWUhlQK^¯]vu>]MjU[�XfRUW>X ������QS��g9`rRUWUjUWUh�`SXfVlm°T�hlX\u>WUjUWUR>QSx

4
n>Q+mfg9`rhKR>X	�

RUWU��m�R>X�mfhKT3��`rRURUc�^�¤fu9X�^�XfRUVlQK^ �
*-(  ��")
��(3N���I�����N�� �OI��� /L�)UL��GJ
H9N���I�LON � ' �� 9L�(�)-B �eWUnUWUjUR>QSx�mfW��
VK]�`r}UW>Xfx@t�p_QSVlQSg9`rT�R9`Sbru>�ed/`SXfVlmoT)h�mfW>mfVlX�^
`vs¯mZd>hK]3^%T ]lmfVlQSxUjUWUhKc�^%W
|¨`r��`S^%W�W3u>W�h"bSW>mfVr`SbSW3u>{KR>QSxid>W>|�|"]_��W>QSRUR>QwmfhKT3��`rRUR>QSx�d>WUR9`S^%WUp_XKtKT3h �
u>TUXfVlm°TZg9`SmfnUg>QKmfVKg9`rR>XfRUW>X�|"g>QSRUVr`��7;�g>QSRUV+nUg>X\d9mfVS`rhSu>TUXfVam�QKbKQSxZhlQru>RU]
n>Xfg>X\s�Q�d/`�^�Xfy�d>]�d>hK]3^%T©m�QKmfVlQ�T_RUWUTU^%W@t�g9`r�fd9X\u>T3�w��]_� d>hlXk|�`r��c�]_� �
pMQSx�d>hKWUy�]_��Xfx>m°T���g9`rRUWU}>Xfx��79 g9`S^%p_`vs�d/`rRUR>QSx�^�Q�d9X\u>W�W>m�m\u9X\d>]_�«VlmoT
^%R>QS�zQSjUW>m\u9XfRURUc�X"nUg>QKbru9X�^%c¬|"WU��WUpUW�hKc�m�QSpUW3si¤�R>XfgU��WUx@t3mfVKgU]MpUVK]_gURUces
|¨`r�zQShKces!n>Xfg>X\s�Qzd9QSh>t�s_W>^%WUj>X�mfp_QSxqd>WUR9`S^%WUpUWGWqd>WUR9`S^%WUpUW©^
`r��R>XfVKWU� �
^
`k�01K���&132v� �

�%`Sm�m�^�QSVKgUW>^�bSW>mfVr`SbSW3u>{KRU]_�¬mfW>mfVlX�^%] Y\g>Xz`rpU}UWUTM�ld>W>|�|"]_��WUT@YStrW3d9XfR��
VKWUjURU]_�³]_g9`rhKR>XfRUWU� ¨`rR3d/`�]�� �2WURU�zbS]_gU�\`3ª

τ
∂u(r, t)

∂t
= f(u) + r2

0

∂2u(r, t)

∂r2
= 2u(r, t)(1 − u(r, t)2) + r2

0

∂2u(r, t)

∂r2
.� ����¦31l�

� bKQS��R9`�jUW>^�n3u9QSVKR>QKmfVK{¯bSW>mfVr`SbSW3u>{KR>QSx�mfg>X\d>c j>Xfg>Xf�
u(r, t)

t«pMQSVlQSg9`rT
W>^�X�XfV�d>hlX«Qzd>R>QSg>Q�d>RUc�X"]lmfVlQSxUjUWUhKc�XwR>Xfn>Qzd>hKWUy�RUc�X"VlQSjUpUW

u1,3 = ±1
W

Q�d>RU]+R>Xf]lmfVlQSxUjUWUhK]M�
u2 = 0

� 9�]_g9`rhKR>XfRUWUW�� ����¦31l�
τ
QKbKQS��R9`�j9`SXfV�sM`rg9`rp��

VlXfgURUc�x�hKg>X�^�XfRUR>QSx�^
`Smf[�VS`Sb�¤�hlQru>�w}UWUW@t/`
r0
�ihlX\u>WUjUWURU]�d>W>|�|"]_��WUW��

P�gUW©R9`vu9Qzy�XfRUWUWG��g9`rRUWUjURUces©]lm\u9QShKWUx
u(r → ±∞) = u1,3

^�Qzy�R>Q
]lmfVr`rR>QShKWUVK{�Qzd>WUR>QSjURUc�xk|"g>QSRUV¨n>Xfg>X\s�Qzd/`�QSV

u1
p
u3
�01r¢>t 1313t 132v� � 6«��p3`rT

��g9`rRUWU}9`��EWURUVlXfg>|�Xfx>m��\t%W>^�Xf�w��`rTqVlQru>��WURU]
l
n>QSg�T_d>p_`

r0
t%g9`r�fd9X\u>TUXfV

d>hlX�QKbru/`SmfVKW�mZQ�d>R>QSg>Q�d>RUc�^%W
u1

W
u3

W�d>hKWUy�XfVlm°T¯m�Q!mfp_QSg>QKmfVK{K�
c
�

� bS��X�X"hKc�g9`ry�XfRUW>X¨dUu>TkmfpMQSg>QKmfVKW�W>^�X�XfV+hKW3d!�02��v�'ª

c =

∫ u3

u1
f(u)du

τ
∫ +∞
−∞

(

∂u0

∂r

)2
dr
,

� ����¦32l�

�°d9X
u0 �+g>Xf[�XfRUW>X�]_g9`rhKR>XfRUWUT!� ����¦31l��m���`vd/`rRURUc�^%W���g9`rRUWUjURUc�^%W�]lm\u9Q �

hKWUTU^%W�� �
m\u>W ��`vd/`rVK{�|"]_RUpU}UWU�
f(u)

h�hKW3d9Xwn>Qru>WUR>QK^
`�VKg>XfVK{lXfxamfVlXfn>X	�
RUW@tUVlQ�g>Xf[�XfRUW>X�s�QSg>QS[�Q�WU��hlX�mfVKR>Qa�023�\�'ª
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u0(r, t) = u1 + (u3 − u1)
1

1 + exp [(r − ct)/l] .
� ���0/��l�

��pMQSg>QKmfVK{�^�Qzy�XfV�bSc�VK{"hKc�jUW>m\u9XfR9`wp3`rp
c = r0

τ (u3+u1−2u2)
trW�VlQru>��W��

R9`«��g9`rRUWU}Uc©�
l = r0/(u1−u3)

�rP�gUW�QSnUg>X\d9X\u9XfRUR>QK^�hKc�bKQSg>X�|"]_RUpU}UWUx�h
]_g9`rhKR>XfRUWUW�� ����¦31l�
|"g>QSRUV¨bS]vd9XfV¨R9`vs�Q�d>WUVK{lmoT+h�m�QKmfVlQzT3RUWUW+n>QSp_QzT2t

c = 0
t

u0 = u0(r) = tanh(r/r0)
t�W+[�WUgUWUR9`���g9`rRUWU}Uc

l
QSnUg>X\d9X\u>TUXfVlmoT�hlX\u>WUjUW��

R>QSxkd>W>|�|�]M��WUWkj>Xfg>Xf��hKc�g9`ry�XfRUW>X
l = r0/2

�

�OXf[�XfRUW>X�� ���0/��l��]lmfVlQSxUjUWUhlQ�QSVKR>QKmfWUVlX\u>{KR>Q�|�u>]_pUVK]�`r}UWUx+mfVr`r}UW>QSR9`rg��
R>QS�zQ+nUg>QK|"W3u>TZ|"g>QSRUVS`�W�QKm�QKbKXfRUR>Q�]lmfVlQSxUjUWUhlQ+p�m d>hKWU�f`S^�n>Qru9Qzy�XfRUWUT
|"g>QSRUVS`�� � bl`�]lm\u9QShKWUTqQSnUg>X\d9X\u>T3�wVlm°TGmfn>XfpUVKg>QK^<m�QKbKmfVKhlXfRURUces©��R9`zj>X	�
RUWUx h¨g9`S^%p3`vsiu>WUR>XfxUR>QSx VlX�QSgUWUW ]lmfVlQSxUjUWUhlQKmfVKWkg>Xf[�XfRUWUTidUu>T+|"g>QSRUVS`��
9�g>Xf��]vu>{�VS`rVlXin>Qru>]_j9`SX�^ Qzd>R>Q�W>mfj>Xf��`r�w��Xi^
`vu9QKXim�QKbKmfVKhlXfRUR>QKX���R9`zj>X	�
RUW>XKt�nUgUWUR9`vdUu9Xfy�`r��X�X�^�Qzd9X �_QruUd9mfVlQS]_R9`

u0
r = ∂u0/∂r

�%²¨gU]_�zQKXkd>W>m	�
pUg>XfVKR>QKX�m�QKbKmfVKhlXfRUR>QKXZ��R9`�j>XfRUW>X�W�R>XfnUg>XfgUc�hKRUc�x¯mfn>XfpUVKg@t8QSnUW>mfc�h�`r� �
��WUx�QSVKp3u9QSR>XfRUWUT�|"g>QSRUVS`3t>mfVKg>QS�zQ�QSVzu>WUjURUc³QSV�RU]vu>T��01r¢>t���432v� �

�"Xf]vd>WUhKWUVlX\u>{KR>QUt@jUVlQ d9QSn>Qru>RUWUVlX\u>{KR>QKX+[�]3^�QShlQKX�hlQS�fd9Xfx>mfVKhKW>X+mfR9` �
j9`vu/`kQSp3`r��c�h�`SXfV�hSu>WUT3RUW>X�R9` n>Qru9Qzy�XfRUW>Xi|"g>QSRUVS`3t2pMQSVlQSgUc�x!R>X�W>^�X�XfV
hlQKm�mfVr`rR9`rhSu>WUh�`r�w��Xfx©mfW3u>c�� ��p_QSg>QKmfVK{q� ����¦32l��mfVr`rR>QShKWUVlmoT!mfVlQ�sM`SmfVKWUj>X	�
mfpUW>^�nUg>QS}>X�m�m�QK^�t/��`rhKW>m°T3��W>^ QSV+hKg>X�^�XfRUW@t

cη = c(η(t))
m���`vd/`rRURUc�^%W

mfhlQSx>mfVKh�`S^%W@tO��`rhKW>m°T3��W>^%W©QSVZR9`vu/`r�\`SX�^�QS�zQ�[�]3^
`��X9<nUg>X\d>n>Qru9Q�y�XfRUWUW
m\u/`SbKQS�zQ�[�]_^
`w^�Qzy�R>Q�n>Qru>]_jUWUVK{�WUR3d>]M}UWUg>QSh�`rRURUc�xi[�]3^�QK^�m d>hKWU��W�QSV �
u>WUjURUc�X�QSV�RU]�u>T�hKVlQSgUc�X¨^�QK^�XfRUVKc�t/pMQSVlQSgUc�X�QSnUg>X\d9X\u>T_�wV�d>W>|¨|"]M��WU�
n>Qru9Qzy�XfRUWUTk|"g>QSRUVr`��0234�� 2K¦v� � ��`rpUW>^GQKbSg9`r�zQK^�t_h�n>XfgUhlQK^qnUgUW>bru>WUy�XfRUWUW
n>Qru9Qzy�XfRUW>X�|�g>QSRUVr`�hlX\d9XfVim�X�b�Tap_`rpZbSg>QS]MR>QShlmfp3`rTaj9`SmfVKWU}9`��

9�VlQSg>QSx¡m�QKmfVr`rhSu>T3�w��Xfx@t8]MnUg9`rhSu>T3�w��Xfx¡n>Qru9Qzy�XfRUW>X�^ |"g>QSRUVS`3t�T3h �
u>T3�«VlmoT�mfVr`r}UW>QSR9`rgURUc�X+R>X�Q�d>R>QSg>Q�d>R>QKmfVKW@t�R9`rnUgUW>^�Xfg@t2R>X�Qzd>R>QSg>Q�d>R>QKmfVKW
pMQS¤z|¨|"WU}UW>XfRUVlQShwmfp_QSg>QKmfVKW@trnUgUW>mf]MVlmfVKhK]_�«��W>X�h�]_g9`rhKR>XfRUWUW � ����¦31l�	� � RUW
^�QS��]_V"]�d9XfgMy�WUh�`rVK{�|"g>QSRUV"n>Qw}>XfRUVKgU]�W3u>W�]lmfW3u>WUh�`rVK{"d>hKWUy�XfRUW>X«QSV�QSV �
Vr`vu>pUWUh�`r�w��W3s QKbru/`SmfVlXfx�� ��hlX\d>T�QSnUW>mz`rRUW>X"mfR>QSh�`¨p n>Qru9Q�y�XfRUWU�<|"g>QSR��
Vr`3tvn>Qru>]_j9`SX�^�p3`rgUVKWURU]"d>hKWUy�XfRUWUT�j9`SmfVKWU}UcqhlQ�hKR>Xf[�R>X�^�mfW3u9QShlQK^Zn>Qru9X �

9©p_`zj>X�mfVKhlX �'p3`rR>QSRUWUj>X�mfpMQS�zQ���nUgUW>^�Xfg9`3t�hKhlX\d9X�^�d>hK]�s3TU^%RU]M�¯^�Q�d9X\u>{
R>X�Q�d>R>QSg>Qzd>R>QKmfVKW@t�m�n>QK^�QS��{K� p_QSVlQSg>QSx�^�Q�d9X\u>WUgU]_�«VlmoTGd>hlXkm�^�Xfy�RUc�X
nUgUWUV�T3��WUh�`r�w��W>X�moT R>X�Q�d>R>QSg>Qzd>R>QKmfVKW���²�`rRURUc�x VKWUn R>X�Qzd>R>QSg>Q�d>R>QKmfVKW
T3hSu>TUXfVlm°T�VKWUnUWUjURUc�^)dUu>T�g9`r�fu>WUjURUces�|"WU��WUj>X�mfpUW3s�mfWUVK]�`r}UWUx��023/�� 232v� �
9�hlQ�d>T�d9QSn>Qru>RUWUVlX\u>{KR>QKX+[�]3^�QShlQKX�hlQS�fd9Xfx>mfVKhKW>XKt�^�Q�y�R>Qkn>Qru>]_jUWUVK{a��` �
d/`�jU][<�g9`S^�Xfg>mz`�dUu>T+n>Qru9Q�y�XfRUWUTk|"g>QSRUVS`�� ��]_^©�zXfR>XfgUWUgU]lXfV�n>Xfg>X\s�Q�d>c
WURUVlXfg>|�Xfx>mz`�^�Xfy�d>]Zd>hK]3^%T�R>X�Q�d>R>QSg>Qzd>R>QKmfV�TU^%W�� ��pMQSg>QKmfVK{�n>Xfg>X\s�Q�d9QSh
^�Qzy�R>Q�hKc�g9`r��WUVK{�j>Xfg>Xf�w��`rpMQSR �«gUg>XfRUWU]lmz`¨h�m\u>]_j9`SX�d9QKmfVS`rVlQSjUR>Q�mfW3u>{ �
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RUces R>X�Qzd>R>QSg>Q�d>R>QKmfVlXfx³W¬X�m\u>W�g9`Sm�mfVlQ�T3RUW>X�^�Xfy�d>]�d>hK]3^%T }>XfRUVKg9`S^%W
bKQru>{K[�X"VlQru>��WURUc³|"g>QSRUVr`��
P�gUW�d9QKbl`rhSu9XfRUWUWqhKg>X�^�XfRURUces�n>XfgUW>Q�d>WUj>X�mfpUW3s!hlQS�fd9Xfx>mfVKhKWUx©mfWUVK]�` �

}UWUT2t�QSnUW>mz`rRUR9`rT©hKc�[�XKt@nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSxqs�QSg>QS[�WUx©nUg>QSVlQSVKWUnG¤z| �
|�XfpUVS` ���qh�g9`SmfnUg>X\d9X\u9XfRURUces�mfW>mfVlX�^
`vs �_£�VS`"��`vd/`�j9`�bSceu/`"W>m�m\u9X\d9QSh�` �
R9`"h��������3t ���3�\�'t_`�¤z|¨|�XfpUV¨bSceu R9`r��h�`rR ����� " �#��. .
	 � ���#��� ������" $ %���'("�
*,%�-!�!. ��. ��� �������34v� �!��`rp�p_`rp�d>hKWUy�XfRUW>X�|"g>QSRUVlQSh«j9`SmfVlQ�m�QSnUg>QShlQzy�d/`SXfVlm°T
WU�fu>]_j>XfRUW>X�^�t�VlQ"¤�VlQSV�¤z|�|�XfpUV�^�Q�y�XfV�bSc�VK{¨g>Xz`vu>WU�zQSh�`rR�h�¤�pMmfn>XfgUW>^�XfR��
VlX �r§ZX\sM`rRUWU�z^Z]Mn>QSgMT_d9QSj>XfRURUces�n>Xfg>X�mfpMQSp_QSh�|"g>QSRUVlQSh«^�Xfy�d>]"}>XfRUVKg9`S^%W
^�Qzy�XfV!bSc�VK{�W>mfn>Qru>{K�zQSh�`rR�h�]lmfVKg>QSx>mfVKh�`vsGdUu>Tqn>Xfg>X\d/`zjUW�n>XfgUW>Q�d>WUj>X	�
mfpUW3s�mfWU��R9`vu9QSh�W�Vr`rpUW>^¥QKbSg9`r�zQK^)^�Qzy�R>Qkn>Qru>]_j9`rVK{a¤�p_mfn>XfgUW>^�XfRUVr`vu>{ �
RUc�X"d/`rRURUc�X�Q�mf]_��X�mfVKhK]_�«��W3s�d9X�|�XfpUVr`vsah�W>m�m\u9X\d>]lX�^�QSx�|"WU��WUj>X�mfp_QSx
mfW>mfVlX�^�X �
²¨hlX�m�^�Xfy�RUc�XwQKbru/`SmfVKW@t_nUgUWUV�T3��WUh�`r�w��W>Xw|"g>QSRUVvtMhKhlQ�d>T3VlmoTiR>X�Q�d>R>Q �

g>Q�d>RUc�^<j3u9XfR>QK^³hZ]Mg9`rhKR>XfRUWUW)� ����¦31l�	�%P�g>X\d>n>Qru9Qzy�W>^�t�jUVlQ�u9QSp_`vu>WU�zQ �
h�`rRURUc�xad>hK]Ms3T3^%RUc�x�n>QSVlXfRU}UW9`vu�QSnUg>X\d9X\u>TUXfVlm°Tap3`rp

h(r) = ε
(

−δ2r2/2 + r4/4− 2δ4
)

, |r| < 2δ,
� ���0/3���

W3u>W g9`rhlXfR
0
�_P�`rg9`S^�XfVKg

δ
QKbKQS��R9`�j9`SXfV�g9`Sm�mfVlQ�T3RUW>X"^�Xfy�d>]�d>hK]_^%T+TU^
` �

^%W�W
ε
QSnUg>X\d9X\u>T3XfVZ�°u>]3bSWURU]��-²�u>T�d9QKmfVKWUy�XfRUWUT�]lmfVlQSxUjUWUhlQKmfVKWqhknUg>Q �

|"W3u9X�|�g>QSRUVr`amfVlXfn>XfRU{ZR>X�Q�d>R>QSg>Qzd>R>QKmfVKW
εδ4

d9Qru>y�R9`abSc�VK{�^
`vu/`3t@V � X �
2εδ4 � 1

�A�8s�X�^
`�|"g>QSRUVr`�h�R>X�Q�d>R>QSg>Qzd>R>QK^�n>QSVlXfRU}UW9`vu9X
h(r)

n>QSp3`r��`rR9`
R9`�gUW>m �9�������K`��

δ     2δ

u0

h(r)

�

−7.0 −2.0 3.0
R

−0.10

0.10

0.30

U
(R

)

�

=?>A@�B3CDBFE�� B � �	� � 	�K��� ����� ��� ��� � ����� � ������� � �J����� � � ��� �������
h(r)

� ��� � � �
	 � �	� ��� � � � _
� ��� �

U(R)
����

δ = 4
P
r0 = 0.5

�"!�#$�%�&('�) � W r0 = 1.0
�+*�!�,�-�.($�/�01,�'�$�'�0 � W r0 = 1.5�"&2-�3�453�$�/�0�,�'�$�'�0 �
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£�|�|�XfpUV8���Gd>hKWUy�XfRUWUT�|"g>QSRUVS`�^�Qzy�R>Q�g>Xz`vu>WU�zQSh�`rVK{>t/X�m\u>W d9QSn>Qru �
RUWUVK{q^�Qzd9X\u>{q�f`�]lm�m�QShKc�^ bKX\u>c�^�[�]3^�QK^�W�n>XfgUW>Qzd>WUj>X�mfpUW>^%W¬hlQS�fd9Xfx��
mfVKhKWUTU^%W�� 9�WUVlQS�zX"n>Qru>]_jUW>^

τ
∂u

∂t
= 2u(1 − u2) + r2

0

∂2u

∂r2
+ 2h(r)u +A cos (Ωt+ ϕ0) +

√
2Dξ(t).� ���0/34l�

� �� 9L�( # � )
� 	 �� ��@L� /H$���ONOI ��)
��(3N ��# B ²¨hKWUy�XfRUW>X�|"g>QSRUVlQSh�h�d>W>m	�
mfWUn9`rVKWUhKRUces�bSW>mfVS`SbSW3u>{KRUces�mfg>X\d/`vs¡hlQq^%R>QS�zQK^�m°s�Qzy�X�mkd>hKWUy�XfRUW>X�^
m�Qru>WUVlQSR>QSh��01r¢>t3���K���/���3/v� ��P"Qzd9QKbSR>Q)m�Qru>WUVlQSR9`S^�t�m�Qru>WUVlQSRUR>QKX¡n>QShlX\d9X	�
RUW>X�|"g>QSRUVlQShiT3hSu>TUXfVlm°TZ��gU]_bSc�^ QSVKR>QKmfWUVlX\u>{KR>Qk^�X\dUu9XfRUR>Q+^�XfRUT3�w��W3s�
m°T hKR>Xf[�RUW3s+n>Qru9XfxkWknUg>QKmfVKg9`rR>mfVKhlXfRURUceskhlQS�z^%]_��XfRUWUx@tU]ipMQSVlQSgUces sM` �
g9`rpUVlXfgURUc�X¨^
`Smf[�Vr`SbSc nUg>QSV�T3y�XfRUR>QKmfVKW�bKQru>{K[�XKtUj>X�^GVlQru>��WUR9`���g9`rRUW��
}UcGg9`r�fd9X\u/`«g>Xf[�XfRUWUT�|"g>QSRUVr`���������� �(��QKQSVKhlXfVlmfVKhK]_�«��W>Xe¤�pMmfn>XfgUW>^�XfRUVKc
nUgUWUhlX\d9XfRUc¥hig9`SbKQSVlX������31v� �
P"Qru9Qzy�XfRUW>X�|"g>QSRUVr`

R(t)
^�Qzy�R>Q¯QSnUg>X\d9X\u>WUVK{¯WU�qg9`Smfn>Qru9Q�y�XfRUWUT

R>Xf]lmfVlQSxUjUWUhlQS�zQk��R9`zj>XfRUWUT-t-V � X �
u(R(t), t) = u2

� �8m\u>W�hK��T3VK{ nUg>QSWU��hlQ�d �
RU]_� n>Q�hKg>X�^�XfRUW@t>VlQ�n>Qru>]MjUW>^

∂

∂t
u(R, t) +

∂

∂R
u(R, t) Ṙ = 0.

� ���0/K�l�

��`rpUW>^ QKbSg9`r�zQK^�ted9QKmfVr`rVlQSjUR>Q¡��R9`rVK{�nUg>QSWU��hlQ�d>RUc�X
r = R(t)

tejUVlQKbSc
QSnUg>X\d9X\u>WUVK{ mfpMQSg>QKmfVK{�d>hKWUy�XfRUWUT�|"g>QSRUVS`

Ṙ
�

� bKQS��R9`�jUW>^�j>Xfg>Xf�
φ = r − R(t)

QSVKR>QKmfWUVlX\u>{KRU]_��p_QKQSgld>WUR9`rVK]�h+mfW��
mfVlX�^�X�R9`vs�Q�d>T3��Xf�zQKmoT�hwm�QKmfVlQzT3RUWUW�n>QSpMQ�T�|"g>QSRUVS`���P�gUWUhlX�mfVKW�d>WUR9`S^%WUpU]
p
R(t)

^�Qzy�R>Q�R>X�mfpMQru>{KpUW>^%WZmfn>QKm�QKbl`S^%W@t/Q�d>RUW>^GWU�"p_QSVlQSgUces T3hSu>TUXfVlm°T
]3^%R>Qzy�XfRUW>Xk� ���0/34l��R9`�^�Q�d>] �MQruUd9mfVlQS]_R9`

u0
r(φ)

hinUg>X\d>n>Qru9Qzy�XfRUWUW�mfVr` �
}UW>QSR9`rgUR>QKmfVKW�|"g>QSRUVr`

u(r, t) → u0(φ)
� ��QS�°d/`ih�n>XfgUhlQK^�nUgUW>bru>WUy�XfRUWUW

hlm�Xk|"]_RUpU}UWUWq��`rhKW>moT3V!QSV�hKg>X�^�XfRUW�j>Xfg>Xf�
R(t)

��²�u>TqpUgU]_VKcesq��g9`rRUWU}
g9`r�fd9X\u/`3t

(ur(φ))2
QSV�u>WUjUR>Q!QSV�RU]vu>TqVlQru>{Kp_Q�h�VlQK^�m\u>]_j9`SXKt�X�m\u>W�n>Q �

u9Qzy�XfRUW>X�|"g>QSRUVS`
r = R

W3u>W
φ = 0

t%W�VlQS�°d/`�^�Qzy�R>Q�nUgUW>bru>WUy�XfRUR>Q
��`rnUW>mz`rVK{
∫ ∞

−∞
dr

∂u0

∂t

∂u0

∂r
=

∫ ∞

−∞
dr

∂u0(r,t)
∂t

∂u0(r,t)
∂r

(

∂u0

∂r

)2

≈ − Ṙ
∫ ∞

−∞
dr (u0

r )2.

� ���0/r¢M�
9�g>Xf��]vu>{�VS`rVlXKt@� ���0/34l�
W�� ���0/r¢M�
d/`r�«V�m\u9X\d>]M�w��W>X«hKc�g9`ry�XfRUWUT h�n>Xfg��

hlQK^�nUgUW>bru>WUy�XfRUWUW@ª

τṘ =
2
∫ +∞
−∞ dru0

r(φ)u0h(r)
∫ +∞
−∞ dr(u0

r)
2

+ Ã cos(Ωt+ ϕ0) +
√

2D̃η(t),
� ���0/K¦l�
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�
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�°d9X
D̃ = 9r2

0D/4
��n>Xfg>XfR>QSg>^%WUg>QSh�`rRUR9`rT�WURUVlXfR>mfWUhKR>QKmfVK{�[�]3^
`3t

Ã =
3r0A/2

��`S^%n3u>WUVK]vd/`�� ��`rn>QK^%RUW>^�t@jUVlQahkd/`rRUR>QK^¥m\u>]_j9`SX�d9XfVlXfg>^%WURUW��
g>QSh�`rRUR9`rT�mfpMQSg>QKmfVK{kmfVKg>X�^%WUVlm°T�pZRU]vu>��t

c = 0
�9P"XfgUhKc�x�j3u9XfR�hihKc�g9` �

y�XfRUWUW�^�Qzy�R>QiVKg9`rpUVlQSh�`rVK{ip_`rp�hKR>Xf[�RU]_��mfW3u>]

τṘ = −dUr0(R)

dR
+ Ã cos(Ωt+ ϕ0) +

√

2D̃η(t).
� ���0/3/l�

P"QSVlXfRU}UW9`vuan>Q � nUg>Xfy�R>X�^%]i��`rhKW>mfWUV�QSV
R(t)

j>Xfg>Xf�
φ(t)

W QSnUg>X\d9X\u>T3XfVlmoT
m\u9X\d>]_�«��W>^�QKbSg9`r�zQK^�ª

−dUr0(R)

dR
=

3

2

∫ +∞

−∞
h(r) ������� 3(φ/r0) sinh(ξ/r0)dr.

� ���0/��K�

£�Vr` ��`rhKW>mfW>^�QKmfVK{<hKc�jUW>m\u>TUXfVlm°T T3hKR>Q ��P�g>QSWU��hlX\d>T h � ���0/K¦l����`S^�XfRU]
u0

r(r−R)
R9` −u0

R(r−R)
tlnUg>QSWU��hlQ�d>RU]_�)^�Qzy�R>Q�hKc�R>X�mfVKW+WU� � n>Q�d���R9`rp_`

WURUVlXf��g9`vu/`�� 9¯g>Xf��]vu>{�VS`rVlX"dUu>Tkn>QSVlXfRU}UW9`vu/`�n>Qru>]Mj9`SX�^

Ur0(R) =
3r20
2

∫ +∞

−∞
h(r)

1

2r0

������� 2[(r −R)/r0]dr,
� ���0/31l�

�°d9X QSnU]_��XfRUc�n>QKmfVlQzT3RURUc�X pMQK^%n>QSR>XfRUVKc���²�u>T©^
`vu>ces
r0 → 0

hKVlQSg>QKX
hKc�g9`ry�XfRUW>X+n>Q�d©WURUVlXf��g9`vu9QK^¥nUg>X\d9mfVS`rhSu>TUXfV�m�QKbKQSx©|"]MRUpU}UWU� ²¨WUg9`rp_`
������� 2[(r − R)/r0]/2r0 → δ(r − R)

� 9�nUg>X\d9X\u9X�mfVKg>X�^%T3��W3s�moTqpqRU]�u>�
r0
t2¤�VlQkd/`SXfV

U0(R) = 3r2
0h(R)/2

�O§ZQ�y�R>QaVr`rpUy�X+QSnUg>X\d9X\u>WUVK{�n>QSVlXfR��
}UW9`vukdUu>T+QSV�u>WUjURUcesaQSV�RU]vu>T

r0
�3P"Qzd9mfVr`rhSu>T3Tkh � ���0/31l�

x = (r−R)/r0
t

n>Qru>]_jUW>^ �
R < 2δ

�

Ur0(R) =
3

2
εr20

[

−1

2

(

δ2 − 3r20π

12

)

R2 +
R4

4

]

.
� ���0/32l�

��`rp�p_`rp�R>X�Q�d>R>QSg>Q�d>RUc�x�j3u9XfR�hlQS�z^%]M��XfRUWUT
h(r)

W>^�X�XfV«|¨QSg>^%]�d>hK]Ms"T3^�t
VlQ�n>QSVlXfRU}UW9`vu

Ur0(R)
d9QKmfVKWU�\`SXfV�d>hK]�s3TU^%R>QSx+mfVKgU]_pUVK]MgUc�nUgUWi]lm\u9QShKWUW@t

jUVlQ
r0
^�XfRU{K[�X

2δ/
√
π
� �
m\u>W

R > 2δ
t/n>QSVlXfRU}UW9`vu�X�mfVK{�pMQSR>mfVS`rRUVr`�� ��`

gUW>m ���������Sb�n>QSp3`r��`rR�n>QSVlXfRU}UW9`vuZdUu>Tkg9`r�fu>WUjURUces
r0
�

� (_L� ���IML�NOI �lN�KL�)��
	�� � ��B ²¨hKWUy�XfRUW>X�|"g>QSRUVS`�R9`rn>QK^%WUR9`SXfV¨n>QShlX\d9X	�
RUW>X�n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QSx�bSg>QS]_R>QShlmfpMQSx�j9`SmfVKWU}Uc�t_d>hKWUy�]M��Xfx>m°T h�n>X	�
gUW>Q�d>WUj>X�mfpUWq^�Q�d>]vu>WUg>QSh�`rRUR>QK^¯d>hK]�s3TU^%R>QK^�n>QSVlXfRU}UW9`vu9X � � }>XfRUW>^¯mfR9` �
j9`vu/` mfg>X\d>RU�w� mfp_QSg>QKmfVK{ahKces�Q�d/`�WU��^�XfVS`SmfVr`SbSW3u>{KR>QS�zQ�m�QKmfVlQzT3RUWUT�n>Q �
VlXfRU}UW9`vu/`�� ���0/32l��h�QSVlmf]MVlmfVKhKW>Xen>XfgUW>Qzd>WUj>X�mfpMQS�zQ�n>Qru>T ��²�u>T�m\u>]Mj9`rT�m\u/` �
bKQS�zQ�[�]_^
`�W>mfn>Qru>{K��]lX�^�|�QSg>^%]vu>] <�g9`S^�Xfg>mz`Z� � �043��1l�\t>pMQSVlQSg9`rT d/`SXfV
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m�p_QSR>XfjURUc�^%W+��g9`rRUWU}9`S^%W�g9`r�fd9X\u9QSh�bKQru9X�X�jU]MhlmfVKhKWUVlX\u>{KRUc�pi|�u>]_pUVK]�` �
}UWUTU^ � � mfR>QShKRUc�^�g>Xf��]�u>{vVr`rVlQK^!T_hSu>TUXfVlmoT�m°d>hKWU��^%WURUW>^%]_^
`w¤z|¨|�XfpUVKWUh �
R>QS�zQ�n>QSVlXfRU}UW9`vu/`

Ur0(R)
t�X�m\u>W�VlQru>��WUR9`���g9`rRUWU}Uc g9`r�fd9X\u/`�nUgUW>bru>W��

y�`SXfVlmoTGp!g9`Sm�mfVlQzT3RUWU� ^%WURUW>^%]_^
`�hKR>Xf[�R>Xfx©R>X�Qzd>R>QSg>Q�d>R>QKmfVKW
δ
�?�8u9X	�

d9QSh�`rVlX\u>{KR>QUt
|"g>QSRUV�^�Q�y�XfV�u9Xf��pMQ�nUg>X�Qzd9Qru9XfVK{!bl`rgU{lXfg�^�Xfy�d>]�d>hK]3^%T
R>X�Q�d>R>QSg>Qzd>R>QKmfV�TU^%W@t�n>QS¤�VlQK^%] mfg>X\d>RUT_T mfpMQSg>QKmfVK{GhKces�Q�d/`q]_hlX\u>WUjUWUh�` �
XfVlm°T mwg>QKmfVlQK^GmfVlXfn>XfRUWamfhKT_��W�� m�^ ��t_R9`rnUgUW>^�Xfg@t@� ����� �l�'� �&<�`rp m\u9X\d9mfVKhKW>XKt
]lm\u9QShKW>X�m�QShKn9`vd9XfRUWUT�dUu>T ��� �Dm�QShKn9`vd9XfRUW>X�mfg>X\d>R>Xf�zQ hKg>X�^�XfRUW�hKces�Q�d/`
W�n>Qru9QShKWURUc n>XfgUW>Q�d/`�n>XfgUW>Q�d>WUj>X�mfpMQSx¯mfW3u>c«�¨d9QKmfVKWU�\`SXfVlmoT�dUu>TG^�XfRU{ �
[�Xfx�WURUVlXfR>mfWUhKR>QKmfVKWk[�]3^
`3t�VlQS�od/`�p_`rp ��� ��W>^�X�XfV�nUWUpUW nUgUWkbKQru>{K[�W3s
��R9`�j>XfRUWUT_s � �O`rpUW>^ QKbSg9`r�zQK^�t/hKces�Q�d>R>QKX���R9`�j>XfRUW>X �����)d9Qru>y�R>Qig9`SmfVKW
m"]_hlX\u>WUj>XfRUW>X�^¡mfVlXfn>XfRUW�mfhKT3��W��

A2BDC/B�� ��J�H" 9IML�L�#�� ��(  �� )
��(3N��OI����ON����OI��� /L�)UL��aH ��N���(3I � ) � �
NOL2J � ��N �� 9H$)ULOL�# � '!) �� /H$# � �OI��OI �" �J  ��
9�d/`rRUR>QK^�g9`r�fd9X\u9Xkg9`Sm�m�^
`rVKgUWUh�`SXfVlmoT mfhKT3��{�¤z|�|�XfpUVS` ����m WUR3d>]_}UW��
g>QSh�`rRURUc�^%W¡[�]3^�QK^ n>Xfg>X\s�Qzd/`S^%W¡h�mfW>mfVlX�^
`vs�m ^%]�u>{vVKWUn3u>WUp_`rVKWUhKRUc�^
[�]_^�QK^ �X�O`rpMQSx�VKWUn![�]3^
` bSceu�s�QSg>QS[�QaW>m�m\u9X\d9QSh�`rR!h���2�� � � s�W���231�� �
s��zQ�d/`vs � <�`rp�bSceu9Q�n>QSp_`r��`rR>Q©h��ou/`rhlX!�Kt
^%]vu>{�VKWUn3u>WUp3`rVKWUhKRUc�x¬[�]3^
nUgUWUhlQ�d>WUV�p©n>QzT3hSu9XfRUWU��R>QShKcesq^
`rpMmfW>^%]3^�QSh�h�g9`SmfnUg>X\d9X\u9XfRUWUW�hlXfg>Q �
T3VKR>QKmfVlXfx W¡R>XkW>^�X�XfV©`rR9`vu9QS�f`�h�d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QK^ QSnUW>mz`rRUWUW<��¦v� �
9eQS�zbS]My�d9XfRUW>X WUR3d>]_}UWUg>QSh�`rRURUcesG[�]3^�QK^¥p_Qru9X�bl`rRUWUx)�����32��5�K�K�\�eVr`rpUy�X
nUgUWUR9`vdUu9Xfy�WUV�pkp3u/`Sm�mf] mfW>mfVlX�^¡m"RU]�u9XfhlQSx�g9`r�z^�XfgUR>QKmfVK{K� �

9eQS��RUWUpUR>QShlXfRUW>X�WUR3d>]_}UWUg>QSh�`rRUR>QS�zQq[�]3^�QK^�mfg>X\d>R>Xf�zQ�n>Qru>T¡h�nUg>Q �
mfVKg9`rR>mfVKhlXfRUR>Q©g9`SmfnUg>X\d9X\u9XfRURUces�mfW>mfVlX�^
`vs�T3hSu>TUXfVlm°T�m\u9X\d>]M�w��W>^ R>Q �
hKc�^ nUgUW>^�Xfg>QK^�t9p_QS�°d/`+[�]3^�mfn>QKm�QKbKmfVKhK]lXfVk|�QSg>^%WUg>QSh�`rRUWU��nUg>QKmfVKg9`rR��
mfVKhlXfRURUces mfVKgU]_pUVK]Mg��02K¦3tU�K��4��5��432v� �]9 ���z�����5�z�r¢S��nUg>X\d9mfVr`rhSu9XfRUc g9`r� �
u>WUjURUc�X�¤�pUn>XfgUW>^�XfRUVr`vu>{KRUc�XenUgUW3u9Qzy�XfRUWUT �!9eQS��RUWUpUR>QShlXfRUW>X�g9`r�fu>WUjURUces
WUR3d>]_}UWUg>QSh�`rRURUces©[�]_^�QK^ R>X�Q�d>R>QSg>Qzd>RUcesGmfVKgU]_pUVK]_g!s�QSg>QS[�Q�QSnUW>mz`rR>Q
h��02K¦v� �
®���hlX�mfVKR>QUt-jUVlQ�WUR3d>]M}UWUg>QSh�`rRUR9`rT�[�]_^�QK^¯bSW>mfVS`SbSW3u>{KR>QKmfVK{�h mfW>mfVlX	�

^
`vs�mwRU]vu9XfhlQSx g9`r�z^�XfgUR>QKmfVK{K�³R>X�^�Q�y�XfV�g9`Sm�m�^
`rVKgUWUh�`rVK{lmoTap_`rpamfVlQzsM` �
mfVKWUj>X�mfpUWUx©g>Xf�zQSR9`rVlQSg���£�|¨|�XfpUVKWUhKRUc�X�bl`rgU{lXfgUc�tOQSnUg>X\d9X\u>T_�w��W>X+mfp_Q �
g>QKmfVKW!n>Xfg>X\s�Qzd9QSh�^�Xfy�d>]�d>hK]3^%T�m�QKmfVlQzT3RUWUTU^%W@t�R9`SmfVlQru>{Kp_QZ^
`vu>c�t�jUVlQ
R>X�mfn>QKm�QKbSRUc�nUg>Q�d9X�^�QSR>mfVKgUWUg>QSh�`rVK{Z��R9`�jUWUVlX\u>{KRUc�x�QSVKp3u>WUp�R9`iWU�z^�XfR>X	�
RUW>X�mfWU��R9`vu/`�W�hKR>Xf[�R>Xf�zQ�[�]3^
`�� � d>R9`rpMQUt>p3`rp�bSceu9Q�QSVl^�Xfj>XfR>Qiha���z�K¦v�'t
bSW>mfVr`SbSW3u>{KRUc�XqWUR3d>]_}UWUg>QSh�`rRURUc�X�[�]_^�QK^ m�QKmfVlQ�T_RUWUT¬h�g9`SmfnUg>X\d9X\u9XfR��
RUces�mfW>mfVlX�^
`vsZQKbru/`vd/`r�wV+hKg>X�^�XfRURUc�^%W�^
`Smf[�Vr`Sbl`S^%W@t5pMQSVlQSgUc�X���R9`�jUW��
VlX\u>{KR>QaQSV�u>WUj9`r�«VlmoT!QSV hKg>X�^�XfR�g>X\u/`rpMmz`r}UWUW��%£�VlQkQKb��2T3mfRUTUXfVlmoT�mf]M��X	�
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mfVKhlQSh�`rRUW>X�^ mfW3u>{KR>QS�zQ!hK��`rW>^�Q�d9Xfx>mfVKhKWUT�^�Xfy�d>]GmfhKT3��`rRURUc�^%W W3u>W¡m�Q �
m�X\d>RUW>^%W�T_j>XfxUp3`S^%W�h«mfg>X\d9XKtzpMQSVlQSg>QKX�Vr`rpUy�X�m\u>]_y�WUV«Qzd>RUW>^aWU��]lm\u9QShKWUx
WUR3d>]_}UWUg>QSh�`rRUR>QS�zQi[�]_^�QK^�|�`r�zQShlQS�zQ�n>Xfg>X\s�Q�d/`��

�%`Sm�m�^�QSVKgUW>^¯pUg9`rVKpMQkmfW>mfVlX�^%]Zm�d>hK]_^%TZWUR3d>]M}UWUg>QSh�`rRURUc�^%W![�]3^�QK^
|¨`r��`S^%W@t9R9`vs�Q�d>T3��]_��m°Tan>QzdZhKR>Xf[�RUW>^�n>XfgUW>Q�d>WUj>X�mfpUW>^¯hlQS�fd9Xfx>mfVKhKW>X�^ �
9�g>X�^%T¯n>Xfg>X\s�Q�d9QSh ^�Xfy�d>] d>hK]3^%T�m�QKmfVlQ�T_RUWUTU^%W pMQSRUVKg>Qru>WUgU]lXfVlm°T<`vd �
d>WUVKWUhKRUc�^ [�]3^�QK^ �O£�|�|¨XfpUV ����t�g>Xz`vu>WU��]M�w��WUx>m°T!had/`rRUR>QK^¥m\u>]_j9`SXKt
R9`r��c�h�`SXfVlm°T�d>hlQSxURUc�^�mfVlQzsM`SmfVKWUj>X�mfpUW>^�g>Xf�zQSR9`rR>m�QK^�tSVS`rp�p_`rp�|¨`r��cGWUR��
d>]_}UWUgU]M�wVlm°T�^%]�u>{vVKWUn3u>WUp_`rVKWUhKRUc�^¥[�]3^�QK^�t5`�`vdUd>WUVKWUhKRUc�x�[�]_^¡nUgUW��
hlQ�d>WUV+pk¤z|�|�XfpUVK] ��� �

� L@J � �ON �� /H$)ULOL�#�I � � �� �� ' ) �� 9H"#�I ��I ��I �" �J # B ��R9`�j9`vu/`!g9`Sm	�
m�^�QSVKgUW>^¥m\u>]_j9`rx�hlQS��RUWUpUR>QShlXfRUWUT�WUR3d>]_}UWUg>QSh�`rRURUces�[�]3^�QK^¬|¨`r�zQShKces
n>Xfg>X\s�Q�d9QSh �U²�u>Tk¤�VlQSxk}>X\u>W�^%c¬W>m�m\u9X\d>]lX�^�R>X\u>WUR>XfxURU]_�³g>Xf[�XfVKpU]kmfhKT�
��`rRURUces)mfVlQ�sM`SmfVKWUj>X�mfpUW3s)n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRURUces¥QKmf}UW3uUu>T3VlQSg>QSh³���K� �_t
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ẋi = f(xi) +
√

2Dmg(xi)ξi(t) +
γ

2d

∑

j

(xj − xi) +
√

2Daζi(t).
� �����S�l�

9�mfW>mfVlX�^�X�mfhKT3��`rRURUces�]_g9`rhKR>XfRUWUx ¨`rRUy�XfhlXfR9`
xi(t)

��m�QKmfVlQ�T3RUW>X
i
� �zQ

QKmf}UW3uUu>T3VlQSg9`��
i = 1, . . . , Ld QKbKQS��R9`zj9`SXfV N = Ld T3j>X�Xfp�pU]_bSWUj>X�mfp_QSx�g>X	�

[�XfVKpUW@tMW>^�Xf�w��Xfx�g9`r�z^�XfgUR>QKmfVK{
L× d �A��]3^�^%WUg>QSh�`rRUW>X"h � �����S�l�8nUg>QSWU� �hlQ�d>WUVlmoTan>Q�bru>WUy�`rxU[�W>^¡m�QKm�X\d>TU^�t>`�n9`rg9`S^�XfVKg

γ
QSVKhlXfj9`SXfV���`�mfVlXfn>XfRU{

mfhKT3��W��
ξi(t)

W
ζi(t)

��hK��`rW>^%R>Q�R>XfpMQSgUg>X\u>WUg>QSh�`rRURUc�X W>mfVlQSjURUWUpUWG�f`�]lm	�
m�QShlmfpMQS�zQ�[�]3^
`�m�RU]vu9XfhKc�^©mfg>X\d>RUW>^qW+R>X�mfhKT3��`rRURUc�X«h�nUg>QKmfVKg9`rR>mfVKhlX�W
hKg>X�^�XfRUW@t

〈ξi(t)ξj(t′)〉 = δi,jδ(t− t′), 〈ζi(t)ζj(t′)〉 = δi,jδ(t− t′).
� �����v¢M�

P"XfgUhlQKX�hKc�g9`ry�XfRUW>X ��`vd/`SXfV�^%]vu>{�VKWUn3u>WUp_`rVKWUhKRUc�x [�]3^�t�QSVKhlXfj9`r�w��WUx
��`a|�`r�zQShKc�x!n>Xfg>X\s�Q�d�tOhKVlQSg>QKXihKc�g9`ry�XfRUW>X�hKhlQ�d>WUV�`vdUd>WUVKWUhKRUc�x©[�]3^�t
pMQSVlQSgUc�x³]_nUg9`rhSu>T3XfV�hKg>X�^�XfR9`S^%W³hKces�Q�d/` ^�Xfy�d>] d>hK]3^%T)nUgUWUVvT_��WUh�` �
�w��W>^%W�m�QKmfVlQzT3RUWUTU^%W@t%WUR3d>]_}UWUg>QSh�`rRURUc�^%W¡^%]�u>{vVKWUn3u>WUp_`rVKWUhKRUc�^ [�] �
^�QK^ �

;�]_RUpU}UWUW
f(x)

W
g(x)

��`vd/`r�wVlm°T�h�m\u9X\d>]M�w��X�^�hKW3d9X����K� ���'ª

f(x) = −x(1 + x2)2, g(x) = 1 + x2.
� �����S¦l�

� Vl^�XfVKW>^�t>jUVlQ�d/`rRURUc�x�VKWUn d>WUR9`S^%WUpUW�R>X�nUgUWUhlQ�d>WUVipkn>QzT3hSu9XfRUWU��R>Q �
hKcesa^
`rpMmfW>^%]3^�QShih�mfW>mfVlX�^�X�m�RU]�u9XfhlQSxag9`r�z^�XfgUR>QKmfVK{K� �



� � � ����� � �
	 ��� � �������
�
��2��� � �����

�
�

9�g9`S^%p3`vs¨VlX�QSgUWUW�mfg>X\d>R>Xf�zQwn>Qru>T��01313t 2K¦v�U^�Q�d9X\u>{i� �����S�l��^�Qzy�XfV"bSc�VK{
W>m�m\u9X\d9QSh�`rR9` `rR9`vu>WUVKWUj>X�mfpUW��2P�gUW>bru>WUy�XfRUW>X�mfg>X\d>R>Xf�zQ+n>Qru>TZm�QKmfVlQSWUV�h
��`S^�XfR>X�m�QKm�X\d>RUW3s�m�QKmfVlQzT3RUWUx

xj
�°u9QKbl`vu>{KRUc�^ mfg>X\d>RUW>^)mfW>mfVlX�^%c

m
� 9

¤�VlQK^ m\u>]Mj9`SXZn>Qru>]Mj9`SXfVlmoT¬Q�d>R>QK^�XfgUR>QKX�]Mg9`rhKR>XfRUW>X ;�QSpUp_Xfg9`��MPwu/`rRUp_`3t
W>^�Xf�w��X�X©n9`rg9`S^�XfVKgUWUj>X�mfpU]_� ��`rhKW>mfW>^�QKmfVK{¥QSV

m
W@twm\u9X\d9QSh�`rVlX\u>{KR>QUt

hKp3u>�wj9`r�«��X�X�R9`rgU]_[�XfRUW>X�mfW>^�^�XfVKgUWUW��9P�g>X\d>n>Qru/`r�f`rT�bSc�mfVKgU]_�<g>X\u/`rp��
mz`r}UWU��p���R9`zj>XfRUWU�

m = const
t>^�Qzy�R>Q+n>Qru>]_jUWUVK{�m\u9X\d>]_�«��X�X�mfVS`r}UW>Q �

R9`rgUR>QKX�g9`SmfnUg>X\d9X\u9XfRUW>X¨hlXfg>QzT3VKR>QKmfVlXfx
Pst
ª

Pst(x,m) =
C(m)

√

Dmg2(x) +Da

exp





x
∫

0

f(y)− γ(y −m)

Dmg2(y) +Da
dy



 ,

� ������/l�
�°d9X

C(m)
��n>QKmfVlQ�T_RUR9`rT�R>QSg>^%WUg>QShKpUW��A��Xfn>XfgU{�^�Q�y�R>Q�n>Qru>]_jUWUVK{�]Mg9`rh �

R>XfRUW>X«dUu>T+mfg>X\d>R>Xf�zQ�n>Qru>T
m
tMpMQSVlQSg>QKXw��`rhKW>mfWUV�QSV�WURUVlXfR>mfWUhKR>QKmfVKWk[�] �

^
`�WamfVlXfn>XfRUW�mfhKT_��W@ª

m =

∫ ∞

−∞
xPst(x,m) dx,
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m 6= 0
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�
m = 0
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γ = 20
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Da = 0
��� � W 0.5
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��� �

n>QSp_`r��`rRUc�R9`�gUW>m �5������43t-`�m�QKQSVKhlXfVlmfVKhK]_�w��`rTZ��`rhKW>mfW>^�QKmfVK{�n9`rg9`S^�XfVKg9`
]_n>QSg�T_d9QSj>XfRUR>QKmfVKW�QSV

Dm
nUg>X\d9mfVr`rhSu9XfR9`ZR9`agUW>m �O�����z���:<�`rp!hKW3d>R>QZWU�

n>QKm\u9X\d>R>Xf�zQ gUW>mf]_RUp_`3t5hSu>WUT3RUW>X�`vdUd>WUVKWUhKR>QS�zQ [�]3^
`�nUgUWUhlQzd>WUVkp�m°d>hKW��
��] ¤�VlQSxa��`rhKW>mfW>^�QKmfVKW��>²�u>T

Da = 0
]_hlX\u>WUj>XfRUW>X¨^%]vu>{�VKWUn3u>WUp3`rVKWUhKR>QS�zQ

[�]_^
`�hKc���c�h�`SXfVa|¨`r�zQShKc�x�n>Xfg>X\s�Qzd�YfbKX�mfn>QSg�T_d9QSp_��n>QSgMTMd9QSp�YStO��`�p_QSVlQ �
gUc�^�m\u9X\d>]lXfV�n>Xfg>X\s�Q�dapkbKX�mfn>QSgMTMd>pU]����K� ��� �A9 g>Xfy�W>^�X�]Mn>QSgMTMd9QSj>XfRUR>QSx
|¨`r��c¡mfW>mfVlX�^
`¨R9`vs�Q�d>WUVlmoTih¨Qzd>R>QK^!WU��d>hK]�s�mfW>^�^�XfVKgUWUjURUces+m�QKmfVlQ�T_RUWUx
m�Q!mfg>X\d>RUW>^%W�n>Qru>TU^%W

m1 = −m2 6= 0
t8��`rhKW>m°T3��W>^%W¯QSV�R9`zj9`vu>{KRUces

]lm\u9QShKWUx�� � Vl^�XfVKW>^�t�jUVlQ s�QSVvT!|¨`r�zQShKc�x�n>Xfg>X\s�QzdqWUR3d>]_}UWUg>QSh�`rR©^%]vu>{ �
VKWUn3u>WUp_`rVKWUhKRUc�^¡[�]3^�QK^�t_¤�VlQSV�¤z|�|�XfpUV�QSVzu>WUj9`SXfVlmoTaQSV�m\u>]_j9`rT mfW>mfVlX�^
m"RU]vu9XfhlQSxag9`r�z^�XfgUR>QKmfVK{K��WkW>mfj>Xf��`SXfV+m�]3^�XfRU{K[�XfRUW>X�^¡mfhKT3��W��
����H" 9IML�L�#�� ��(  ��")
��(_N��OI����ON � ��I��� 9L�)UL��UB 9eXfgUR>X�^�m°T¯p¡��`vd/`zj>X�QKb
QSVKp3u>WUpMX�mfW>mfVlX�^%c � �����S�l��R9`�n>XfgUW>Q�d>WUj>X�mfpMQKX�hlQS�fd9Xfx>mfVKhKW>XKª

ẋi = f(xi) +
√

2Dmg(xi)ξi(t) +
γ

2d

∑

j

(xj − xi) +
√

2Daζi(t)

+ A cos(Ωt+ ϕ0),
� ������1l�

�°d9X
A
��`S^%n3u>WUVK]vd/`3t

Ω
�¨j9`SmfVlQSVr`�W

ϕ
��m\u>]_j9`rxUR9`rT�R9`�j9`vu>{KR9`rTi|�`r��`��39

g9`SbKQSVlXi���z�K¦v�OR9`SbKQSga��R9`�j>XfRUWUx�n9`rg9`S^�XfVKg>QSh
(Dm; γ)

��`vd/`rh�`vu9moTahiQKbru/` �
mfVKW�d>hK]�s�m�QKmf]M��X�mfVKhK]M�w��W3s�]Mn>QSgMT_d9QSj>XfRURUces�m�QKmfVlQ�T_RUWUx�m�R>XfRU]vu9XfhKc�^
mfg>X\d>RUW>^ n>Qru9X�^�t�h�j9`SmfVKR>QKmfVKW@t�hKc�bSWUg9`vu>W>mf{¡��R9`zj>XfRUWUT2t�m�QKQSVKhlXfVlmfVKhK] �
�w��W>XkVlQSjUp_XaR9`�gUW>m �8������4�� ��W>m\u9XfRUR>QKXZ^�Q�d9X\u>WUg>QSh�`rRUW>X�nUg>QShlQ�d>W3u9QKmf{
R9` d>hK]3^�XfgUR>QSxGg>Xf[�XfVKp_X

L2 = 18 × 18
QKmf}UW3uUu>T3VlQSg>QSh�hanUgUW>mf]_VlmfVKhKWUW

�\`rg>^�QSRUWUj>X�mfp_QS�zQ�hKR>Xf[�R>Xf�zQ¨hlQS�fd9Xfx>mfVKhKWUT � ��Xf��]vu>{�VS`rVKc¯]lmfg>X\d>RUTMu>W>mf{�n>Q
g9`rhKR>QK^�XfgUR>Q+g9`SmfnUg>X\d9X\u9XfRURUc�^¡R9`zj9`vu>{KRUc�^¡|¨`r��`S^ �
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��`�gUW>m �9�����f¢�nUgUWUhlX\d9XfRUc hKg>X�^�XfRURUc�X�g>Xz`vu>WU��`r}UWUW�mfg>X\d>R>Xf�zQ�n>Qru>TkW
m�QKQSVKhlXfVlmfVKhK]_�«��WUxkhSs�Q�d>R>QSxkn>XfgUW>Qzd>WUj>X�mfpUWUx�mfWU��R9`vukdUu>TiVKg>X\s�g9`r�fu>WUj��
RUces���R9`zj>XfRUWUx

Da
�,��XfpU]_��X�X�mfg>X\d>R>X�X�n>Qru9X¨hKc�jUW>m\u>TUXfVlmoT�n>Q�|�QSg>^%]vu9X

m(t) =
1

L2

N
∑

i=1

xi(t)
� <�`rp�hKW3d>R>Q�WU��gUW>mf]_RUp_`3t-hKg>X�^�XfRURUc�X�g>Xz`vu>WU��`r}UWUW

R9`rn>QK^%WUR9`r�wV¨p_`rgUVKWURU]�h�m\u>]_j9`SX`��� �r²�u>T�^
`vu>ces���R9`zj>XfRUWUx
Da

n>Xfg>X\s�Q �
d>c ^�Xfy�d>]�d>hK]3^%T�mfW>^�^�XfVKgUWUjURUc�^%WGm�QKmfVlQ�T3RUWUT3^%W

m1
W
m2

nUg>QSW>m s�Q �
d>T3V�g>X\d>p_Q¨W+R>X�mfhKT3��`rRUc¯m�hKR>Xf[�R>Xfx�mfW3u9QSx��l²�u>T+mfg>X\d>R>Xf�zQ�]Mg>QShKRUTi[�] �
^
`kn>Xfg>X\s�Qzd>c R9`Sbru>�ed/`r�«VlmoTqm�n>XfgUW>Qzd>WUjUR>QKmfVK{K� hKR>Xf[�R>XfxqmfW3u>c���P�gUW
d/`vu>{KR>XfxU[�X�^)]_hlX\u>WUj>XfRUWUW

Da
]_n>QSg�T_d9QSj>XfRUR9`rT!hKg>X�^�XfRUR9`rT�n>QKm\u9X\d9QSh�` �
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VKg9`vu>{KR>QSx¯n3u9QSVKR>QKmfVKW¬^�QS��R>QKmfVKW

S(ω)
� ��`!gUW>m �������z¦!nUgUWUhlX\d9XfRUc���` �

hKW>mfW>^�QKmfVKW+������QSV WURUVlXfR>mfWUhKR>QKmfVKWq`vdUd>WUVKWUhKR>QS�zQk[�]_^
`3t5n>Qru>]_j>XfRURUc�X
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T3RUWUx@te�°d9X

m(t)
nUgUWURUW>^
`vu9Q���R9`zj>XfRUW>X

m(t) = +1
W3u>W

m(t) = −1
t
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u9QSpMQru9QKQKbSg9`r��RU]_� ��`rhKW>mfW>^�QKmfVK{¡QSV
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m�^�QSVKgUW>^ hKR9`zj9`vu9X!mfWUVK]�`r}UWU� h¡QSVlmf]_VlmfVKhKW>X�mfWU��R9`vu/`�W¥`vdUd>WUVKWUhKR>QS�zQ
[�]_^
`3tUV � X ��tUpMQS�od/`

A
W
Da

mfVKg>X�^%T3VlmoTapkRU]�u>� �A9¯m\u>]Mj9`SX¨mfW3u>{KR>QSxZmfhKT�
��Win>XfgUhKc�x�^�QK^�XfRUV�^�Q�y�XfV�mfjUWUVr`rVK{lm°T�Q�d>R>QSg>Qzd>RUc�^qW+Xf�zQ�¤�hlQru>�w}UWUT�hlQ
hKg>X�^�XfRUWiQSnUW>mfc�h�`SXfVlmoT�pMQK^%n>QSR>XfRUVlQK^qmfR>QKmz`�h"m�QKQSVKhlXfVlmfVKhK]M�w��X�^ 6`;�P�ª

〈ẋ〉 = 〈f(x)〉 + Dm〈g(x)g′(x)〉.
� ������2l�

9³mfhKT_��`rRURUces�mfW>mfVlX�^
`vs�^�X\sM`rRUWU�z^¯WUR3d>]M}UWUg>QSh�`rRUR>QS�zQ�[�]3^�QK^�n>Xfg>X\s�Q �
d/`�QKb��2TUmfRUTUXfVlm°T¥m�n>QK^�QS��{K� nUgUW>bru>WUy�XfRUWUT³^
`vu9QSx)¤�hlQru>�«}UWUW�����434v� �
��`�jUWUR9`rTGm�R9`zj9`vu>{KR>QSx

δ
�'|"]_RUpU}UWUW�²¨WUg9`rp3`3t�]_g9`rhKR>XfRUW>X�dUu>T

m(t)
��` �

nUW>mfc�h�`SXfVlm°T�m\u9X\d>]M�w��W>^�QKbSg9`r�zQK^
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ṁ = f(m) + Dmg(m)g′(m),
� ���01��l�

�°d9X mfg>X\d>RUW>X¬��R9`�j>XfRUWUT nUg>QSWU��hlX\d9XfRUWUx ��`S^�XfR>XfRUc R9`�nUg>QSWU��hlX\d9XfRUWUT
mfg>X\d>RUW3s �O£�VlQamfnUg9`rhlX\dUu>WUhlQUt�X�m\u>W

f(〈x〉) � 〈δx2〉f ′′(〈x〉) � �eg>X�bS]lX�^�QKXn>Q�d/`rhSu9XfRUW>X�|�u>]MpUVK]�`r}UWUx�hKR>QShK{�QKbS]lm\u9QShSu9XfR>Q�mfW3u>{KR>QSx�mfhKT3��{K������4r¢S� �
²¨WUR9`S^%WUp_`Zs�QSg>QS[�Q�`rnUnUg>QSpMmfW>^%WUgU]lXfVlm°T��f`�]lm�m�QShlmfpUW>^%W�g9`SmfnUg>X\d9X\u9XfRUW��
TU^%W@t@^
`rpMmfW>^%]3^%c pMQSVlQSgUces!QSnUg>X\d9X\u>T3�«VlmoT!n>Qa|¨QSg>^%]�u9Xa� ���01��l�\t�nUg>X\d �
mfVr`rhSu>T3�w��Xfx�m�QKbKQSx�]_g9`rhKR>XfRUW>X�d>W>m�mfWUn9`rVKWUhKR>QSx!mfW>mfVlX�^%c�m�Qzd>R>QSx�W3u>W
VKg>X�^%TkR>Xfn>Q�d>hKWUy�RUc�^%W�VlQSjUp3`S^%W��

9�hlX\d9X�^Gd9QSn>Qru>RUWUVlX\u>{KR>Q+¤z|�|�XfpUVKWUhKRUc�xkn>QSVlXfRU}UW9`vu
Ueff(m)

ª

Ueff(m) = U0(m) + Unoise = −
∫ m

dm′ f(m′) − Dmg
2(m)

2
,
� ���013���

�°d9X
U0(m) �

^�QSR>QKmfVr`SbSW3u>{KRUc�x�n>QSVlXfRU}UW9`vu �
Unoise

QKbKQS��R9`zj9`SXfV�hSu>WUT3RUW>X
^%]vu>{�VKWUn3u>WUp_`rVKWUhKR>QS�zQ+[�]_^
`¨W�d9X�^�QSR>mfVKgUWUgU]lXfVibSW>^�Q�d/`vu>{KR>QKmfVK{+n>QSVlXfR��
}UW9`vu/`qhKc�[�XZpUgUWUVKWUj>X�mfpMQS�zQ���R9`�j>XfRUWUT

Dm
hqd/`rRUR>QK^ nUgUW>bru>WUy�XfRUWUW��

9�W3d>R>QUt@jUVlQ�n>QSVlXfRU}UW9`vu¬� ���013���"W>^�X�XfV�mfW3u>{KR>QKX+m s�Q�d9mfVKhlQ�m�¤z|¨|�XfpUVKWUh �
RUc�^�n>QSVlXfRU}UW9`vu9QK^�^
`rT3VKRUWUp_`�§�`rVK{lX

�

<�`rnUWU}Uc����z�3/v� �
9eQS��hKg9`r��`rTUmf{"p�m\u>]_j9`r�¡hKR>Xf[�R>Xf�zQ�`vdUd>WUVKWUhKR>QS�zQ�hlQS�fd9Xfx>mfVKhKWUT�m�^
` �

u9QSxa`S^%n3u>WUVK]�d9QSx
A
W ^�XfRUT3T�WURUVlXfR>mfWUhKR>QKmfVK{�[�]_^
`

Da
t3^�Q�y�R>Q�g>Xz`vu>W��

�zQSh�`rVK{�VKWUnUWUjURUc�x)¤z|¨|�XfpUV ��� �a�%`Sm�m�^�QSVKgUW>^ mfWUVK]�`r}UWU��t�p_QS�°d/`G]_g>Q �
hlXfRU{a^%]vu>{�VKWUn3u>WUp_`rVKWUhKR>QS�zQZ[�]_^
`id9QKmfVr`rVlQSjUR>Q�bKQru>{K[�QSx���£�VlQ QS��R9`�j9` �
XfVvt-jUVlQ haQSVlmf]_VlmfVKhKW>X�`vdUd>WUVKWUhKR>QS�zQk[�]_^
`�hKg>X�^�XfR9`�n>Xfg>X\s�Qzd9QSh�^�Xfy�d>]
d>hK]3^%T�WUR3d>]_}UWUg>QSh�`rRURUc�^%W�[�]3^�QK^�m�QKmfVlQzT3RUWUTU^%WiR9`S^%R>QS�zQ"nUg>XfhKc�[�`r�wV
n>XfgUW>Q�d�hKR>Xf[�R>Xf�zQwhlQS�fd9Xfx>mfVKhKWUT

Tper = 2π/Ω
�S��Xf��]lm\u9QShKR>QUtS]_hlX\u>WUj>XfRUW>X

]_g>QShKRUT+`vdUd>WUVKWUhKR>QS�zQ¨[�]3^
`�nUgUWUhlX\d9XfV¨p�]3^�XfRU{K[�XfRUWU�¬hKg>X�^�XfRihKces�Q�d/`3t
W@t>X�m\u>WaQSRUWanUgUWURUW>^
`r�wV���R9`zj>XfRUWUTan>QSg�T_d>p_`�n>XfgUW>Q�d/`�hlQS�fd9Xfx>mfVKhKWUT-t9VlQ
g>Xz`vu>WU��]lXfVlm°TZ¤z|�|�XfpUV8��� �
P�gUW>^�XfR>XfRUW>X�`vd>W9`Sbl`rVKWUj>X�mfp_QSxiVlX�QSgUWUW�d>hK]Ms�m�QKmfVlQzT3RUWUx��0/3�\�>bKXf��]_j>X	�

Vr`«hKRU]_VKgUWUTU^%R>QSx�d>WUR9`S^%WUpUW�n>QS��hlQru>TUXfV"��`rnUW>mz`rVK{�hKc�g9`ry�XfRUW>X�dUu>T �����
h�g9`S^%p3`vs VlX�QSgUWUWau>WUR>XfxUR>QS�zQiQSVKp3u>WUp_`ih�m\u9X\d>]_�«��X�^GhKW3d9XKª

SNR1 =
πA2

D2
a

rK,
� ���0134l�

�°d9X
rK �

mfpMQSg>QKmfVK{[<�g9`S^�Xfg>mz`

rK =

√

U ′′
eff(mmin)|U ′′

eff (mmax)

2π
exp

(

− ∆Ueff

Da

) � ���01K�l�
dUu>T�nUg>X�Q�d9Qru9XfRUWUTqn>QSVlXfRU}UW9`vu>{KR>QS�zQ�bl`rgU{lXfg9`

∆Ueff
m�n>QK^�QS��{K� `vdUd>W��

VKWUhKR>QS�zQ�[�]3^
`���P"Xfg>XfR>QSg>^%WUg>QShKp_`¡¤�VlQS�zQ���R9`�j>XfRUWUT)R9`©jUW>m\u9Q¡QKmf}UW3u �
u>T3VlQSg>QSh

N
h+g>Xf[�XfVKp_X+����/v�OW�]_j>XfV+mfpMQSg>QKmfVKW�QKbSg9`SbKQSVKpUW

G
WZ[�WUgUWURUc
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n>Qru9QKmfc
∆
h"mfn>XfpUVKg9`vu>{KR>QSxin3u9QSVKR>QKmfVKWi^�QS��R>QKmfVKWa�0/3�\�>nUgUWUhlQ�d>WUV¨p�m\u9X	�

d>]_�«��X�^%]+hKW3d>]kQSVKR>QS[�XfRUWUTamfWU��R9`vu5±v[�]3^
`�dUu>T
N
¤fu9X�^�XfRUVlQSh

SNRN = SNR1
NG

∆
+ 1.

� ���01r¢M�

²�`rRUR9`rT¯��`rhKW>mfW>^�QKmfVK{¡n>QSp3`r��`rR9`GR9`©gUW>m �������z¦©W¬R9`vs�Q�d>WUVlmoT)hGs�Q �
g>QS[�X�^ m�QKQSVKhlXfVlmfVKhKWUW�mGg>Xf��]vu>{�VS`rVr`S^%W jUW>m\u9XfRUR>QS�zQ¥^�Q�d9X\u>WUg>QSh�`rRUWUT2t
R>X�m�^�QSVKg�T�R9`���gU]3bS]_� `rnUnUg>QSp_mfW>^
`r}UWU� �eP"QSjUVKW�VlQSjUR>QKXZm�QKQSVKhlXfVlmfVKhKW>X
QSVl^�Xfj9`SXfVlm°TZh�VlQSjUpMX�^
`rpMmfW>^%]3^
`�W dUu>TkR>XfpMQSVlQSgUcesa��R9`zj>XfRUWUx ����� �

�"X�QKb�s�Qzd>W>^�Q¥QSVl^�XfVKWUVK{>t jUVlQ³`vdUd>WUVKWUhKRUc�x�[�]3^�Vr`rpUy�X�hSu>WUTUXfV¬R9`
mfhlQSx>mfVKh�`�¤z|�|¨XfpUVKWUhKR>QSx�bSW>mfVS`SbSW3u>{KR>QSximfW>mfVlX�^%c �Dm�^ �rgUW>m �l������4«W������z�l�\t
jUVlQ�nUgUWUhlQzd>WUV�p�QS��g9`rRUWUj>XfRUWUTU^ � 9em\u9X\d9mfVKhKW>X«¤�VlQS�zQ�`S^%n3u>WUVK]vd/`"hKces�Q�d �
R>QS�zQ�mfWU��R9`vu/`«]_^�XfRU{K[�`SXfVlm°T�W¨d/`ry�XebSW>mfVr`SbSW3u>{KR>QKmfVK{¨^�Q�y�XfV"W>mfj>Xf��RU]_VK{
nUgUW+bKQru>{K[�W3s���R9`�j>XfRUWUT_siWURUVlXfR>mfWUhKR>QKmfVKW [�]_^
`

Da
�M£�p_mfn>XfgUW>^�XfRUVr`vu>{ �

RUc�X�d/`rRURUc�X¨n>Q�¤�VlQSxaWURUVlXfg>X�mfR>QSx���`vd/`zj>X�nUg>X\d9mfVr`rhSu9XfRUc³ha���z����� �

A2BDC/B�� *-(  ��")
��(3N���I�����N�� ��I��� 9L�)UL�� ��� � �lN KL�)��  9H ���  �©L� � 
� �OI���( ��)�� �9L� � �� $��(�)UH")
9GbKQru>{K[�WUR>mfVKhlX�g9`SbKQSV"n>Q+����h"p_`�j>X�mfVKhlX�hKR>Xf[�R>XfximfW3u>c�g9`Sm�m�^
`rVKgUWUh�` �
XfVlm°TkhlQS�fd9Xfx>mfVKhKW>X¨�\`rg>^�QSRUWUj>X�mfp_QS�zQ+mfWU��R9`vu/`�^
`vu9QSx�`S^%n3u>WUVK]�d>c�� �8mfVlX	�
mfVKhlXfRUR>QUt@hlQS��RUWUp3`SXfV���`vd/`zj9` W>m�m\u9X\d9QSh�`rVK{ZQSVKp3u>WUp!mfW>mfVlX�^%c R9` ^%R>QS�zQ �
j9`SmfVlQSVKRUc�X"W [�]_^�QShKc�X"mfWU��R9`vu>c��9£�VlQ�QKm�QKbKXfRUR>Q�h�`ry�R>Q�nUgUW>^�XfRUWUVlX\u>{ �
R>Q�p+bSW>Qru9QS��WUj>X�mfpUW>^�mfW>mfVlX�^
`S^ � ��WU��R9`vu>c�t_hlQKmfnUgUWURUW>^
`SX�^%c�X�y�WUhKc�^%W
QSgU�\`rRUWU�z^
`S^%W@t�j9`r��X�hlm�Xf�zQ T3hSu>T3�wVlm°T�[�]_^�QShKc�^%W�W@t5p_`rp!nUg9`rhKW3u9QUt2R>X
m�Q�d9XfgMy�`rV�mfVKg>QS�zQ«n>XfgUW>Q�d>WUj>X�mfpUW3s�pMQK^%n>QSR>XfRUV ����`rW>bKQru9X�X8g>Xz`vu>{KRUc�^�T3h �
u>TUXfVlm°T�W>m�m\u9X\d9QSh�`rRUW>X�QSVKp3u>WUp_`�mfW>mfVlX�^%c¯R9`"pUh�`r��WU�\`rg>^�QSRUWUj>X�mfpUWUxZmfWU� �
R9`vu�m�pMQSR>XfjUR>QSx�[�WUgUWUR>QSx�mfn>XfpUVKg9`vu>{KR>QSx�u>WURUWUW@t5QKbS]lm\u9QShSu9XfRUR>QSxZd9Xfx��
mfVKhKW>X�^¡|"u>]MpUVK]�`r}UWUx��
²�QKmfVlQSWUR>mfVKhlQK^�VlX�QSgUWUW�u>WUR>XfxUR>QS�zQ�QSVKp3u>WUp3`�T3hSu>TUXfVlm°T�hlQS�z^�Qzy�R>QKmfVK{

X�mfVlX�mfVKhlXfRUR>QS�zQ�g9`Smf[�WUg>XfRUWUT�X�X�R9`�m\u>]Mj9`rx�mfWU��R9`vu9QSh¨m�Q�m\u9Qzy�RUc�^!mfn>Xfp��
VKg9`vu>{KRUc�^�m�QKmfVr`rhlQK^G���z�31v� �3��n>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{�R9`�hKces�Qzd9X�W>^�X�XfV
hKW3d

Gx,x(ω) = G(0)
x,x(ω) + |χ(ω)|2 Gs,s(ω),

� ���01K¦l�
�°d9X

Gs,s(ω) �

mfn>XfpUVKgZmfWU��R9`vu/`�� ��WUy�X¨^%c)g9`Sm�m�^�QSVKgUW>^¡g�T_d�nUg9`rpUVKWUj>X	�
mfpUWah�`ry�RUcesknUgUW>^�Xfg>QSh �
� ( ����N�� ��(  ��")
��(3N���I����  � 	/N���(�)
	9N�� �/L� � �lN���(_I ��#�L�) �wL� � $��) 	
��(  $(3L�#�� �lN�KL�)���B �%`Sm�m�^�QSVKgUW>^¡m\u/`SbSc�xamfWU��R9`vu�tUW>^�Xf�w��WUx d>W>mfpUg>XfV �
RUc�x�mfn>XfpUVKg�� 9�R>Xf[�RU�w�³mfW3u>]

s(t)
nUg>X\d9mfVr`rhKW>^¡h�hKW3d9X�g�T_d/` ;�]_gU{lXKª
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s(t) = A

M
∑

k=1

bk cos Ωkt ,
� ���013/l�

�°d9X
Abk � 1 �

^
`vu>c�X�`S^%n3u>WUVK]vd>c �f`rg>^�QSRUWUp@t�`
Ωk �

W3s�j9`SmfVlQSVKc��
��QS�°u/`SmfR>Q+VlX�QSgUWUWku>WUR>XfxUR>QS�zQ+QSVKp3u>WUp_`3t9QSVKp3u>WUp�mfW>mfVlX�^%c¥X�mfVK{

〈x(t)〉 = A
M
∑

k=1

bk|χ(Ωk, D)| cos [(Ωk + ψk) t].
� ���01��K�

� VKp3u>WUp 〈x(t)〉 � ���01��K�am�Qzd9Xfg�y�WUV¯VlX�y�Xqmfn>XfpUVKg9`vu>{KRUc�X©p_QK^%n>QSR>XfRUVKc� ���013/l�\t3Q�d>R9`rp_Q�m�d>gU]_��W>^%Wk`S^%n3u>WUVK]vd/`S^%W W+|¨`r��`S^%W�� 9¡|¨QSg>^%]�u9X�� ���01��K�
|¨`r�zQShKc�X�m°d>hKWU��W

ψk
dUu>T�p3`ry�d9QSx¬WU���\`rg>^�QSRUWUp)hKc�g9`ry�`r�«VlmoT¬j>Xfg>Xf�

hlQKmfnUgUWUW>^%jUWUhlQKmfVK{ p_`rp

ψk(Ωk, D) = − arctan
Imχ(Ωk, D)

Reχ(Ωk, D)
.

� ���0131l�

§�XfgUc ���OtOVr`rpUW>X+p_`rpGpMQS¤z|�|�WU}UW>XfRUVZ]lmfW3u9XfRUWUT©W©QSVKR>QS[�XfRUW>X�mfWU� �
R9`vu5±v[�]_^��������w�\tKQSnUg>X\d9X\u>T3�wVlm°T�m�QS�°u/`SmfR>Q�VlX�QSgUWUW�u>WUR>XfxUR>QS�zQ�QSVKp3u>WUp_`
p_`rp©��¦3�Kt\/r¢S�

η (Ωk, D) = |χ(Ωk, D)|2, � ���0132l�

SNR (Ωk, D) =
π (Abk)

2|χ(Ωk, D)|2

G
(0)
x,x(Ωk, D)

.
� ���02��l�

52`rhKW>mfW>^�QKmfVK{�hlQKmfnUgUWUW>^%jUWUhlQKmfVKWiQSV�j9`SmfVlQSVKc�mfhKW3d9XfVlX\u>{lmfVKhK]lXfV�Q«R9` �
u>WUjUWUW�j9`SmfVlQSVKRUces�W>mfp_`ry�XfRUWUx�hKces�Qzd>R>QS�zQwmfWU��R9`vu/`��!9eX\u>WUjUWURU]"¤�VKW3s�W>m	�
p_`ry�XfRUWUx�^�Qzy�R>Q�R9`rxUVKW@t_W>mfn>Qru>{K��]KTkQSVKR>QS[�XfRUW>X�`S^%n3u>WUVK]vdag9`r�fu>WUjURUces
�\`rg>^�QSRUWUp�R9`�hKces�Q�d9X¨WkR9`�hSs�Q�d9XKª

E(Ωk, Ωj , D) =
|χ(Ωk, D)|
|χ(Ωj , D)| .

� ���023���

<�`rpGm\u9X\d>]lXfV�WU�+hKc�g9`ry�XfRUWUx¥� �����K�l�
�

� �����K¦l�\t�bSW>mfVS`SbSW3u>{KRUc�x�QKmf}UW3u �
u>T3VlQSgq� �����l��nUg>X\d9mfVS`rhSu>T3XfV m�QKbKQSxa]lmfW3u>WUVlX\u>{�m�RUWU��pMQSj9`SmfVlQSVKR>QSx�|"W3u>{ �
VKg9`r}UW>XfxqmfWU��R9`vu/`�R9` hKces�Qzd9X ��P�`rg9`S^�XfVKgUc ]lmfW3u>WUVlX\u>T �EpMQS¤z|�|�WU}UW>XfRUV
]lmfW3u9XfRUWUT�W�QSVKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]_^8��]_nUg9`rhSu>T_�wVlm°TZWURUVlXfR>mfWUhKR>QKmfVK{K�
hKR>Xf[�R>Xf�zQ![�]_^
`�� 9eQS��RUWUp_`SXfV©hlQSnUg>QKmKt�^�Q�y�R>Q�u>W�man>QK^�QS��{K� Vr`rpMQS�zQ
]lmfVKg>QSx>mfVKh�`�QKbKX�mfn>XfjUWUVK{¯]lmfW3u9XfRUW>XqWUR>|¨QSg>^
`r}UW>QSRURUces³mfWU��R9`vu9QSh��ER9` �
nUgUW>^�Xfg@t
mfWU��R9`vu9QSh!ma`S^%n3u>WUVK]vd>R>QSx¡W3u>W�j9`SmfVlQSVKR>QSx ^�Q�d>]vu>T_}UW>Xfx/��bKXf�
mf]_��X�mfVKhlXfRURUcesaW>mfp3`ry�XfRUWUx/�£�VS`���`vd/`�j9`�g>Xf[�XfR9`�h�g9`SbKQSVr`vs!���z�323t��f¢��v�'t
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�°d9X"d/`rRkn>Qru9Qzy�WUVlX\u>{KRUc�xZQSVKhlXfV�R9`�n>QKmfVS`rhSu9XfRURUc�x�hlQSnUg>QKm � �8m\u>WaQKbKX�m	�
n>Xfj>XfRUc ]lm\u9QShKWUT�g>Xz`vu>WU��`r}UWUW ¤z|�|�XfpUVS` ����h�^
`vu9QKmfWU��R9`vu>{KR>QK^�nUgUW��
bru>WUy�XfRUWUW�dUu>TZm�QKmfVr`rhSu>T3�«��Xfx�mfn>XfpUVKg9`�mfWU��R9`vu/`iR9`�j9`SmfVlQSVlX�R>X�mf]M��Xfx
W�X�m\u>WG¤z|�|�XfpUVKWUhKR9`rT©n>Qru9QKmz`�j9`SmfVlQSV�WUR>|¨QSg>^
`r}UW>QSRUR>QS�zQ�mfWU��R9`vu/`�R>X
nUg>XfhKc�[�`SXfV 4K¦�� QSVaj9`SmfVlQSVKc R>X�mf]_��Xfx���VlQkhlm�X�j9`SmfVlQSVKRUc�X+pMQK^%n>QSR>XfR��
VKc¥WUR>|¨QSg>^
`r}UW>QSRUR>QS�zQ+mfWU��R9`vu/`+bS]�d>]_V�]lmfW3u>WUh�`rVK{lmoT�n>QSjUVKWZQzd>WUR9`rpMQShlQ
W�hKces�Qzd>R>QSx�mfWU��R9`vu�nUg9`rpUVKWUj>X�mfpUW�R>X¨bS]vd9XfV+m�Qzd9Xfg�y�`rVK{ u>WUR>XfxURUces�W>m	�
p_`ry�XfRUWUx¥���f¢>�\� � �
mfVlX�mfVKhlXfRUR>Q��%jUVlQ�VKg>X�bKQSh�`rRUWUT�bKXf��c�mfp_`ry�XfRUR>QS�zQ�]lmfW��
u9XfRUWUT�hlX\d>]_Vap�pMQSRUpUg>XfVKRUc�^³QS��g9`rRUWUj>XfRUWUTU^)R9`�d>W9`rn9`r�zQSR�j9`SmfVlQSV�`S^ �
n3u>WUVK]vd>R>QSxq^�Q�d>]vu>T3}UWUW��EW3u>W�R9`khlX\u>WUjUWURU]�WUR3d9Xfp_mz`kj9`SmfVlQSVKR>QSx©^�Q�d>] �
u>T3}UWUW/����QSV�pMQSVlQSgUcesq��`rhKW>mfWUVZ¤z|�|¨XfpUVKWUhKR9`rT�[�WUgUWUR9`�n>Qru9QKmfc j9`SmfVlQSV
WUR>|�QSg>^
`r}UW>QSRUR>QS�zQ�mfWU��R9`vu/`��
*-(  ��")
��(3N���I�����N�� �OI��� /L�)UL�� ��� � ��N KL�)��  /H � �  /L�I���L� � ��N 	
�ON�L� � � �OI���( ��)�� �9L� � ��NOL�NON8B �OXz`vu>{KRUc�XZmfWU��R9`vu>c�hlm�Xf�°d/`qW>^�Xf�wV
pMQSR>XfjURU]_� [�WUgUWURU]�mfn>XfpUVKg9`vu>{KR>QSx©u>WURUWUW��%QKbS]lm\u9QShSu9XfRURU]M� R9`vu>WUjUW>X�^
|�u>]_pUVK]�`r}UWUxG`S^%n3u>WUVK]vd>c Wq|¨`r��c��zXfR>Xfg9`rVlQSg9`��%��]vd9XfVau>W ��� R9`Sbru>� �
d/`rVK{lm°T dUu>T VS`rpUW3s mfWU��R9`vu9QSh�Wkp p3`rpUW>^�QKm�QKbKXfRUR>QKmfV�TU^�nUgUWUhlQzd>WUVi]_j>XfV
pMQSR>XfjUR>QSxi[�WUgUWURUc�mfn>XfpUVKg9`vu>{KR>QSx�u>WURUWUW/ � VKhlXfV"R9`«¤�VKW�hlQSnUg>QKmfc�W>^�X	�
XfV�h�`ry�R>QKX"��R9`zj>XfRUW>X¨h�nUg9`rpUVKWUj>X�mfpUW3sanUgUW3u9Q�y�XfRUWUT_s �

9�p3`�j>X�mfVKhlX ^�Q�d9X\u>W�mfWU��R9`vu/`Zm�pMQSR>XfjUR>QSxG[�WUgUWUR>QSx©mfn>XfpUVKg9`vu>{KR>QSx
u>WURUWUW�^%cqg9`Sm�m�^�QSVKgUW>^�VS`rp�R9`r��c�h�`SX�^%c�x�Y\�f`rg>^�QSRUWUj>X�mfpUWUx�[�]_^�Y����f¢D4

��f¢D1v���MpMQSVlQSgUc�x�nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSxid>hK]3^�XfgURUc�x+nUg>QS}>X�m�m � gURU[�VlXfxUR9`
�6%u9XfR>bKXfp_`�WaQSnUW>mfc�h�`SXfVlm°TamfW>mfVlX�^�QSxkd>hK]Ms+mfVlQ�sM`SmfVKWUj>X�mfpUW3skd>W>|¨|�Xfg>XfR��

}UW9`vu>{KRUcesa]_g9`rhKR>XfRUWUxq���
² 6"�\ª

ṡ = y, ẏ = −Γy −Ω2 s+
√

2εΓ ξ2(t),
� ���0234l�

�°d9X
ξ(t) �

�\`z]lm�m�QSh+bKX\u>c�xa[�]_^�� 〈ξ2(t)ξ2(t′)〉 = δ(t− t′) � Γ �

n9`rg9`S^�XfVKg
d>W>m�mfWUn9`r}UWUW�W

ε �

WURUVlXfR>mfWUhKR>QKmfVK{��f`rg>^�QSRUWUj>X�mfpMQS�zQ�[�]3^
`�� ��n>XfpUVKg9`vu>{ �
R9`rTkn3u9QSVKR>QKmfVK{

Gs,s(ω)
WU��hlX�mfVKR9`�WkW>^�X�XfVi|�QSg>^%]+u>WURUWUW �QSg>XfRU}9`3ª

Gs,s(ω) =
2ε Γ

ω2Γ 2 + (ω2 −Ω2)2
.

� ���02K�l�

P�gUW�hKc�n>Qru>R>XfRUWUW�]lm\u9QShKWUT
Ω > Γ/2

mfn>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{!� ���02K�l�
W>^�X�XfVinUWUpkR9`�j9`SmfVlQSVlX

ωp =
√

Ω2 − Γ 2/2
� ���02r¢M�

W�sM`rg9`rpUVlXfgUWU��]lXfVlmoT![�WUgUWUR>QSx �DQSnUg>X\d9X\u>TUX�^�QSx!R9` hKc�m�QSVlX	�2g9`rhKR>QSxqn>Q �
u9QShKWUR>X¨^
`rp_mfW>^
`vu>{KR>QSxZhKc�m�QSVKc¥nUWUp_`l�

∆ωin
ª
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�

∆ωin =
√

ω2
p + Γω1 −

√

ω2
p − Γω1, ω1 =

√

Ω2 − Γ 2/4.
� ���02K¦l�

²¨gU]_�zQSx�hlX\u>WUjUWUR>QSx���sM`rg9`rpUVlXfgUWU��]_�«��Xfx¡mfn>XfpUVKg � ���02K�l���
T_hSu>TUXfVlmoT�d9Q �
bSg>QSVKR>QKmfVK{ � � R9`aQSnUg>X\d9X\u>TUXfVlmoT©p3`rp�QSVKR>QS[�XfRUW>X+j9`SmfVlQSVKc nUWUp_`�pq[�W��
gUWUR>X�mfn>XfpUVKg9`vu>{KR>QSxZu>WURUWUW

∆ω
ª

Qin =
ωp

√

ω2
p + Γω1 −

√

ω2
p − Γω1

.
� ���023/l�

9�R>QShK{«g9`Sm�m�^�QSVKgUW>^�h«p_`�j>X�mfVKhlX�mfVlQzsM`SmfVKWUj>X�mfpMQS�zQ"g>Xf�zQSR9`rVlQSg9`wbSW>mfVS` �
bSW3u>{KRUc�x¥n>Xfg>X\d9X�^%n>|�WUg>QSh�`rRURUc�x QKmf}UW3uUu>T3VlQSg���QSnUW>mfc�h�`SX�^%c�x hGd/`rR��
R>QK^�m\u>]_j9`SX �
² 6 ��¦K¦v�'ª

ẋ = x− x3 +
√

2D ξ1(t) + s(t),
� ���02��K�

�°d9X
ξ1(t)

R>X���`rhKW>mfWUV¨QSV
ξ2(t)

�(��W>mfVlX�^%c �
² 6<� ���0234l���>� ���02��K�OQSnUW>mfc�h�`r�«V
VKg>X\sU^�XfgURUc�x�^
`rgUp_QShlmfpUWUx�nUg>QS}>X�m�m	�9p_QSVlQSg>QK^%]�m�QKQSVKhlXfVlmfVKhK]lXfVkm\u9X\d>]M� �
��X�X+6`;�P<dUu>T n3u9QSVKR>QKmfVKW�hlXfg>Q�T_VKR>QKmfVKW

p(x, s, y, t)
ª

∂ p

∂ t
= − ∂

∂ x
[(x− x3 + s) p ]− ∂

∂ s
(y p) +

∂

∂ y
[(Γ s+Ω2 y) p ]

+ D
∂2 p

∂ x2
+ ε Γ

∂2 p

∂ y2
.

� ���0231l�

P�g>X\d>ced>]_��WUx�m\u>]_j9`rx�� ��� ¢M��m�QKQSVKhlXfVlmfVKhlQSh�`vu+R>X�Q�d>R>QSg>Qzd>R>QK^%]�hlQwhKg>X�^�X	�
RUW�m\u>]_j9`rxUR>QK^%]�nUg>QS}>X�m�mf]���VlQS�°d/`�p3`rp 6`;�P�� ���0231l�%QSnUW>mfc�h�`SXfV�Q�d>R>QSg>Q�d �
RUc�xkm\u>]Mj9`rxURUc�x nUg>QS}>X�m�m	�3p_QSVlQSgUc�xkW>^�X�XfV�mfVS`r}UW>QSR9`rgURUc�X�mfVr`rVKW>mfVKWUj>X	�
mfpUW>X�sM`rg9`rpUVlXfgUW>mfVKWUpUW��

9�nUg>X\d>n>Qru9Q�y�XfRUWUW�m\u/`SbKQS�zQ�mfWU��R9`vu/`
ε � 1

�Om�QS�°u/`SmfR>Q�VlX�QSgUWUW!u>W��
R>XfxUR>QS�zQ¨QSVKp3u>WUp3` �KdUu>T�mfn>XfpUVKg9`vu>{KR>QSx+n3u9QSVKR>QKmfVKWiR9`�hKces�Qzd9X�n>Qru>]_j9`SX�^
hKc�g9`ry�XfRUW>X

Gx,x(ω) = G(0)
x,x(ω,D) + |χ(ω,D)|2 Gs,s(ω).

� ���0232l�
� ��g9`rRUWUjUW>^�m°T�]_j>XfVlQK^�VlQru>{KpMQ��°u9QKbl`vu>{KR>QSx+d>WUR9`S^%WUpUW�n>Xfg>X\s�Q�d9QSh�^�Xfy �
d>]!n>QSVlXfRU}UW9`vu>{KRUc�^%W�TU^
`S^%W�h�g>Xfy�W>^�X ��� ��P�gUW�¤�VlQK^<hlQKmfnUgUWUW>^%jUW��
hlQKmfVK{�W+p_QSgUg>X\u>T3}UW>QSRUR9`rTa|"]MRUpU}UWUTiR>XfhlQS�z^%]M��XfRUR>QSxamfW>mfVlX�^%c¬QSnUg>X\d9X	�
u>TUXfVlm°T�hKc�g9`ry�XfRUWUTU^%Wq� �����K�l�8W�� �������l�8m�QKQSVKhlXfVlmfVKhlXfRUR>Q �,��n>XfpUVKg9`vu>{KR9`rT
n3u9QSVKR>QKmfVK{iR9`�hKces�Q�d9X¨bSW>mfVS`SbSW3u>{KR>QSx�mfW>mfVlX�^%c �9Vr`rpUW>^�QKbSg9`r�zQK^��/X�mfVK{

Gx,x(ω) =
2〈x2〉stλm

ω2 + λ2

(

1 +
〈x2〉stλm

D2

ε Γ

ω2Γ 2 + (ω2 −Ω2)2

)

.
� ���������l�
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• �
����� ����N������ ��V 	 N � �K��� � �!�	 � ��� � � ����� � ��� � �aSUT���� 	 ��� �����
� � � V M�������� � �������

�
��M��

SUT�� ��P
ε = 10−3 W Ω = 0.2

W
Γ = 0.008

<�`rp)hKW3d>R>QGWU��gUW>m ��������/ ��mfn>XfpUVKg¥hKces�Q�d>R>QS�zQ¡mfWU��R9`vu/`©VS`rpUy�X!W>^�X�XfV
^
`rpMmfW>^%]3^ R9`�R>Xfp_QSVlQSg>QSx¬j9`SmfVlQSVlX

ωm
� 9�W3d>R>Q��8jUVlQ ��� g>Xz`vu>WU��]lXfVlmoT

dUu>T��\`rg>^�QSRUWUj>X�mfpMQS�zQ�[�]3^
`3ª�hKc�m�QSVS`wnUWUp_`«R9`rW>bKQru>{K[�`rT�nUgUW�R>XfpMQSVlQSg>QK^
QSnUVKW>^
`vu>{KR>QK^ ��R9`�j>XfRUWUW�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`

D
�

®"m�m\u9X\d>]lX�^ mfhlQSx>mfVKh�`<hKces�Qzd>R>QS�zQ mfn>XfpUVKg9`�bKQru9X�X�d9XfVS`vu>{KR>Q �8�O`rp
p_`rp `S^%n3u>WUVK]�d>R>Q � j9`SmfVlQSVKRUc�X¯mfhlQSx>mfVKh�`¥bSW>mfVr`SbSW3u>{KR>QS�zQ³QKmf}UW3uUu>T_VlQSg9`
mf]_��X�mfVKhlXfRUR>Q���`rhKW>m°T3V�QSV�WURUVlXfR>mfWUhKR>QKmfVKWk[�]3^
` �Mj9`SmfVlQSVr`

ωm
�lR9`�p_QSVlQ �

g>QSx n>QzT3hSu>TUXfVlm°T nUWUp h�mfn>XfpUVKg>XwhKces�Qzd>R>QS�zQ�mfWU��R9`vu/` �_W+[�WUgUWUR9`¨u>WURUWUW
∆ωout

VS`rpUy�X�T3hSu>T3�«VlmoT©|"]_RUpU}UWUTU^%W
D
�2²�u>TqpMQru>WUj>X�mfVKhlXfRUR>QSx¡QS}>XfR��

pUW�n9`rg9`S^�XfVKg>QShkmfn>XfpUVKg9`vu>{KR>QSx�u>WURUWUW�R9`�hKces�Q�d9X�hKhlX\d9X�^ hlX\u>WUjUWURU]
Rp_`rp�QSVKR>QS[�XfRUW>X�[�WUgUWURUc¡u>WURUWUWiR9`�hKces�Qzd9X

∆ωout
p�[�WUgUWUR>X�u>WURUWUW+R9`

hSs�Q�d9X
∆ωin

ª

R(D) =
∆ωout(D)

∆ωin
.

� �������3���

£�Vr`�hlX\u>WUjUWUR9`�QSnUg>X\d9X\u>TUXfVlm°T WU�«hKc�g9`ry�XfRUWUTidUu>T�mfn>XfpUVKg9`vu>{KR>QSx n3u9QSV �
R>QKmfVKWq� ���������l�	�

� VKR>QKmfWUVlX\u>{KR9`rT [�WUgUWUR9`�mfn>XfpUVKg9`vu>{KR>QSx u>WURUWUW
R
W>^�X�XfV�^%WURUW��

^%]3^!nUgUW�R>XfpMQSVlQSg>QSxaQSnUVKW>^
`vu>{KR>QSxkWURUVlXfR>mfWUhKR>QKmfVKWk[�]_^
`��EgUW>m �3����� �S`l�	�
9eX\u>WUjUWUR9`�¤�VlQSx)WURUVlXfR>mfWUhKR>QKmfVKW³��`rhKW>mfWUV QSV�p_QS¤z|�|"WU}UW>XfRUVS`���`rVK]MsM` �
RUWUT

Γ
��P�gUW�]_^�XfRU{K[�XfRUWUW

Γ
�OjUVlQ�nUgUW>bru>WUy�`SXfV©R9`Sm p¡m\u>]_j9`r� n>XfgUW��

Q�d>WUj>X�mfp_QS�zQkmfWU��R9`vu/` �5¤�VKWZ��`rhKW>mfW>^�QKmfVKW�RUWUhlX\u>WUgU]_�«VlmoT �9²�u>T�mfWU��R9`vu/` �
nUg>X\d9mfVr`rhSu9XfRUR>QS�zQwh�hKW3d9X��f`rg>^�QSRUWUj>X�mfpMQS�zQw[�]_^
` ��hlQS��RUWUp3`SXfV�R>Xfp_QSVlQSg9`rT
R>X�Q�d>R>QS��R9`zjUR>QKmfVK{¡hGQSnUg>X\d9X\u9XfRUWUW)QSVKR>QS[�XfRUWUT¯mfWU��R9`vu5±v[�]_^���Vr`rp¯p3`rp
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� ��� � ��� � � �5��� � ��� � �aS�T���� ���� ����N����!� �!V 	 N � �K��� � �!Q

Γ
� � � ������� � � V

M����!�
� � �!�����
�
��M��RSUT�����P

ε = 10−3 W Ω = 0.2

mfWU��R9`vu�mz`S^�T_hSu>TUXfVlmoTa]M��p_QSn>Qru9QKmfRUc�^ m\u>]_j9`rxURUc�^�nUg>QS}>X�m�m�QK^ � 9�hlX\d9X�^
h�g9`Sm�m�^�QSVKg>XfRUW>X�d>gU]M��]_��sM`rg9`rpUVlXfgUW>mfVKWUpU]

�

nUg>QSWU��hlX\d9XfRUW>X�d9QKbSg>QSVKR>Q �
mfVKW

Qout
R9`�hKc�m�QSVK] nUWUp_`

h
ª

C(D) = Qout(D) · h(D),
� �������34l�

pMQSVlQSgU]_� R9`r��c�h�`r�«VZ^�Xfg>QSx�pMQS�zXfg>XfRUVKR>QKmfVKW��:52`rhKW>mfW>^�QKmfVK{Z^�XfgUc�p_QS�zX	�
g>XfRUVKR>QKmfVKW

C(D)
QSVaWURUVlXfR>mfWUhKR>QKmfVKW©[�]_^
` W>^�X�XfVasM`rg9`rpUVlXfgURUc�x©^
`rp��

mfW>^%]3^��2VKWUnUWUjURUc�x�dUu>T�T3hSu9XfRUWUT ��� �76
mfW3u9XfRUW>X�¤z|�|�XfpUVr` ��� d9QKmfVKW��
�\`SXfVlmoTa]_hlX\u>WUj>XfRUW>X�^�d9QKbSg>QSVKR>QKmfVKW�hSs�Q�d>R>QS�zQimfWU��R9`vu/`��

9�d/`rRUR>QK^�m\u>]Mj9`SX�QSVKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]_^�QSnUg>X\d9X\u>TUXfVlm°T�p_`rp�QSVKR>Q �
[�XfRUW>X
hKc�m�QSVKc!nUWUp3`�p¨��R9`�j>XfRUWU��R>XfhlQS�z^%]_��XfRUR>QSx�mfn>XfpUVKg9`vu>{KR>QSx�n3u9QSV �
R>QKmfVKWaR9`�j9`SmfVlQSVlX¨nUWUp_`3ª

SNR = 1 +
〈x2〉stλm

D2

ε Γ

ω2
mΓ

2 + (ω2
m −Ω2)2

.
� �������K�l�

���zQ���`rhKW>mfW>^�QKmfVK{�QSV�WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`
D
�fn>QSp3`r��`rRUR9`rT�R9`egUW>m ������� �rb��

sM`rg9`rpUVlXfgUWU��]lXfVlm°TkR9`vu>WUjUW>X�^G^
`rp_mfW>^%]_^
` �_VKWUnUWUjUR>QS�zQ�dUu>Tig>Xfy�W>^
` ��� �
� ��I ��N� ��N���I����ON � ��(  ��")
��(_N��OI����ON � ��I��� 9L�)UL��UB P"QSRUT3VKW>X¡mfVlQzsM` �
mfVKWUj>X�mfpMQS�zQ�g>Xf�zQSR9`rR>mz`�^�Q�y�R>Q�g9`Smf[�WUgUWUVK{�R9`�m\u>]Mj9`rx jUW>mfVlQ�mfVlQ�sM`SmfVKW��
j>X�mfpUW3s�mfWU��R9`vu9QSh �O£�VlQabSceu9QZm d9X\u/`rR>Q�h����f¢D2v���@W�¤z|�|�XfpUVabSceuqR9`r��h�`rR
��� %\* " ���!" $ %���'D" ��mfVlQ�sM`SmfVKWUj>X�mfpUW>^©g>Xf�zQSR9`rR>m�QK^�� � �����	�(9©¤�VlQK^�m\u>]_j9`SX	�
pMQS�od/`�mfWU��R9`vu�R>XwW>^�X�XfV�nUWUpMQShih�mfn>XfpUVKg9`vu>{KR>QSxZn3u9QSVKR>QKmfVKW�^�QS��R>QKmfVKW��
]vd9QKbSR>X�X�W>mfn>Qru>{K�zQSh�`rVK{�hK��`rW>^%RUc�Xip_QSgUg>X\u>T_}UW>QSRURUc�X |"]_RUpU}UWUW�hSs�Q�d/`

�hKces�Q�d/`khl^�X�mfVlQaQKbSc�jURUcesZsM`rg9`rpUVlXfgUW>mfVKWUp ��� �-VS`rpUW3s�p3`rp�pMQS¤z|¨|"WU}UW��
XfRUV�]lmfW3u9XfRUWUTaWaQSVKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]_^ �
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²�u>T�m\u/`SbKQS�zQq`rn>XfgUW>Qzd>WUj>X�mfpMQS�zQ�mfWU��R9`vu/`
s(t)

¤z|�|�XfpUV � ��� ^�Qzy �
R>QkQSnUW>mz`rVK{ahkg9`S^%p3`vs�VlX�QSgUWUW�u>WUR>XfxUR>QS�zQZQSVKp3u>WUp_`����z¦��v� � ��QS�°d/`amfn>Xfp��
VKg9`vu>{KR9`rT¨n3u9QSVKR>QKmfVK{"^�QS��R>QKmfVKW�R9`�hKces�Q�d9X

Gx,x(ω)
hKc�g9`ry�`SXfVlmoT�j>Xfg>Xf�

� ���01K¦l���-WZdUu>TZhK��`rW>^%R>QS�zQkmfn>XfpUVKg9`
Gs,x(ω)

^�Xfy�d>]�hSs�Qzd9QK^¬W�hKces�Q�d9QK^
W>^�X�X�^¡m\u9X\d>]_�w��X�X�hKc�g9`ry�XfRUW>XKª

Gs,x(ω) = χ(ω)Gs,s(ω),
� �������r¢M�

�°d9X
χ(ω) �

hlQKmfnUgUWUW>^%jUWUhlQKmfVK{amfW>mfVlX�^%c��2§ZXfg>QSx � ��� �-V � X �5pMQS¤z|�|"WU}UW��
XfRUVlQK^�p_QSgUg>X\u>T3}UWUW��>T3hSu>TUXfVlm°TahlX\u>WUjUWUR9`

C =
〈s x〉

√

〈x2〉〈s2〉
,

� �������K¦l�

�°d9X 〈s x〉 =
∫∞
0 Gs,x(ω)dω

�:9�j9`SmfVKR>QKmfVKW��OdUu>TqmfW>^�^�XfVKgUWUjUR>QSx bSW>mfVr` �
bSW3u>{KR>QSx�mfW>mfVlX�^%c m�hlQKmfnUgUWUW>^%jUWUhlQKmfVK{K� � �����K�l�kW³¤�pMmfn>QSR>XfRU}UW9`vu>{KR>Q
pMQSgUg>X\u>WUg>QSh�`rRURUc�^q�\`z]lm�m�QShlmfpUW>^qmfWU��R9`vu9QK^

s(t)
�EnUg>QS}>X�m�m � gURU[�VlXfxUR9`

�6%u9XfR>bKXfp_` ��m�^ ��g9`r�fd9X\u � �04����l���"W>^�Xf�w��Xf�zQ¬mfn>XfpUVKg9`vu>{KRU]_� n3u9QSVKR>QKmfVK{
Gs,s(ω) = γQ/(γ2 + ω2)

�wn>Qru>]Mj9`SX�^ m\u9X\d>]_�«��X�X©nUg>QKmfVlQKXGhKc�g9`ry�X	�
RUW>X!dUu>T)pMQS¤z|�|�WU}UW>XfRUVr` pMQSgUg>X\u>T3}UWUW �Eh¡nUg>X\d9X\u9X©m\u/`SbKQS�zQ¯mfWU��R9`vu/` �
Q→ 0

�w���z¦��v�'ª

C =
λmQ

D(γ + λm)
,

� �������3/l�

�°d9X
λm

QSnUg>X\d9X\u>T3XfVlmoT+n>Q�|�QSg>^%]vu9X�� ���0432l�	�A52`rhKW>mfW>^�QKmfVK{�pMQS¤z|�|�WU}UW>XfR��
Vr`�pMQSgUg>X\u>T3}UWUWG� �������3/l��QSV�WURUVlXfR>mfWUhKR>QKmfVKWZ[�]3^
`

D
W>^�X�XfViX\d>WUR>mfVKhlXfR��

RUc�x�^
`rpMmfW>^%]3^%]GW���m\u9X\d9QSh�`rVlX\u>{KR>Q��
mfhKW3d9XfVlX\u>{lmfVKhK]lXfVGQ�mf]_��X�mfVKhlQSh�` �
RUWUWa¤z|�|¨XfpUVr` � ��� �
� �lN��%IML�NOI ��(  ��")
��(_N��OI����  � ��I��� 9L�)UL���) � �� �  �� ��� ) � �
N�(3NOH 	
L� � � � ��)-B 9 g9`SbKQSVr`vs ���z¦3�	�/�z¦34v��W>m�m\u9X\d9QSh�`vu9QKmf{�W>mfn>Qru>{K�zQSh�`rRUW>X
d>hK]Ms�g9`r�fu>WUjURUces�mfWU��R9`vu9QSh�h���`r[�]3^Ou9XfRUR>QSx�d>WUR9`S^%WUp_X«m�}>X\u>{K��]_nUg9`rh �
u9XfRUWUT ��� �,<�`rpZbSceu9Q+n>QSp_`r��`rR>Q��9d>h�`��f`rg>^�QSRUWUj>X�mfpUW3sZhSs�Q�d>RUces�mfWU��R9` �
u/` �vW>^�Xf�«��W>X�Qzd>RU]�W�VK]"y�X�j9`SmfVlQSVK]�W�^�Qzd>]�u>WUgU]_�w��W>X�n>QSg>QS��mfW>mfVlX�^%c �
mfn>QKm�QKbSRUc<]lmfW3u>WUh�`rVK{ g9`r�fu>WUjURUc�X�VKWUnUc n>QShlX\d9XfRUWUT�mfW>mfVlX�^%c��-®��z^�XfR>X	�
RUW>Xwh�m°d>hKWU�zX"|¨`r�«^�Xfy�d>]+¤�VKW>^%W�d>hK]_^%T�mfWU��R9`vu/`S^%WknUgUWUhlQ�d>W3u9Q�u>W>bKQ�p
]lmfW3u9XfRUWU� �Uu>W>bKQ�pkn>Qzd/`rhSu9XfRUWU��QSVKp3u>WUp_`�mfW>mfVlX�^%c��
®���hlX�mfVKR9`rT mfn>QKm�QKbSR>QKmfVK{�h�`rgU{KWUg>QSh�`rVK{<mfp_QSg>QKmfVKW mfVlQ�sM`SmfVKWUj>X�mfpUWUx

n>QSg>QS�zQShlQSx mfW>mfVlX�^%c¡m�n>QK^�QS��{K� d>W3s�QSVlQK^%WUj>X�mfp_QS�zQ�[�]3^
`����z¦K� �'�z¦r¢S�2QSV �
pUgUc�h�`SXfVad>gU]_��]_��hlQS�z^�Q�y�R>QKmfVK{ZdUu>T�]_nUg9`rhSu9XfRUWUT ��� � 9³¤�VlQK^)m\u>]_j9`SX
W>mfn>Qru>{K��]_�«VlmoTid>h�`�R>XfpMQSgUg>X\u>WUg>QSh�`rRURUceskhSs�Q�d>RUces+mfWU��R9`vu/`+���z¦K¦v� �_P"Xfg��
hKc�xabSc�mfVKgUc�xaVlX\u9Xf��g9`S|"RUc�xamfWU��R9`vu�QSp_`r��c�h�`SXfV�hSu>WUT3RUW>X�R9`�mfpMQSg>QKmfVKW
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��`r[�]_^Ou9XfRUR>QSx�R>X\u>WUR>XfxUR>QSx�mfW>mfVlX�^%c ��hKc���c�h�`rT�VlX�^amz`S^%c�^ku>]_jU[�X�X%W3u>W
s3]�d>[�X�Xe]lmfW3u9XfRUW>X�hKVlQSg>QS�zQ¨�\`rg>^�QSRUWUj>X�mfpMQS�zQ�mfWU��R9`vu/`�R9`�RUWU��pUW3s�j9`SmfVlQ �
Vr`vs �

;�`rpUVKWUj>X�mfpUW��8^�Qzd9X\u>{�W>^�X�XfV�d>h�`�mfVr`rVKW>mfVKWUj>X�mfpUW�R>Xf��`rhKW>mfW>^%ces�QSV
[�]_^
`iW>mfVlQSjURUWUp_`3ª
�

�

�'VlXfg>^
`vu>{KRUc�x ��bKX\u>c�x�[�]_^��/pMQSVlQSgUc�xqQSVKhlXfj9`SXfV
��`�mfVlQ�sM`SmfVKWUj>X�mfpUW>X�n>Xfg>Xfp3u>�wj>XfRUWUT�^�Xfy�d>]�^�XfVr`SmfVS`SbSW3u>{KRUc�^%W©m�QKmfVlQ�T�
RUWUTU^%W��%W 4

�

d>W3s�QSVlQK^%WUj>X�mfpUWUx [�]3^��OhSu>WUT3�«��WUxGR9`�^�QK^�XfRUVKc n>Xfg>X	�
p3u>�wj>XfRUWUx�^�Xfy�d>]�m�QKmfVlQ�T3RUWUT3^%W�mfW>mfVlX�^%c��A6wg>QShlXfRU{�d>W3s�QSVlQK^%WUj>X�mfpMQS�zQ
[�]_^
`¨hlm�Xf�°d/`�^
`vu �MVr`rp�jUVlQ�QSR�R>X�^�Q�y�XfV�mz`S^qWUR3d>]M}UWUg>QSh�`rVK{�n>Xfg>Xfp3u>� �
j>XfRUWUT �Un>QS¤�VlQK^%] R>X�QKb�s�Qzd>W>^�Q+nUgUW>mf]_VlmfVKhKW>X"VlXfg>^
`vu>{KR>QS�zQ+[�]3^
`��
�«R9`vu>WU��d>WUR9`S^%WUpUW�bSW>mfVS`SbSW3u>{KR>QSx�mfW>mfVlX�^%c©^�Qzy�R>Q�nUg>QShlQ�d>WUVK{ �rX�m\u>W

mfhlX�mfVKW)X�X�hKR>QShK{�p�m\u>]_j9`r� d>hK]Ms�mfW>^�^�XfVKgUWUjURUces¬m�QKmfVlQzT3RUWUx
σ(t) =

±1
�@p_QSVlQSgUc�X QSnUg>X\d9X\u>T_�wV�n>Qru9Qzy�XfRUW>X j9`SmfVKWU}Uc h�nUg9`rhlQSx©W3u>W�u9XfhlQSx

TU^
`vs�bSW>mfVS`SbSW3u>{KR>QS�zQ�n>QSVlXfRU}UW9`vu/`am�bl`rgU{lXfg>QK^
∆U

�9²¨W3s�QSVlQK^%WUj>X�mfpUWUx
[�]_^

λ(t) = ±1
hlX\u>WUjUWURUc

B
W mfp_QSg>QKmfVK{Gn>Xfg>X�mfpMQSpMQSh

0 < γ � a0^�Q�d>W>|�WU}UWUgU]M�wV+mfp_QSg>QKmfVK{in>Xfg>X\s�Q�d/`����z¦3/ �o�z¦����'ª

W0(σ, λ) = a0 exp

(

−∆U + σλ B

D

)

.
� ���������K�

§Zc�n>Qru>]Mj9`SX�^�mfW>mfVlX�^%]�m�¢ �'^%T�m�QKmfVlQ�T3RUWUT3^%W��ln>Qwd>h�`wR9`�hSs�Qzd9X�W�R9`whKc
�
s�Q�d9X	�>pMQSVlQSg9`rTaQSnUW>mfc�h�`SXfVlm°TZm\u9X\d>]M�w��W>^©]_nUg9`rhSu>T3�«��W>^G]Mg9`rhKR>XfRUW>X�^�ª

d

dt
p(σ λ) = −W0(σ, λ) p(σ, λ) + W0(−σ, λ) p(−σ, λ)

+ γ [p(σ,−λ)− p(σ, λ)] .
� �������31l�

52`rVlX�^ h�mfW>mfVlX�^%]�d9QKbl`rhSu>TUXfVlmoT m\u/`SbSc�x n>XfgUW>Qzd>WUj>X�mfpUWUx mfWU��R9`vu
s(t) = A cos(Ωt + ϕ0)

� �
m\u>W�mfpMQSg>QKmfVK{�n>Xfg>X�mfpMQSp_QSh�d9QKmfVr`rVlQSjUR>Q�^�X\d �
u9XfRUR9`rT!�

Ω < γ � a0)
Wa`S^%n3u>WUVK]vd/`�hlQS�fd9Xfx>mfVKhKWUTa^
`vu/`

A� ∆U −B �
VlQ��\`rg>^�QSRUWUj>X�mfp3`rT�mfW3u/`�h�g9`S^%p3`vs�VlX�QSgUWUWkR>X\u>WUR>XfxUR>QS�zQ�QSVKp3u>WUp3`�nUgUW��
hlQ�d>WUV+pam\u9X\d>]M�w��W>^���`rhKW>m°T3��W>^¡QSV�hKg>X�^�XfRUWZmfp_QSg>QKmfV�TU^³���z¦K¦v�'ª

W (σ, λ) = W0 exp

(

−Aσ
D

cos(Ωt+ ϕ0)

)

≈W0

(

1− Aσ

D
cos(Ωt+ ϕ0)

)

.
� �������32l�

�«hKVlQSpMQSgUg>X\u>T3}UW>QSRUR9`rT¡|"]_RUpU}UWUT ��m�QKmfVlQ�T_��`rTGWU�a`S^%n3u>WUVK]�d>R>Q � R>Xf��`rhKW��
mfW>^�QSx¨[�]3^�QShlQSx¨j9`SmfVKW�W¨mfWU��R9`vu>{KR>QSx�pMQK^%n>QSR>XfRUVKcGn>QSgMTMd>p3` ∝ (A/D)2

�
^�Qzy�XfV�bSc�VK{�n>Qru>]_j>XfR9`<WU�)]_g9`rhKR>XfRUWUx dUu>T ]lm\u9QShKR>QS�zQ�mfg>X\d>R>Xf�zQ W
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hK��`rW>^%R>Q � pMQSgUg>X\u>T3}UW>QSRUR>QSx�|"]_RUpU}UWUW 〈σ(t)λ(t′)〉 � � bl`e]_g9`rhKR>XfRUWUT�d9Qru>y �RUc bSc�VK{�g>Xf[�XfRUc�m�R9`�j9`vu>{KRUc�^%W�]lm\u9QShKWUTU^%W 〈σ(t)2〉 = 1
W�mfVr`r}UW>QSR9`rg��

RUc�^�p_QSgUg>X\u>T_VlQSg>QK^³���z¦3/v�

〈σλ〉stat =
a2 − a1

a1 + a2 + 2γ
.

� �����K���l�

9�n>QKm\u9X\d>R>X�^¡m�QKQSVKR>QS[�XfRUWUW�hKhlX\d9XfRUc³QKbKQS��R9`�j>XfRUWUT©�
a0 = 1

�\ª

a1,2 = exp [−(∆U ±B)/D] .
� �����K�K���

P"QKm\u9X�]lmfg>X\d>R>XfRUWUT�n>Q R9`�j9`vu>{KR>QSxq|¨`r�zX
ϕ0

W�nUg>X�QKbSg9`r�zQSh�`rRUWUT ;�]_gU{lX
`rhKVlQSpMQSgUg>X\u>T3}UW>QSRUR>QSx�|"]_RUpU}UWUW�n>Qru>]_j9`SX�^amfn>XfpUVKg¨^�QS��R>QKmfVKW

Gσ,σ(ω) =

G
(0)
σ,σ(ω) +A2πηδ(ω −Ω)

���z¦K¦v���UW>^�Xf�w��WUxanU{lX\d9X�mfVr`vu

G(0)
σ,σ(ω) = 4

a1 + a2

(a1 + a2)2 + ω2

(

1 +
(a2 − a1)

2

4γ2 + ω2

)

−4
(a2 − a1)

2

(a1 + a2 + 2γ)(4γ2 + ω2)� �����K��4l�
Wap_QS¤z|�|"WU}UW>XfRUV�]lmfW3u9XfRUWUT

η =
1

D2

(

a1 + a2 −
(a2 − a1)

2

(a1 + a2 + 2γ)

)2
1

(a1 + a2)2 +Ω2
.

� �����K�z�l�

<"QS¤z|�|"WU}UW>XfRUV�]lmfW3u9XfRUWUT�^�QS��R>QKmfVKW�W�QSVKR>QS[�XfRUW>X
mfWU��R9`vu5±v[�]3^knUgUW��
hlX\d9XfRUc R9`�gUW>m �e������1!h!��`rhKW>mfW>^�QKmfVKW)QSV!WURUVlXfR>mfWUhKR>QKmfVKW¬VlXfg>^
`vu>{KR>Q �
�zQ�[�]3^
`+W�dUu>T�|"WUp_mfWUg>QSh�`rRURUces���R9`zj>XfRUWUx!mfpMQSg>QKmfVKW!n>Xfg>X�mfpMQSpMQSh

γ
W

j9`SmfVlQSVKc mfWU��R9`vu/`
Ω
��R>Q!dUu>T¯g9`r�fu>WUjUR>QS�zQG]_g>QShKRUT�d>W3s�QSVlQK^%WUj>X�mfpMQS�zQ

[�]_^
`��%®�� nUg>X\d9mfVr`rhSu9XfRURUces�g>Xf��]vu>{�Vr`rVlQSh!T3mfR>Q�m\u9X\d>]lXfV �%jUVlQZWGp_QS¤z| �
|"WU}UW>XfRUV�]lmfW3u9XfRUWUT �%W ��� � ]lmfW3u>WUh�`r�wVlm°T�nUgUWGd9QKmfVS`rVlQSjUR>Q�bKQru>{K[�QK^
B
n>Q�mfg9`rhKR>XfRUWU� miQKbSc�jURUc�^<m\u>]Mj9`SX�^���pMQS�od/`�d>W3s�QSVlQK^%WUj>X�mfpUWUx©[�]3^

QSVlmf]_VlmfVKhK]lXfV!�
B = 0

�	� � nUVKW>^
`vu>{KR>QKX���R9`�j>XfRUW>X�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
` �
nUgUW¨p_QSVlQSg>QK^Zd9QKmfVKWU�\`r�wVw^
`rp_mfW>^%]_^�QSh�pMQS¤z|¨|"WU}UW>XfRUV�]lmfW3u9XfRUWUT�W ����� �
m d>hKWU�f`SXfVlm°TGh�mfVlQSg>QSRU]!^�XfRU{K[�W3s���R9`�j>XfRUWUx�m�g>QKmfVlQK^ ]Mg>QShKRUT�d>W3s�QSVlQ �
^%WUj>X�mfpMQS�zQ+[�]_^
`��>�eQru9X�X"VlQS�zQ��>n>QShlX\d9XfRUW>X�pMQS¤z|¨|"WU}UW>XfRUVr`�]lmfW3u9XfRUWUTaW
�����<h���`rhKW>mfW>^�QKmfVKWqQSV�VlXfg>^
`vu>{KR>QS�zQa[�]3^
`+p_`�j>X�mfVKhlXfRUR>Q�QSVzu>WUj9`SXfVlm°T
QSV�QKbSc�jUR>QS�zQ�m\u>]Mj9`rT ��Vr`rp�p3`rpGQKbKXisM`rg9`rpUVlXfgUW>mfVKWUpUW�d9X�^�QSR>mfVKgUWUgU]_�«V
d>h�`�^
`rp_mfW>^%]_^
`��

6
mfW3u9XfRUW>X�W¨R9`vu>WUjUW>X�d>hK]�s�^
`rp_mfW>^%]_^�QSh"^�Qzy�R>QwWURUVlXfgUnUg>XfVKWUg>QSh�`rVK{ �
X�m\u>W�g9`Sm�m�^�QSVKg>XfVK{"mfg>X\d>RU]M�¡mfp_QSg>QKmfVK{"hKces�Q�d/`w^�Xfy�d>]"d>hK]3^%T�m�QKmfVlQ�T_RUW��
TU^%W�hknUgUW>mf]_VlmfVKhKWUW�d>W3s�QSVlQK^%WUj>X�mfpMQS�zQ�nUg>QS}>X�m�mz`����z¦K� ���z¦r¢S� �2²�u>T�¤�VlQSx
}>X\u>W�]�d9QKbSR>Q!nUg>Ql`rR9`vu>WU��WUg>QSh�`rVK{Gd>h�`�nUg>X\d9X\u>{KRUces m\u>]_j9`rT �8P�gUW¯bSc
�
mfVKg>QK^!d>W3s�QSVlQK^%WUj>X�mfpMQK^G[�]_^�X�hKces�Qzd�nUg>QSW>m°s�Q�d>WUV��ou/`rhKRUc�^qQKbSg9`r�zQK^©m
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B
P
0
�"!�#$�%��

&('�)�$�/�0 %�)�'���/�0 � W 0.1
�"!�#$�%�&('�)�$�-�� &(-�3�4 3 $�/�0 %�)�'���/�0 � W 0.2

�"&2-�3�453�$�/�0 %�)�'���/�0 � �

0.24
�+*�!�,�-�.($�/�0 %�)�'�� /�0 � � � � �K��� � �! ����T�M���	 ���������
� � ������P

γ = 0.1
�

Ω = 0.001

bKQru>{K[�Xfx�mfpMQSg>QKmfVK{K�
a2
Wamw^�XfRU{K[�XfxahKc�m�QSVlQSx�bl`rgU{lXfg9`

∆U −B �3P�gUW
^�XfRU{K[�W3skbl`rgU{lXfg9`vs ]lm\u9QShKW>X�m\u>WUT3RUWUTa^�Xfy�d>]�j9`SmfVlQSVlQSx�hSs�Q�d>R>QS�zQimfWU� �
R9`vu/`�m d>hKWU�f`SXfVlm°TGh�mfVlQSg>QSRU]q^�XfRU{K[�Xf�zQ�]_g>QShKRUT![�]_^
`aWqnUg>Q�T_hSu>TUXfVlmoT
u>]_jU[�X	�8p_`rp¡n>QSp3`r��`rR>Q!g9`rR>X�X�dUu>T�^�Q�d9X\u>W d>hK]Ms�m�QKmfVlQ�T3RUWUx���P"Q�¤�VlQSx
nUgUWUjUWUR>XZW¡nUg>QSW>m s�Qzd>WUVG��R9`�jUWUVlX\u>{KR>QKX�]lmfW3u9XfRUW>X�¤z|¨|�XfpUVr` ��� ��²�`rR��
RUc�x�|¨`rpUV�QKb��2TUmfRUTUXfVin>XfgUhKc�x�]lmfW3u9XfRURUc�x�^
`rp_mfW>^%]_^¡h���`rhKW>mfW>^�QKmfV�T_s
pMQS¤z|¨|"WU}UW>XfRUVr`«]lmfW3u9XfRUWUT¨W ��� � � ��`rnUg>QSVKWUh �vdUu>T�jUg>Xf��hKc�j9`rxUR>QwRUWU��pMQ �
�zQ�]_g>QShKRUT+d>W3s�QSVlQK^%WUj>X�mfp_QS�zQi[�]3^
` �UbKQru>{K[�QSxkWURUVlXfR>mfWUhKR>QKmfVKWZ[�]3^
`�W
γ � a1, a2

mfW>mfVlX�^
`"d9X�^�QSR>mfVKgUWUgU]lXfV�^%R>Q�y�X�mfVKhlQ�n>Xfg>X\s�Q�d9QSh�h¨mfVr`rVKWUj>X	�
mfpMQK^�`SmfW>^�^�XfVKgUWUjUR>QK^�n>QSVlXfRU}UW9`vu9X�h�VlXfj>XfRUW>X�Q�d>R>QS�zQ«}UWUp3u/`�d>W3s�QSVlQK^%W��
j>X�mfpMQS�zQ�[�]_^
`��/P"Xfg>X\s�Q�d>c<hinUgMTU^�QK^ W�QKbSg9`rVKR>QK^�R9`rnUg9`rhSu9XfRUWUTMsZnUg>Q �
W>m s�Qzd>T3V�m�Q�d>WUR9`rpMQShlQSx�mfp_QSg>QKmfVK{K� ∝ exp(−∆U/D)/ cosh(B/D) ≈ a1

�
£�VlQiQKb��2TUmfRUTUXfV�n>Q�T_hSu9XfRUW>X�hKVlQSg>QS�zQi^
`rp_mfW>^%]_^
`�� � d>R9`rpMQ��>s�QSg>QS[�QiWU� �
hlX�mfVKR>Q���jUVlQ�m ]_hlX\u>WUj>XfRUW>X�^�mfVlXfn>XfRUW `SmfW>^�^�XfVKgUWUW�bSW>mfVr`SbSW3u>{KR>QSx¯mfW��
mfVlX�^%c¬g>Xfy�W>^ ����n>QKmfVlXfn>XfRUR>Q�n>Q�d/`rhSu>TUXfVlmoTkW�n>Qru9Q�y�XfRUW>X�^
`rp_mfW>^%]_^
`
R>X"��`rhKW>mfWUViQSVij9`SmfVlQSVKc mfWU��R9`vu/`k���z¦31v� �

A2BDC/B�� *-(  ��")
��(3N���I�����N�� ��I��� 9L�)UL���H �")
 "(3N��OI����ON � ��N���(3I � ) �
�!�� "� � ��I���(_H�� � ��N �wN )
( ( ��)
��(  ��) �wN
²�u>T mfW>mfVlX�^qm«pUh�`r��W9`rVKVKg9`rpUVlQSg>QK^��Ud9X�^�QSR>mfVKgUWUgU]_�«��W3sid>WUR9`S^%WUj>X�mfpUWUx
sM`SQKm	��VKWUnUWUjUR>Q m�QKmf]M��X�mfVKhlQSh�`rRUW>X�h |¨`r�zQShlQK^ nUg>QKmfVKg9`rR>mfVKhlXG`rVKVKg9`rp��
VlQSg>QShag9`r�fu>WUjUR>QS�zQ�VKWUn9`����z¦32v� � � bru/`SmfVKW�nUgUWUV�T3y�XfRUWUT�g9`r�fu>WUjURUcesq`rV �
VKg9`rpUVlQSg>QSh�g9`r�fd9X\u>T3�«VlmoTGh�|¨`r�zQShlQK^³nUg>QKmfVKg9`rR>mfVKhlXkm�Xfn9`rg9`rVKgUW>mfRUc�^%W
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��WUn>XfgUn>QShlXfgls3R>QKmfV�TU^%W�� 9 QSVlmf]_VlmfVKhKW>X�hKR>Xf[�R>Xf�zQG[�]3^
`©|¨`r�zQSh�`rT�VKg9` �
XfpUVlQSgUWUT bS]vd9XfV�d9QKmfVKWU�f`rVK{©VlQS�zQ!W3u>W¡WUR>QS�zQ©`rVKVKg9`rpUVlQSg9`�h���`rhKW>mfW>^�Q �
mfVKWiQSV�R9`�j9`vu>{KRUces�]lm\u9QShKWUx��D9�QS�fd9Xfx>mfVKhKW>X�hKR>Xf[�R>Xf�zQ�[�]3^
`wnUgUWUhlX\d9XfV�p
hlQS��RUWUpUR>QShlXfRUWU� m\u>]_j9`rxURUces�n>Xfg>Xfp3u>�wj>XfRUWUxq^�Xfy�d>]�m�QKmf]M��X�mfVKhK]_�«��W��
^%W�`rVKVKg9`rpUVlQSg9`S^%W mfW>mfVlX�^%c ��mfVS`rVKW>mfVKWUp_`�pMQSVlQSgUces �_X�mfVlX�mfVKhlXfRUR>Q��MbS]vd9XfV
QSnUg>X\d9X\u>T3VK{lm°T�mfhlQSx>mfVKh�`S^%W�[�]_^
`�W�mz`S^�QSxad>WUR9`S^%WUj>X�mfpMQSx�mfW>mfVlX�^%c��

��X�QSg>XfVKWUj>X�mfp_QKX�g9`Sm�m�^�QSVKg>XfRUW>X�hSu>WUT3RUWUTZhKR>Xf[�R>Xf�zQi[�]3^
`�R9`ig>Xfy�W��
^%c�d>WUR9`S^%WUj>X�mfp_QS�zQasM`SQKmz` hlQS�z^�Q�y�R>Q�hknUg>X\d9X\u/`vs�^
`vu9QS�zQq����/�� ����/3�\�8W
bKQru>{K[�QS�zQa����/34v�@�\`z]lm�m�QSh�`�[�]_^
`��A��X�QSgUWUTa^
`vu>ces m\u>]_j9`rxURUces�hlQS�z^%]_��X	�
RUWUx�d>WUR9`S^%WUj>X�mfpUW3s�mfW>mfVlX�^!����/K�v����QKmfR>QSh�`rRUR9`rT�R9`�n>QSRUT3VKWUW¨pUh�`r��WUn>QSVlXfR��
}UW9`vu/` �_bSceu/`�R>X\d/`rhKR>Q�g9`SmfnUg>QKmfVKg9`rR>XfR9`�R9`¨mfW>mfVlX�^%c¯m�Q¨m\u9Q�y�R>QSx�d>WUR9` �
^%WUpMQSx ����/r¢

�

��/3/v� ��P�g>X\d>n>Qru9Qzy�W>^��
jUVlQZd>WUR9`S^%WUj>X�mfp3`rT�mfW>mfVlX�^
`�W>^�X�XfV
`rVKVKg9`rpUVlQSg!h

N
�'^�XfgUR>QK^¥|¨`r�zQShlQK^¯nUg>QKmfVKg9`rR>mfVKhlX+W�mf]_��X�mfVKhK]lXfVaWURUh�` �

gUW9`rRUVKR9`rT�hlXfg>Q�T_VKR>QKmfVKR9`rTq^�Xfg9` R9`�¤�VlQK^¥`rVKVKg9`rpUVlQSg>X ��P�]lmfVK{ZmfW>mfVlX�^
`
hlQS�z^%]_��`SXfVlmoT�m\u/`SbSc�^��f`�]lm�m�QShKc�^¬bKX\u>c�^�[�]3^�QK^ WURUVlXfR>mfWUhKR>QKmfVKW

D
W

QSnUW>mfc�h�`SXfVlm°T �
² 6 hKW3d/`

ẋi = fi(x) + ξi(t), i = 1, . . . , N,
� �����K�f¢M�

�°d9X 〈ξi(t)ξj(0)〉 = 2D δi,jδ(t)
� ��QS�°d/`iWURUh�`rgUW9`rRUVKR9`rT�^�Xfg9`�W3u>WZmfVr`r}UW>Q �

R9`rgUR9`rTkn3u9QSVKR>QKmfVK{�hlXfg>Q�T_VKR>QKmfVKW
p(x)

hKc�g9`ry�`SXfVlmoT�j>Xfg>Xf�"pUh�`r��WUn>QSVlXfR��
}UW9`vu©�EW3u>WaR>Xfg9`rhKR>QShlX�mfRUc�x�n>QSVlXfRU}UW9`vu5�

Φ(x)
m\u9X\d>]M�w��W>^�QKbSg9`r�zQK^�ª

p(x) ∝ exp

[

−Φ(x)

D

]

.
� �����K�z¦l�

<�h�`r��WUn>QSVlXfRU}UW9`vu �"T3hSu>T3�«��WUx>m°T<`rR9`vu9QS�zQK^ mfhlQKbKQ�d>R>QSx�¤�R>XfgU��WUW ����/����
dUu>T�R>Xfg9`rhKR>QShlX�mfR>QS�zQ�mfVr`r}UW>QSR9`rgUR>QS�zQ�m�QKmfVlQ�T3RUWUT �e��`rhKW>mfWUV�VlQru>{Kp_Q�QSV
n>Xfg>X�^�XfRURUces�m�QKmfVlQzT3RUWUT�W�n9`rg9`S^�XfVKg>QSh�mfW>mfVlX�^%c W�R>X���`rhKW>mfWUV�QSVkWUR��
VlXfR>mfWUhKR>QKmfVKW [�]3^
`

D
� <�h�`r��WUn>QSVlXfRU}UW9`vu�nUgUWURUW>^
`SXfV¥^%WURUW>^
`vu>{KRUc�X

��R9`�j>XfRUWUT�R9`�`rVKVKg9`rpUVlQSg>X � �
m\u>W�h�mfW>mfVlX�^�X�m�QKmf]M��X�mfVKhK]lXfV�R>X�mfp_Qru>{KpMQ"`rV �
VKg9`rpUVlQSg>QSh�� dUu>TaQSnUg>X\d9X\u9XfRUR>QKmfVKW�bS]vd9X�^�mfjUWUVr`rVK{+pMQru>WUj>X�mfVKhlQ `rVKVKg9`rp��
VlQSg>QSh�g9`rhKRUc�^�d>hK]3^8���zVlQ

Φ(x)
bS]�d9XfV�W>^�XfVK{�u9QSp_`vu>{KRUc�Xe^%WURUW>^%]3^%c �vm�Q �

QSVKhlXfVlmfVKhK]_�«��W>X�¤�VKW>^!`rVKVKg9`rpUVlQSg9`S^ � 9q¤�VlQK^!m\u>]Mj9`SX�nUgUW�m\u/`SbKQK^�[�]3^�X
hlQS�z^�Qzy�R9`�n>QKmfVS`rR>QShKp_`Z��`vd/`�jUW <�g9`S^�Xfg>mz`�QahKces�Qzd9X�WU�+QKbru/`SmfVKW©nUgUW��
V�T3y�XfRUWUT�`rVKVKg9`rpUVlQSg9`��%P�gUW

D � 1
d>hKWUy�XfRUW>X VS`rpMQSx�mfW>mfVlX�^%c bS]�d9XfV

m�Q�d9XfgMy�`rVK{�^�X\dUu9XfRURUc�x�hKg>X�^�XfRUR>QSxq^
`Smf[�Vr`Sb���mfhKT_��`rRURUc�xqm�Qkmfg>X\d>RUW>^
hKg>X�^�XfR>X�^�hKces�Q�d/`�WU��QKbru/`SmfVKW�nUgUWUV�T3y�XfRUWUT�`rVKVKg9`rpUVlQSg9`�� 52`rhKW>mfW>^�QKmfVK{
mfg>X\d>R>Xf�zQ hKg>X�^�XfRUW hKces�Q�d/`�QSV�WURUVlXfR>mfWUhKR>QKmfVKW [�]3^
` sM`rg9`rpUVlXfgUW��
��]lXfVlm°T ¤�p_mfn>QSR>XfRU}UW9`vu>{KRUc�^ ��`rpMQSR>QK^ hKW3d/`

ν(D) × exp(∆Φ/D)
� �
m	�

u>W�d9QSn>Qru>RUWUVlX\u>{KR>Q�p�hKR>Xf[�R>X�^%]�[�]3^%]ZR9`amfW>mfVlX�^%]�n>Qzd/`SXfVlm°T©m\u/`SbSc�x
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n>XfgUW>Q�d>WUj>X�mfpUWUx�mfWU��R9`vu ��R>X�hKc���c�h�`r�w��WUxqn>Xfg>X\s�Q�d9QSh�hZQKbru/`SmfVKWqnUgUW��
V�T3y�XfRUWUTGd>gU]M��W3s�`rVKVKg9`rpUVlQSg>QSh ��VlQ�^%c hKnUg9`rhlXkQzy�W3d/`rVK{�nUg>Q�T_hSu9XfRUW>X
��� � ¢D/ � ¢����'ª�QSVKp3u>WUpGmfW>mfVlX�^%c R9`am\u/`SbKQKX+n>XfgUW>Q�d>WUj>X�mfpMQKX hlQS�fd9Xfx>mfVKhKW>X
bS]vd9XfV�]lmfW3u9XfR��
²�u>T�mfW>mfVlX�^�m
sM`SQSVKWUj>X�mfpMQSx�d>WUR9`S^%WUpMQSx�R>X\d/`rhKR>Q�bSceu�QSVKpUgUc�V�nUgUWUR��

}UWUnUW9`vu>{KR>Q�WUR>QSx¨¤z|�|�XfpUV �fVS`rp¨R9`r��c�h�`SX�^%c�x �!%�� %\* �+" . "�* � ����. .�	U)]���#���
� �!���#" $&%���'(" )`*,%�-���. ��. �
� ¢D/ � ¢���� �z®���hlX�mfVKR>Q���jUVlQ�nUgUW�h�`rgUW9`r}UWUW�]_nUg9`rhSu>T�
�w��W3s�n9`rg9`S^�XfVKg>QSh�pUh�`r��WU��WUn>Xfg>bKQru>WUj>X�mfpUW3samfW>mfVlX�^©W>^�Xf�«V�^�X�mfVlQ�pUgUW��
��W>mfc�`rVKVKg9`rpUVlQSg>QSh �lP�gUW>^�Xfg>QK^�pUgUWU��W>mz`�^�Qzy�XfV�m\u>]My�WUVK{�T3hSu9XfRUW>XeQKb�� �
X\d>WUR>XfRUWUTad>hK]Ms�`rVKVKg9`rpUVlQSg>QSh�m�hlQS��RUWUpUR>QShlXfRUW>X�^¡d>WUR9`S^%WUj>X�mfp_QSx�n>Xfg>X	�
^�Xfy�`SX�^�QKmfVKW¬VKWUn9`�Y�sM`SQKm

�

sM`SQKmlYq����/31v����pMQS�°d/`©|¨`r�zQSh�`rT¡VKg9`SXfpUVlQSgUWUT
nUg>X�bSc�h�`SXfV�dUu>WUVlX\u>{KR>QKX�hKg>X�^%T¯R9`©p3`ry�d9QK^ WU��QKb��@X\d>WURUWUhK[�W3s�moT `rV �
VKg9`rpUVlQSg>QSh�Wqm�QShlXfgU[�`SXfV�R>Xfg>Xf��]�u>T3gURUc�X�n>Xfg>X\s�Q�d>c ^�Xfy�d>]�RUW>^%W�� � V �
^�XfVKW>^��2jUVlQkVS`rpUW>X�m\u>]_j9`rxURUc�X�n>Xfg>Xfp3u>�wj>XfRUWUT�QKmf]M��X�mfVKhSu>T3�«VlmoT�haQSV �
mf]_VlmfVKhKW>X�hKR>Xf[�R>Xf�zQ�[�]_^
`�W¡]_nUg9`rhSu>T_�wVlm°T¡d9XfVlXfg>^%WURUWUg>QSh�`rRURUc�^ ��` �
pMQSR>QK^ ����/32 ��� � �v� �-²�u>T�mfW>mfVlX�^ m�n>Xfg>X�^�Xfy�`SX�^�QKmfVK{K� VKWUn9`!Y�sM`SQKm

�

sM` �
QKmlYfmfg>X\d>R>X�XwhKg>X�^%T

Ti
R9`vs�Qzy�d9XfRUWUT |¨`r�zQShlQSx+VKg9`SXfpUVlQSgUWUW�R9`¨`rVKVKg9`rpUVlQ �

g>X"n>Qzd>jUWURUT3XfVlmoT�]_RUWUhlXfg>mz`vu>{KRUc�^���`rp_QSR>QK^�XfgUR>QKmfV�TU^�hKW3d/`k����/32 �o� �_�\�

Ti ∝ (a− acr)
γ ,

� �����K��/l�
�°d9X

a �

n9`rg9`S^�XfVKg�mfW>mfVlX�^%c � acr �

n>QSg>QS�zQShlQKX�bSW>|"]_gUp_`r}UW>QSRUR>QKX���R9`zj>X	�
RUW>X�n9`rg9`S^�XfVKg9` �UnUgUW pMQSVlQSg>QK^�g>Xz`vu>WU��]lXfVlm°TapUgUWU��W>m�W hlQS��RUWUp_`SXfVin>Xfg>X	�
^�Xfy�`SX�^�QKmfVK{ � γ �

]_RUWUhlXfg>mz`vu>{KR9`rT�n>QKmfVlQzT3RUR9`rT �X��`rpUW>^¬QKbSg9`r�zQK^��-g>Qru>{
WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`��fd9X�mf{�WU��g9`SXfV+n9`rg9`S^�XfVKgZmfW>mfVlX�^%c �>p_QSRUVKg>Qru>WUgU] �
�w��WUx¯^�X\dUu9XfRURUc�x¯hKg>X�^�XfRUR>QSx)^
`Smf[�VS`SbqW���m\u9X\d9QSh�`rVlX\u>{KR>Q���X�X�mfn>Xfp��
VKg9`vu>{KRUc�X�mfhlQSx>mfVKh�`���� �_�\� ��P�gUW�hlQS�fd9Xfx>mfVKhKWUW�R9` mfW>mfVlX�^%]�^�X\dUu9XfRUR>QS�zQ
n>XfgUW>Q�d>WUj>X�mfp_QS�zQ"mfWU��R9`vu/`�^�Qzy�R>Q�nU]MVlX�^aWU�z^�XfR>XfRUWUT�]MnUg9`rhSu>T3�w��Xf�zQ�n9` �
g9`S^�XfVKg9`�d9QKbSWUVK{lm°TknUgUW>^�XfgUR>QS�zQim�QShKn9`vd9XfRUWUT�n>XfgUW>Qzd/`�mfWU��R9`vu/`�Wkmfg>X\d �
R>Xf�zQGhKg>X�^�XfRUW¬n>Xfg>Xfp3u>�wj>XfRUWUT¯m�Qzd>R>QS�zQ¡`rVKVKg9`rpUVlQSg9`©R9`!d>gU]M�zQSx��eV � X �
]lm\u9QShKWUx ��� � � Vl^�XfVKW>^���jUVlQ�g>Xfy�W>^%c n>Xfg>X�^�Xfy�`SX�^�QKmfVKW�¤�pMmfn>QSR>XfRU}UW��
`vu>{KR>Q�jU]MhlmfVKhKWUVlX\u>{KRUc pZhKR>Xf[�R>X�^%]�[�]_^%]���� � � �f� �_�\���-jUVlQid9X\u/`SXfV hlQS� �
^�Qzy�RUc�^¡g>Xz`vu>WU��`r}UWU��p3u/`Sm�mfWUj>X�mfpMQS�zQ+T3hSu9XfRUWUT ��� �
P�g>QSW3uUu>��mfVKgUWUgU]lX�^�hKc�[�X�mfp_`r��`rRUR>QKX�R9`�nUg>QKmfVlQK^��zR>QeVKWUnUWUjUR>QK^�nUgUW��

^�Xfg>X�d>W>mfpUg>XfVKR>QSx�mfW>mfVlX�^%c m�pUgUWU��W>m�QK^�sM`SQSVKWUj>X�mfpUW3sZ`rVKVKg9`rpUVlQSg>QSh>ª

xn+1 = (axn − x3
n) exp(−x2

n/b) +A sinωn+
√

2Dξ(n).
� �����K� �K�

��W>mfVlX�^
`G� �����K� �K�¨nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSx©Qzd>R>QK^�XfgUR>QKX pU]_bSWUj>X�mfp_QKX QSVlQKb �
g9`ry�XfRUW>X	�_hlQS�z^%]_��`SX�^�QKXwm\u/`SbSc�^�n>XfgUW>Qzd>WUj>X�mfpUW>^�mfWU��R9`vu9QK^��

A� 1
�%W

δ
� p_QSgUg>X\u>WUg>QSh�`rRURUc�^ [�]3^�QK^³WURUVlXfR>mfWUhKR>QKmfVKW

D
��£�p_mfn>QSR>XfRU}UW9`vu>{KRUc�x
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A = D = 0
W

b = 10
���!8N � �K��� � �!Q

��� ������� � ���
a
P � � � 2.5 	 � � � 2.84

^%R>Qzy�WUVlX\u>{!hKhlX\d9XfR�m+}>X\u>{K� WU�zbKXfy�`rVK{�]Ms�Q�d/`ZVKg9`SXfpUVlQSgUWUW�R9`�bKX�mfp_Q �
R>XfjUR>QKmfVK{ �?�O`Sm�m�^�QSVKgUW>^�mfhlQSx>mfVKh�`�QSVlQKbSg9`ry�XfRUWUT©h�QSVlmf]MVlmfVKhKW>X+hlQS�z^%] �
��XfRUWUx��
P�gUW!��R9`zj>XfRUWUWqn9`rg9`S^�XfVKg9`

a < acr = 2.839 . . .
h�mfW>mfVlX�^�X�m�QKmf]M��X	�

mfVKhK]_�«V"d>h�`«sM`SQSVKWUj>X�mfpUW3s+`rVKVKg9`rpUVlQSg9` ��g9`r�fd9X\u9XfRURUcesim�X\dUu9QShlQSx�VlQSjUpMQSx
xn = 0

�
P�gUW�d9QKmfVKWUy�XfRUWUW n9`rg9`S^�XfVKg>QK^ pUgUWUVKWUj>X�mfpMQS�zQ©��R9`�j>XfRUWUT
acrg>Xz`vu>WU��]lXfVlm°T�pUgUWU��W>m�W�`rVKVKg9`rpUVlQSgUc�QKb��@X\d>WURUT3�wVlm°T�m¨g>Q�y�d9XfRUW>X�^¯¤z| �

|�XfpUVS`�d>WUR9`S^%WUj>X�mfpMQSxqn>Xfg>X�^�Xfy�`SX�^�QKmfVKWGVKWUn9`�Y�sM`SQKm
�

sM`SQKmlY �2p3`rp�¤�VlQ
hKW3d>R>Q�WU�"gUW>m �/������2��

9�R9`�j9`vu9XkW>m�m\u9X\d>]lX�^�¤z|�|�XfpUV ����h�g>Xfy�W>^�X d9Q�pUgUWU��W>mz`
a < acr

�
pMQS�od/`�nUg>QS}>X�m�mkn>Xfg>Xfp3u>�wj>XfRUWUx bS]vd9XfV�WUR3d>]_}UWUg>QSh�`rVK{lm°T�W�]_nUg9`rhSu>T3VK{ �
m°T�hKR>Xf[�RUW>^�[�]3^�QK^ �(<�`rp�hKW3d>R>Q"WU��g>Xf��]vu>{�VS`rVlQSh�g9`Smfj>XfVS`+�EgUW>m �M���04��K`l���
pMQS¤z|¨|"WU}UW>XfRUV�]lmfW3u9XfRUWUT�W�QSVKR>QS[�XfRUW>XemfWU��R9`vu5±v[�]_^Zd9QKmfVKWU�f`r�«V"^
`rpMmfW��
^%]3^�QSh�nUgUW�QSnUVKW>^
`vu>{KRUces�]Mg>QShKRUT_s�[�]3^
`�����`vu>WU}>Q"VKWUnUWUjURUc�x+¤z|�|�XfpUV
��� �a�O`Smfj>XfVKc�mfhKW3d9XfVlX\u>{lmfVKhK]M�wV QGVlQK^���jUVlQ�QSnUVKW>^
`vu>{KR>QK^%]¬]Mg>QShKRU�
[�]_^
`G�

D = Dopt
��QSVKhlXfj9`SXfV�j9`SmfVlQSVr` <�g9`S^�Xfg>mz` ��bru>WU��p3`rT�pGj9`SmfVlQSVlX

hKR>Xf[�R>Xf�zQimfWU��R9`vu/`
ω
�

��Xfn>XfgU{�W>mfp3u>�wjUW>^)[�]_^�QShlQKX�hlQS�fd9Xfx>mfVKhKW>X
(D = 0)

W�g9`Sm�m�^�QSVKgUW>^
g>Xz`rpU}UWU� mfW>mfVlX�^%c�� �����K� �K�wR9`kn>XfgUW>Q�d>WUj>X�mfpMQKX+hlQS�z^%]_��XfRUW>Xihkg>Xfy�W>^�X
n>Xfg>X�^�Xfy�`SX�^�QKmfVKWqVKWUn9`�Y�sM`SQKm

�

sM`SQKmlY �-pMQS�od/`�n9`rg9`S^�XfVKg
a
nUg>XfhKc�[�`SXfV

��R9`�j>XfRUW>X�pUgUWUVKWUj>X�mfpMQS�zQ��
a > acr

�	�>P"Q�d/`rRURUc�^�g9`Smfj>XfVlQSh�mfg>X\d>RUT3Taj9` �
mfVlQSVr`¨n>Xfg>Xfp3u>�wj>XfRUWUx�^�QSR>QSVlQSRUR>Q�g9`SmfVlXfV�m�]_hlX\u>WUj>XfRUW>X�^qn9`rg9`S^�XfVKg9`

a
�

��`kgUW>m �O���04��SbanUg>X\d9mfVS`rhSu9XfRUc ��`rhKW>mfW>^�QKmfVKW©pMQS¤z|¨|"WU}UW>XfRUVr`�]lmfW3u9XfRUWUT
W�QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]_^¯QSV hlX\u>WUjUWURUc�n9`rg9`S^�XfVKg9`

a
�5W3uUu>��mfVKgUWUgU] �
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�
�

�w��W>Xk¤z|¨|�XfpUV�d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QS�zQ ���Oª8^
`rp_mfW>^%]_^
`�pMQS¤z|�|�WU}UW>XfRUV
]lmfW3u9XfRUWUT�W�QSVKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]3^¡d9QKmfVKWU�\`r�wVkh�QKbru/`SmfVKW���R9`�j>XfRUWUx
n9`rg9`S^�XfVKg9`

2.85 < a < 2.88
��pMQS�od/`aj9`SmfVlQSVS` <�g9`S^�Xfg>mz`�bru>WU��p3`apqj9` �

mfVlQSVlX"hKR>Xf[�R>Xf�zQimfWU��R9`vu/`��
� nUW>mz`rRURUc�X�¤z|�|�XfpUVKc�R>QKm°T3V�|"]_R3d/`S^�XfRUVr`vu>{KR>Q�QKbS��WUx¡sM`rg9`rpUVlXfg��

jUVlQ�n>Qzd>VKhlXfg�y�d/`SXfVlmoT�g>Xf��]vu>{�VS`rVr`S^%W�W3s"R9`Sbru>�ed9XfRUWUT¨h�g9`r�fu>WUjURUces"d>W>m	�
pUg>XfVKRUces¥W¥d>W>|�|�Xfg>XfRU}UW9`vu>{KRUces¥mfW>mfVlX�^
`vs ��d9X�^�QSR>mfVKgUWUgU]_�«��W3s¥p3`rp
WUR3d>]_}UWUg>QSh�`rRURUc�x�[�]3^�QK^ ¤z|¨|�XfpUV¡n>Xfg>X�^�Xfy�`SX�^�QKmfVKW��"Vr`rp<W³pUgUWU��W>m
� ¢D/v� � ��`rnUgUW>^�Xfg��2g9`Sm�m�^�QSVKgUW>^ ���¯hk^�Qzd9X\u>W �QSg>XfRU}9`���� ��4v�
h g>Xfy�W>^�X
WUR3d>]_}UWUg>QSh�`rRUR>QSx![�]_^�QK^�n>Xfg>X�^�Xfy�`SX�^�QKmfVKW�����W>mfVlX�^
` �QSg>XfRU}9` T3hSu>T�
XfVlm°T�QSj>XfRU{�]vd9QKbSR>QSx©dUu>TqW>m�m\u9X\d9QSh�`rRUWUT�hSu>WUT3RUWUTG[�]3^
`ZR9`�sM`SQSVKWUj>X	�
mfpU]_� d>WUR9`S^%WUpU]��2²�u>T�R>X�X�hlQS�z^�Qzy�R>Qap_QSgUg>XfpUVKR>QKX�hKhlX\d9XfRUW>XiW>mfVlQSjURUW��
pMQSh [�]_^
`ihi]_g9`rhKR>XfRUWUT�^�Q�d9X\u>W���� �S�v� � 9¬g9`SbKQSVlX ��� �v¢S�Od9QSp3`r��`rR9`+¤�gU�zQ �
d>WUjUR>QKmfVK{�mfVlQ�sM`SmfVKWUj>X�mfp_QSxZ^�Qzd9X\u>W �QSg>XfRU}9`��_�eQru9X�XwVlQS�zQ��_h�nUg>QKmfVKg9`rR��
mfVKhlXwn9`rg9`S^�XfVKg>QSh�¤�VlQSx�mfW>mfVlX�^%c¬X�mfVK{�QKbru/`SmfVKWkmf]M��X�mfVKhlQSh�`rRUWUT�p_`rpa`rV �
VKg9`rpUVlQSg9`+VKWUn9` �QSg>XfRU}9` �5Vr`rp�W�pUh�`r��W9`rVKVKg9`rpUVlQSg9`���� �S¦v� ����VlQ�sM`SmfVKWUj>X	�
mfp_`rTZ^�Q�d9X\u>{ �QSg>XfRU}9`iQSnUW>mfc�h�`SXfVlm°TZmfW>mfVlX�^�QSx �
² 6�ª

ẋ = −σ x+ σ y + ξ1(t),

ẏ = −y + r x− x z + ξ2(t),
� �����K��1l�

ż = −b z + x y + ξ3(t),

〈ξi(t)ξj(0)〉 = D δi,j δ(t).
<�`rpabSceu9Q�n>QSp_`r��`rR>Q�h ��� ��/v���3h�QKbru/`SmfVKW ��R9`�j>XfRUWUxan9`rg9`S^�XfVKg>QSh

σ = 10
�

r = 210
�
b = 8/3

� m�QKQSVKhlXfVlmfVKhK]_�w��Xfx mf]M��X�mfVKhlQSh�`rRUWU� pUhl`r��W9`rV �
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=?>A@�B CDB���� B � � ���������
��� � Y � � � �JS � � �� �5�!M � � ���
SUT�� �+*�!�,�-�.($�/�0 ,�'�$�'�0 � �
�
� � � _

� � � ��� ��� �`T ������� � �� �"!�#$�%&('�) � � ��� � � � ��� � � ����� � ��� � �#SUT���� ��� �
a = 2.5

W
A =

0.05
W
Ω = 0.1

� � ��� � � T������ ���!�Z I �OM�� ���������
� � ��� ��� �
D = 0

W
A = 0.005

W
Ω = 0.1
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VKg9`rpUVlQSg9` ��g>Xz`vu>WU��]lXfVlmoT WUR3d>]M}UWUg>QSh�`rRURUc�x [�]3^�QK^ g>Xfy�W>^ n>Xfg>X	�
^�Xfy�`SX�^�QKmfVKW VKWUn9` Y�sM`SQKm

�

sM`SQKmlYf^�Xfy�d>] d>hK]3^%T mfW>^�^�XfVKgUWUjURUc�^%W
`rVKVKg9`rpUVlQSg9`S^%W��

9 QSVlmf]_VlmfVKhKW>X�[�]3^
`¡�EV � X ��h!jUW>mfVlQ!d>WUR9`S^%WUj>X�mfpMQK^ m\u>]_j9`SX��i|¨`r�zQ �
hlQKX�nUg>QKmfVKg9`rR>mfVKhlQkmfW>mfVlX�^%c<m�Qzd9Xfg�y�WUVkd>h�`+mfW>^�^�XfVKgUWUjURUces�`rVKVKg9`rpUVlQ �
g9`�� ��`�j9`vu>{KRUc�Xi]lm\u9QShKWUT�QSnUg>X\d9X\u>T3�«V �@R9`+p_`rp_QSx!WU��RUW3s�n>QSn9`vd9XfV�|¨` �
�zQSh�`rT�VKg9`SXfpUVlQSgUWUT �@P�gUW�R9`vu>WUjUWUW�[�]3^
` `rVKVKg9`rpUVlQSgUc QKb��@X\d>WURUT3�«VlmoT �
�
m\u>Wq[�]3^¬m\u/`SbSc�x��@VlQa|�`r�zQSh�`rT�VKg9`SXfpUVlQSgUWUT�d9Qru>�zQKX�hKg>X�^%T�R9`vs�Q�d>WUV �
m°T�R9`�p3`ry�d9QK^¬WU�i`rVKVKg9`rpUVlQSg>QSh�W�m�QShlXfgU[�`SXfVag>X\d>pUW>X�n>Xfg>X\s�Q�d>c�^�Xfy �
d>]�RUW>^%W���£�VlQkhlX\d9XfVap�n>Q�T3hSu9XfRUWU� ^�X\dUu9XfRUR>QS�zQahKg>X�^�XfRUR>QS�zQ�^
`Smf[�VS` �
bl`

�

mfg>X\d>R>Xf�zQkhKg>X�^�XfRUWqR9`vs�Qzy�d9XfRUWUT!|�`r�zQShlQSx�VKg9`SXfpUVlQSgUWUW!R9`kQzd>R>QK^
WU�aQKb��@X\d>WURUWUhK[�W3s�m°T�`rVKVKg9`rpUVlQSg>QSh �
pMQSVlQSg>QKXanUgUW

D � 1
��`rhKW>mfWUV!QSV

WURUVlXfR>mfWUhKR>QKmfVKW³[�]3^
`©n>Q���`rpMQSRU] �«gUg>XfRUWU]lmz`�� ��`vu>WUjUW>X!^�X\dUu9XfRUR>QS�zQ
hKg>X�^�XfRUR>QS�zQ�^
`Smf[�Vr`Sbl` ��X�mfVlX�mfVKhlXfRUR>Q��@nUgUWUhlQ�d>WUVZp�p_`zj>X�mfVKhlXfRUR>QK^%]�WU� �
^�XfR>XfRUWU� mfVKgU]_pUVK]MgUc mfn>XfpUVKg9`�^�QS��R>QKmfVKW���pMQSVlQSgUc�xG¤�hlQru>�«}UW>QSRUWUgU]lXfV
h�QKbru/`SmfVK{�RUWU��pUW3sqj9`SmfVlQSV � Xf�zQ�RUWU��pMQSj9`SmfVlQSVKR9`rT�j9`SmfVK{�W>^�X�XfV�|�QSg>^%]u9QSg>XfRU}UW9`rR9`Z��� ��/v� �

�!]Mj>XfVlQK^�VlQru>{Kp_Q�mfVlQ�sM`SmfVKWUj>X�mfp_QSxid>WUR9`S^%WUpUW�n>Xfg>X\s�Qzd9QSh�^�Xfy�d>]�`rV �
VKg9`rpUVlQSg9`S^%W �EnUgUW>bru>WUy�XfRUW>Xqd>hK]Ms¬m�QKmfVlQ�T3RUWUx/�ap_QSgUg>X\u>T3}UW>QSRUR9`rT³|"] �
RUpU}UWUT¡T3hSu>TUXfVlm°T ¤�pMmfn>QSR>XfRU}UW9`vu>{KR>Q mfn9`vd/`r�«��Xfx@ª

cx,x(τ) ∝ exp ( −
2r(D))

��9�QKmfnUgUWUW>^%jUWUhlQKmfVK{ mfW>mfVlX�^%c �QSg>XfRU}9`G^�Q�y�XfV�bSc�VK{�QS}>XfR>XfR9`
Vr`rpUW>^¡y�X"hKc�g9`ry�XfRUW>X�^��9p3`rpaWkdUu>TkbSW>mfVr`SbSW3u>{KR>QS�zQ QKmf}UW3uUu>T3VlQSg9`��

�%`Sm�m�^�QSVKgUW>^ VlXfn>XfgU{ m�QShl^�X�mfVKR>QKX d9Xfx>mfVKhKW>X [�]3^
`ZW�m\u/`SbKQS�zQ�n>X	�
gUW>Q�d>WUj>X�mfp_QS�zQamfWU��R9`vu/`

A sin(Ω t)
�9hKp3u>�«j>XfRUR>QS�zQ�h+n>XfgUhlQKX¨]_g9`rhKR>XfRUW>X

mfW>mfVlX�^%c � �����K��1l�	� ��n>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{ah ¤�VlQK^¯m\u>]Mj9`SX�bS]vd9XfVam�Q �
d9Xfg�y�`rVK{

δ
� nUWUp�R9`�j9`SmfVlQSVlX�mfWU��R9`vu/`��

P�g>QKmfVlXfxU[�`rT!QS}>XfRUp_`kdUu>T�QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]_^¥R9`�hKces�Q�d9X�mfW��
mfVlX�^%c¥W>^�X�XfVihKW3d

SNR ∝ r(D)

D2
=

1

D2
exp

(

−∆Φ
D

)

,
� �����K��2l�

�°d9X
∆Φ �

hKc�m�QSVr`kbl`rgU{lXfg9`�m�QKQSVKhlXfVlmfVKhK]M�w��Xf�zQa¤z|�|�XfpUVKWUhKR>QS�zQ n>QSVlXfR��
}UW9`vu/`��

�OXf��]�u>{vVr`rVKc hKc�jUW>m\u9XfRUWUT�QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]3^¯nU]_VlX�^¯jUW>m\u9XfR��
R>QS�zQ¯^�Q�d9X\u>WUg>QSh�`rRUWUT �
² 6 � �����K��1l�ZW�`rnUnUg>QSpMmfW>^
`r}UWUT�n>Q�|�QSg>^%]vu9X
� �����K��2l��nUg>X\d9mfVr`rhSu9XfRUc¥R9`�gUW>m �U���043� �&<�`rp hKW3d>R>Q�WU�wgUW>mf]_RUp_` �U|�QSg>^%]vu/`
� �����K��2l���ST3hSu>T3�«��`rTUm°T�]MRUWUhlXfg>mz`vu>{KR>QSx�dUu>T�mfW>mfVlX�^��rd9X�^�QSR>mfVKgUWUgU]_�«��W3s
��� �MnUg>XfpUg9`SmfR>Q�QSnUW>mfc�h�`SXfV�¤z|�|¨XfpUV¨W+dUu>T+mfW>mfVlX�^%c¬m�Q�m\u9Q�y�R>QSx�d>WUR9` �
^%WUpMQSx�� � Vl^�XfVKW>^��SjUVlQ«d>WUR9`S^%WUj>X�mfpUW>Xe]_g9`rhKR>XfRUWUT�mfW>mfVlX�^%c�^�QS��]_V�bSc�VK{
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A = 1.0
W
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�
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�
��N�� ��V ���KNOT �!Y � � �JV �����O_

��� � � ��M��?�
��������������� � � �! 	 �������JS � �� ��� � �� ����� � �� � � � ��T � � ���������
�
���!� � � ��� � ��� � � � �

� ∆Φ = 0.24

VKg9`rR>m�|�QSg>^%WUg>QSh�`rRUc�p�hKW3d>]�bSW>mfVS`SbSW3u>{KR>QS�zQ�QKmf}UW3uUu>T3VlQSg9`�m8WUR>XfgU}UW>QSR��
R>QSxaR>X\u>WUR>XfxUR>QKmfVK{K� ���z¦32 ��� �����'ª

ü + γ u̇+ u3 + (v − 1)u = 0,

v̇ = h (βu2 − α v), � ������4��l�

�°d9X
γ = (1 + σ)/

√

σ(r − 1) � h = (r − 1)−1/2 � β = (2σ − b)/√σ � α =
b/
√
σ
�S²�u>T�bKQru>{K[�W3s+��R9`�j>XfRUWUx

r � 1
n>Xfg>X�^�XfRUR9`rT

v(t)
T3hSu>TUXfVlm°T�^�X\d �

u9XfRUR>QSx��S®"mfp3u>�«j9`rT�X�X
WU��� ������4��l���vn>Qru>]_j9`SX�^Z]Mg9`rhKR>XfRUW>X�bSW>mfVr`SbSW3u>{KR>QS�zQ
QKmf}UW3uUu>T3VlQSg9`�]_y�X�bKXf�¨R>X\u>WUR>XfxUR>QS�zQ�WUR>XfgU}UW>QSRUR>QS�zQ+j3u9XfR9`3ª

ü+ γ u̇+
α+ β

α
u3 − u = 0.

� ������43���

��`rpUW>^ QKbSg9`r�zQK^��2hknUg>X\d9X\u/`vs�bKQru>{K[�W3s���R9`�j>XfRUWUx
r
mfW>mfVlX�^
` �QSg>XfRU}9`

d9QSnU]lmfp_`SXfV QSnUW>mz`rRUW>X�h�hKW3d9X¨bSW>mfVr`SbSW3u>{KR>QS�zQ�QKmf}UW3uUu>T_VlQSg9` �/jUVlQ��\`rg9`rR��
VKWUgU]lXfViR9`vu>WUjUW>X���� �

A2BDC/BEC�����N �MN��OI����ON�� %�� � �OI��ON �wIML�(
P"XfgUhKc�X�g>Xf��]�u>{vVr`rVKc�¤�p_mfn>XfgUW>^�XfRUVr`vu>{KRUces�W>m�m\u9X\d9QSh�`rRUWUx�¤z|�|�XfpUVS`

����bSceu>W�n>Qru>]Mj>XfRUc�h�WU�z^�Xfg>XfRUWUT_s���`rhKW>mfW>^�QKmfVKW!�����¯QSV�WURUVlXfR>mfWUhKR>Q �
mfVKW�[�]_^
`+h VKgUWU���zXfg>X ��^%WUVKVS`�����2v�
W�h�p_Qru>{K}>XfhlQK^¬u/`r�zXfg>Xk�04��v� ��£�p_m	�
n>XfgUW>^�XfRUVKc³n>Q�d>VKhlXfgld>W3u>W�R9`vu>WUjUW>X ���¡W�n>QSp_`r��`vu>WZs�QSg>QS[�X�X�m�QShKn9`vd9X	�
RUW>X�¤�p_mfn>XfgUW>^�XfRUVr`vu>{KRUces�d/`rRURUces"m
hKc�hlQ�d/`S^%W�`vd>W9`Sbl`rVKWUj>X�mfp_QSx�VlX�QSgUWUW
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�
� ��� � �!V Q � � � ����M2�������5���K��� � ����� � � � � ��M��`H ��� � ��H ����Y � ��M�� ��� � ���!_

�� � ����� � � �J��� � � � V �5���K�
� ��� ��� ��	 �K� V P
R0 − 5.11 kΩ, R1,4,6 − 10 kΩ, R2 −

51.2 kΩ, R3 − 2.2 kΩ, R5 − 0.5 kΩ, R7 − 1.1 kΩ, R8 − 57 kΩ
W

C = 150
��� �

d>hK]Ms m�QKmfVlQ�T_RUWUx©�0/3�\� �>P"QS��y�X¨¤z|�|�XfpUV8���¡bSceu�^%R>QS�zQSpUg9`rVKR>Q�n>Q�d>VKhlXfg��
y�d9XfR�¤�pMmfn>XfgUW>^�XfRUVS`vu>{KR>Q"hwbSW>mfVS`SbSW3u>{KRUces�mfW>mfVlX�^
`vs�mz`S^�QSx�g9`r�fu>WUjUR>QSx
nUgUWUg>Q�d>c¯��¦31v� ��9�bKQru>{K[�WUR>mfVKhlX
¤�p_mfn>XfgUW>^�XfRUVr`vu>{KRUces�g9`SbKQSV�WU�z^�XfgMTMu>W>mf{
��`rhKW>mfW>^�QKmfVKW ��� �GQSV«WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`�R9`�hKces�Qzd9XemfW>mfVlX�^%cqW�nUg>Q �
hlQ�d>W3u9QKmf{�mfg9`rhKR>XfRUW>X�m�hKc�hlQzd/`S^%WkVlX�QSgUWUW��M®¥¤�VlQ�X�mfVlX�mfVKhlXfRUR>Q��_VS`rp+p3`rp
W>^�XfRUR>Q�hKW3da¤�VlQSx ��`rhKW>mfW>^�QKmfVKWan>QKm\u>]_y�W3u�QKmfR>QSh�`rRUW>X�^GdUu>T�QSnUg>X\d9X\u9X	�
RUWUTk¤z|�|�XfpUVS` ��� �

<�`rp�bSceu9Qwn>QSp_`r��`rR>Q�hKc�[�X	��¤z|�|¨XfpUV+����hwg9`rhKR>QSx�mfVlXfn>XfRUW�sM`rg9`rpUVlX	�
gUWU��]lXfVlm°TqW�g>Xf�zQSR9`rR>mfR>QSxq��`rhKW>mfW>^�QKmfVK{K� ]lmfW3u9XfRUWUT!hSs�Q�d>R>QS�zQ�mfWU��R9`vu/`
QSV�WURUVlXfR>mfWUhKR>QKmfVKW³[�]3^
`¯�Dm�^ ��� ����� �K���¨� �����K¦l� �	�a9 mfhKT3��W)m�¤�VKW>^ g9`Sm	�
m�^�QSVKgUW>^¯g>Xf��]vu>{�Vr`rVKc�|"WU��WUj>X�mfpUW3s�WU�z^�Xfg>XfRUWUx�p_QS¤z|�|"WU}UW>XfRUVS`�]lmfW3u9X	�
RUWUT©�\`rg>^�QSRUWUj>X�mfpMQS�zQqmfWU��R9`vu/`�^
`vu9QSx�`S^%n3u>WUVK]vd>c nUgUWGh�`rgUW9`r}UWUW�WUR��
VlXfR>mfWUhKR>QKmfVKW¡[�]3^
`�h�¤fu9XfpUVKg>QSRUR>QSx¡}>XfnUW���^�Q�d9X\u>WUgU]_�w��Xfx�p3u/`Sm�mfWUj>X	�
mfpUWUx¡bSW>mfVS`SbSW3u>{KRUc�x QKmf}UW3uUu>T3VlQSg³� �����l����� ��1

�

��1��v� � ��`�gUW>m �
���0434�nUgUW��
hlX\d9XfR9`�nUgUWURU}UWUnUW9`vu>{KR9`rTZm s�X�^
`�¤fu9XfpUVKg>QSRUR>QSxZ}>XfnUW��UnUg>X\d9mfVr`rhSu>T3�w��Xfx
`rR9`vu9QS�zQShK]_��^�Q�d9X\u>{imfVlQzsM`SmfVKWUj>X�mfpMQSx�mfW>mfVlX�^%c � �����l�	�

�8s�X�^
`�m�Qzd9Xfg�y�WUV�QSn>Xfg9`r}UW>QSRURUc�X
]lmfW3u>WUVlX\u>W
D1−D4

VKWUn9`a<��z¦���6
²�4 �
g>Xf��W>mfVlQSgUc

R0 − R8
�-X�^%pMQKmfVK{

C
W�d>h�`id>W>Q�d/`�VKWUn9`

D9
�/hKp3u>�wj>XfRURUc�X

nUg>QSVKWUhlQK|¨`r��R>Q �D��WU��R9`vu�R9`«hSs�Q�d9X	�rnUg>X\d9mfVr`rhSu>T3�w��WUx+m�QKbKQSx�mf]3^�^%]��f`rg��
^�QSRUWUj>X�mfpMQS�zQ

A sin(2πft)
W [�]3^�QShlQS�zQ

ξ(t)
mfWU��R9`vu9QSh �3n>Q�d/`SXfVlm°TkR9`�g>X	�

��W>mfVlQSg
R1

� 9�p3`�j>X�mfVKhlX W>mfVlQSjURUWUp_QSh!m�QKQSVKhlXfVlmfVKhK]M�w��W3sqmfWU��R9`vu9QSh�W>m	�
n>Qru>{K�zQSh�`vu>W>mf{imfVS`rR3d/`rgUVKRUc�X"�zXfR>Xfg9`rVlQSgUc��
��`�hKces�Q�d9X"m s�X�^%c¯WU�z^�XfgMTMu �
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�

m°TGg>Xf��]vu>{�VKWUgU]_�«��WUx�mfWU��R9`vu¡QSVKp3u>WUp_`�mfW>mfVlX�^%c
x(t)

� � mfR>QShKR>QSx�nUg>Q �
bru9X�^�QSx©¤�pMmfn>XfgUW>^�XfRUVr`�T3hSu>T_u/`Smf{���`vd/`�j9`�`rnUnUg>QSpMmfW>^
`r}UWUW�hKW3d/`aR>X\u>W��
R>XfxUR>QSx |�]MRUpU}UWUW���QSnUg>X\d9X\u>T3�w��Xfx�|�QSg>^%]©bSW>mfVS`SbSW3u>{KR>QS�zQ!n>QSVlXfRU}UW9` �
u/`

U(x)
�3P�g>QSVKWUhlQK|¨`r��R>QKXwhKp3u>�«j>XfRUW>X«d>hK]MsiW3d9XfRUVKWUjURUcesid>W>Qzd9QSh�W�m�Q �

QSVKhlXfVlmfVKhK]_�«��WUxan>Q�d9bKQSgkR>QK^%WUR9`vu9QShig>Xf��W>mfVlQSg>QShim s�X�^%c¥QKbKX�mfn>XfjUWUh�`vu>W
hlQS�z^�Qzy�R>QKmfVK{a^�Qzd9X\u>WUg>QSh�`rRUWUT�sM`rg9`rpUVlXfgUW>mfVKWUpUW��5m¨hKc�m�QSpMQSx�mfVlXfn>XfRU{K�
VlQSjUR>QKmfVKW `rnUnUg>QSp_mfW>^%WUgU]M�w��Xfx¥p3u/`Sm�mfWUj>X�mfpUWUx¥bSW>mfVr`SbSW3u>{KRUc�x n>QSVlXfR��
}UW9`vuZhiWURUVlXfgUh�`vu9X�WU�z^�XfR>XfRUWUx�n>Xfg>X�^�XfRUR>QSx�m�QKmfVlQ�T_RUWUT −1.5 < x < 1.5�En>Xfg>X�^�XfRUR9`rT

x
R>QSg>^%WUg>QSh�`rR9`l�\ª

−dU(x)

dx
= ax− bx3.

� ������434l�
<"QS¤z|�|"WU}UW>XfRUV

a
h�¤�VlQK^�]_g9`rhKR>XfRUWUW¡��`rhKW>mfWUV©QSV�R>QK^%WUR9`vu/`�g>Xf��W>mfVlQ �

g9`
R2

��`³pMQS¤z|�|�WU}UW>XfRUV
b
QSnUg>X\d9X\u>TUXfVlmoT R>QK^%WUR9`vu/`S^%W g>Xf��W>mfVlQSg>QSh

R3, R5, R8
����1��v� �

²�u>T�pMQSgUg>XfpUVKR>QS�zQ¨mfg9`rhKR>XfRUWUT�g>Xf��]vu>{�VS`rVlQSh)¤�pMmfn>XfgUW>^�XfRUVS`¬m�VlX�QSgUW��
Xfx+� ����� �K�5R>X�QKbzs�Q�d>W>^�QwQKbKX�mfn>XfjUWUVK{�hKc�n>Qru>R>XfRUW>X8]lm\u9QShKWUT�`vd>W9`Sbl`rVKWUj>X�mfpMQ �
�zQ�nUgUW>bru>WUy�XfRUWUTZm�}>X\u>{K�<nUgUW>^�XfR>XfRUWUT�^�XfVlQ�d/`�d>hK]�skm�QKmfVlQzT3RUWUx@ª

2πf0 � τ−1 = U ′′(xmin),
� ������4K�l�

�°d9X
τ �

hKg>X�^%T�g>X\u/`rpMmz`r}UWUWGQKmf}UW3uUu>T3VlQSg9`q� �����l�	��P"XfgUW>Q�d©hKR>Xf[�R>Xfx©mfW��
u>c�d9Qru>y�XfR mf]_��X�mfVKhlXfRUR>Q¯nUg>XfhKc�[�`rVK{¬hKg>X�^%T³g>X\u/`rpMmz`r}UWUW�� 6
m\u9QShKW>X
� ������4K�l��R9`rp3u/`vd>c�h�`SXfV�QS��g9`rRUWUj>XfRUWUT)R9`©��R9`�j>XfRUWUT¬p_QS¤z|�|"WU}UW>XfRUVlQSh

aW
b
h�� ������434l��W�m�QKQSVKhlXfVlmfVKhlXfRUR>Q¥R9`¡R>QK^%WUR9`vu>c g>Xf��W>mfVlQSg>QSh¥m s�X�^%c��

²�u>T¥]_p_`r��`rRURUces R9`�gUW>m �����0434���R9`�j>XfRUWUx<R>QK^%WUR9`vu9QSh¯g>Xf��W>mfVlQSg>QSh¯WU�
]lm\u9QShKWUT � ������4K�l��m\u9X\d>]lXfVqQS��g9`rRUWUj>XfRUW>XZR9`�j9`SmfVlQSVK]GhKR>Xf[�R>Xf�zQqmfWU��R9` �
u/`

f � 12.5
p �2}��9pMQSVlQSg>QKX�h�¤�p_mfn>XfgUW>^�XfRUVlX�bSceu9Q�hKc�n>Qru>R>XfR>Q �

��X�QSg>XfVKWUj>X�mfpUW>X W�¤�pMmfn>XfgUW>^�XfRUVS`vu>{KRUc�X¯g>Xf��]�u>{vVr`rVKc QSnUg>X\d9X\u9XfRUWUT
��`rhKW>mfW>^�QKmfVlXfx�pMQS¤z|�|�WU}UW>XfRUVr`i]lmfW3u9XfRUWUT�QSViWURUVlXfR>mfWUhKR>QKmfVKW�hKR>Xf[�R>Xf�zQ
[�]_^
`�Wkj9`SmfVlQSVKc¬hlQS�fd9Xfx>mfVKhKWUTanUg>XfpUg9`SmfR>Qim�QKQSVKhlXfVlmfVKhK]M�wV�d>gU]_��d>gU]M��]
p_`rj>X�mfVKhlXfRUR>Q��5R>Q�g9`r�fu>WUj9`r�wVlm°TZpMQru>WUj>X�mfVKhlXfRUR>Q���`�mfj>XfV+QS[�W>bSpUWZWU�z^�X	�
g>XfRUWUx���m�QKmfVr`rhSu>T3hK[�Xfx¬nUgUW>^�XfgUR>Q ±5%

�EgUW>m �e���04K�K`l�	�a�8u9X\d>]lXfV ��Q�d>R9` �
pMQ���QSVl^�XfVKWUVK{ �
jUVlQ�¤�VKW©g9`r�fu>WUjUWUT�h�mfg>X\d>R>X�^<R>X�mfp_Qru>{KpMQ�nUg>XfhKc�[�`r�wV
]_p_`r��`rRURU]_�)n>QS��g>Xf[�R>QKmfVK{�WU�z^�Xfg>XfRUWUx��_n>Q�pUg9`rxUR>Xfx ^�Xfg>X	�ln>Q�d>hK]_^!nUgUW��
jUWUR9`S^�ªehlQ � n>XfgUhKces �eWU� � ��`©W>^�Xf�«��Xf�zQKm°T QSVzu>WUjUWUT R>X\u>WUR>XfxUR>QSx sM` �
g9`rpUVlXfgUW>mfVKWUpUW g>Xz`vu>{KR>QSx m s�X�^%c QSV�pU]_bSWUj>X�mfp_QS�zQ�n>Qru>WUR>QK^
` � ������434l���
s�QSV�TZmfn>Xf}UW9`vu>{KRUc�X�WU�z^�Xfg>XfRUWUTan>QSp3`r��`vu>W��9jUVlQ�¤�VlQiQSVzu>WUjUW>X�hig9`SbKQSj>X�^
d>W9`rn9`r�zQSR>X |x| ≤ 2

R>Xf��R9`�jUWUVlX\u>{KR>QKX��ER>X�nUg>XfhKc�[�`SXfV
1%
� � hlQ � hKVlQSgUces �WU� � ��`©hKRU]_VKg>XfRUR>Xf�zQ�[�]3^
`Gm s�X�^%c �ehSu>WUT3RUW>X�p_QSVlQSg>QS�zQ�hG¤�pMmfn>XfgUW>^�XfR��

Vr`vs�R>X�]MjUWUVKc�h�`vu9QKmf{ � ��Xz`vu>{KRU]_�¬hlQS�z^�Qzy�R>QKmfVK{�n>Qru>R>QKmfVK{K�¬W>mfp3u>�wjUWUVK{
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hKc�[�Xf]Mp3`r��`rRURUc�X�nUgUWUjUWURUc<d/`SXfV�^�XfVlQzd�nUg�TU^�QS�zQ jUW>m\u9XfRUR>QS�zQk^�Q�d9X\u>W��
g>QSh�`rRUWUTZd>WUR9`S^%WUpUW�mfW>mfVlX�^%c � �����l�	�,��Xf��]vu>{�VS`rVKc�g9`Smfj>XfVlQSh+nUgUWUhlX\d9XfRUc
R9`�gUW>m �����04K�Sb�h!mfg9`rhKR>XfRUWUW�m d/`rRURUc�^%W VlX�QSgUWUW�� <�`rp�hKW3d>R>Q�WU����g9` �
|"WUp_QSh �
g9`r�fu>WUjUWUT¡^�Xfy�d>]GVlX�QSg>XfVKWUj>X�mfpUW>^%W¯W�g9`Smfj>XfVKRUc�^%W d/`rRURUc�^%W
�fd9X�mf{!mf]_��X�mfVKhlXfRUR>Q!^�XfRU{K[�X W�n>Qru>R>QKmfVK{K� ]_p3u/`vd>c�h�`r�«VlmoT�h�QS[�W>bSpU]
jUW>m\u9XfRUR>QS�zQ!mfj>XfVS` �
QKbS]lm\u9QShSu9XfRURU]_� p_QSR>XfjUR>QKmfVK{K� hKg>X�^�XfRURUcesGgMT_d9QSh �
W>mfn>Qru>{K��]lX�^%cesanUgUWaW3skmfVr`rVKW>mfVKWUj>X�mfp_QSx�QKbSg9`SbKQSVKp_X �

dB
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f2 = 0.00294
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����N������ ��V 	 N � �K��� � �!Q+��� � � � �JV ��	 ��� � ��M�� ����M � ����� � �	� ��� ���KNOT �!Y � � � ��� ��NK�
����� � ��Q
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�
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�
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A = 20
W � �����
����� � � � �!V �

N � �L��� � �! ����� � � �
f1

�
f2

����� � �� � � � �JT�Z � � � �!N��!�����
�
�J� �

�
���������!�
� ��� � ��� � � � � ���

�J� � � � ���J� � �

A2BDC/BEC/C�� )
��� � ��IML�NOI
�OXf��]�u>{vVr`rVKc �3nUgUWUhlX\d9XfRURUc�Xwh�d/`rRUR>QSx��°u/`rhlX	�MR9`r�°u>T_d>R>Q�W3uUu>�wmfVKgUWUgU]_�wV
Q�d>WUR¡WU�kWURUVlXfg>X�mfRUces©¤z|�|¨XfpUVlQSh�R>X\u>WUR>XfxUR>QSx¡d>WUR9`S^%WUpUW¡mfVlQ�sM`SmfVKWUj>X	�
mfpUW3sqmfW>mfVlX�^

�

mfVlQ�sM`SmfVKWUj>X�mfpUWUx�g>Xf�zQSR9`rR>m�p_`rp©WUR3d>]_}UWUg>QSh�`rRURUc�x�[�] �
^�QK^©n>Xfg>X\s�Q�dah�bSW>mfVr`SbSW3u>{KRUceskmfW>mfVlX�^
`vs �_nUgUW pMQSVlQSg>QK^©R>Xfp_QSVlQSgUc�X�sM` �
g9`rpUVlXfgUW>mfVKWUpUWGmfW>mfVlX�^%c�^�QS��]_V�bSc�VK{ZQSnUVKW>^%WU��WUg>QSh�`rRUc nU]MVlX�^)h�`rgU{KW��
g>QSh�`rRUWUT WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`��&<"Qru>WUj>X�mfVKhlXfRURUc�X�^�XfgUc¬¤z|¨|�XfpUVr` ��� �
bKXf��]lm\u9QShKR>Q��@��`rhKW>moT3VZQSV�mfVKgU]_pUVK]MgUc�mfWU��R9`vu/`ahlQS�fd9Xfx>mfVKhKWUT ��mfVr`rVKW>mfVKW��
j>X�mfpUW3s�mfhlQSx>mfVKh�[�]_^
`¨W+d>WUR9`S^%WUj>X�mfpUW3s mfhlQSx>mfVKh�bSW>mfVr`SbSW3u>{KR>QSxZmfW>mfVlX	�
^%c�� � d>R9`rp_Qi|"WU��WUj>X�mfp3`rTamf]MVK{�T3hSu9XfRUWUTknUgUWk¤�VlQK^�nUgUWURU}UWUnUW9`vu>{KR>Q+R>X
^�XfRUTUXfVlm°T � � d>R>Q�WU��sM`rg9`rpUVlXfgURUces�hKg>X�^�XfR�mfW>mfVlX�^%c R>X\u>WUR>XfxURUc�^�QKb �
g9`r�zQK^ d9Qru>y�R>Q!��`rhKW>m�XfVK{GQSV!WURUVlXfR>mfWUhKR>QKmfVKW¯[�]_^
`���9 Vr`rpMQK^ m\u>]_j9`SX
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X�mfVlX�mfVKhlXfRUR>Q��MjUVlQ¨QSVKp3u>WUpMQK^©mfW>mfVlX�^%c¡R9`"hKR>Xf[�R>X�X�hlQS�fd9Xfx>mfVKhKW>X�^�Qzy�R>Q
]_nUg9`rhSu>T_VK{�nU]_VlX�^©WU�z^�XfR>XfRUWUT WURUVlXfR>mfWUhKR>QKmfVKWa[�]3^
` �Md9QKbSWUh�`rTUmf{�QSnUVKW��
^
`vu>{KR>QS�zQ�g>Xf��]vu>{�VS`rVr`��
P"QSRUW>^
`rRUW>X�|"WU��WUpUW¡T3hSu9XfRUWUT ����n>QS��hlQru>W3u9Q!hKR9`zj9`vu9X�nUg>X\d>n>Qru9Q �

y�WUVK{ �>`¨��`rVlX�^qW ¤�p_mfn>XfgUW>^�XfRUVr`vu>{KR>Q�d9QSp3`r��`rVK{�hlQS�z^�Qzy�R>QKmfVK{ig>Xz`vu>WU�zQ �
h�`rVK{�n>Q�d9QKbSRUc�x�¤z|�|�XfpUV�had9XfVlXfg>^%WURUWUg>QSh�`rRURUcesGsM`SQSVKWUj>X�mfpUW3s©bSW>mfVS` �
bSW3u>{KRUces�mfW>mfVlX�^
`vs � ��g>X\d>R>X�XkhKg>X�^%T©n>Xfg>Xfp3u>�wj>XfRUWUx�h�g>Xfy�W>^�X n>Xfg>X	�
^�Xfy�`SX�^�QKmfVKWkVKWUn9`+Y�sM`SQKm

�

sM`SQKmlY\h�VS`rpUW3s+mfW>mfVlX�^
`vs�R>X\u>WUR>XfxURUc�^GQKbSg9` �
�zQK^)��`rhKW>mfWUV�R>XiQSV�hlX\u>WUjUWURUc [�]3^
` ��`aQSVahlX\u>WUjUWURUc ]_nUg9`rhSu>T_�w��Xf�zQ
n9`rg9`S^�XfVKg9`��9®��z^�XfRUT3Tkn9`rg9`S^�XfVKg��/^�Qzy�R>Q�]_nUg9`rhSu>T3VK{iQSVKp3u>WUpMQK^�sM`SQSVKW��
j>X�mfpMQSx¯mfW>mfVlX�^%c�R9`�hKR>Xf[�R>X�XZhlQS�fd9Xfx>mfVKhKW>XZW `rR9`vu9QS��WUjURUc�^ QKbSg9`r�zQK^
R9`Sbru>�ed/`rVK{i¤z|¨|�XfpUV�VKWUn9`8����h�QSVlmf]_VlmfVKhKW>X�hKR>Xf[�R>Xf�zQ�[�]_^
`��
P�g>X\d9mfVr`rhSu9XfRURUc�X¥g>Xf��]�u>{vVr`rVKc h<QKmfR>QShKR>QK^ W3uUu>�wmfVKgUWUgU]_�«VlmoT R9`

nUg>QKmfVlXfxU[�Xfx ^�Q�d9X\u>W³Q�d>R>QK^�XfgUR>QS�zQ n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QS�zQ¯QKmf}UW3uUu>T�
VlQSg9`��e²�u>T¬¤�VlQSx ^�Q�d9X\u>W<^�Qzy�R>Q�d/`rVK{¡R9`rW>bKQru9X�X�n>Qru>R>QKX�VlX�QSg>XfVKWUj>X	�
mfpMQKX¡QSnUW>mz`rRUW>XG¤z|�|�XfpUVr` ��� �"nUg>QShlX�mfVKW�nUg�TU^%c�X�jUW>m\u9XfRURUc�X�g9`Smfj>X	�
VKc W¡n>QKmfVr`rhKWUVK{�`vd9XfpUh�`rVKRUc�x�|"WU��WUj>X�mfpUWUx ¤�pMmfn>XfgUW>^�XfRUV � ��g9`rhKR>XfRUW>X
VlX�QSg>XfVKWUj>X�mfpUW3s ��jUW>m\u9XfRURUces�W©¤�p_mfn>XfgUW>^�XfRUVr`vu>{KRUces�g>Xf��]vu>{�VS`rVlQSh�dUu>T
n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QS�zQqbSW>mfVr`SbSW3u>{KR>QS�zQ!QKmf}UW3uUu>T3VlQSg9`Zd9X�^�QSR>mfVKgUWUgU]lXfV
]vd>WUhKWUVlX\u>{KR>Q�s�QSg>QS[�X�X hK��`rW>^�QKm�QKQSVKhlXfVlmfVKhKW>X ��§�Qzy�R>Q�R9`vd9XfT3VK{lmoT �8jUVlQ
nUg>X\d9mfVr`rhSu9XfRURUc�X¨g>Xf��]�u>{vVr`rVKc)n>QKm\u>]_y�`rV�mfVKW>^%]vu9QK^qdUu>T+W>m�m\u9X\d9QSh�`rRUWUx
¤z|�|�XfpUVS` ���)W�d>gU]_��W3s�T3hSu9XfRUWUx�habKQru9X�Xim\u9Qzy�RUces�R>X\u>WUR>XfxURUces�mfVlQ �
sM`SmfVKWUj>X�mfpUW3s�mfW>mfVlX�^
`vs �

#%$���(+4�?
.�;8,@?�4
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A2B �2BECGF�H9I ��IML�NOI
� d>R>QSx�WU��QKmfR>QShKRUcesa}>X\u9XfxaR>X\u>WUR>XfxUR>QSx�d>WUR9`S^%WUpUWZT3hSu>T3XfVlmoT�QKbKQKbS��X	�
RUW>Xen>QSRUT3VKWUT ��" . �!*,��. "&-!�	� " "�R9`wm\u>]Mj9`rx�mfhKT3��`rRURUces�W3u>W�R9`vs�Qzd>T3��W3s�moT
n>Q�dqhKR>Xf[�RUW>^¯hlQS�fd9Xfx>mfVKhKW>X�^)sM`SQSVKWUj>X�mfpUW3s�W�mfVlQzsM`SmfVKWUj>X�mfpUW3s!mfW>mfVlX�^ �
®�RUVK]_WUVKWUhKR>Q T_hSu9XfRUW>X�mfWUR3s3g>QSRUWU��`r}UWUW�n>QSRUW>^
`SXfVlmoT�p_`rp�m�QS�°u/`Sm�QSh�`rRUW>X
gUWUVl^�QShZmfhKT3��`rRURUces!mfW>mfVlX�^¥nUgUW�W3s�hK��`rW>^�Qzd9Xfx>mfVKhKWUW��8£�VlQam�QS�°u/`Sm�QSh�` �
RUW>X�QSnUg>X\d9X\u>TUXfVlm°T¯g9`r�fu>WUjURUc�^%W)pUgUWUVlXfgUWUTU^%W�� � R>QGm�QSnUg>QShlQzy�d/`SXfVlm°T
n>Q�d/`rhSu9XfRUW>X�^qR>XfpMQSVlQSgUces�p_Qru9X�bl`rVlX\u>{KRUcesi^�Q�d �lm�QSpUg9`r��XfRUW>X�^�hlQS�z^�Qzy �
RUcesZnU]_VlXfx�|¨`r�zQShKces�VKg9`SXfpUVlQSgUWUx�h |�`r�zQShlQK^¯nUg>QKmfVKg9`rR>mfVKhlX�W�nUgUWUhlQ �
d>WUV�p ]_^�XfRU{K[�XfRUWU�¥jUW>m\u/`�mfVlXfn>XfR>XfxamfhlQKbKQ�d>c �>R>X�QKb�s�Q�d>W>^%ces dUu>T�QSnUW��
mz`rRUWUT d>WUR9`S^%WUpUWZmfW>mfVlX�^%c��
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9 QKmfR>QShKR>QK^�mf]M��X�mfVKhK]_�«V¡d>h�`�g9`r�fu>WUjURUces¥W>mfVlQSjURUWUp3`¡hlQS��RUWUpUR>Q �
hlXfRUWUTGpMQru9X�bl`rRUWUx�h�nUg>QKmfVlQSx���`r[�]_^Ou9XfRUR>QSxGd>W>m�mfWUn9`rVKWUhKR>QSx¡d>WUR9`S^%W��
pMX �KP"XfgUhKc�^�W>mfVlQSjURUWUp_QK^�hKc�mfVK]Mn9`SXfV"hKRU]_VKg>XfRURUT3T¨d9XfVlXfg>^%WURUWUg>QSh�`rRUR9`rT
d>WUR9`S^%WUp_`�mfW>mfVlX�^%c³W3u>Wap_`rp_QKX	� u>W>bKQ hKR>Xf[�R>X�X¨n>XfgUW>Q�d>WUj>X�mfp_QKX�hlQS�fd9Xfx��
mfVKhKW>X �D9©¤�VlQK^�m\u>]_j9`SX�nUgUW>mf]_VlmfVKhKW>X�[�]_^
`"]M[�WUg�TUXfV¨mfn>XfpUVKg9`vu>{KRUc�X«nUW��
pUW©��`rVK]�sM`r�w��Xf�zQ�W3u>W�`rhKVlQSpMQru9X�bl`rVlX\u>{KR>QS�zQ�d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QS�zQ!n>X	�
gUW>Q�d>WUj>X�mfp_QS�zQ�d>hKWUy�XfRUWUT �>n>QS¤�VlQK^%] QKbSc�jUR>Q�[�]3^©R9`rgU]M[�`SXfV�pMQS�zXfg>XfRUV �
R>QKmfVK{ pMQru9X�bl`rRUWUx�� ��]3^ Vr`rpUy�X�g9`r��gU]_[�`SXfV�mfWUR3s3g>QSRUWU��`r}UWU��dUu>T�d/`rR��
R>QS�zQ�VKWUn9`�mfW>mfVlX�^��znUg>X\d9mfVr`rhKWUVlX\u9X�^�p_QSVlQSg>QS�zQ�T3hSu>TUXfVlm°T��zXfR>Xfg9`rVlQSg#9�`rR
d9Xfg�P"Qru>T �

9eQ�hKVlQSg>QK^¯m\u>]_j9`SX�pMQru9X�bl`rRUWUT�WUR3d>]_}UWUgU]M�wVlm°T�[�]3^�QK^ �$��`rnUgUW>^�Xfg��
^�Qzy�R>Q³g9`Sm�m�^�QSVKg>XfVK{<n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRURU]_� mfW>mfVlX�^%] m Q�d>RUW>^ W3u>W
R>X�mfpMQru>{KpUW>^%W³`rVKVKg9`rpUVlQSg9`S^%W���R9`vs�Q�d>T3��W>^%W>m°T�d>gU]M��QSV©d>gU]M�f`qR9`�p_Q �
R>XfjUR>QK^¬g9`Sm�mfVlQ�T_RUWUW�� ��`rpUW>X�mfW>mfVlX�^%c�R>X�W>^�Xf�wV d9XfVlXfg>^%WURUWUg>QSh�`rRURUces
m�QKbKmfVKhlXfRURUceskj9`SmfVlQSV �9`�VlQru>{Kp_Q�hKg>X�^�XfR9`�g>X\u/`rpMmz`r}UWUW�� <�`rpkW h�nUg>X\d>c
�
d>]_��X�^�m\u>]_j9`SX	��W>mfVlQSjURUWUpUW�[�]_^
`�]lmfW3u>WUh�`r�wV�R>XfnUg>XfgUc�hKRUc�x�mfn>XfpUVKg��
m�QKQSVKhlXfVlmfVKhK]_�«��WUxGg�T_d>]�mfVlQ�sM`SmfVKWUj>X�mfpUW3s©d>hKWUy�XfRUWUx�� � m�QKbKXfRUR>QKmfV�TU^%W
d>WUR9`S^%WUpUWGVr`rpUW3s!mfW>mfVlX�^ T3hSu>T_�wVlm°T!n>Xfg>X\s�Q�d>c j>Xfg>Xf�i¤�R>XfgU�zXfVKWUj>X�mfpUW>X
bl`rgU{lXfgUc��A9�g>X�^%TihlQS��hKg9`rVS`���`rhKW>mfWUV�QSV�]_g>QShKRUT+[�]3^
`��MP�gUW m\u/`SbKQK^Gn>X	�
gUW>Q�d>WUj>X�mfp_QK^�mfWU��R9`vu9Xi¤z|¨|�XfpUV ���)d/`SXfVZ]lmfW3u9XfRUW>X+m\u/`SbKQS�zQZn>XfgUW>Q�d>W��
j>X�mfpMQS�zQ�mfWU��R9`vu/`"nUgUW+QSnUVKW>^
`vu>{KR>QSx+WURUVlXfR>mfWUhKR>QKmfVKW [�]_^
`��Dm�^ ��g9`r�fd9X\u
�������	�5®�RUVK]MWUVKWUhKR>Q��-mfW>mfVlX�^
`inUgUWZQSnUVKW>^
`vu>{KR>QK^�]Mg>QShKR>X�[�]_^
`�d9Qru>y�R9`
d9X�^�QSR>mfVKgUWUg>QSh�`rVK{�mfVlQzsM`SmfVKWUj>X�mfpUW>X�nUg>QS}>X�m�mfc�n>Xfg>Xfp3u>�wj>XfRUWUx��KpMQSVlQSgUc�X
nUg>QSW>m s�Qzd>T3V�mfWUR>|¨`r��R>Qim"mfWU��R9`vu9QK^ �

<�`rp�m�QS�°u/`Smf]lXfVlmoT¡QSnUW>mz`rRUR9`rTGhKc�[�X�p_`rgUVKWUR9`�m�n>QSRUT3VKW>X�^�mfWUR3s3g>Q �
RUWU��`r}UWUW/ ��X�QSgUWUT�u>WUR>XfxUR>QS�zQ�QSVKp3u>WUp_`GR>X�hKR>X�m\u/`!d9QKmfVr`rVlQSjUR>QS�zQ¡n>Q �
RUW>^
`rRUWUT�h!QSVKhlXfVqR9`�¤�VlQSV�hlQSnUg>QKm � � d>R9`rpMQ©mf]M��X�mfVKhK]lXfV�g�T_d d>gU]M��W3s
n>Q�dUs�Qzd9QSh ��p_QSVlQSgUc�X�n>QSp_`r��c�h�`r�wV �MjUVlQ�h"]lm\u9QShKWUT_s�]lmfW3u9XfRUWUT�nUg>QS}>X�m�m�QSh
n>Xfg>Xfp3u>�wj>XfRUWUx�d>gU]_��W>X�d>hKWUy�XfRUWUT¨n>Qzd/`rhSu>T_�wVlm°T � � d>RUW>^aWU��Vr`rpUW3s�n>Qzd �
s�Q�d9QSh�T3hSu>TUXfVlm°T�VlX�QSgUWUT�R>X\u>WUR>XfxUR>QS�zQ�QSVKp3u>WUp_` �3�od9XwmfWU��R9`vukn>Qzd/`rhSu>T3XfV
[�]_^�QShlQSx�nU{lX\d9X�mfVr`vu�����13�\� �l²¨gU]M�zQKX�nUg>QzT3hSu9XfRUW>X�¤z|�|�XfpUVS`"mfWUR3s_g>QSRUWU��` �
}UWUW�QKmfR>QSh�`rR>Q R9`+W>mfn>Qru>{K�zQSh�`rRUWUW!n3u9QSVKR>QKmfVKW�hKg>X�^�XfR�Q�y�W3d/`rRUWUT�����134v�
W�R9`r��c�h�`SXfVlm°T��������	��
� *,%�-���. ��. ��W3u>W��\. ��������� ��" )��^���#��� �����#" $ %���'D" )
*,%�-!�!. ��. ����¦r¢S� ��P�WUp¥R9`Gn>XfgUhKces¬�\`rg>^�QSRUWUp_`vs¥d9QKmfVKWU�\`SXfV ^
`rp_mfW>^%]_^
` �
]3^�XfRU{K[�`rT�hlXfg>QzT3VKR>QKmfVK{�n>Q�T3hSu9XfRUWUT�bKQru9X�X�bSc�mfVKgUces�W�^�X\dUu9XfRURUces�nUg>Q �
}>X�m�m�QSh �
®"m�m\u9X\d9QSh�`rRUWUT �@nUg>QShlQzd>W>^%c�X�hkg9`S^%p_`vs�VlX�QSgUWUW�R>X\u>WUR>XfxURUces�p_Qru9X	�

bl`rRUWUx���mfhKW3d9XfVlX\u>{lmfVKhK]M�wV)Q VlQK^���jUVlQ ¤z|�|�XfpUV ��� m�QSnUg>QShlQzy�d/`SXfVlm°T
mfWUR3s3g>QSRUWU��`r}UW>Xfx����z¦3/ � �z¦�� � ��1K�

�

��1K¦v� � � mfR>QShlQSxiW>m�m\u9X\d9QSh�`rRUWUx T3hSu>T3XfVlmoT
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hKhlX\d9XfRUW>X�^%��R>QShlXfRUR>QSx�|¨`r��c dUu>T�mfVlQzsM`SmfVKWUj>X�mfpUW3s�VKg9`SXfpUVlQSgUWUx��@p_`rp�W
h�m\u>]Mj9`SX�mfWUR3s3g>QSRUWU��`r}UWUWksM`SQKmz`��A��`rp_QKX�QSnUW>mz`rRUW>X"QSVKpUgUc�h�`SXfV�hlQS�z^�Qzy �
R>QKmfVK{�g9`Sm�m�^
`rVKgUWUh�`rVK{�¤z|�|�XfpUV�mfWUR3s3g>QSRUWU��`r}UWUW�p_`rp©T3hSu9XfRUW>X m�QKQSVKR>Q �
[�XfRUWUTa|¨`r��^�Xfy�d>]+hK��`rW>^�Qzd9Xfx>mfVKhK]M�w��W>^%W�mfW>mfVlX�^
`S^%W��

9�d/`rRUR>QK^<g9`r�fd9X\u9X bS]vd9XfV�n>QSp_`r��`rR>Q��%jUVlQ�mfVlQ�sM`SmfVKWUj>X�mfpUW>X�nUg>QS}>X�m	�
mfc�n>Xfg>Xfp3u>�wj>XfRUWUxq^�QS��]_VabSc�VK{ -!��� ����$&%�.
	¡n>XfgUW>Qzd>WUj>X�mfpUW>^%W�mfW3u/`S^%W��
P�gUWUhlQ�d>T3VlmoT�pUgUWUVlXfgUWUW��5^�X\sM`rRUWU�z^%c¥Wa��`rp_QSR>QK^�XfgUR>QKmfVKWZ¤�VlQS�zQi¤z|�|�Xfp��
Vr`�� 9 mfW3u>]�VlQS�zQ��3jUVlQ�d>WUR9`S^%WUp_`�n>Qru>R>QKmfVK{K�³WUR3d>]_}UWUgU]lXfVlm°T d9Xfx>mfVKhK]_� �
��W>^�[�]_^�QK^�WZR>X�g9`r��gU]_[�`SXfVlmoT�h�nUg>X\d9X\u/`vs�bKQru>{K[�QSx�QKbru/`SmfVKWZ��R9`zj>X	�
RUWUxaWURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
` �3¤�VlQSV�¤z|�|¨XfpUV�R9`r��c�h�`r�«V ������� �!���#" $&%���'(�!)
��" . ��* �!. " -!�	� " %�) �

A2B �2B���*¨NOL�� �� 9LON ��) ��N��GN ��(  ��")
��(3N���I�����N�� ��I��� 9L�)UL��
�%`Sm�m�^�QSVKgUW>^�n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRURU]_��bSW>mfVr`SbSW3u>{KRU]_�³mfW>mfVlX�^%]��3p_QSVlQSg9`rT
T3hSu>TUXfVlm°T�bl`r�zQShlQSx�^�Q�d9X\u>{K� h W>m�m\u9X\d9QSh�`rRUWUW ¤z|�|�XfpUVr` ��� �«²�QKbl`rh �
u9XfRUW>X+�\`�]lm�m�QShlmfp_QS�zQ�bKX\u9QS�zQa[�]_^
`kp_`�j>X�mfVKhlXfRUR>Q�^�XfRUTUXfV�mfWUVK]�`r}UWU� n>Q
mfg9`rhKR>XfRUWU� m�Q�m\u>]_j9`SX�^qbKXf�w[�]_^
`��A��VlQ�sM`SmfVKWUj>X�mfp3`rTamfW>mfVlX�^
`�nUgUW>QKbSg>X	�
Vr`SXfV�R>QShK]_� |"WU��WUj>X�mfpU]_� QKm�QKbKXfRUR>QKmfVK{>ªOhZnUgUW>mf]_VlmfVKhKWUWG[�]3^
`�j9`SmfVKW��
}9`�R9`�jUWUR9`SXfV�m�QShlXfgU[�`rVK{�n>Xfg>X�mfp_QSpUW�WU�kQ�d>R>QS�zQ�d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QS�zQ
nUgUWUV�T3��WUh�`r�w��Xf�zQGm�QKmfVlQ�T_RUWUT�h�d>gU]_�zQKXaW�QKbSg9`rVKR>Q � �"X�m�^�QSVKgMT R9`�VlQ��
jUVlQwn>Xfg>X�mfpMQSpUW�nUg>QSW>m°s�Q�d>T3V¨m�QS�ou/`SmfR>Q�nU]�`Sm�m�QSR>QShlmfpMQK^%]�g9`SmfnUg>X\d9X\u9XfRUWU�
hKg>X�^�XfRqQ�y�W3d/`rRUWUT ��¤�VKW�nUg>QS}>X�m�mfc ^�Qzy�R>QZg9`Sm�m�^
`rVKgUWUh�`rVK{Zp3`rpqmfVlQzsM` �
mfVKWUj>X�mfpUW>X¨`rhKVlQSp_Qru9X�bl`rRUWUT �7�8u>]_j9`rxURUc�X�pMQru9X�bl`rRUWUTa�zXfR>XfgUWUgU]_�«VlmoTkn>Q �
mfVlQzT3RUR>QkW�W3sZmfVS`rVKWUj>X�mfpUW>X�mfhlQSx>mfVKh�` hk`SmfW>^%nUVlQSVKWUj>X�mfpMQK^ nUg>X\d9X\u9X�R>X
��`rhKW>m°T3V�QSV�R9`�j9`vu>{KRUcesa]lm\u9QShKWUx��
�
mfVlX�mfVKhlXfRURUc�^¬QKbSg9`r�zQK^�hlQS��RUWUp_`SXfVkhlQSnUg>QKmKª5hlQS�z^�Q�y�R>Qiu>W�mfWUR3s3g>Q �

RUWU�zQSh�`rVK{�m\u>]_j9`rxURUc�X+p_Qru9X�bl`rRUWUTGh�bSW>mfVS`SbSW3u>{KR>QSxGd>WUR9`S^%WUpMXkm+n>QK^�Q �
��{K�<d9QSn>Qru>RUWUVlX\u>{KR>QS�zQk�\`rg>^�QSRUWUj>X�mfp_QS�zQkhlQS�fd9Xfx>mfVKhKWUT9 �
m\u>W�d/` �>VlQ+h
j>X�^�m�QKmfVlQ�T_V�QKm�QKbKXfRUR>QKmfVKW�¤�VlQS�zQ�¤z|¨|�XfpUVr`l
� �ON 	 �%N���I�LON�I )UL�)��%N�(3N��OI����  � �lN�KL�)�� ) ��� � ��I ��I ��I � ��'aN �� 	
H$)ULOL� �  $� ��N�� � � (  ��)�� ��) �wI�����)-B ²�u>T�QSVKhlXfVlQSh�R9`wn>QKmfVr`rhSu9XfRURUc�X
hKc�[�X hlQSnUg>QKmfc WGd9QSp_`r��`rVlX\u>{lmfVKh�`!mf]M��X�mfVKhlQSh�`rRUWUT�mfWUR3s_g>QSRUWU��`r}UWUW h
mfVlQ�sM`SmfVKWUj>X�mfpUW3s QKmf}UW3uUu>T3VlQSg9`vsim�n>XfgUW>Q�d>WUj>X�mfpUW>^©hlQS�fd9Xfx>mfVKhKW>X�^©QKbSg9` �
VKW>^�m°T�mfR>QSh�`�p�n>Xfg>X\d9X�^%n>|�WUg>QSh�`rRUR>QK^%]�QKmf}UW3uUu>T3VlQSgU]]<�g9`S^�Xfg>mz`�W¨nUgUW��
^�XfRUW>^�nUgUW>bru>WUy�XfRUW>X�`rR9`vu>WUVKWUj>X�mfp_QS�zQ�mfWU��R9`vu/` �9QSnUW>mz`rRUR>QKX�h��°u/`rhlX+� �

��VlQ�sM`SmfVKWUj>X�mfpUW>XZd>W>|�|¨Xfg>XfRU}UW9`vu>{KRUc�Xa]_g9`rhKR>XfRUWUT ���
² 6"���8QSnUW>mfc
�
h�`r�w��W>X�d/`rRURU]_�<^�Q�d9X\u>{ �>W>^�Xf�wV�hKW3d�ª

ẋ = αx− βx3 +
√

2D ξ(t) +A cos(Ωt+ ϕ0).
� ������4r¢M�
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��W>mfVlX�^
`�� ������4r¢M��R>X8W>^�X�XfV"m�QKbKmfVKhlXfRUR>QSx�d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QSx+j9`SmfVlQSVKc �
X�X�mfn>XfpUVKg��Eh�QSVlmf]_VlmfVKhKW>X�^�Q�d>]vu>T3}UWUW/�OnUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSx�u9QSg>XfRU}UW9`rR��
V � X �OT3hSu>TUXfVlm°T©mfn3u9QS[�RUc�^ �?9�VlQZy�X+hKg>X�^%TqmfW>mfVlX�^
`�sM`rg9`rpUVlXfgUWU��]lXfVlm°T
]_nUg9`rhSu>T3X�^%c�^³[�]_^�QK^¥hKg>X�^�XfRURUc�^<^
`Smf[�VS`SbKQK^

�

mfg>X\d>RUW>^¥hKg>X�^�XfR>X�^
hKces�Q�d/`wWU�en>QSVlXfRU}UW9`vu>{KR>QSx�TU^%c �rpMQSVlQSg>QK^%]�hwj9`SmfVlQSVKR>QSxiQKbru/`SmfVKW�QSVKhlX	�
j9`SXfV«mfg>X\d>RUT3T�j9`SmfVlQSVr`�n>Xfg>Xfp3u>�«j>XfRUWUx��rP"XfgUW>Q�d>WUj>X�mfpUWUx�mfWU��R9`vu�`S^%n3u>W��
VK]vd>c

A
n>Q�QSVKR>QS[�XfRUWU�)p�bSW>mfVr`SbSW3u>{KR>QK^%] QKmf}UW3uUu>T3VlQSgU]inUg>X\d9mfVr`rhSu>TUXfV

m�QKbKQSx�p3`rpZbSc)hKR>Xf[�RUW>X+Y\j9`Smfc¨Yfm¨j9`SmfVlQSVlQSx
Ω
WaR9`zj9`vu>{KR>QSx�|�`r�zQSx

ϕ0
�

� ²�`vu9X�X nUg>QSWU��hlQ�d>W3u9QKmf{!]lmfg>X\d>R>XfRUW>X n>Q�g9`rhKR>QK^�XfgUR>Q�g9`SmfnUg>X\d9X\u9XfRUR>QSx
|¨`r�zX

ϕ0
� �

��]�d9X�^�n>Qru/`r�f`rVK{ �SjUVlQ«h �
² 6 � ������4r¢M�
α, β > 0, ϕ0 = 0

W�`S^%n3u>WUVK]�d/`
^�Q�d>]vu>T3}UWUW

A
T3hSu>TUXfVlm°Ti^
`vu9QSx���Vr`rpijUVlQ�h¨QSVlmf]MVlmfVKhKW>X«[�]_^
`wnUg>QS}>X�m�mfc

n>Xfg>Xfp3u>�wj>XfRUWUx)R>X�nUg>QSW>m s�Q�d>T3V ���eQru9X�X�VlQS�zQ���n>Qru/`r�\`SX�^���jUVlQ©j9`SmfVlQSVr`
^�Q�d>]vu>T3}UWUW ^
`vu/`©n>Q�mfg9`rhKR>XfRUWU� m�Q�mfpMQSg>QKmfVK{K� g>X\u/`rp_mz`r}UWUW¥hKRU]_VKgUW
TU^ �

9�hlX\d9X�^�hwg9`Sm�m�^�QSVKg>XfRUW>X�`rR9`vu>WUVKWUj>X�mfpUWUx�mfWU��R9`vu
w(t) = x(t)+iy(t)

�
�°d9X

y(t) �

nUg>X�QKbSg9`r�zQSh�`rRUW>X �2W3u>{lbKXfgUVS`�W>m°s�Q�d>R>QS�zQ+nUg>QS}>X�m�mz`
x(t)

ª

y(t) = H[x] =
1

π

∫ ∞

−∞

x(τ)

t− τ dτ =
1

π

∫ ∞

0

x(t− τ)− x(t+ τ)

τ
dτ.

� ������4K¦l�
§Z��R>QShlXfRURUc�X�`S^%n3u>WUVK]�d/`�W�|¨`r��`¡nUg>QS}>X�m�mz`¯QSnUg>X\d9X\u>T3�«VlmoT�m�QKQSVKhlXfV �
mfVKhlXfRUR>Q�p_`rp�`SbKm�Qru>�«VKR>QKX���R9`zj>XfRUW>X+W�`rgU��]3^�XfRUVZp_QK^%n3u9XfpMmfR>QSx¡|"]_RUp��
}UWUW

w(t)
ª

w(t) = R(t) exp[iΦ(t)].
� ������43/l�

P�gUW>^�XfRUT3T!p_QSRU}>XfnU}UWU��`rR9`vu>WUVKWUj>X�mfpMQS�zQ�mfWU��R9`vu/`�p�� ������4r¢M����n>Qru>]_jUW>^
m\u9X\d>]_�«��X�X �
² 6 dUu>T�`rR9`vu>WUVKWUj>X�mfpMQS�zQ�mfWU��R9`vu/`

w(t)
ª

ẇ = αw − β

4
(3R2 w + w3) + ψ(t) +A exp(iΩt),

� ������4��K�

�°d9X
ψ(t) = ξ(t) + i η(t) �

`rR9`vu>WUVKWUj>X�mfpUWUxa[�]_^��
η(t) �

nUg>X�QKbSg9`r�zQSh�`rRUW>X
�2W3u>{lbKXfgUVS`ZQSV

ξ(t)
��®���]_g9`rhKR>XfRUWUT � ������4��K�wu9Xf��p_Qa��`rnUW>mz`rVK{ �
² 6 dUu>T

^%��R>QShlXfRURUcesZ`S^%n3u>WUVK]vd>c¥Wa|¨`r��c�ª

Ṙ = αR− β

2
R3 [1 + cos2(φ+Ωt)] +A cosφ+ ξ1(t),

φ̇ = −Ω − A

R
sinφ− β

4
R2 sin[2(φ+Ωt)] +

1

R
ξ2(t),

� ������431l�

�°d9X
φ(t) = Φ(t) − Ω t

X�mfVK{�^%��R>QShlXfRUR9`rT�g9`r��R>QKmfVK{�|¨`r����®"mfVlQSjURUWUpUW
[�]_^
`

ξ1,2(t)
QSnUg>X\d9X\u>T3�wVlm°T�m\u9X\d>]_�w��W>^%WahKc�g9`ry�XfRUWUTU^%W@ª
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�

ξ1(t) = ξ(t) cosΦ+ η(t) sinΦ,

ξ2(t) = η(t) cosΦ− ξ(t) sinΦ.
� ������432l�

9�VlQSg>QKX ]Mg9`rhKR>XfRUW>Xah¡� ������431l���
QSnUW>mfc�h�`r�«��X�Xk¤�hlQru>�w}UWU� g9`r��R>QKmfVKW
|¨`r���_m s�Qzd>R>Q�n>Q�mfVKgU]_pUVK]_g>Xwmwm�QKQSVKhlXfVlmfVKhK]_�«��W>^©]Mg9`rhKR>XfRUW>X�^©dUu>T�mfWUR��
s3g>QSRUWU�zQSh�`rRUR>QS�zQ��zXfR>Xfg9`rVlQSg9``9�`rR"d9Xfg¨P"Qru>T�m�[�]_^�QK^q� � �043/31l�	� � Vzu>WUjUW>X
��`rp3u>�wj9`SXfVlm°T�h�VlQK^��9jUVlQih�¤�VlQK^ ]Mg9`rhKR>XfRUWUW��5X�mfVlX�mfVKhlXfRUR>Q��/QSVlmf]_VlmfVKhK] �
XfV¨j3u9XfR��_QSVKg9`ry�`r�w��WUx+R9`vu>WUjUW>X«g9`Sm�mfVKg>QSxUpUW+n>Q¨j9`SmfVlQSVlX � 9e^�X�mfVlQ¨R>Xf�zQ
nUgUW>mf]_VlmfVKhK]lXfVZVlQru>{Kp_Qaj3u9XfR

Ω
��£�VlQkT3hSu>TUXfVlm°TqXf��X�Qzd>RUW>^¥|¨`rpUVlQSg>QK^��

mfhKW3d9XfVlX\u>{lmfVKhK]_�«��W>^¡QKb�QSVlmf]_VlmfVKhKWUW d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QS�zQihKg>X�^�XfRUR>Q �
�zQ�^
`Smf[�Vr`Sbl`�h�mfW>mfVlX�^�X �`��QKQSVKhlXfVlmfVKhK]M�w��`rT)pMQK^%n>QSR>XfRUVS`�hKg9`r��XfRUWUT
m�Q�d9XfgMy�WUVlm°Tkhk� ������431l�8R>XfT_hKRUc�^GQKbSg9`r�zQK^©W�nUg>QzT3hSu>TUXfVlm°T n>QKm\u9XwnUg>QS}>X	�
d>]_gUc)]lmfg>X\d>R>XfRUWUT �
� ) �� 9H$) � ��N�L � �� /L�N���) �ON � � �� ��OI����� 9H �OI��OI���� � �OI�LON � ��I ��N� ��N 	
�OI����ON � �lN KL�)��  ���B 52`rhKW>mfW>^�QKmfVK{�g9`r��R>QKmfVKW�|¨`r�eQSV�hKg>X�^�XfRUW��ShKc�jUW>m	�
u9XfRUR9`rTih�g9`S^%p_`vsip_QSRU}>XfnU}UWUW�`rR9`vu>WUVKWUj>X�mfpMQS�zQ�mfWU��R9`vu/` �MnUg>X\d9mfVr`rhSu9XfR9`
R9`�gUW>m �����04r¢�`�dUu>T�g9`r�fu>WUjURUces���R9`�j>XfRUWUx�WURUVlXfR>mfWUhKR>QKmfVKW [�]3^
`�� ��` �
p3u9QSR�pUgUWUhKces¨d/`SXfV"g9`r��R>QKmfVK{"^�Xfy�d>]�^%��R>QShlXfRUR>QSxij9`SmfVlQSVlQSx�nUg>QS}>X�m�mz`

xW
Ω
�(9�W3d>R>Q��KjUVlQ�mf]_��X�mfVKhK]lXfV�QSnUVKW>^
`vu>{KRUc�x�]Mg>QShlXfRU{�[�]3^
` �KnUgUW�pMQSVlQ �

g>QK^�g9`r��R>QKmfVK{i|�`r�"g9`rhKR9`�RU]�u>� �A<�g>QK^�X"¤�VlQS�zQ��3dUu>T�d/`rRUR>QSxaWURUVlXfR>mfWUh �
R>QKmfVKW�[�]3^
`�Wa��`vd/`rRUR>QSx�`S^%n3u>WUVK]vd>c¥hlQS�fd9Xfx>mfVKhKWUT�|�`r��`�QSp_`r��c�h�`SXfVlm°T
��`vs3h�`�j>XfRUR>QSx�h�VlXfj>XfRUW>X�hKg>X�^�XfRUWaR9`Sbru>�ed9XfRUWUT �

� VKp3u9QSR>XfRUWUT�QSV"QSnUVKW>^
`vu>{KR>QS�zQ�]Mg>QShKRUT�[�]3^
`�nUgUWUhlQ�d>T3V"p�g9`r��R>QKmfVKW
|¨`r�+Wqn>Q�T_hSu9XfRUWU��m�bKQKXfh�|�`r���@jUVlQZhlX\d9XfVZp©n>QKmfVlQzT3RUR>QK^%]qQSV�u>WUjUR>QK^%]
QSVaRU]vu>T�R9`rp3u9QSRU]���`rhKW>mfW>^�QKmfVlXfx

Φ(t)
� 52`rhKW>mfW>^�QKmfVKWqmfg>X\d>RUW3s�j9`SmfVlQSV �

QSnUg>X\d9X\u>TUX�^%ces�n>Q�|¨QSg>^%]�u9X 〈ω〉 = limT→∞
1
T

∫ T
0

d Φ(t)
dt dt

�OQSV�WURUVlXfR��
mfWUhKR>QKmfVKW©[�]3^
` nUgUWUhlX\d9XfRUc R9`kgUW>m �����04r¢lbadUu>T�g9`r�fu>WUjURUces!��R9`�j>XfRUWUx
`S^%n3u>WUVK]vd>c�mfWU��R9`vu/`

A
�-P�g>X\d9mfVr`rhSu9XfRURUc�Xig>Xf��]�u>{vVr`rVKc�R9`r�ou>TMd>R>QkmfhKW��

d9XfVlX\u>{lmfVKhK]_�«V�QKb�¤z|�|�XfpUVlX���`vs_h�`rVlX"mfg>X\d>R>Xfx j9`SmfVlQSVKc¬hKces�Qzd>R>QS�zQ�mfWU� �
R9`vu/` 〈ω〉 nUgUW�R>Xfp_QSVlQSg>QK^)QSnUVKW>^
`vu>{KR>QK^¬]_g>QShKR>X�[�]3^
`��-£�VlQSVk¤z|�|¨XfpUVbSceu hKn>XfgUhKc�X�]lmfVS`rR>QShSu9XfRkh¨g9`SbKQSVlX�����1r¢S�/dUu>Tim\u>]_j9`rTimfVlQzsM`SmfVKWUj>X�mfpMQS�zQ
VKgUWU���zXfg9` � ^%WUVKVr`��Dm�^ �>g9`r�fd9X\u����04����l�	�

��W>mf]_R>QSp¯���04r¢lb!W3uUu>�wmfVKgUWUgU]lXfVGp3`rp R9`vu>WUjUW>XZn>QSg>QS�\`qmfWUR3s_g>QSRUWU��` �
}UWUW��5Vr`rp�W�g9`Smf[�WUg>XfRUW>X�QKbru/`SmfVKW�mfWUR3s3g>QSRUWU��`r}UWUW�m¨g>QKmfVlQK^¬`S^%n3u>WUVK] �
d>c ^�Qzd>]�u>T3}UWUW��,9¬QSVlmf]MVlmfVKhKW>X¨hlQS�fd9Xfx>mfVKhKWUT©�

A = 0
��mfg>X\d>RUT_T�j9`SmfVlQSVr`

^�QSR>QSVlQSRUR>Qkg9`SmfVlXfVahkm�QKQSVKhlXfVlmfVKhKWUW!m���`rp_QSR>QK^ <�g9`S^�Xfg>mz`���P�gUW ��R9` �
j>XfRUWUW

A ≥ 1
R9`k��g9`S|�WUpMX+��`rhKW>mfW>^�QKmfVKW 〈ω〉 QSV D n>QzT3hSu>TUXfVlm°TGm\u/`SbKQ

��`S^�XfVKRUc�x�WU����W>b � nUgUW A = 2
mfVS`rR>QShKWUVlm°T�j>XfVKpMQ+��`S^�XfVKR>QSx�Y\n>Qru9QSjUp_`UY �
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�°d9X 〈ω〉 R>Xw��`rhKW>mfWUV�QSV D ��²�`vu>{KR>XfxU[�WUxkg>QKmfV�`S^%n3u>WUVK]vd>c
A = 3

hlX\d9XfV
pag9`Smf[�WUg>XfRUWU�<�zQSRUc¥mfWUR3s_g>QSRUWU��`r}UWUW©����1r¢ �o��1K¦v� �

<�`rpkn>QSp_`r��c�h�`vu9QKmf{+hKc�[�X	�Um�QShKn9`vd9XfRUW>X�j9`SmfVlQSV�m�QSnUg>QShlQzy�d/`SXfVlm°TZn>Q
pUg9`rxUR>Xfx�^�Xfg>Xe^
`vu>c�^ZjUW>m\u9QK^�m�bKQKXfh�|¨`r���rP"QS¤�VlQK^%]�R9`rg�T_d>]�m���`vs3h�`rVlQK^
mfg>X\d>R>Xfx�j9`SmfVlQSVKc³|�u>]_pUVK]�`r}UWUW�g9`r��R>QKmfVKW�|¨`r��mfVS`rR>QShKT_VlmoT�^%WURUW>^
`vu>{ �
RUc�^%W��(9Gm�QKQSVKhlXfVlmfVKhKWUW+mehKhlX\d9XfRURUc�^qQSnUg>X\d9X\u9XfRUW>X�^ �Dm�^ �Kg9`r�fd9X\u�� ������¦l�
^�Qzy�R>Q�mfp_`r��`rVK{ �5jUVlQinUg>QS}>X�m�m

x
¤z|�|�XfpUVKWUhKR>Q�mfWUR3s3g>QSRUWU�zQSh�`rR�m�hKR>Xf[ �

R>Xfxan>XfgUW>Qzd>WUj>X�mfpMQSx�mfW3u9QSx��
��Xfn>XfgU{�R>X�QKbzs�Q�d>W>^�Q�g9`Sm�mfjUWUVr`rVK{"p_QS¤z|�|"WU}UW>XfRUVw¤z|�|�XfpUVKWUhKR>QSx¨d>W>| �

|"]_��WUW@ª

Deff =
1

2

d

dt

[

〈φ2(t)〉 − 〈φ(t)〉2
]

.
� �����z���l�

<�`rp�]My�X�QKbKmf]_y�d/`vu9QKmf{ hi�°u/`rhlX �	�
Deff

QSVKhlXfj9`SXfV���`ip_`zj>X�mfVKhlQ mfWUR��
s3g>QSRUWU��`r}UWUW@ª�j>X�^ ^�XfRU{K[�X�p_QS¤z|�|"WU}UW>XfRUV¡¤z|¨|�XfpUVKWUhKR>QSx¬d>W>|�|"]_��WUW��
VlX�^¬bKQru>{K[�X�nUg>Qzd9Qru>y�WUVlX\u>{KR>QKmfVK{ZWURUVlXfgUh�`vu9QSh�hKg>X�^�XfRUW���`vs_h�`rVS` |¨`r���
�OXf��]�u>{vVr`rVKc�jUW>m\u9XfRURUces�hKc�jUW>m\u9XfRUWUx+nUg>X\d9mfVr`rhSu9XfRUc R9`wgUW>m �l���04K¦��3<�`rp
hKW3d>R>Q�WU�¨��g9`S|"WUpMQSh �/m"g>QKmfVlQK^¡`S^%n3u>WUVK]vd>c¥hlQS�fd9Xfx>mfVKhKWUT���`rhKW>mfW>^�QKmfVKW
Deff

QSV�WURUVlXfR>mfWUhKR>QKmfVKWZ[�]3^
`�hlm�X�bKQru9X�X�j>XfVKp_Q�d9X�^�QSR>mfVKgUWUgU]_�«V+R9`vu>W��
jUW>X�^%WURUW>^%]3^
`��D<"Qru>WUj>X�mfVKhlXfRURUc�X«��R9`�j>XfRUWUT

Deff
h�QKbru/`SmfVKW+mfWUR3s3g>QSRUW��

��`r}UWUW+mfhKW3d9XfVlX\u>{lmfVKhK]_�wV�Q"VlQK^���jUVlQ"¤z|�|�XfpUV¨��`vs_h�`rVS`"j9`SmfVlQSVKc¡W+|¨`r��c
W>^�X�XfV�^�X�mfVlQ�R9`�hKg>X�^�XfR9`vs �3nUg>XfhKc�[�`r�w��W3s n>XfgUW>Q�dahKR>Xf[�R>XfxamfW3u>c)bKQ �
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�
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SUT�� � ���� ����N������ ��V 	 N � �K��� � �!Q ��������� � T�� V ��JN ���OQ�� � ���! � ���������
� � � V P
α = 5

W
β = 1

W
Ω0 = 0.01 �

� � ��� �

u9X�X�j>X�^¬h
103 g9`r���X��`rpUW>^ QKbSg9`r�zQK^��@R9`vu>WUjUW>Xi¤z|�|�XfpUVKWUhKR>QSx�mfWUR3s3g>Q �

RUWU��`r}UWUW�R9`�QKmfR>QShKR>QK^�VlQSR>X�]lmfVr`rR>QShSu9XfR>Q+dUu>TZmfVS`rR3d/`rgUVKR>QS�zQ nUgUW>^�Xfg9`
��� �3£�VlQSV�¤z|�|�XfpUV�nUg>Q�T3hSu>T3XfVlmoT+h���`vs_h�`rVlX«mfg>X\d>R>Xfx+j9`SmfVlQSVKc�hKR>Xf[�RUW>^
mfWU��R9`vu9QK^ W!^%WURUW>^%WU��`r}UWUWGpMQS¤z|�|"WU}UW>XfRUVS`kd>W>|¨|"]M��WUW��79�`ry�R>QZQSVl^�X	�
VKWUVK{ �3jUVlQ�d9QKbl`rhSu9XfRUW>X�[�]3^
`¨h�mfW>mfVlX�^%]+nUgUWUhlQ�d>WUV�p ]_n>QSg�T_d9QSjUWUh�`rRUWU�
X�X�|¨`r�zQShlQSx!d>WUR9`S^%WUpUW@ª%]_hlX\u>WUj>XfRUW>X�WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`khKc���c�h�`SXfV
]3^�XfRU{K[�XfRUW>X�d>W>|�|"]_��WUW�g9`r��R>QKmfVKW�|¨`r���
����N���)ULON�I %�'!'aI���(�) �lNOL � �� /L�N���) �ON � H � �ON�	
��N ��I�LONON ��H�� � �� 	
��(  ���L�N���B 9�c�g9`ry�XfRUWUTadUu>Tk��`rhKW>moT_��W3s�QSV�hKg>X�^�XfRUW�mfpMQSg>QKmfVlXfx�� �����K���
hk^�Q�d9X\u>W�d>hK]MsZm�QKmfVlQzT3RUWUx��-W>mfn>Qru>{K�zQSh�`rRUR>QSx©§�`rp ��`S^
`rg>QSx�W 9eXfxU�zXfR��
|�X\u>{Sd9QK^ �0/3�\���l^�Qzy�R>Q�n>Xfg>XfnUW>mz`rVK{ ��jUVlQKbSc n>QSp_`r��`rVK{�W3s�T3hKRU]_�¯��`rhKW>mfW��
^�QKmfVK{ QSVig9`r��R>QKmfVKW�|¨`r�

φ(t)
^�Xfy�d>]a|¨`r�zQSxad>W3s�QSVlQK^%WUj>X�mfp_QS�zQ hKces�Q�d �

R>QS�zQ�mfWU��R9`vu/`
Φout(t) = N(t)π

W+|�`r�zQSxihSs�Q�d>R>QS�zQ�mfWU��R9`vu/`
Φin(t) = Ωt

φ(t) = Φout(t)− Φin(t).
� �����z�3���

��`rp�p_`rp¨|�`r��`ehKces�Q�d>R>QS�zQ«mfWU��R9`vu/`
Φout

nUgUWURUW>^
`SXfV«��R9`�j>XfRUWUT �vpUg9`rVKRUc�X
π
�UVlQ�n>QKm\u9X"nUgUW>^�XfR>XfRUWUTaVKgUWU�zQSR>QK^�XfVKgUWUj>X�mfp_QSx�VlX�QSg>X�^%c �Un>Qru>]_j9`SX�^

cos(Φout) cos(Φin) =
1

2
[cos(φ) + cos(2Φout − φ)] = cos(φ).

� �����z�34l�

��`rpUW>^¬QKbSg9`r�zQK^��2dUu>Tad>WUR9`S^%WUpUW�d>hK]MsZm�QKmfVlQzT3RUWUx¡� �����K���wmfp_QSg>QKmfVKW�n>X	�
g>Xfp3u>�wj>XfRUWUx)R9`qhKces�Q�d9X�hG��`rhKW>mfW>^�QKmfVKW)QSVGg9`r��R>QKmfVKW¥|¨`r�

φ
W>^�Xf�wV

hKW3dq���z¦����'ª

W out
φ (t) = rK(D) exp

(

−A
D

cos[φ(t)]

)

,
� �����z�K�l�
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�°d9X
A �

`S^%n3u>WUVK]vd/`�mfWU��R9`vu/`�R9`�hSs�Q�d9X �
��]�d9X�^ mfjUWUVS`rVK{ ��jUVlQ�R9`©hSs�Q�d VS`rpUy�X!n>Q�d/`r�wVlm°T¬d>W3s�QSVlQK^%WUj>X�mfpUW>X

mfWU��R9`vu>c���£�VlQqQS��g9`rRUWUj>XfRUW>X�QSnUg>X\d9X\u>TUXfVGmfW>mfVlX�^%]¡m
2 × 2

m�QKmfVlQzT3RUW��
TU^%W�� m�^ �-� ���������K�'���3X�m\u>W g9`r��R>QKmfVK{�|�`r��n>Qru/`r�\`SXfVlmoT g9`rhKR>QSx

mod(2π)
�&9

d/`rRUR>QK^¡m\u>]_j9`SX�|¨`r��`�nUg>X\d9mfVS`rhSu>TUXfV+m�QKbKQSx�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{

φ(t) = k(t)π,
� �����z�r¢M�

`
k(t)

QSnUg>X\d9X\u>TUXfVlm°T¡nUg>QKmfVKc�^ ^
`rgUpMQShlmfpUW>^�nUg>QS}>X�m�m�QK^�g>Qzy�d9XfRUWUT¡W
��W>bKX\u>W��

k → k + 1 �

n>Xfg>Xfp3u>�«j>XfRUWUT�R9`+hKces�Q�d9X�W
k → k − 1 �

WU�z^�X	�
R>XfRUWUTiR9`¨hSs�Q�d9X�m�QKQSVKhlXfVlmfVKhlXfRUR>Q � � bKQS��R9`zjUW>^Gj>Xfg>Xf�

pk(t)
hlXfg>QzT3VKR>QKmfVK{

R9`Sbru>�ed9XfRUWUT�g9`r��R>QKmfVKWi|�`r�
kπ
h�^�QK^�XfRUV�hKg>X�^�XfRUW

t
�EnUgUW�]lm\u9QShKWUW��ljUVlQ

φ0 = 0
nUgUW

t0 = 0
�	�

��VlQ�sM`SmfVKWUj>X�mfp3`rT�d>WUR9`S^%WUp3`!QSnUW>mfc�h�`SXfVlmoT¡m\u9X\d>]M�w��W>^�]MnUg9`rhSu>T3� �
��W>^�]Mg9`rhKR>XfRUW>X�^�ª

∂pk(t)

∂t
= W in

k+1 pk+1 −W in
k pk +W out

k−1pk−1 −W out
k pk.

� �����z�K¦l�

9�ces�Q�d>R>QSx�mfWU��R9`vuZW��/m�QKQSVKhlXfVlmfVKhlXfRUR>Q��-hSs�Q�d>R>QSx��/W>^�Xf�«V+n>Q�d>h�`im�QKmfVlQ �
T3RUWUT �_²�u>TkWU�z^�XfR>XfRUWUx�R9`�hKces�Qzd9X�W>^�X�X�^�d>hlX�j9`SmfVlQSVKc n>Xfg>X\s�Q�d9QSh��EhlX	�
g>QzT3VKR>QKmfVKW�n>Xfg>X\s�Q�d9QSh+��`�X\d>WURUWU}U]khKg>X�^�XfRUW/���U��`rhKW>m°T3��W>X¨QSV�[�]_^
`3ª

W out
k ������� = a1 = rK(D) exp

(

−A
D

)

, W out
k ���	� = a2 = rK(D) exp

(

A

D

)

,
� �����z�3/l�

pMQSVlQSgUc�X�m�QKQSVKhlXfVlmfVKhK]_�«V©mfWUR3s_g>QSRURUc�^ W `SmfWUR3s_g>QSRURUc�^ n>Xfg>X\s�Q�d/`S^�h
mfW3u>] n>Xfg>Xfp3u>�«j>XfRUWUxZR9`�hKces�Q�d9X

k → k + 1
�

P"XfgUhKc�X�d>h�` m\u/`r�f`SX�^%ces!hknUg9`rhlQSx!j9`SmfVKW!]Mg9`rhKR>XfRUWUT � �����z�K¦l�"m�QKQSV �
hlXfVlmfVKhK]_�«V

k
�/WU�z^�XfRUT_�w��X�^%]lm°T�h QKbSg9`rVKR>QK^¯n>QSg�T_d>pMX	�2nUgUW�WU�z^�XfR>XfRUWUW

hSs�Q�d>R>QS�zQ+mfWU��R9`vu/`�WkR>X"��`rhKW>moT3ViQSV
k
�A9¯m\u>]Mj9`SX�d>W3s�QSVlQK^%WUj>X�mfp_QS�zQ�n>X	�

gUW>Q�d>WUj>X�mfp_QS�zQ�hlQS�fd9Xfx>mfVKhKWUTaW>^�X�X�^

WDPP
k (t, ϕ0) = π

∞
∑

n=−∞
δ

(

t− nπ + ϕ0

Ω

)

.
� �����z���K�

�"X�mfVr`r}UW>QSR9`rgUR9`rTij9`SmfVlQSVr`�n>Xfg>X\s�Qzd/`wT_hKR>Qw��`rhKW>mfWUV�QSV�R9`�j9`vu>{KR>QSx+|¨`r��c
mfWU��R9`vu/`

ϕ0
�36
mfg>X\d>R>XfRUW>X�n>Q"R9`�j9`vu>{KR>QSx |¨`r�zXeh�WUVlQS�zX�d/`SXfV�mfVr`r}UW>QSR9`rg��

RUc�xanUg>QS}>X�m�m	�9W>^�Xf�«��WUxaj9`SmfVlQSVK] n>Xfg>X\s�Q�d/`

〈WDPP
k 〉ϕ0

=
1

2π

2π
∫

0

WDPP
± (t, ϕ0) dϕ0 = Ω .

� �����z�31l�
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P"Q�d9QKbSR>QKX�QSnUg>X\d9X\u9XfRUW>X«j9`SmfVlQSVKc¡n>Xfg>X\s�Qzd9QSh�nUgUW>^�XfRUW>^�Q�W�dUu>Tim\u>]_j9`rT
`rn>XfgUW>Q�d>WUj>X�mfp_QS�zQ�hlQS�fd9Xfx>mfVKhKWUTih¨hKW3d9X�d>W3s�QSVlQK^%WUj>X�mfpMQS�zQ�^
`rgUp_QShlmfpMQS�zQ
nUg>QS}>X�m�mz`�� � bKQS��R9`�jUWUhwj>Xfg>Xf�

γ
hlX\u>WUjUWURU]��rQKbSg9`rVKRU]M��mfg>X\d>R>X�^%]�hKg>X�^�XfRUW

τ
�K��`�p_QSVlQSg>QKX�nUg>QSW>m°s�Q�d>WUV�Q�d>R>Q¨WU�z^�XfR>XfRUW>X�mfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ�hSs�Q�d>R>QS�zQ
mfWU��R9`vu/` �>��`rnUWU[�X�^�hKc�g9`ry�XfRUW>X�dUu>Tkmfg>X\d>R>Xfx�]_�°u9QShlQSxZmfpMQSg>QKmfVKW@ª

WDMP
k =

2π

2τ
= πγ.

� �����z�32l�
� bKX�mfVr`r}UW>QSR9`rgURUc�X�mfpMQSg>QKmfVKW¯T3hSu>T3�«VlmoT¡n>QKmfVlQ�T_RURUc�^%W¬hlX\u>WUjUWUR9`S^%W��
jUVlQ�n>QS��hlQru>TUXfV�nUg>QShlX�mfVKW�QKbS��WUx�`rR9`vu>WU�wW3s�mfg>X\d>R>Xfx+j9`SmfVlQSVKc��_®"mfp3u>� �
j>XfRUW>X�^�T3hSu>TUXfVlm°T hKc�jUW>m\u9XfRUW>X�p_QS¤z|�|"WU}UW>XfRUVS`�¤z|�|�XfpUVKWUhKR>QSx�d>W>|�|"] �
��WUWq|�`r���2Vr`rpqp_`rp©hKVlQSgUc�Xi^�QK^�XfRUVKc�dUu>T�d>W3s�QSVlQK^%WUj>X�mfpMQS�zQ�n>XfgUW>Q�d>W��
j>X�mfpMQS�zQ+nUg>QS}>X�m�mz`�� ²�P"P¨��Wkd>W3s�QSVlQK^%WUj>X�mfp_QS�zQk^
`rgUpMQShlmfp_QS�zQ nUg>QS}>X�m�mz`
� ²�§�P¨��g9`r�fu>WUj9`r�«VlmoTkd/`ry�X¨h�mfVr`r}UW>QSR9`rgUR>QK^ nUg>X\d9X\u9Xi���z¦���� �

� L � � �ON �� /H$)ULOL�#�� � � �� �� ��) �@H")
( ��)
��(  "( # B ®���]_g9`rhSu>T3�«��Xf�zQ
]_g9`rhKR>XfRUWUTq� �����z�K¦l�e^�Qzy�R>QihKc�jUW>m\u>WUVK{+mfg>X\d>RU�w�<j9`SmfVlQSVK] 〈φ̇〉

〈 d

dt
φ〉 = −〈ωin〉+ 〈ωout〉 = −〈ωin〉+

π

2
(a1 + a2)−

π

2
(a2 − a1) 〈cos(φ)〉 ,� �����f¢��l�

�°d9X 〈ωin〉 = γπ
dUu>T�²�§�P<W 〈〈ωin〉〉ϕ0

= Ω
dUu>T+²�P"P �

6wg9`rhKR>XfRUW>X�� �����f¢��l��`rR9`vu9QS��WUjUR>Q¨]lmfg>X\d>R>XfRUR>QK^%]�]_g9`rhKR>XfRUWU� ��dUu9Xfg9`
� � �043/31l�	��P�gUW¬mfg9`rhKR>XfRUWUW)¤�VKW3s d>hK]�s�]Mg9`rhKR>XfRUWUx)^�Q�y�R>QGhKW3d9XfVK{ ��jUVlQ
g9`r��RUWU}9`�j9`SmfVlQSV+m�QKQSVKhlXfVlmfVKhK]lXfV+hlX\u>WUjUWUR>X

∆ = π
a1 + a2

2
− 〈ωin〉,

� �����f¢>���

VlQS�°d/`�p_`rpkg9`r��R>QKmfVK{
π(a2 − a1)/2

X�mfVK{�`rR9`vu9QS�"n9`rg9`S^�XfVKg9`�R>X\u>WUR>XfxUR>Q �
mfVKW

µ
� � Vl^�XfVKW>^��rjUVlQ�QKbl`«n9`rg9`S^�XfVKg9`���`rhKW>moT3V�QSV«[�]_^
` �vjUVlQ�QKb��2TUmfRUT3XfV

VlQSV�|¨`rpUV �2jUVlQk��`vs3h�`rVaj9`SmfVlQSVaWUR3d>]_}UWUg>QSh�`rR![�]_^�QK^ ����Qru9X�X�VlQS�zQ��2��` �
hKW>mfW>^�QKmfVK{

µ
QSViQSVKR>QS[�XfRUWUT

A/D
T3hSu>TUXfVlm°TkR>X\u>WUR>XfxUR>QSx��

P"XfgUhKc�xkj3u9XfR ha� �����f¢>����QSnUg>X\d9X\u>T3XfV�VKg>X�bS]lX�^%]_�¥j9`SmfVlQSVK] mfVlQ�sM`SmfVKW��
j>X�mfpUWUx!bSW>mfVS`SbSW3u>{KR>QSx!d>WUR9`S^%WUpUW�n>Qzd�hKR>Xf[�RUW>^)hlQS�fd9Xfx>mfVKhKW>X�^ � 9<QSV �
mf]_VlmfVKhKW>X�[�]3^
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9�QKbS��X�^ m\u>]_j9`SX©j3u9XfR 〈 cosφ〉 ��`rhKW>mfWUV¥QSV¯hKg>X�^�XfRUW�W�Xf�zQ�¤�hlQ �
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lim
t→∞

〈cos(φ)〉 = 〈σstat〉 = a2 − a1
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〈ωin〉
π

+ a1 + a2

.
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Deff =
1

2

d

d t

(

〈φ2〉 − 〈φ〉2
)

=
π2

2

d

d t

(

〈k2〉 − 〈k〉2
)

.
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���z¦���� �

9�g>Xf��]�u>{vVr`rVlX�n>Qru>]Mj9`SX�^�m\u9X\d>]M�w��W>X%hKc�g9`ry�XfRUWUT�dUu>T«²�§�P�Ww²�P"P�ª

DDMP
eff =

π2

2

(

γ +
〈ωstat

out 〉
π

− (2γ − (a1 + a2)) 〈σstat〉2

−1

2
(a2 − a1)〈σstat〉(1 + 〈σstat〉2)

)

,

DDPP
eff =

π2

2

(

〈ωstat
out 〉
π

−
(

2
Ω

π
− (a1 + a2)

)

〈σstat〉2

−1

2
(a2 − a1)〈σstat〉(1 + 〈σstat〉2) +

Ω

π
〈σstat〉

)

.

®wsqQKbS��`rTqmfVKgU]_pUVK]Mg9`ZhKc��ou>TMd>WUV�p3`rp
Deff = Din + Dout − Dcoh

���od9X
n>QKm\u9X\d>RUWUxkpMQS�zXfg>XfRUVKRUc�x�j3u9XfR�WU�z^�XfRUTUXfVlmoTknUg>QSn>QSgU}UW>QSR9`vu>{KR>Q 〈σstat〉n
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n = 1, 2, 3

�	�,��Qru>{KpMQ ¤�VlQSV+j3u9XfR�^�Q�y�XfV hKc���c�h�`rVK{ ]_^�XfRU{K[�XfRUW>X¨p_QS¤z| �
|"WU}UW>XfRUVS`�¤z|�|�XfpUVKWUhKR>QSx�d>W>|�|"]_��WUW�|¨`r��c nUgUW�QSnUVKW>^
`vu>{KR>QSx!WURUVlXfR��
mfWUhKR>QKmfVKW�[�]3^
`��
£�|�|�XfpUVKWUhKR9`rT©|¨`r�zQSh�`rTGmfWUR3s_g>QSRUWU��`r}UWUTGnUg>QzT3hSu>TUXfVlm°T�h�]_hlX\u>WUj>X	�

RUWUWanUg>Qzd9Qru>y�WUVlX\u>{KR>QKmfVKWZnUg>QS}>X�m�m�QSh+��`vs_h�`rVS`�|¨`r��� ��g>X\d>RU�«�³nUg>Q�d9Qru �
y�WUVlX\u>{KR>QKmfVK{ ��`vs_h�`rVS` 〈T � ����� 〉 ^�Q�y�R>Q+QSnUg>X\d9X\u>WUVK{�WU��m\u9X\d>]_�w��Xf�zQihKc
�g9`ry�XfRUWUT2ª

〈φ2〉 =
〈

dφ

dt

〉2

〈T � ����� 〉2 + 2Deff〈T � ����� 〉 = π2 .
� �����f¢�¦l�

� Vlmf�ed/`�R9`vs�Qzd>W>^

〈T � ����� 〉 = Deff

〈

dφ

dt

〉−2




√

√

√

√1 +

(

π

Deff

〈

dφ

dt

〉2
)

− 1
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f0 = 100
�2}��

P"Q�hKces�Qzd>R>QK^%]¡mfWU��R9`vu>]��8nUg>X\d9mfVS`rhSu>T3�«��X�^%]¡m�QKbKQSx¡VlX\u9Xf��g9`S|�RUc�x
nUg>QS}>X�m�m�W©QSVK}UW>|�g>QShKc�h�`SX�^�QK^%]qh�pMQK^%nU{K�wVlXfg>X	�%WU�z^�Xfg�T_u/`Smf{�mfg>X\d>RUT3T
j9`SmfVlQSVr`�n>Xfg>Xfp3u>�«j>XfRUWUx 〈f〉 = limM→∞

1
M

∑M
k=1

π
tk+1−tk

�3�OXf��]�u>{vVr`rVKc
WU�z^�Xfg>XfRUWUx�n>QSp_`r��`rRUcGR9`�gUW>m �r���0431K`���P�gUW�m\u/`SbKQK^ZmfWU��R9`vu9X8��`rhKW>mfW>^�QKmfVK{
mfg>X\d>R>XfxGj9`SmfVlQSVKc QSV�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`�m\u9X\d>]lXfV���`rp_QSRU] �«gUg>XfRUW��
]lmz` ��¤�pMmfn>QSR>XfRU}UW9`vu>{KR>Q�hlQS��g9`SmfVS`rT©mig>QKmfVlQK^¥WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
`��?�
]_hlX\u>WUj>XfRUW>X�^G`S^%n3u>WUVK]vd>c¯mfWU��R9`vu/`¨¤�VS`���`rhKW>mfW>^�QKmfVK{�mfVS`rR>QShKWUVlm°T�p_`�j>X	�
mfVKhlXfRUR>Q�WUR>QSx@ª�n>QzT3hSu>TUXfVlm°T�QKbru/`SmfVK{���R9`�j>XfRUWUx�WURUVlXfR>mfWUhKR>QKmfVKW+[�]3^
` �Kh
pMQSVlQSg>QSx�mfg>X\d>RUT3T�j9`SmfVlQSVS`+nUg9`rpUVKWUj>X�mfpUW�R>X�^�XfRUTUXfVlm°T�m�g>QKmfVlQK^ [�]3^
`
W©hZnUg>X\d9X\u/`vs©n>QS��g>Xf[�R>QKmfVKW�¤�p_mfn>XfgUW>^�XfRUVr`�QKmfVS`SXfVlm°TGg9`rhKR>QSxGj9`SmfVlQSVlX
mfWU��R9`vu/`�� ��`Sbru>�ed/`SXfVlmoT�¤z|�|�XfpUV ��`vs3h�`rVr`kmfg>X\d>R>Xfxqj9`SmfVlQSVKc�n>Xfg>Xfp3u>� �
j>XfRUWUxq����1r¢S� �
P"QShKVlQSg�T3T WU�z^�Xfg>XfRUWUT mfg>X\d>R>Xfxkj9`SmfVlQSVKc dUu>T�g9`r��RUcesi��R9`zj>XfRUWUxZ`S^ �

n3u>WUVK]vd>c W�j9`SmfVlQSVKc mfWU��R9`vu/` ��^�Qzy�R>Q!n>Qru>]MjUWUVK{©QKbru/`SmfVKW mfWUR3s3g>QSRUW��
��`r}UWUWkR9`�n3u9QKmfpMQKmfVKW�n9`rg9`S^�XfVKg>QSh �'WURUVlXfR>mfWUhKR>QKmfVK{i[�]_^
`

�

`S^%n3u>WUVK]vd/`
mfWU��R9`vu/` � ��h�pMQSVlQSgUces�mfg>X\d>RUT3TGj9`SmfVlQSVr`�g9`rhKR9`�j9`SmfVlQSVlX�mfWU��R9`vu/`�� � b �
u/`SmfVKW�mfWUR3s_g>QSRUWU��`r}UWUW��OR9`rn>QK^%WUR9`r�w��W>X�T3��c�pUW ��gUR>Qru>{Sd/` �On>QSp_`r��`rRUc
R9`ZgUW>m �O���0432��?<�`rp©hKW3d>R>Q�WU��gUW>mf]_RUp_` �%mf]_��X�mfVKhK]lXfV�n>QSg>QS�zQShlQKX ��R9`zj>X	�
RUW>X�`S^%n3u>WUVK]vd>c�mfWU��R9`vu/`

Ath
�/R9`zjUWUR9`rT�m�pMQSVlQSg>QS�zQkR9`Sbru>�ed/`SXfVlmoT�¤z| �
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K = 0.2

W
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Ω = 0.5

|�XfpUVZ��`vs_h�`rVS`Zmfg>X\d>R>XfxGj9`SmfVlQSVKc��OP�gUW!d9QKmfVKWUy�XfRUWUW�n>QSg>QS�\`Zn>XfgUW>Q�d>W��
j>X�mfpUWUx�mfWU��R9`vu�R9`�jUWUR9`SXfV"¤z|�|¨XfpUVKWUhKR>Q«]_nUg9`rhSu>T3VK{"mfVlQ�sM`SmfVKWUj>X�mfpMQSxid>W��
R9`S^%WUpMQSxqn>Xfg>X\s�Q�d9QSh � � g>QKmfVlQK^)j9`SmfVlQSVKc�mfWU��R9`vu/` ¤z|�|�XfpUVkmfWUR3s3g>QSRUW��
��`r}UWUW�]�s3]�d>[�`SXfVlm°T2ª8hlQ � n>XfgUhKces ��mf]My�`r�«VlmoT QKbru/`SmfVKW¯mfWUR3s_g>QSRUWU��`r}UWUW��
hlQ � hKVlQSgUces ��]_hlX\u>WUjUWUh�`r�«VlmoT!n>QSg>QS�zQShKc�X+��R9`�j>XfRUWUTG`S^%n3u>WUVK]�d>c mfWU��R9` �
u/`a�Dm�^ �UgUW>m �/���0432l�	�

��`�gUW>m ����������n>QSp3`r��`rR9`�n3u9QSVKR>QKmfVK{�hlXfg>QzT3VKR>QKmfVKW�hKg>X�^�XfR�nUg>X�bSc�h�` �
RUWUT

p(t)
VKgUWU���zXfg9`kh�Qzd>R>QK^)WU�i^�XfVS`SmfVr`SbSW3u>{KRUces©m�QKmfVlQ�T3RUWUx!nUgUW�g9`r� �
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��� ���J� ��N ����� � �
 ����Q 	 ��������� � T�� �1����M �������

A = 100
��� W ��� � � � � � ���!M���� ���

f0 =
100

� �

u>WUjURUces�]_g>QShKRUTMs�[�]_^
`��8P�gUW m\u/`SbKQK^�[�]3^�X!�
VN = 35

^U9��
p(t)

m�Q �
d9Xfg�y�WUVZR>X�mfpMQru>{Kp_Q�nUWUp_QSh�R9`�hKg>X�^�XfR9`vs �2pUg9`rVKRUces�n>Qru9QShKWUR>X�n>XfgUW>Q�d/`
mfWU��R9`vu/`��&9�QKbru/`SmfVKW�mfWUR3s3g>QSRUWU��`r}UWUW��

VN = 70
^U9���mfg>X\d>R>X�X«hKg>X�^%TiR9` �

s�Qzy�d9XfRUWUT�VKgUWU���zXfg9`«h�Q�d>R>QK^�WU��m�QKmfVlQ�T3RUWUx�m�QShKn9`vd/`SXfV�m8n>Qru9QShKWUR>QSx�n>X	�
gUW>Q�d/`�W�n3u9QSVKR>QKmfVK{�hlXfg>Q�T_VKR>QKmfVKW hKg>X�^�XfR�R9`vs�Qzy�d9XfRUWUT m�Q�d9XfgMy�WUV�T3gUp_Q
hKc�g9`ry�XfRURUc�x�nUWUp+nUgUW

t = T0/2
�3P�gUWkbKQru>{K[�QK^q[�]3^�X��

VN = 115
^U9����

hKR>X�QKbru/`SmfVKW¬mfWUR3s_g>QSRUWU��`r}UWUW��emfg>X\d>R>X�X�hKg>X�^%T ��R>X�QKbzs�Q�d>W>^�QKX�dUu>T n>X	�
g>Xfp3u>�wj>XfRUWUT �2^%R>QS�zQ�^�XfRU{K[�X�n>Qru9QShKWURUc<n>XfgUW>Qzd/`��X52`�n>XfgUW>Qzd!mfW>mfVlX�^
`
]lmfn>Xfh�`SXfV�^%R>QS�zQSpUg9`rVKR>Q"n>Xfg>Xfp3u>�wjUWUVK{lm°T�WU��Q�d>R>QS�zQ"m�QKmfVlQ�T3RUWUT�h«d>gU]_�zQKX
W�n>Q�T_hSu>TUXfVlmoT�nUWUp��@m�QKQSVKhlXfVlmfVKhK]_�«��WUxq^
`vu>c�^¥hKg>X�^�XfR9`S^)n>Xfg>Xfp3u>�wj>X	�
RUWUx��lP�WUp��Km�QKQSVKhlXfVlmfVKhK]_�«��WUx�n>Qru9QShKWUR>X�n>XfgUW>Q�d/`"mfWU��R9`vu/` �Kg9`r�z^%c�h�`SXfV �
m°TkWkp_QS�zXfg>XfRUVKR>QKmfVK{ hKces�Q�d>R>QS�zQimfWU��R9`vu/`�g9`r��gU]M[�`SXfVlm°T �

�egUWU���zXfg ��^%WUVKVS`i^�Qzd9X\u>WUgU]lXfVlm°T�m\u9X\d>]M�w��W>^�hKc�g9`ry�XfRUW>X�^�ª

x(t+∆t) = sign [K x(t) − D y(t) − A sin(Ω t)] .
� �����f¢��K�

P�`rg9`S^�XfVKg
K = 0.2

sM`rg9`rpUVlXfgUWU��]lXfVGn>QSg>QS��mfg9`Sbl`rVKc�h�`rRUWUT�VKgUWU���zXfg9` �
ξ(t) �

¤�pMmfn>QSR>XfRU}UW9`vu>{KR>Q�p_QSgUg>X\u>WUg>QSh�`rRURUc�xi[�]_^�m�hKg>X�^�XfR>X�^�pMQSgUg>X\u>T�
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W
Ω = 0.5
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}UWUW
τc = 10−2 WZWURUVlXfR>mfWUhKR>QKmfVK{K� D

�5QSnUW>mfc�h�`SX�^%c�x�nUg>QS}>X�m�m�QK^ � gUR��
[�VlXfxUR9`

�

6%u9XfR>bKXfp_`��
�OXf��]�u>{vVr`rVKc�g9`Smfj>XfVlQSh"mfg>X\d>R>Xfx�j9`SmfVlQSVKcGp_`rp�|"]_RUpU}UWUW�WURUVlXfR>mfWUhKR>Q �

mfVKW�[�]_^
` �fnUg>QShlX\d9XfRURUces�n>Q�]Mg9`rhKR>XfRUWU�)� �����f¢��K����n>QSp3`r��`rRUc!R9`egUW>m �8���0431Sb
W©d9X�^�QSR>mfVKgUWUgU]M�wV�n>QShlX\d9XfRUW>X	��W3d9XfRUVKWUjUR>QKX WU�z^�Xfg>XfRUR>QK^%]Gh�¤�pMmfn>XfgUW��
^�XfRUVlXG�EgUW>m �����0431K`l�	� ��`�gUW>m �������3�z`�n>QSp_`r��`rR9`!¤�hlQru>�«}UWUT¡^%��R>QShlXfRUR>QSx
g9`r��R>QKmfVKWi|¨`r�

φ
VKgUWU���zXfg9`�W�hSs�Q�d>R>QS�zQ¨mfWU��R9`vu/` �ShKc�jUW>m\u9XfRUR9`rTin>QwQSnUg>X	�

d9X\u9XfRUWU� � � �04313/l�8dUu>T�m\u>]_j9`rT
A = 0.1

�UP�gUW QSnUVKW>^
`vu>{KR>QK^�]Mg>QShKR>Xw[�] �
^
`��

D = 0.06
��g9`r��R>QKmfVK{k|¨`r��QKmfVr`SXfVlmoTZn>QKmfVlQ�T3RUR>QSx�h+VlXfj>XfRUW>X�hKg>X�^�X	�

RUW�R9`Sbru>�ed9XfRUWUT �X9�R>X�QKbru/`SmfVKW!mfWUR3s_g>QSRUWU��`r}UWUW��
D = 0.04

�
D = 0.08

�
mfp_`zjUpUW�|¨`r��c³�zQSg9`r�fd9Q�bKQru9X�X�j9`SmfVKc�X	�5jUVlQ�nUgUWUhlQ�d>WUVkp�bSc�mfVKg>QSx�d>W>| �
|"]_��WUWa|¨`r��c¬W��>m\u9X\d9QSh�`rVlX\u>{KR>Q��9p�QSVlmf]MVlmfVKhKWU��mfWUR3s3g>QSRUWU��`r}UWUW��

9)m\u>]_j9`SX�^
`vu9QSx�`S^%n3u>WUVK]vd>c�mfWU��R9`vu/`��
A ≤ Ath

�eT3hSu9XfRUW>X���`vs_h�`rVS`
mfg>X\d>R>Xfxaj9`SmfVlQSVKc)QSVlmf]_VlmfVKhK]lXfV � �OXf��]vu>{�Vr`rVKc³g9`Smfj>XfVr`�^%��R>QShlXfRUR>QSx�g9`r� �
R>QKmfVKW�|¨`r��mfhKW3d9XfVlX\u>{lmfVKhK]_�wVkVr`rpUy�X�QKb�QSVlmf]MVlmfVKhKWUW�|¨`r�zQShlQSx�mfWUR3s3g>Q �
RUWU��`r}UWUW@ª5R9`Sbru>�ed/`SXfVlm°T���R9`�jUWUVlX\u>{KR9`rTZd>W>|�|"]_��WUTa|¨`r��c¥WZhKg>X�^�XfRUR9`rT
g>Xz`vu>WU��`r}UWUTq^%��R>QShlXfRUR>QSxGg9`r��R>QKmfVKWG|¨`r��nUg>X\d9mfVS`rhSu>T3XfV�m�QKbKQSxqnUgUW>^�Xfg
m\u>]_j9`rxUR>QS�zQibru>]_y�d/`rRUWUT�����1K¦v� �

�OXf��]�u>{vVr`rVKc¥g9`Smfj>XfVS`�pMQS¤z|�|�WU}UW>XfRUVr`�d>W>|�|�]M��WUW�g9`r��R>QKmfVKWa|¨`r��n>Q �
p_`r��`rRUc�R9`igUW>m �2�����3��b �752`rhKW>mfW>^�QKmfVK{

Deff(D)
sM`rg9`rpUVlXfgUWU��]lXfVlm°T�^%WURUW��

^%]3^�QK^��/jUVlQ+T3hSu>TUXfVlm°T�m\u9X\d9mfVKhKW>X�^¯¤z|�|�XfpUVr`+mfVlQ�sM`SmfVKWUj>X�mfp_QSx!mfWUR3s3g>Q �
RUWU��`r}UWUW��
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P"Qru>]_j>XfRURUc�X�d/`rRURUc�X�mfhKW3d9XfVlX\u>{lmfVKhK]_�«V�Q�VlQK^��MjUVlQ�hKR>Xf[�RUWUx�n>XfgUW��
Q�d>WUj>X�mfpUWUx mfWU��R9`vu©d9QKmfVS`rVlQSjUR>QSx `S^%n3u>WUVK]vd>c mfWUR3s3g>QSRUWU��WUgU]lXfV!mfVlQzsM` �
mfVKWUj>X�mfpU]_� d>WUR9`S^%WUpU]Gn>Xfg>X\s�Q�d9QSh �e£�VlQ�T_hSu9XfRUW>X�m�QSnUg>QShlQzy�d/`SXfVlm°T ��` �
s3h�`rVlQK^�^%��R>QShlXfRUR>QSx�g9`r��R>QKmfVKW�|¨`r�"Wamfg>X\d>R>Xfx�j9`SmfVlQSVKc��
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��(3N���I���� ) � �lNOL � �� /L�N���) �ON ���lH � ��)UL�L�# �
	9N���(�)
	/N � �9L�# ���lN���(3I �
�%`Sm�m�^�QSVKgUW>^¯nUg>QKmfVlXfxU[�WUx�m\u>]_j9`rx

�

mfW>mfVlX�^%]ad>hK]�samfW>^�^�XfVKgUWUjUR>QkmfhKT�
��`rRURUces n>Xfg>X\d9X�^%n>|�WUg>QSh�`rRURUces<bSW>mfVS`SbSW3u>{KRUces�QKmf}UW3uUu>T3VlQSg>QSh � �
² 6
pMQSVlQSgUcesaW>^�Xf�wV�hKW3dq��� � ����1K�v�'ª

ẋ = αx− x3 + γ (y − x) +
√

2D ξ1(t),

ẏ = (α+∆) y − y3 + γ (x− y) +
√

2D ξ2(t).
� �����f¢D1l�

9 �
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p(x, y) = C exp
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�°d9X
C �

p_QSR>mfVr`rRUVS`�R>QSg>^%WUg>QShKpUW��3��`rpUW>^�QKbSg9`r�zQK^��D�
² 6 � �����f¢D1l�@W 6`;�P
� �����f¢D2l��QSnUW>mfc�h�`r�wV�bSg>QS]MR>QShlmfp_QKXwd>hKWUy�XfRUW>X"h�d>hK]_^�XfgUR>QK^Gn>QSVlXfRU}UW9`vu9X



��� ��� ���!	 ���	���!N�� � �� � � �L	�� � � �������
�
�!	 �5��� � �O� � ���

U(x, y)
�%P"QSVlXfRU}UW9`vu>{KR>QKmfVK{�W>m�m\u9X\d>]lX�^�QSx�mfW>mfVlX�^%c QKbru9Xf��j9`SXfV�bSW>|�]Mg��

p_`r}UW>QSRURUc�x�`rR9`vu>WU���MVS`rp p_`rp h�¤�VlQK^qm\u>]_j9`SXwp_`�j>X�mfVKhlXfRURUc�X¨WU�z^�XfR>XfRUWUT
mfVKgU]_pUVK]MgUc¯n3u9QSVKR>QKmfVKW hlXfg>QzT3VKR>QKmfVKW��EWU�z^�XfR>XfRUW>X�pMQru>WUj>X�mfVKh�`�W+sM`rg9`rp��
VlXfg9`�¤�p_mfVKg>X�^%]_^�QShM��m�QKQSVKhlXfVlmfVKhK]M�wV!bSW>|"]_gUp_`r}UWUTU^<d9XfVlXfg>^%WURUWUg>QSh�`rR��
R>QSx�mfW>mfVlX�^%c �

D = 0
�Dm�^ �Ug9`r�fd9X\uG� �04���¦l�	�

��`rp p3`rp�n9`rgU}UW9`vu>{KRUc�X�n>Qzd9mfW>mfVlX�^%c)T3hSu>T3�«VlmoT+bSW>mfVr`SbSW3u>{KRUc�^%W��9VlQ
bS]vd9X�^�mfjUWUVr`rVK{+nUg>QS}>X�m�mfc¥n>Q�d9mfW>mfVlX�^

x(t)
W
y(t)

mfWUR3s_g>QSRUWU�zQSh�`rRURUc�^%W
ham\u>]_j9`SX	�2X�m\u>W�n>Xfg>X\s�Q�d>c�WU��n>Qru9Qzy�WUVlX\u>{KR>QSxGQKbru/`SmfVKW���R9`�j>XfRUWUx

x(t)h�QSVKgUWU}9`rVlX\u>{KRU]M� W>^�Xf�«V�^�X�mfVlQZh�Qzd>RUW©W©VlX+y�X�^�QK^�XfRUVKc hKg>X�^�XfRUW��
jUVlQaW�dUu>T

y(t)
� ��` gUW>m �������34knUg>X\d9mfVS`rhSu9XfRUc�hKg>X�^�XfRURUc�X+g>Xz`vu>WU��`r}UWUW

nUg>QS}>X�m�m�QSh�h�n>Q�d9mfW>mfVlX�^
`vs�dUu>T�d>hK]Msi��R9`�j>XfRUWUxkn9`rg9`S^�XfVKg9`�mfhKT3��W��&55R9` �
j>XfRUW>X�n9`rg9`S^�XfVKg9`�g9`Sm�mfVKg>QSxUpUW

∆ = −0.5
QSnUg>X\d9X\u>TUXfV�bKQru9X�XibSc�mfVKg>QKX

d>hKWUy�XfRUW>X�hlQihKVlQSg>QSxZn>Qzd9mfW>mfVlX�^�X
� y(t)

�/P�gUW�^
`vu9QSx�mfhKT3��W�nUg>QS}>X�m�mfc
h�n>Q�d9mfW>mfVlX�^
`vs�R>X�mfWUR3s3g>QSRUWU�zQSh�`rRUc�����g>QKmfVlQK^<p_QS¤z|�|"WU}UW>XfRUVS`�mfhKT3��W
nUg>QS}>X�m�m�hlQahKVlQSg>QSx�n>Q�d9mfW>mfVlX�^�X+��`S^�X\dUu>TUXfVlm°T!W!nUgUW�d9QKmfVr`rVlQSjUR>QSx©hlX	�
u>WUjUWUR>X

γ
nUg>QS}>X�m�mfc¥h�n>Q�d9mfW>mfVlX�^
`vs�mfVS`rR>QShKT3Vlm°T�p_QS�zXfg>XfRUVKRUc�^%W��

²�u>TGpMQru>WUj>X�mfVKhlXfRUR>QSx¯QS}>XfRUpUW�mfWUR3s_g>QSRUWU��`r}UWUW W>mfn>Qru>{K��]lX�^ |"]_RUp��
}UWU�<pMQS�zXfg>XfRUVKR>QKmfVKW �3pMQSVlQSg9`rT�QSnUg>X\d9X\u>TUXfVlmoT�hKc�g9`ry�XfRUW>X�^

Γ 2(ω) =
|Gx,y(ω)|2

Gx,x(ω)Gy,y(ω)
,

� �����z¦3���

�°d9X
Gx,y(ω) �

hK��`rW>^%R9`rT³mfn>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{¬nUg>QS}>X�m�m�QSh
x(t)

�
y(t)

�9`
Gx,x(ω)

W
Gy,y(ω) �

W3skmfn>XfpUVKgUc ^�QS��R>QKmfVKW��
;�]_RUpU}UWUT�pMQS�zXfg>XfRUVKR>QKmfVKW��3n>Qru>]_j>XfRUR9`rTijUW>m\u9XfRURUc�^©^�Q�d9X\u>WUg>QSh�`rRUW��

X�^ �
² 6�� �����f¢D1l���%n>QSp3`r��`rR9`�R9`ZgUW>m �
�����K�K`ZdUu>Tqg9`r�fu>WUjURUcesG��R9`�j>XfRUWUx
pMQS¤z|¨|"WU}UW>XfRUVr`�mfhKT3��W�� � ]_hlX\u>WUj>XfRUW>X�^�pMQS¤z|�|�WU}UW>XfRUVr`�mfhKT3��W

γ
m\u>] �

j9`rxURUc�X�nUg>QS}>X�m�mfc
x(t)

W
y(t)

mfVr`rR>QShKT3VlmoT!pMQS�zXfg>XfRUVKRUc�^%W©haRUWU��p_QSj9` �
mfVlQSVKR>QSxkQKbru/`SmfVKW���p_QSVlQSg9`rT�m�QKQSVKhlXfVlmfVKhK]lXfV�j9`SmfVlQSVS`S^ <�g9`S^�Xfg>mz`¨n>Q�d9mfW��
mfVlX�^ �

�%`Sm�m�^�QSVKgUW>^¡¤�hlQru>�w}UWU�<j9`SmfVlQSV <�g9`S^�Xfg>mz`�n>Qzd9mfW>mfVlX�^ m�WU�z^�XfR>XfRUW��
X�^GpMQS¤z|¨|"WU}UW>XfRUVr`�mfhKT3��W��UP�gUW

γ = 0
j9`SmfVlQSVKc <�g9`S^�Xfg>mz`

rx
W
ry
n>Qzd �

mfW>mfVlX�^¡bS]vd>]_V�m\u9X\d>]M�w��W>^%W@ª

rx =
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(
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Φx(t) = 2π
t− txi

txi+1 − txi
+ 2πi, txi < t < txi+1,

Φy(t) = 2π
t− tyj

tyj+1 − t
y
j

+ 2πj, tyj < t < tyj+1.
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xn+1 = (axn − x3
n) exp(−x2

n/b) +A sin(Ωn)
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��� ������� � ���

a
� � �����������
��� � � ��� ���J��������Z � ����� � ��� � � � �JT�Z:I ��� M���� � �

�
� ���� � ����MKM��O_

��� � ��� �� � � �K� � � ��� �0�!��� �J� � � τ ��NK�
���� � � �^ �2�5������� � ��	 ������������� �	���KS ���\Q1����� V

h�g>Xfy�W>^�X�n>Xfg>X�^�Xfy�`SX�^�QKmfVKW�Y�sM`SQKm
�

sM`SQKmlY\nUgUW
a > acr = 2.839 . . .

�%`Sm	�
m�^�QSVKgUW>^¥d>WUR9`S^%WUpU]!mfW>mfVlX�^%c�h�QSVlmf]MVlmfVKhKW>X+hKR>Xf[�R>Xf�zQa[�]_^
`kdUu>T�d9Q �
mfVr`rVlQSjUR>Q�bKQru>{K[�W3s���R9`zj>XfRUWUx�`S^%n3u>WUVK]vd>c�hKR>Xf[�R>Xfx+mfW3u>c

A
�lP�gUW�¤�VlQK^

nUg>QS}>X�m�m
n>Xfg>Xfp3u>�wj>XfRUWUx�nUgUWURU}UWUnUW9`vu>{KR>Q�R>X\u>WUR>X�XfR��vXf�zQ�mfVr`rVKW>mfVKWUp3`�bS] �
d9XfV�mf]M��X�mfVKhlXfRUR>Q���`rhKW>m�XfVK{�QSV�n9`rg9`S^�XfVKg9`

a
��®"mfn>Qru>{K��]KT©^�XfVlQzd©d>hK]Ms

m�QKmfVlQzT3RUWUx��rhKc�jUW>m\u>W>^�¤�hlQru>�«}UWU�¡n3u9QSVKR>QKmfVKW�hKg>X�^�XfR�nUg>X�bSc�h�`rRUWUT
p(τ)h�QSVzd9X\u>{KR>QihK��T3VlQSxkn>QSVlXfRU}UW9`vu>{KR>QSx�TU^�X�nUgUWkh�`rgUW9`r}UWUWan9`rg9`S^�XfVKg9`
a
�

�OXf��]�u>{vVr`rVKc�nUg>X\d9mfVr`rhSu9XfRUc R9`©gUW>m �������r¢�W¬p3`�j>X�mfVKhlXfRUR>Q¡n>QShKVlQSg�T3�«V
d/`rRURUc�X	�«n>Qru>]Mj>XfRURUc�XqdUu>T)VKgUWU���zXfg9` ��^%WUVKVr`<�EgUW>m ���������l�	��P�gUW<QSn��
VKW>^
`vu>{KR>QK^ ��R9`�j>XfRUWUW

a = 8.34
g9`SmfnUg>X\d9X\u9XfRUW>XiW>^�X�XfV�X\d>WUR>mfVKhlXfRURUc�x

�\`z]lm�m�QKQKbSg9`r��RUc�x¡nUWUp�m ^
`rpMmfW>^%]3^�QK^<nUgUW
τ = 0.5

�%jUVlQZm�QKQSVKhlXfVlmfVKhK] �
XfV�g9`rhlXfR>mfVKhK] mfg>X\d>R>Xfxaj9`SmfVlQSVKc)n>Xfg>Xfp3u>�wj>XfRUWUx�^�Xfy�d>]isM`SQSVKWUj>X�mfpUW>^%W
`rVKVKg9`rpUVlQSg9`S^%W�j9`SmfVlQSVlX"hKR>Xf[�R>Xfx�mfW3u>c��



��� ��� ���!	 ���	���!N�� � �� � � �L	�� � � �������
�
�!	 �5��� � �O� � ���

2.81 2.82 2.83 2.84 2.85 2.86
0.00

0.01

0.02

0.03

a

<Ω>

A=0.005A=0.025

A=0.01

<Ω>

a

A = 0.025 A = 0.005

  = 0.01  A

2.76 2.78 2.80 2.82 2.84 2.86
0.00

0.02

0.04

0.06

0.08

0.10

A

Ω=0.0153

a
a

A

 Ω=0.0153   

� �

=?>A@�B CDB C �(B � ��� � ���5� �!� ��� � � � � � �������
�
��Z �������!Q �aN�� ���������
��� � � � � ���������
� � ���

a���! ����N�� V 	aN����L��������Q ��������� � T�� V ���!M ��� ����W � �
� ��H���� � � Y(������	����	����N�� � ��� ����� � � �JV
�������

�
��Z ��������Q ���� � � �JH���� � ������ � ��� �
�J� �

£�|�|�XfpUV���`vs3h�`rVr`�mfg>X\d>R>XfxZj9`SmfVlQSVKc)n>Xfg>Xfp3u>�wj>XfRUWUx�hKR>Xf[�RUW>^ mfWU� �
R9`vu9QK^ dUu>T g9`r�fu>WUjURUces ��R9`�j>XfRUWUx n9`rg9`S^�XfVKg9`

a
W3uUu>�wmfVKgUWUgU]lXfV

gUW>m �/�����K¦K`�� ��g>QKmfVlQK^ `S^%n3u>WUVK]vd>c mfWU��R9`vu/`�hlQS�fd9Xfx>mfVKhKWUTZQKbru/`SmfVK{�mfWUR��
s3g>QSRUWU��`r}UWUW�]MhlX\u>WUjUWUh�`SXfVlmoT �lp_`rpiW�m\u9X\d9QSh�`vu9Q�Qzy�W3d/`rVK{ �M®���gUW>m �l�����K¦Sb
hKW3d>R>Q��MjUVlQ"d/`rRUR9`rTiQKbru/`SmfVK{�nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSxiVKWUnUWUjURU]_�¬�zQSRU]�mfWUR��
s3g>QSRUWU��`r}UWUW��lp_`rp+W�h�m\u>]Mj9`SX�VKgUWU���zXfg9` ��^%WUVKVS`i�EgUW>m �����0432l�	�(<�`rpihKWUy �
R>Q�WU��gUW>m �K�����K¦Sb��KW>^�X�XfV�^�X�mfVlQ�n>QSg>QS��mfWUR3s3g>QSRUWU��`r}UWUW��D��`rpUW>^!QKbSg9`r�zQK^��
¤z|�|�XfpUVwhKR>Xf[�R>Xfx�mfWUR3s3g>QSRUWU��`r}UWUW�j9`SmfVlQSVKc�n>Xfg>Xfp3u>�wj>XfRUWUx�hwd9XfVlXfg>^%W��
RUWUg>QSh�`rRUR>QSx�sM`SQSVKWUj>X�mfpMQSx�mfW>mfVlX�^�X�]_hlXfg>XfRUR>Q«g>Xf��W>mfVKgUWUgU]lXfVlmoT�W�QSp_`r��c
�
h�`SXfVlm°T�p3`�j>X�mfVKhlXfRUR>Q�¤�pUhKWUh�`vu9XfRUVKRUc�^)¤z|�|�XfpUVK]ZWUR3d>]M}UWUg>QSh�`rRUR>QSx![�] �
^�QK^�mfVlQzsM`SmfVKWUj>X�mfpMQSx�mfWUR3s_g>QSRUWU��`r}UWUW��
£�|�|�XfpUV+��`vs_h�`rVS`�mfg>X\d>R>Xfx�j9`SmfVlQSVKc³n>Xfg>Xfp3u>�wj>XfRUWUx�T_hSu>TUXfVlmoTZ]_RUW��

hlXfg>mz`vu>{KRUc�^�WknUg>Q�T3hSu>T3XfV�m�X�bzTkh�[�WUg>QSpMQK^¡p3u/`Sm�m�X�d>WUR9`S^%WUj>X�mfpUW3s�mfW��
mfVlX�^�m�g>Xfy�W>^�QK^<n>Xfg>X�^�Xfy�`SX�^�QKmfVKW���®"m�m\u9X\d>]lX�^�hZp3`�j>X�mfVKhlX�nUgUW>^�Xfg9`
R>X\u>WUR>XfxURU]_� mfW>mfVlX�^%] ��]�` �/g>Xz`vu>WU��]_�w��]_� g>Xfy�W>^ d>WUR9`S^%WUj>X�mfpMQSxqn>X	�
g>X�^�Xfy�`SX�^�QKmfVKW����f¢��v� ���"XfnU{ ��]�`�QSnUW>mfc�h�`SXfVlm°TZmfW>mfVlX�^�QSxZ]Mg9`rhKR>XfRUWUx@ª

ẋ = α[y − h(x)],
ẏ = x− y + z,

� �����z¦3/l�

ż = −βy + F (t),

�°d9X
h(x) = m1x+0.5(m0−m1)(|x+1| − |x− 1|) �

pU]lm�QSjUR>Q � u>WUR>XfxUR9`rT
sM`rg9`rpUVlXfgUW>mfVKWUp_`amfW>mfVlX�^%c �/n9`rg9`S^�XfVKgUc<p_QSVlQSg>QSx�|"WUpMmfWUg>QSh�`rRUc�ª

m0 =
−1/7, m1 = 2/7 � F (t) = A cos (Ωt) �

hKR>Xf[�RUT3Tkn>XfgUW>Q�d>WUj>X�mfp_`rT�mfW3u/`��
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<�`rp�n>QSp3`r��`rR>Q�h�g9`SbKQSVlX«� ¢D/v���znUg>QS}>X�m�m8n>Xfg>Xfp3u>�«j>XfRUWUx�h�sM`SQSVKWUj>X�mfpMQSx
bSW>mfVr`SbSW3u>{KR>QSx�mfW>mfVlX�^�X�� �����z¦3/l��^�Qzy�XfV�bSc�VK{�WUR3d>]_}UWUg>QSh�`rRk[�]3^�QK^qu>W��
bKQ�W>^�XfVK{ jUW>mfVlQ�d>WUR9`S^%WUj>X�mfpU]_��nUgUWUg>Qzd>]��2P�gUW>^�XfRUW>^¬^�XfVlQ�d�d>hK]MsZm�Q �
mfVlQzT3RUWUx�� 52`S|�WUpMmfWUgU]lX�^)��R9`zj>XfRUW>X�n9`rg9`S^�XfVKg9`

β = 14.286
�-²¨WUR9`S^%WUp3`

mfW>mfVlX�^%c � �����z¦3/l��bS]vd9XfV���`rhKW>m�XfVK{iQSV�hlX\u>WUjUWURUc¥n9`rg9`S^�XfVKg9`
α
�>`�VS`rpUy�X

QSV�`S^%n3u>WUVK]�d>c
A
Wij9`SmfVlQSVKc

ωs
hKR>Xf[�R>Xf�zQ�mfWU��R9`vu/`��&9�QSVlmf]_VlmfVKhKW>X«hlQS� �

d9Xfx>mfVKhKWUT
(A = 0)

g>Xfy�W>^�n>Xfg>X�^�Xfy�`SX�^�QKmfVKW�g>Xz`vu>WU��]lXfVlm°T h!mfW>mfVlX�^�X
� �����z¦3/l��nUgUW

α ≈ 8.8
��²�u>T

α > 8.8
mfg>X\d>RUT3Tqj9`SmfVlQSVS`�n>Xfg>Xfp3u>�«j>XfRUWUx

� `rR9`vu9QS�aj9`SmfVlQSVKc <�g9`S^�Xfg>mz`l��^�QSR>QSVlQSRUR>Q�hlQS��g9`SmfVr`SXfVGm�]MhlX\u>WUj>XfRUW>X�^
α
� 9�c�bKXfg>X�^)��R9`�j>XfRUW>Xi`S^%n3u>WUVK]vd>c

A = 0.1
�2pMQS�od/`kg>Xz`rpU}UWUT�mfW>mfVlX�^%c

R9`�hKR>Xf[�R>X�X"hlQS�fd9Xfx>mfVKhKW>X�nUgUWURU}UWUnUW9`vu>{KR>Q+R>X\u>WUR>XfxUR9`��

p (τ)  α = 8.8,     ω  = 0.03     s

τ

τ

(τ) p α = 8.8175,  ω = 0.045  s

τ

(τ) p α  = 8.822, ω  = 0.05       s

=?>A@�B C(B C �DB � ��� � ����� � Y(��� �������5�����������!2����K�
�������N����� � �(� ����� � �K�
� � T�� ���! ����NO_
������� V 	�N����K�������!Q2���������
� � ���

α
� � �����L� � � � ��� � � � �JV �	���KS ���OM�� ���!M���� ���

ωs
� � ���K� 

τ
�!NK�
������ � �\ � � ������� � ��	 ������������� � ���KS ���OM��2��JN ���OQ�� � ���!

T = 2π/Ω
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�
�!	 �5��� � �O� � ���

a

α

ω
ω
ω

  s
 s
 s

=?>A@�B CDB C �(B G:H���� � � � ������	����	����N�� � ��� ��� �������
�
��� � � ��� �����
� � ����� 
5��������� � T�� �

� ���KS ���OM�� �5�!M ��� ��� �?T �����������Z:I ��Q(��� ������� � � 
+���� ����� � �K� V � ��� �
��� � ���� � ���\	 N�����_
�������!Q`��� � � � ��V � ���OS ���OM�� ����M �������

ωs

��`�gUW>m �O�����3/�nUg>X\d9mfVr`rhSu9XfRUc g>Xf��]vu>{�VS`rVKc g9`Smfj>XfVr`Zn3u9QSVKR>QKmfVKWGg9`Sm	�
nUg>X\d9X\u9XfRUWUT�hKg>X�^�XfR�hlQS��hKg9`rVr`

p(τ)
dUu>T"g9`r�fu>WUjURUces"��R9`zj>XfRUWUx�n9`rg9`S^�XfV �

g9`
α
����132v� � ��`Sbru>�ed/`SXfVlmoTZ]vd>WUhKWUVlX\u>{KR>QKX¨m°s�Q�d9mfVKhlQ m�d/`rRURUc�^%W��>nUgUWUhlX	�

d9XfRURUc�^%W�R9`ZgUW>m ���������ZdUu>TqVKgUWU���zXfg9` � ^%WUVKVr` ��WGR9`ZgUW>m �
�����r¢ �%P�gUW
QSnUg>X\d9X\u9XfRUR>QK^ ��R9`�j>XfRUWUW�n9`rg9`S^�XfVKg9`

α = 8.8325
g9`SmfnUg>X\d9X\u9XfRUW>X

p(τ)W>^�X�XfV�nUg9`rpUVKWUj>X�mfpUWGX\d>WUR>mfVKhlXfRURUc�x!�f`�]lm�m�QKQKbSg9`r��RUc�x�nUWUp!m�^
`rp_mfW>^%] �
^�QK^<hlbru>WU��W

τ = 1
��jUVlQ�m�QKQSVKhlXfVlmfVKhK]lXfVqg9`rhlXfR>mfVKhK]©mfg>X\d>R>Xfx�j9`SmfVlQSVKc

n>Xfg>Xfp3u>�wj>XfRUWUx�W¡j9`SmfVlQSVKc hKR>Xf[�R>Xfx mfW3u>c�����Xf��W>mfVKgUWUgU]lXfVlmoT¯¤z|�|�XfpUV
hKc�RU]_y�d9XfRUR>QSx¯mfWUR3s3g>QSRUWU��`r}UWUW���nUg>QST_hSu>T3�w��WUx>moT¡hq��`vs_h�`rVlXZmfg>X\d>R>Xfx
j9`SmfVlQSVKc¥n>Xfg>Xfp3u>�wj>XfRUWUx�n>XfgUW>Qzd>WUj>X�mfpUW>^ mfWU��R9`vu9QK^ �

��`�gUW>m �U��������nUg>X\d9mfVS`rhSu9XfRUc QKbru/`SmfVKWamfWUR3s3g>QSRUWU��`r}UWUW��Un>Qru>]_j>XfRURUc�X
h�g>Xf��]vu>{�VS`rVlX�|"WU��WUj>X�mfp_QS�zQi¤�p_mfn>XfgUW>^�XfRUVr` �5pMQSVlQSgUc�X�p_`zj>X�mfVKhlXfRUR>Q R9` �
n>QK^%WUR9`r�wV Y\T3��c�pUW ��gUR>Qru>{Sd/`UY ��p_`rp¬W¬h�m\u>]_j9`SX�VKgUWU���zXfg9`���^%WUVKVr`
�EgUW>m �����0432l�	� � Vzu>WUjUWUT¬m�QKmfVlQzT3V©u>WU[�{©h©VlQK^���jUVlQGmZg>QKmfVlQK^ j9`SmfVlQSVKc
mfWU��R9`vu/`�]_g>QShlXfRU{�n>QSg>QS�\`�mfWUR3s3g>QSRUWU��`r}UWUW¡�fd9X�mf{�nUg9`rpUVKWUj>X�mfpUW R>X WU� �
^�XfRUTUXfVlm°T ��`�[�WUgUWUR9`�QKbru/`SmfVlXfx¡mfWUR3s3g>QSRUWU��`r}UWUW¡]_hlX\u>WUjUWUh�`SXfVlm°T �e£�VKW
QSVzu>WUjUWUT�QKbS]lm\u9QShSu9XfRUc R>X\u>WUR>XfxURUc�^%WimfhlQSx>mfVKh�`S^%WiW>m�m\u9X\d>]lX�^�QSx+mfW>mfVlX	�
^%c�� �����z¦3/l��WaR>X"p_`Smz`r�wVlm°TZmz`S^�QSxZmf]_��R>QKmfVKWaR9`Sbru>�ed/`SX�^�QS�zQ+¤z|�|�XfpUVS`��
�eQru9X�X�d9XfVS`vu>{KRUc�X
g9`Smfj>XfVKcqmfhKW3d9XfVlX\u>{lmfVKhK]_�wVwQ�VlQK^��zjUVlQ�¤z|�|�XfpUVK]wmfWUR��
s3g>QSRUWU��`r}UWUW¯mfg>X\d>R>Xfx¯j9`SmfVlQSVKc�n>Xfg>Xfp3u>�«j>XfRUWUx¬h©mfW>mfVlX�^
`vs³� �����z¦K¦l�iW
� �����z¦3/l��QSVKhlXfj9`SXfV�¤z|�|¨XfpUV�|¨`r�zQShlQSxkmfWUR3s3g>QSRUWU��`r}UWUW��Un>Qru>R>QKmfVK{K�³¤�pUhKW��
h�`vu9XfRUVKRUc�xkg9`Sm�m�^�QSVKg>XfRURUc�^�m\u>]_j9`rTU^qVKgUWU���zXfg9` ��^%WUVKVS`�W+n>Xfg>X\d9X�^%n��
|"WUg>QSh�`rRUR>QS�zQ+QKmf}UW3uUu>T_VlQSg9`��
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F ��)UN �«L�) � ��N�L � �� /L�N���) �ON �
B 9 p_`zj>X�mfVKhlX�nUgUW>^�Xfg9`�hK��`rW>^%R>QSx mfWUR��
s3g>QSRUWU��`r}UWUW�nUg>QS}>X�m�m�QShin>Xfg>Xfp3u>�wj>XfRUWUx�g9`Sm�m�^�QSVKgUW>^�d>WUR9`S^%WUpU]kmfW>mfVlX	�
^%c¬d>hK]Ms mfhKT3��`rRURUcesa^�Q�d9X\u9Xfx �QSg>XfRU}9`a����2��v�'ª

ẋ1 = σ(y1 − x− 1) + γ(x2 − x1),

ẏ1 = r1x1 − x1z1 − y1,

ż1 = x1y1 − z1b,
� �����z¦��K�

ẋ2 = σ(y2 − x2) + γ(x1 − x2),

ẏ2 = r2x− 2− x2z2 − y2,

ż2 = x2y2 − z2b.
9�c�bKXfg>X�^���R9`�j>XfRUWUT�n9`rg9`S^�XfVKg>QSh

σ = 10
�
r1 = 28.8

�
r2 = 28

�
b = 8/3

�
m�QKQSVKhlXfVlmfVKhK]_�«��W>X�m\u>]_j9`r� �>pMQS�od/`�hip_`ry�d9QSx�WU��n>Q�d9mfW>mfVlX�^¯mf]_��X�mfVKhK] �
XfV�`rVKVKg9`rpUVlQSg �QSg>XfRU}9`a��� �S¦v� �-£�VlQSV�`rVKVKg9`rpUVlQSg�h�n9`rgU}UW9`vu>{KR>QSx�mfW>mfVlX	�
^�X�^�Q�y�R>Qig9`Sm�m�^
`rVKgUWUh�`rVK{�p_`rp�QKbKQKbS��XfRURUc�x�bSW>mfVr`SbSW3u>{KRUc�x�QKmf}UW3uUu>T�
VlQSg���hZp_QSVlQSg>QK^ W>^�X�XfV�^�X�mfVlQZR>Xfg>Xf��]�u>T3gURUc�xGnUg>QS}>X�m�m�n>Xfg>Xfp3u>�«j>XfRUWUx
m�Q©mfg>X\d>R>Xfx j9`SmfVlQSVlQSx���pMQSRUVKg>Qru>WUgU]lX�^�QSx¬]_nUg9`rhSu>T3�«��W>^ n9`rg9`S^�XfVKg>QK^
γ
��� ��/v� � 9�hlX\d9XfRUW>X¨mfhKT3��W

(γ > 0)
d9Qru>y�R>QihKc���c�h�`rVK{�WU�z^�XfR>XfRUWUT�mfg>X\d �

RUW3sGj9`SmfVlQSV�n>Xfg>Xfp3u>�«j>XfRUWUx¡h�p_`ry�d9QSx�WU�kn>Qzd9mfW>mfVlX�^�W�nUgUWUhlQ�d>WUVK{qp
¤z|�|�XfpUVK]�hK��`rW>^%R>QSx�mfWUR3s3g>QSRUWU��`r}UWUW��

<�`rp¬n>QSp_`r��`vu>W g9`Smfj>XfVKc ��nUg>QShlX\d9XfRURUc�X!h�nUgUW>bru>WUy�XfRUWUW d>WUR9`S^%W��
pUW�d>hK]Ms<m�QKmfVlQ�T3RUWUx���nUgUW���R9`zj>XfRUWUTMs�p_QS¤z|�|"WU}UW>XfRUVr`¥mfhKT3��W

γ > 5mfg>X\d>RUW>X�j9`SmfVlQSVKc¬n>Xfg>Xfp3u>�wj>XfRUWUx 〈f1〉
W 〈f2〉

nUg9`rpUVKWUj>X�mfpUW�m�QShKn9`vd/`r�«V
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���������\Q � ������� � � � �����L��� � � N�� ���������
��� � � � � � � �5������� �����N�� �
� �������
� � � V P

σ = 10
W
r1 = 28.8

W
r2 = 28

W
b = 8/3
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�EgUW>m �2�����31l�	�-��Qru9X�X�VlQS�zQ��5jUW>m\u9XfRUR>QKX�^�Q�d9X\u>WUg>QSh�`rRUW>X�d>WUR9`S^%WUpUW�^%��R>Q �
hlXfRUR>QSx!g9`r��R>QKmfVKWq|¨`r��nUg>QS}>X�m�m�QSh

x1(t)
W
x2(t)

n>Q�d>VKhlXfg�d>W3u9Q�¤z|�|¨XfpUV
hK��`rW>^%R>QSx)mfWUR3s3g>QSRUWU��`r}UWUW@ªenUgUW

γ > 5
g9`r��R>QKmfVK{�|¨`r��bru>WU��p_`©p�RU] �

u>� R9` hKg>X�^�XfR9`vs ��mf]_��X�mfVKhlXfRUR>Q�nUg>XfhKc�[�`r�«��W3s�mfg>X\d>R>X�XihKg>X�^%T!n>Xfg>X	�
p3u>�wj>XfRUWUx�����2��v� � ��`rpUW>^³QKbSg9`r�zQK^���nUgUW©mfW3u>{KR>QSx©mfhKT3��Wq^�Xfy�d>]�d>hK]3^%T
sM`SQSVKWUj>X�mfpUW>^%WabSW>mfVr`SbSW3u>{KRUc�^%WZQKmf}UW3uUu>T_VlQSg9`S^%W W>^�X�XfV�^�X�mfVlQ�¤z|�|�XfpUV
hK��`rW>^%R>QSxZmfWUR3s3g>QSRUWU��`r}UWUW�j9`SmfVlQSV+n>Xfg>Xfp3u>�«j>XfRUWUx��

A2B �2B�� *-(  ��")
��(3N���I���� ) � �lNOL�� �� 9LON���) ��N���)UL���) � 	 �%I �
��(  ��")
��(3N���I����ON�� �OI��� /L�)
(  �� /H
£�|�|�XfpUVkmfVlQzsM`SmfVKWUj>X�mfpMQS�zQ�g>Xf�zQSR9`rR>mz`k^�Qzy�XfVZbSc�VK{�mf]_��X�mfVKhlXfRUR>Q ]lmfW��
u9XfR���X�m\u>W¬W>mfn>Qru>{K��]lXfVlm°T¬}>Xfn>QSjUp3`�mfhKT3��`rRURUces¯bSW>mfVS`SbSW3u>{KRUces)mfW>mfVlX�^
�Dm�^ �%g9`r�fd9X\u������ ��¦l�	�?6
mfVS`rR>QShSu9XfR>Q��
jUVlQ�nUgUW�QSnUVKW>^
`vu>{KRUces���R9`�j>XfRUWUT_s
WURUVlXfR>mfWUhKR>QKmfVKW¥[�]3^
`!W¯p_QS¤z|�|"WU}UW>XfRUVr`�mfhKT_��W¬]_hlX\u>WUj>XfRUW>X�QSVKR>QS[�X	�
RUWUT¡mfWU��R9`vu5±v[�]_^�h�}>Xfn>QSjUpMX�d9QKmfVKWU�\`SXfVG^
`rpMmfW>^
`vu>{KR>QS�zQ©]_g>QShKRUT �
d9X	�
^�QSR>mfVKgUWUgU]KT¯¤z|�|�XfpUVq]lmfW3u9XfRUR>QS�zQ�^
`Sm�mfWUhlQK^ ��� ���%`Sm�m�^�QSVKgUW>^ nUg>X	�
d9X\u>{KRUc�x�m\u>]Mj9`rx�m\u/`SbKQSx�mfhKT3��W��9pMQS�°d/`+hK��`rW>^�Qzd9Xfx>mfVKhKW>X�^¬^�Xfy�d>]kn9`rg��
}UW9`vu>{KRUc�^%WZmfVlQzsM`SmfVKWUj>X�mfpUW>^%W�g>Xf�zQSR9`rVlQSg9`S^%W�^�Q�y�R>Q�nUg>XfR>X�bSg>XfjU{ �
®"m�m\u9X\d>]lX�^
`rT�^�Q�d9X\u>{�m s�X�^
`rVKWUj>X�mfpUWiWU�zQKbSg9`ry�XfR9`�R9`wgUW>m �l�����32«W�m�Q �

d9Xfg�y�WUV
N
n>Qzd9mfW>mfVlX�^��Up_`ry�d/`rT WU�wpMQSVlQSgUces�d9X�^�QSR>mfVKgUWUgU]lXfV[��� �_P�`rg��

}UW9`vu>{KR9`rT�n>Qzd9mfW>mfVlX�^
`
SRk

QKbru/`vd/`SXfV�hKRU]_VKg>XfRURUW>^)[�]_^�QK^
ξk(t)

�2nUgUW
¤�VlQK^�hKRU]MVKg>XfRURUW>X�[�]3^%c h�n>Q�d9mfW>mfVlX�^
`vs�mfVr`rVKW>mfVKWUj>X�mfpUW�R>Xf��`rhKW>mfW>^%c��
9�s�Q�dGT3hSu>T3XfVlmoTqQKbS��W>^¬dUu>T�hlm�X\s�¤fu9X�^�XfRUVlQSh�}>Xfn>QSjUpUW©W�nUg>X\d9mfVr`rhSu9XfR
mfWU��R9`vu9QK^

s(t)
�Up_QSVlQSgUc�xZ^�Q�y�XfV+bSc�VK{�`rn>XfgUW>Q�d>WUj>X�mfpUW>^ � 9�ces�Q�d>c¥mfWU� �

R9`vu9QSh�m�¤fu9X�^�XfRUVlQSh�n>Qzd/`r�«VlmoT+R9`�mf]_^�^%WUgU]_�w��WUx�}>XfRUVKg��ld/`r�w��WUx+p_Qru �
u9XfpUVKWUhKRUc�xZQSVKp3u>WUp

xM (t)
ª

xM (t) =
1

N

N
∑

k=1

xk(t).
� �����z¦31l�

P�g>X\d9mfVr`rhSu9XfRUR9`rT+^�Q�d9X\u>{"[�WUg>QSpMQwW>mfn>Qru>{K��]lXfVlm°T�R9`«nUg9`rpUVKWUpMXep3`rp�nUg>Q �
mfVlXfxU[�WUx�mfn>QKm�QKb«]_hlX\u>WUj>XfRUWUT�QSVKR>QS[�XfRUWUT�mfWU��R9`vu5±v[�]3^ �rP�gUW�d9QKmfVr`rVlQSj��
R>QkbKQru>{K[�QK^¬pMQru>WUj>X�mfVKhlXi¤fu9X�^�XfRUVlQShaha^
`Sm�mfWUhlX��

N � 1
��hKRU]MVKg>XfRURUW>X

[�]_^%c)R9`�pMQruUu9XfpUVKWUhKR>QK^�hKces�Q�d9X�W>mfj>Xf��`r�«Vi��`�mfj>XfV�]lmfg>X\d>R>XfRUWUTZW�QSV �
R>QS[�XfRUW>XamfWU��R9`vu5±v[�]3^�hlQS��g9`SmfVS`SXfV!nUg>QSn>QSgU}UW>QSR9`vu>{KR>QqjUW>m\u>]G¤fu9X�^�XfR��
VlQSh � �"XfVKgUWUhKW9`vu>{KR>QKmfVK{�^�Q�d9X\u>W���`rp3u>�«j9`SXfVlmoT+h�VlQK^��ljUVlQ�p_`ry�d>c�x�¤fu9X	�
^�XfRUV�T3hSu>T3XfVlmoTkmfVlQ�sM`SmfVKWUj>X�mfpUW>^�g>Xf�zQSR9`rVlQSg>QK^ �>P"QS¤�VlQK^%]��_n>QK^%W>^�Q�]_hlX	�
u>WUj>XfRUWUT QSVKR>QS[�XfRUWUT mfWU��R9`vu5±v[�]3^ ����23�\����hlQS�z^�Qzy�R>Q©W mf]_��X�mfVKhlXfRUR>QKX
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�
_ ��	 �K��� �����5���5�!T �O_

�
��Q ����������� �
SRk

� � � �L	���� � �!�����
�
���

���ON��	��� � ��� V W
s(t)

� �	���KS ����Q �����
_
H V Q ����M ����� W

ξk(t)
���	�!T � �����������ASUT�_

� V � �����K�
��� � ��	?� � ������� ��W
xM

�
�
� �!_

���
�
� ��� � V Q � V 	 ���1�
������� H��!

]lmfW3u9XfRUW>XkmfWU��R9`vu/`���P�g>X\d9mfVr`rhSu>TUXfV�WURUVlXfg>X�m�WGnUg>QKbru9X�^
`�mfWUR3s_g>QSRUWU��` �
}UWUW©`rR>mz`S^�bru>T�hKR>Xf[�RUW>^¥mfWU��R9`vu9QK^ � � Vl^�XfVKW>^���jUVlQa¤�Vr`kmfW>mfVlX�^
`aW>^�X	�
XfV�h�`ry�RUc�X�bSW>Qru9QS��WUj>X�mfpUW>X�nUgUW3u9Qzy�XfRUWUT�p_`rp�nUg>QKmfVlXfxU[�`rT�R>XfxUg>QSRUR9`rT
m�XfVK{�����234v�_W�^�Q�d9X\u>{�W>QSRURUces¨p_`rR9`vu9QSh�����2K�v� �rP"Q�s�Qzy�`rT�^�Q�d9X\u>{ �r�°d9X�h�p3` �
j>X�mfVKhlX�n9`rgU}UW9`vu>{KRUces�¤fu9X�^�XfRUVlQSh�W>mfn>Qru>{K�zQSh�`vu>W>mf{�`rhKVlQSpMQru9X�bl`rVlX\u>{KRUc�X
mfW>mfVlX�^%c �>W>m�m\u9X\d9QSh�`rR9`�h�g9`SbKQSVr`vs�����2r¢ ����2K¦v� �
��I� �ON�� ��N�LOI �OL� � + $( � ��N�� ) ��� � )UL���) � 	
��I � ��(  � )
��(3N��OI�����N �
�OI��� /L�)
(  �� 9H�B 9�m\u>]_j9`SX�m\u/`SbKQS�zQ�mfWU��R9`vu/`

s(t)
mfVr`rVKW>mfVKWUj>X�mfpUW>X"mfhlQSx��

mfVKh�`ZQSVKp3u>WUp_`�QSVzd9X\u>{KR>QSx�mfVlQzsM`SmfVKWUj>X�mfpMQSx¡mfW>mfVlX�^%c ^�QS��]_VZbSc�VK{�g9`Sm	�
mfjUWUVr`rRUc m�n>QK^�QS��{K� VlX�QSgUWUW�u>WUR>XfxUR>QS�zQ�QSVKp3u>WUp_`�� 52`vd/`zj9`�m�QKmfVlQSWUVZh
hKc�jUW>m\u9XfRUWUW�mfn>XfpUVKg9`vu>{KRUces�sM`rg9`rpUVlXfgUW>mfVKWUpGpMQruUu9XfpUVKWUhKR>QS�zQ�QSVKp3u>WUp_`
xM (t)

���z¦��v� �
� bKQS��R9`�jUW>^ mfn>XfpUVKg9`vu>{KRU]M� n3u9QSVKR>QKmfVK{�R9`©hKces�Qzd9X

k
� �zQG¤fu9X�^�XfRUVr`

j>Xfg>Xf�
Gk,k(ω)

�3hK��`rW>^%RU]_��mfn>XfpUVKg9`vu>{KRU]M�<n3u9QSVKR>QKmfVK{
k
� �zQ�W

m
� �zQ�¤fu9X	�

^�XfRUVlQSh
�

j>Xfg>Xf�
Gk,m(ω)

W�mfn>XfpUVKg9`vu>{KRU]_��n3u9QSVKR>QKmfVK{�mf]3^�^%WUg>QSh�`rRUR>Q �
�zQ�hKces�Q�d/`

�

j>Xfg>Xf�
GM,M (ω)

�v²�u>T�mfn>XfpUVKg9`vu>{KR>QSx+n3u9QSVKR>QKmfVKW
GM,M (ω)R>Xfn>QKmfg>X\d9mfVKhlXfRUR>Q+WU�+� �����z¦31l��n>Qru>]_j9`SX�^

GM,M (ω) =
1

N2







N
∑

k=1

Gk,k(ω) +

N
∑

k=1

N
∑

m=1
k 6=m

Gk,m(ω)






.

� �����z¦32l�

9�QSVlmf]_VlmfVKhKW>X+mfWU��R9`vu/`
Gk,m(ω) = 0

h�mfW3u>]�mfVS`rVKW>mfVKWUj>X�mfpMQSx�R>Xf��`rhKW��
mfW>^�QKmfVKW©hKRU]MVKg>XfRUR>Xf�zQ�[�]3^
` ha¤fu9X�^�XfRUVS`vs ��P�]lmfVK{�¤fu9X�^�XfRUVKc ^
`Sm�mfWUh�`
sM`rg9`rpUVlXfgUWU��]_�«VlmoT�WU��hlX�mfVKRUc�^%W�hlQKmfnUgUWUW>^%jUWUhlQKmfVvTU^%W

χk(ω,D)
�5�°d9X

D
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�

WURUVlXfR>mfWUhKR>QKmfVK{�hKRU]MVKg>XfRUR>Xf�zQ�[�]3^
`��/²�u>T�mfn>XfpUVKg9`vu>{KR>QSx!n3u9QSVKR>QKmfVKW
R9`�hKces�Qzd9X

k
� �zQ�¤fu9X�^�XfRUVr`�n>Qru>]Mj9`SX�^

Gk,k(ω) = G
(0)
k,k(ω,D) + |χk(ω,D)|2 Gs,s(ω),

� ������/��l�

�°d9X
G

(0)
k,k(ω,D) �

mfn>XfpUVKg9`vu>{KR9`rT¨n3u9QSVKR>QKmfVK{
k
� �zQ�¤fu9X�^�XfRUVS`�h�QSVlmf]_VlmfVKhKW>X

mfWU��R9`vu/` ��`
Gs,s(ω) �

mfn>XfpUVKg9`vu>{KR9`rT¬n3u9QSVKR>QKmfVK{ mfWU��R9`vu/`�� 9���`rW>^%R9`rT
mfn>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{

Gk,m(ω)
QSnUg>X\d9X\u>T3XfVlmoT�hKc�g9`ry�XfRUW>X�^ ���z¦��v�

Gk,m(ω) = χ∗
k(ω,D)χm(ω,D)Gs,s(ω),

� ������/3���

�°d9X�mfW>^%hlQru ∗ QKbKQS��R9`�j9`SXfVwpMQK^%n3u9Xfp_mfR>QKX�m�QSnUgMT_y�XfRUW>X �vP"Qzd9mfVr`rhSu>T3T�� ������/��l���
� ������/3���Ohi� �����z¦32l���Kn>Qru>]_j9`SX�^�mfn>XfpUVKg9`vu>{KRU]_�¯n3u9QSVKR>QKmfVK{�pMQruUu9XfpUVKWUhKR>QS�zQ
hKces�Q�d/`3ª

GM,M (ω) =
1

N2

N
∑

k=1

G
(0)
k,k(ω,D)+

Gs,s(ω)

N2

N
∑

k=1

N
∑

m=1

χ∗
k(ω,D)χm(ω,D).

� ������/34l�
9���`rW>^%R9`rTqmfn>XfpUVKg9`vu>{KR9`rT©n3u9QSVKR>QKmfVK{Zp_QruUu9XfpUVKWUhKR>QS�zQ�hKces�Q�d/`�W!hSs�Qzd �
R>QS�zQ�mfWU��R9`vu/` �

Gs,M (ω)
�UQSnUg>X\d9X\u>TUXfVlm°T�hKc�g9`ry�XfRUW>X�^

Gs,M(ω) =
Gs,s(ω)

N

N
∑

k=1

χk(ω,D).
� ������/K�l�

P"Qru>]_j>XfRURUc�X�m�QKQSVKR>QS[�XfRUWUT�n>QS��hlQru>T3�wV QSnUg>X\d9X\u>WUVK{�hlm�X�R>X�QKbzs�Q�d>W��
^%c�Xi^�XfgUc ��� ��haj9`SmfVKR>QKmfVKW��O|"]_RUpU}UWU� p_QS�zXfg>XfRUVKR>QKmfVKWGWqQSVKR>QS[�XfRUW>X
mfWU��R9`vu5±v[�]_^ �9²�u>T�]_nUg>QS��XfRUWUT�`rR9`vu>WU��`+g9`Sm�m�^�QSVKgUW>^)`rR>mz`S^�bru>{ W3d9XfR��
VKWUjURUces<¤fu9X�^�XfRUVlQSh)m!hlQKmfnUgUWUW>^%jUWUhlQKmfVK{K�

χ(ω,D) ≡ χk(ω,D)
W�m

R>XfhlQS�z^%]_��XfRUR>QSx�mfn>XfpUVKg9`vu>{KR>QSxan3u9QSVKR>QKmfVK{K�
G

(0)
x,x(ω,D) ≡ G(0)

k,k(ω,D)
�

9¬¤�VlQK^�m\u>]Mj9`SX�n>Qru>]_jUW>^ m\u9X\d>]_�«��W>X�hKc�g9`ry�XfRUWUT�dUu>T�mfn>XfpUVKg9`vu>{KRUces
n3u9QSVKR>QKmfVlXfx@ª

GM,M (ω) =
1

N
G(0)

x,x(ω,D) + |χ(ω,D)|2 Gs,s(ω),
� ������/r¢M�

Gs,M (ω,D) = χ(ω,D)Gs,s(ω).
� ������/K¦l�

9�nUg>X\d9X\u/`vs bKQru>{K[�W3s
N
n>XfgUhKc�x�j3u9XfR�hk� ������/r¢M���_QSVKhlXfj9`r�w��WUx���`¨hKRU] �

VKg>XfRURUW>X!|"u>]MpUVK]�`r}UWUW)h�¤fu9X�^�XfRUVS`vs `rR>mz`S^�bru>T ��W>mfj>Xf��`SXfV¡W¥hlX�mf{ `rR��
mz`S^�bru>{�hlX\d9XfVZm�X�bzT�p3`rp�¤�pUhKWUh�`vu9XfRUVKR9`rT � " . %�) . ���ZmfW>mfVlX�^
`am�n>Xfg>X\d/` �
VlQSjUR>QSxasM`rg9`rpUVlXfgUW>mfVKWUp_QSx

χ(ω,D)
�
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P�g>X\d9mfVr`rhKW>^<m\u/`SbSc�xGmfWU��R9`vu©R9`ahSs�Q�d9X�h�hKW3d9X+mf]_^�^%c n>XfgUW>Q�d>WUj>X	�
mfpMQSx�Wi[�]3^�QShlQSxipMQK^%n>QSR>XfRUV>ª

s(t) = n(t)+A sin(Ωt)
� � VKR>QS[�XfRUW>XwmfWU� �

R9`vu5±v[�]_^�R9`�hSs�Q�d9X�|"WUp_mfWUg>QSh�`rR>QUª

SNRin =
πA2

Gn,n(Ω)
,

� ������/3/l�

�°d9X
Gn,n(Ω) �

mfn>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{�[�]_^�QShlQSx�p_QK^%n>QSR>XfRUVKc¡R9`�j9` �
mfVlQSVlX�mfWU��R9`vu/`��3��n>XfpUVKg9`vu>{KR9`rT�n3u9QSVKR>QKmfVK{wpMQruUu9XfpUVKWUhKR>QS�zQ�hKces�Q�d/`«VS`rp��
y�XibS]�d9XfVam�QKmfVlQ�T_VK{�WU��[�]3^�QShlQS�zQ nU{lX\d9X�mfVr`vu/`aW

δ
� nUWUp_` ��m�QKQSVKhlXfVlmfVKhK] �

�w��Xf�zQ�n>XfgUW>Qzd>WUj>X�mfpMQSx�j9`SmfVKWZmfWU��R9`vu/`3ª

GM,M (ω) =
1

N
G(0)

x,x(ω,D) + |χ(ω,D)|2
[

Gn,n(ω) + πA2 δ(ω −Ω)
]

.� ������/��K�
� VKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]3^�pMQruUu9XfpUVKWUhKR>QS�zQ¨hKces�Q�d/`

SNRout
^�Qzy�XfV�bSc�VK{

u9Xf��pMQ�n>Qru>]_j>XfR>Q�WU��n>QKm\u9X\d>R>Xf�zQ�hKc�g9`ry�XfRUWUT � � d>R9`rpMQ�R9`rW>bKQru>{K[�WUx�WUR��
VlXfg>X�m�nUg>X\d9mfVr`rhSu>TUXfV�QSVKR>QS[�XfRUW>X+QSVKR>QS[�XfRUWUx�mfWU��R9`vu5±v[�]3^³R9`khKces�Q�d9X
WahSs�Qzd9XKª

η =
SNRout

SNRin
= 1− G

(0)
x,x(Ω,D)

G
(0)
x,x(Ω,D) +N |χ(Ω,D)|2Gn,n(Ω)

.
� ������/31l�

£�VlQ�QSVKR>QS[�XfRUW>X�hlm�Xf�od/`�^�XfRU{K[�X
1
� "WU[�{¨h�nUg>X\d9X\u/`vs

N →∞ QSVKR>QS[�X	�
RUWUT�mfWU��R9`vu5±v[�]_^¥R9`�hSs�Q�d9X�W!hKces�Q�d9Xim�QShKn9`vd/`r�wV ���wQSVvT �2p_`rp©m\u9X\d>]lXfV
WU�wnUgUWUhlX\d9XfRUR>QS�zQ�hKc�[�X�`rR9`vu>WU��` � �!�#. ���#%�. " %a��"���. ������� � � . � ��	 � � ��%
��. �L� � ��� � ���#���A�����#" $&%���'(" ��*,%�-!�!. ���#�
* � � . %��]��� %�� ��	U�
	 ��� �($�� % �
. � � � �O* � �!. %�. "� ��� ��� ����� � �/`�n>XfgUW>Q�d>WUj>X�mfp_`rT�j9`SmfVK{ mfWU��R9`vu/`+^�Qzy�XfV
bSc�VK{�]lmfW3u9XfR9`�h |χ(Ω,D)| g9`r���P�g9`rpUVKWUj>X�mfpUWah�`ry�R>QSxkT3hSu>TUXfVlm°TkQS}>XfRUp_`�jUW>m\u/`�¤fu9X�^�XfRUVlQSh�`rR>mz`S^�b �
u>T �2R>X�QKb�s�Qzd>W>^�QS�zQZdUu>T�n>Qru>]_j>XfRUWUT���`vd/`rRUR>QS�zQZQSVKR>QS[�XfRUWUT

η
�2pMQSVlQSg>QKX

u9Xf��pMQiR9`vs�Q�d>WUVlmoT�WU��|�QSg>^%]vu>c � ������/31l�\ª

N =
G

(0)
x,x(Ω,D)

|χ(Ω,D)|2 Gn,n(Ω)

η

1− η .
� ������/32l�

9�R>QShK{�g9`Sm�m�^�QSVKgUW>^�^
`Sm�mfWUh�bSW>mfVr`SbSW3u>{KRUcesamfVlQzsM`SmfVKWUj>X�mfpUW3s�QKmf}UW3u �
u>T3VlQSg>QSh ��R9`¨hSs�Q�d>c�pMQSVlQSgUces+n>Q�d/`SXfVlm°T mfWU��R9`vu

s(t) = n(t)+A sin(Ωt)
�

�°d9X
n(t) �

�\`z]lm�m�QSh¥}UhlXfVKR>QSx�[�]_^ m�Q mfn>XfpUVKg9`vu>{KR>QSx n3u9QSVKR>QKmfVK{K�
Gn,n(ω) = γQ/(ω2 + γ2)

�UP"Qru>]Mj9`SX�^

η = 1− Ω2 + γ2

D2 (Ω2 + γ2) +N λm 〈x2〉stQγ
� ����� � �l�
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η

=?>A@�B:CDB � � B G � ����S �������
η
� ����� ��� � ���� �
������� H��! � � �L	�� � � �������

�
�!	]H ��� � ��H ���!Y	� V 	

��� � ������ � ������� 	 Q = 10−3 W γ = 1.0
W
A = 0.1

W
Ω = 0.1

� � ������� ����� � �
 ��� V 	�T �����	���OQ
�������5�������Z � �\2� V ��� � �������K� � ��� � � � �

W

N =
D2 (Ω2 + γ2)

λm 〈x2〉stQγ
η

1− η ,
� ����� �_���

�°d9X
N �

jUW>m\u9Qi¤fu9X�^�XfRUVlQSh�h `rR>mz`S^�bru9X	�9R>X�QKbzs�Q�d>W>^%ces�dUu>Tan>Qru>]_j>XfRUWUT
QSVKR>QS[�XfRUWUT

η
�

�OXf��]�u>{vVr`rVKc mf]_^�^%WUg>QSh�`rRUc R9`�gUW>m ����� ¢�� �
�°d9X�QSVKR>QS[�XfRUW>X
η
n>QSp_` �

��`rR>Q p_`rp<|"]MRUpU}UWUT¥WURUVlXfR>mfWUhKR>QKmfVKW³hKRU]_VKg>XfRUR>Xf�zQ�[�]3^
`
D
W¥jUW>m\u/`

¤fu9X�^�XfRUVlQSh
N
� ��`G¤�VlQK^ y�X!gUW>mf]MRUp_X�n>QSp_`r��`rRUc u>WURUWUW¥n>QKmfVlQ�T3RURUces

]_g>QShKR>Xfx��UQSnUg>X\d9X\u>T_�w��W>X�m°T hKc�g9`ry�XfRUW>X�^)� ����� �_���	�A9�W3d>R>Q��_jUVlQ���`rhKW>mfW��
^�QKmfVK{

N(D)
sM`rg9`rpUVlXfgUWU��]lXfVlm°T�^%WURUW>^%]3^�QK^�ª3jUVlQKbSc¯d9QKmfVKWUjU{���`vd/`rRUR>Q �

�zQ���R9`zj>XfRUWUTZQSVKR>QS[�XfRUWUT
η
�>R>X�QKb�s�Q�d>W>^�Q ^%WURUW>^
`vu>{KR>QKX�jUW>m\u9Q�¤fu9X�^�XfR��

VlQShZ`rR>mz`S^�bru>T�nUgUW!QSnUVKW>^
`vu>{KR>QK^¥]Mg>QShKR>X�hKRU]_VKg>XfRUR>Xf�zQa[�]3^
`��7<�g>QK^�X
VlQS�zQ��@gUW>m ����� ¢��kQSVKg9`ry�`SXfV�¤z|�|�XfpUV ��� bKXf��R9`SmfVKg>QSxUpUW@ª@nUgUW©bKQru>{K[�W3s
N
QSVKR>QS[�XfRUW>X

η
nUg9`rpUVKWUj>X�mfpUWZR>X���`rhKW>mfWUV+QSV

D
�

*¨NOL�� �� 9LON ��) ��N��!)UL���) � 	 � � ��(  � )
��(3N��OI�����N � �OI��� /L�)
(  �� 9H ��� ) 	
	$# � �OI��ON� �
N��OI����ON � �lN�KL�)��  ���B��kN�� �%IML�L� 9I �� �
I ��N �� 9H")UL�NOI>B
9�nUg>X\d9X\u9X

N → ∞ W©hZQSVlmf]_VlmfVKhKW>X+hKR>Xf[�R>Xf�zQ�[�]3^
`kp_QruUu9XfpUVKWUhKRUc�x
QSVKp3u>WUp�`rR>mz`S^�bru>TaR9`�m\u/`SbSc�xZn>XfgUW>Q�d>WUj>X�mfpUWUx�mfWU��R9`vu�T3hSu>TUXfVlm°T�n>XfgUW��
Q�d>WUj>X�mfp_QSx�|�]MRUpU}UW>XfxahKg>X�^�XfRUW@ª

x∞M (t) = A |χ(Ω,D)| cos (Ωt+ ψ),
� ����� ��4l�

�°d9X
ψ �

|¨`r�zQShKc�xam°d>hKWU� �/QSnUg>X\d9X\u>T3X�^%c�x�|�QSg>^%]vu9QSx

ψ = − arctan
Imχ(Ω,D)

Reχ(Ω,D)
.

� ����� �S�l�
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®�RUVlXfg>X�mfRUc mfWUVK]�`r}UWUW��ep_QS�°d/`GjUW>m\u9QG¤fu9X�^�XfRUVlQSh�h�`rR>mz`S^�bru9X�hlX\u>WUpMQ��
R>Q�p_QSR>XfjUR>Q �eP�gUW>^�Xfg9`S^%W WU��QKbru/`SmfVKW bSW>Qru9QS��WUW¯^�QS��]MV©m\u>]My�WUVK{©n>Q �
nU]vu>T_}UWUW R>XfxUg>QSR>QSh � g>Xf}>XfnUVlQSg>QSh)����234v�«W¡^
`Sm�mfWUhKc W>QSRURUces�p_`rR9`vu9QSh©h
p3u9XfVlQSjURUces�^�X�^�bSg9`rR9`vs!����2K�v� � ��`Smfp_Qru>{KpMQ+g>Xz`vu>WU��`r}UWUTapMQruUu9XfpUVKWUhKR>QS�zQ
hKces�Q�d/`�`rR>mz`S^�bru>TkQSVKg9`ry�`SXfV�hSs�Q�d>R>QSxamfWU��R9`vu5"P�g>X\d>ced>]_��W>X�g9`r�fd9X\u>c
d/`vu>W�QSVKhlXfV�R9`�¤�VlQSV�hlQSnUg>QKm�u>WU[�{�h�VlXfg>^%WUR9`vsG]lmfg>X\d>R>XfRURUcesGsM`rg9`rp��
VlXfgUW>mfVKWUp��/Vr`rpUW3s �Up_`rp�QSVKR>QS[�XfRUW>X�mfWU��R9`vu5±v[�]3^�W�|�]MRUpU}UWUT pMQS�zXfg>XfRUV �
R>QKmfVKW��M²�u>TkQSVzd9X\u>{KR>QS�zQ�mfVlQzsM`SmfVKWUj>X�mfpMQS�zQ+g>Xf�zQSR9`rVlQSg9`�mfWUR3s3g>QSRUWU��`r}UWUT
hKces�Q�d/`�WkhSs�Q�d/` �9p_`rp�bSceu9Q�n>QSp3`r��`rR>Q�hKc�[�X	�UhlQS�z^�Qzy�R9`�u>WU[�{inUgUWkd9Q �
mfVr`rVlQSjUR>Q bKQru>{K[�QSx³`S^%n3u>WUVK]�d9X�mfWU��R9`vu/`���P�gUW)QSnUVKW>^
`vu>{KR>QK^ ]_g>QShKR>X
hKRU]_VKg>XfRUR>Xf�zQa[�]_^
` p_QruUu9XfpUVKWUhKRUc�xqhKces�QzdG`rR>mz`S^�bru>T�mfVlQzsM`SmfVKWUj>X�mfpUW3s
g>Xf�zQSR9`rVlQSg>QSh�^�Qzy�XfV�bSc�VK{�mfWUR3s3g>QSRUWU�zQSh�`rRGmfp_Qru>{Z]_�zQ�d>R>Q�m\u/`SbSc�^³n>X	�
gUW>Q�d>WUj>X�mfpUW>^�mfWU��R9`vu9QK^¥����23/v� �

��`�jUR>X�^<m+QKbKmf]My�d9XfRUWUT©g>Xf��]�u>{vVr`rVlQSh�jUW>m\u9XfRUR>QS�zQ�^�Q�d9X\u>WUg>QSh�`rRUWUT �
9�p_`zj>X�mfVKhlX¨¤fu9X�^�XfRUVS`i`rR>mz`S^�bru>TahlQS��{l^�X�^¡VKgUWU���zXfg ��^%WUVKVr`3ª

xk(t+∆t) = sgn [K xk(t)− ξk(t)− η(t)−A sin Ωt],
� ����� �v¢M�

�°d9X
K �

n>QSg>QS�kmfg9`Sbl`rVKc�h�`rRUWUT©VKgUWU���zXfg9` � ξk(t) �

hKRU]_VKg>XfRURUWUx�[�]3^)h
k
�'QK^�¤fu9X�^�XfRUVlX � η(t) �

m\u/`SbSc�x hKR>Xf[�RUWUx�[�]_^ ��9 jUW>m\u9XfRURUces ¤�pMmfn>X	�
gUW>^�XfRUVr`vs

K = 0.2
�ehGp_`�j>X�mfVKhlX!hKRU]MVKg>XfRUR>Xf�zQG[�]3^
`!W>mfn>Qru>{K�zQSh�`vu9moT

�\`z]lm�m�QShG¤�pMmfn>QSR>XfRU}UW9`vu>{KR>Q�p_QSgUg>X\u>WUg>QSh�`rRURUc�x¬[�]3^ mkhKg>X�^�XfR>X�^ p_QSg��
g>X\u>T3}UWUW

τc = 0.01
W�WURUVlXfR>mfWUhKR>QKmfVK{K�

D
�-hKR>Xf[�RUWUx�[�]3^¯bSceu!Vr`rpUy�X

nUg>X\d9mfVr`rhSu9XfRZ�\`z]lm�m�QShKc�^�}UhlXfVKRUc�^�[�]_^�QK^GmwVr`rpUW>^�y�X�hKg>X�^�XfR>X�^�p_QSg��
g>X\u>T3}UWUW�W�WURUVlXfR>mfWUhKR>QKmfVK{K�

Q = 0.03
�r²�u>T�`S^%n3u>WUVK]vd>c�W�j9`SmfVlQSVKc�n>X	�

gUW>Q�d>WUj>X�mfp_QS�zQ�mfWU��R9`vu/`kbSceu>W�hKc�bSg9`rRUc���R9`zj>XfRUWUT
A = 0.03

�
Ω = 0.5

�
nUgUWkpMQSVlQSgUceskT3hSu9XfRUW � mfVlQ�sM`SmfVKWUj>X�mfp_QSx�mfWUR3s3g>QSRUWU��`r}UWUWkdUu>TkQSVzd9X\u>{KR>Q
hK��T3VlQS�zQa¤fu9X�^�XfRUVS`kR>X�R9`Sbru>�ed/`SXfVlmoT ���W>m\u9XfRUR>QKX�^�Q�d9X\u>WUg>QSh�`rRUW>X+nUg>Q �
hlQ�d>W3u9QKmf{kR9`+mf]_n>XfgUpMQK^%nU{K�wVlXfg>X � ����� Wad>hK]��3nUg>QS}>X�m�m�QSgUR>QSx�g9`SbKQSj>Xfx
mfVr`rRU}UWUW � � � � �����
	��l±v¢ �
²�u>T�pMQru>WUj>X�mfVKhlXfRUR>QS�zQ"`rR9`vu>WU��`�mfWUR3s3g>QSRUWU��`r}UWUW¨p_QruUu9XfpUVKWUhKR>QS�zQ�hKc
�

s�Q�d/`�W>mfn>Qru>{K��]lX�^�n>QSRUT3VKW>X�mfg>X\d>R>Xfxaj9`SmfVlQSVKc)Wk^%��R>QShlXfRUR>QSx�|¨`r��c��
��`
gUW>m �>��� ¢>�z`�n>QSp3`r��`rR9`���`rhKW>mfW>^�QKmfVK{+mfg>X\d>R>Xfxaj9`SmfVlQSVKc 〈ω〉 QSV�WURUVlXfR>mfWUh �R>QKmfVKW�hKRU]MVKg>XfRUR>Xf�zQ+[�]3^
`�dUu>T�g9`r��R>QS�zQijUW>m\u/`

N
¤fu9X�^�XfRUVlQSh�h�`rR>mz`S^ �

bru9X �@²�u>T!QSVzd9X\u>{KR>Q�hK��T3VlQS�zQ�¤fu9X�^�XfRUVS`q�
N = 1

�"��`rhKW>mfW>^�QKmfVK{ 〈ω〉(D)W>^�X�XfVG¤�pMmfn>QSR>XfRU}UW9`vu>{KRUc�x)hKW3d � � d>R9`rp_Q©mZg>QKmfVlQK^ jUW>m\u/`�¤fu9X�^�XfRUVlQSh
¤�pMmfn>QSR>XfRU}UW9`vu>{KRUc�x ��`rpMQSR¯R9`rgU]_[�`SXfVlmoT W�nUgUW�d9QKmfVr`rVlQSjUR>Q�bKQru>{K[�QK^
pMQru>WUj>X�mfVKhlX�mfVlQzsM`SmfVKWUj>X�mfpUW3s+g>Xf�zQSR9`rVlQSg>QShk�

N ≥ 100
��W>^�X�XfV�^�X�mfVlQ�¤z| �

|�XfpUVZ��`vs_h�`rVS`aj9`SmfVlQSVKc 〈ω〉 � � nUW>mfc�h�`SX�^
`rT©p_`rgUVKWUR9`Zn>Q�s�Q�y�`ZR9`amfWUR��s3g>QSRUWU��`r}UWU� QSVzd9X\u>{KR>QS�zQ mfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ g>Xf�zQSR9`rVlQSg9`+nUgUW�hlQS��g9`SmfVr` �
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RUWUW�`S^%n3u>WUVK]vd>c mfWU��R9`vu/` �Dm�^ ��gUW>m �8���04r¢�`�W ���0432l�	� � d>R9`rpMQqh�R9`r[�X�^
m\u>]_j9`SXZ`S^%n3u>WUVK]vd/`!mfWU��R9`vu/`!^
`vu/`�W mfWUR3s3g>QSRUWU��`r}UWUT�d9QKmfVKWU�f`SXfVlm°T���`
mfj>XfV�]_hlX\u>WUj>XfRUWUTajUW>m\u/`�¤fu9X�^�XfRUVlQSh+hi`rR>mz`S^�bru9X �

9�c�hlQ�d�Q�R9`vu>WUjUWUW¨mfWUR3s_g>QSRUWU��`r}UWUW�n>Q�d>VKhlXfgMy�d/`SXfVlm°T�g9`Smfj>XfVlQK^a^%��R>Q �
hlXfRUR>QSxag9`r��R>QKmfVKW�|¨`r��pMQruUu9XfpUVKWUhKR>QS�zQ+hKces�Q�d/`�Wkn>XfgUW>Qzd>WUj>X�mfpMQS�zQ�mfWU� �
R9`vu/` �lnUg>X\d9mfVS`rhSu9XfRURUc�^©R9`�gUW>m ����� ¢>��b ��P�gUW�QSnUVKW>^
`vu>{KR>QK^!]_g>QShKR>X�hKRU] �
VKg>XfRUR>Xf�zQ�[�]3^
`)�

D ≈ 0.06
�kg9`r��R>QKmfVK{ |¨`r�!QKmfVS`SXfVlm°T)n>QKmfVlQ�T3RUR>QSx h

VlXfj>XfRUW>X�dUu>WUVlX\u>{KRUcesGnUg>QK^�Xfy�]MVKp_QSh�hKg>X�^�XfRUW��U<�`rpG]My�X+�zQShlQSgUW3u9QKmf{ �
mfg>X\d>R>X�X���R9`�j>XfRUW>X�¤�VKW3s�nUg>QK^�Xfy�]MVKp_QShahKg>X�^�XfRUW�^�Qzy�XfV�bSc�VK{kQS}>XfR>XfR>Q
m+n>QK^�QS��{K� p_QS¤z|�|"WU}UW>XfRUVS`�¤z|¨|�XfpUVKWUhKR>QSx!d>W>|¨|"]M��WUWqg9`r��R>QKmfVKW�|¨`r�
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`
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N
`SbKm�Qru>�wVKR>QKX«��R9`�j>XfRUW>XwpMQS¤z|�|�WU}UW>XfRUVr`�d>W>|�|"]_��WUW�]_^�XfRU{ �

[�`SXfVlm°T �9`�QSnUVKW>^
`vu>{KR>QKX���R9`zj>XfRUW>X�WURUVlXfR>mfWUhKR>QKmfVKW�hKRU]MVKg>XfRUR>Xf�zQ�[�]3^
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� d>RUW>^�WU�aQKmfR>QShKRUces�^�QSVKWUhlQShqW>m�m\u9X\d9QSh�`rRUWUx mfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ©g>Xf�zQ �
R9`rR>mz`�T3hKW3u/`Smf{�W3d9XfTk]�u>]_jU[�XfRUWUTan>Xfg>X\d/`�jUW�WUR>|�QSg>^
`r}UW>QSRUR>QS�zQ�mfWU��R9` �
u/`�nU]_VlX�^�QSnUVKW>^
`vu>{KR>QSx�R9`SmfVKg>QSxUpUW�mfVlQzsM`SmfVKWUj>X�mfpMQS�zQGbSW>mfVr`SbSW3u>{KR>QS�zQ
|"W3u>{vVKg9`��«§�Xfg>QSx���QSnUW>mfc�h�`r�w��Xfx³n>Xfg>X\d/`�jU]¥WUR>|�QSg>^
`r}UWUW¥j>Xfg>Xf�GbSW��
mfVr`SbSW3u>{KRU]_� mfW>mfVlX�^%]��2T3hSu>TUXfVlm°T�mfn>XfpUVKg�]lm\u9QShKRUces�¤�RUVKg>QSnUWUx � XfRUR>Q �
R9`¯����2�� �l��231v� � 9�QSVzu>WUjUW>X�QSVGd>gU]_��W3s�^�Xfg � u>WUR>XfxUR>QSx¥hlXfg>mfWUW¬VKg9`rR>m	�
WUR>|�QSg>^
`r}UWUW/����nUgUW>^�XfRUT3hK[�W3s�m°T)h�g9`SbKQSVS`vs<���K¦ ��4����v�¨W¯WU�z^�Xfg�T3�«��W3s
mfVlXfn>XfRU{ u>WUR>XfxUR>QSx���`rhKW>mfW>^�QKmfVKW�hSs�Qzd/`�W�hKces�Qzd/` mfW>mfVlX�^%c �-W>Xfg9`rgls3WUT
]lm\u9QShKRUces�¤�RUVKg>QSnUWUx ��XfRUR>QSR9`!�04��3�	�K4��34v��sM`rg9`rpUVlXfgUWU��]lXfV�p_QSgUg>X\u>T_}UWUW
hlm�X\s�hKc�mf[�W3s�n>QSg�T_d>p_QShkW�h�nUg>X\d9X\u9X�T3hSu>TUXfVlm°T�^�Xfg>QSx�]Mn>QSgMTMd9QSj>XfRUR>Q �
mfVKW�mfW>mfVlX�^%c��
�«R9`vu>WU��h VlXfg>^%WUR9`vs�VlX�QSgUWUW�WUR>|�QSg>^
`r}UWUW�VKg>X�bS]lXfVkhKhlX\d9XfRUWUT�mfW>^ �

hlQru>{KR>QS�zQ<`vu9|¨`rhKWUVr` ��m�QKQSVKhlXfVlmfVKhK]M�w��Xf�zQ mfVlQzsM`SmfVKWUj>X�mfpMQSx d>WUR9`S^%WUpMX
mfW>mfVlX�^%c��@²�u>T�bSW>mfVr`SbSW3u>{KRUcesqmfVlQzsM`SmfVKWUj>X�mfpUW3s©mfW>mfVlX�^¥X�mfVlX�mfVKhlXfRURUc�^
T3hSu>TUXfVlm°T�bSWUR9`rgURUc�x�`vu9|¨`rhKWUV �/m�QKmfVlQ�T3��WUx�WU�¨d>hK]MsamfW>^%hlQru9QSh �5R9`rnUgUW��
^�Xfg���Y �UY\W¯YS�lY �@p_QSVlQSgUc�X+QSVKhlXfj9`r�wV�R9`vs�Q�y�d9XfRUWU� mfW>mfVlX�^%c m\u9Xfh�`kW3u>W
mfnUg9`rh�` QSV bl`rgU{lXfg9`��5P�]lmfVK{

in = i1, . . . , in �

d>hlQSWUjUR9`rT�n>Q�d>n>QKm\u9X\d9QSh�` �
VlX\u>{KR>QKmfVK{iW3u>WZm\u9QShlQ��>m�QKmfVlQzT3��X�X"WU�

n
bS]MpUh � � bKQS��R9`zjUW>^¡QSVKR>QKmfWUVlX\u>{ �

RU]_� j9`SmfVlQSVK]�n>QShKVlQSg>XfRUWUTk¤�VlQS�zQ�m\u9QSh�`�h�d/`rRUR>QSxan>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW
�EV � X ��hlXfg>QzT3VKR>QKmfVK{M��j>Xfg>Xf�

p(in)
� �
m\u>W!n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{�m�Qzd9Xfg�y�WUV

n>XfgUW>Q�d>WUj>X�mfpU]_�<pMQK^%n>QSR>XfRUVK]��UVlQ�hKg>X�^�XfRURUc�X"p_QSgUg>X\u>T3}UWUW�bS]�d>]_V�QSVKg9` �
y�`rVK{lmoT¯h©hKc�m�QSp_QSx)mfVKgU]MpUVK]_gUWUg>QSh�`rRUR>QKmfVKW¥|"]_RUpU}UWUW�g9`SmfnUg>X\d9X\u9XfRUWUT
m\u9QSh+dUu>WURUc

n
� �«R9`vu9QS�zQK^¡�fd9X�mf{ m\u>]_y�WUVig9`SmfnUg>X\d9X\u9XfRUW>X�hKg>X�^�XfRZnUg>X	�

bSc�h�`rRUWUT �
²�u>T�pMQru>WUj>X�mfVKhlXfRUR>QSx�QS}>XfRUpUW¨mfVlXfn>XfRUW�]Mn>QSgMTMd9QSj>XfRUR>QKmfVKW�¤�VKW3s"mfVKgU]Mp��

VK]_g�W>mfn>Qru>{K��]lXfVlm°T�¤�RUVKg>QSnUWUT ��XfRUR>QSR9`��04��3�\���lnUgUW>^�XfRUTUX�^
`rTipig9`SmfnUg>X	�
d9X\u9XfRUWU��m\u9QSh�dUu>WURUc

n
�
n
� � u9QShM�\ª

Hn = −
∑

(in)∈{0,1}n

p(in) log2 p(in).
� ����� �S¦l�

Hn
R9`r��c�h�`r�«VlmoT

n
�'bru9QSpMQShKc�^%W ¤�RUVKg>QSnUWUTU^%W�W�WURUVlXfgUnUg>XfVKWUgU]M�wVlm°T�p_`rp

mfg>X\d>RUT3T¥WUR>|�QSg>^
`r}UWUT �«R>X�QKb�s�Qzd>W>^
`rT¥dUu>T)nUg>X\d9mfp3`r��`rRUWUT n>Q�T3hSu9XfRUWUT
m\u9QSh�`

(i1, . . . , in)
dUu>WURUc

n
�

6
m\u9QShKRUc�X	�2W3u>W�d>WUR9`S^%WUj>X�mfpUW>XZ�04��34 �L4��K�v���@¤�RUVKg>QSnUWUW�hKhlQzd>T_VlmoT�dUu>T
n = 1, 2, . . .

p_`rp

hn = Hn+1 −Hn = 〈−
∑

in+1

p(in+1|in) log2 p(in+1|in)〉(in),
� ����� ��/l�
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�°d9X 〈 〉 QKbKQS��R9`zj9`SXfVi]lmfg>X\d>R>XfRUW>X"n>Q�nUg>X\d>c�mfVlQSgUWUW in
�U£�VlQ�QSnUg>X\d9X\u9XfRUW>X

d9QSn>Qru>RUTUXfVlm°T �'R9`�j9`vu>{KRUc�^�]lm\u9QShKW>X�^ �oª
h0 = H1

��9 |�QSg>^%]�u9Xq� ����� ��/l�
p(in+1|in)

QKbKQS��R9`zj9`SXfV¯hlXfg>QzT3VKR>QKmfVK{¯R9`Sbru>�ed9XfRUWUT mfW>^%hlQru/`
in+1

nUgUW
]lm\u9QShKWUW�R9`Sbru>�ed9XfRUWUT�nUg>X\d>[�X�mfVKhK]M�w��Xfx�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW

n
mfW>^ �

hlQru9QSh
in
�>²¨WUR9`S^%WUj>X�mfpUW>X�¤�RUVKg>QSnUWUW

hn
WURUVlXfgUnUg>XfVKWUgU]_�«VlmoT�p3`rp�mfg>X\d �

RUT3T�WUR>|�QSg>^
`r}UWUT �zR>X�QKbzs�Q�d>W>^
`rT�dUu>T�nUg>X\d9mfp3`r��`rRUWUT�mfW>^%hlQru/`
in+1

�EW3u>W
WUR>|�QSg>^
`r}UWUT �"n>Qru>]_j>XfRUR9`rT�n>QKm\u9X�Xf�zQ¬R9`Sbru>�ed9XfRUWUT9��nUgUW�WU��hlX�mfVKR>QSx
nUg>X\d>c�mfVlQSgUWUW

in
� d>gU]_��W>^%W�m\u9QSh�`S^%W��

hn
sM`rg9`rpUVlXfgUWU��]lXfViR>X�QSnUg>X\d9X\u9XfR��

R>QKmfVK{�h�nUg>X\d9mfp_`r��`rRUWUW�m\u9X\d>]M�w��Xf�zQ�mfW>^%hlQru/`�h�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW
in
�	�(<"QSgUg>X\u>T3}UWUW ^�Xfy�d>]�mfW>^%hlQru/`S^%W+QKbSc�jUR>Q�]_^�XfRU{K[�`r�wV�¤�VlQ"pMQru>WUj>X	�

mfVKhlQ�WUR>|�QSg>^
`r}UWUW��/P�g>X\d9X\u
hn
nUgUW

n→∞

h = lim
n→∞

hn,
� ����� ���K�

R9`r��c�h�`SXfVlm°Tk¤�RUVKg>QSnUW>XfxkW>mfVlQSjURUWUp3`��04��r¢S� �U£�RUVKg>QSnUWUT W>mfVlQSjURUWUp3`�QSnUg>X	�
d9X\u>TUXfV ^%WURUW>^
`vu>{KR>QKX)p_Qru>WUj>X�mfVKhlQ�WUR>|�QSg>^
`r}UWUW���R>X�QKb�s�Q�d>W>^�QKX¥dUu>T
nUg>X\d9mfp_`r��`rRUWUT�m\u9X\d>]_�w��Xf�zQ�mfW>^%hlQru/`�h�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW¡nUgUWGR9` �
u>WUjUWUW���R9`rRUWUTkhlm�Xfx�nUg>X\d>c�mfVlQSgUWUW��
P�gUW>^�XfRUW>^ n>QzdUs�Q�d ��QKmfR>QSh�`rRURUc�x¥R9`�hKc�jUW>m\u9XfRUWUW WUR>|¨QSg>^
`r}UW>QSR��

RUces ^�Xfg��"p d/`rRURUc�^���n>Qru>]_j>XfRURUc�^ WU� ¤�pMmfn>XfgUW>^�XfRUVr`³m�VKgUWU���zXfg>QK^
��^%WUVKVS`��Dm�^ �Mg9`r�fd9X\ua���04����l�	�K²¨hlQSWUjURUc�X�m\u>]_j9`rxURUc�X�n>QKm\u9X\d9QSh�`rVlX\u>{KR>Q �
mfVKW����zXfR>XfgUWUgU]lX�^%c�X�VKgUWU���zXfg>QK^�����`rnUW>mfc�h�`vu>W>mf{©m�n>QK^�QS��{K� `rR9`vu9QS�zQ �
}UW>|"g>QShlQS�zQ�nUg>X�QKbSg9`r�zQSh�`rVlX\u>T�h�p_QK^%nU{K�«VlXfg�� � d>R>QShKg>X�^�XfRUR>Q!��`rnUW>mfc
�
h�`vu>W>mf{)n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW R9`�hSs�Q�d9X¥� � WU��R9`vu�W�mfWU��R9`vu�� [�]3^8���
Vr`rpUy�X!nUg>X\d9mfVS`rhSu9XfRURUc�X	�wh���`rhKW>mfW>^�QKmfVKW³QSV¡��R9`rp_` ��h¡hKW3d9X�RU]vu9Xfx)W
X\d>WURUWU}�� 9�Q¡hlm�X\s)¤�pMmfn>XfgUW>^�XfRUVS`vs¥dUu>WUR9`¡n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVlXfx�g9`rh �
RUT_u/`Smf{

15000∆t
�«�od9X

∆t �

[�`r�©hKc�bKQSgUpUW�� � nUVKW>^
`vu>{KRUc�x�[�`r�©hKc
�
bKQSgUpUW���]lmfVS`rR>QShSu9XfRURUc�x h©s�Q�d9X�hKc�jUW>m\u9XfRUWUT¬¤�RUVKg>QSnUWUxURUces¬sM`rg9`rpUVlX	�
gUW>mfVKWUp��Om�QKQSVKhlXfVlmfVKhlQSh�`vu

12
VlQSjUp_`S^ R9`kn>XfgUW>Qzd9Xip_Qru9X�bl`rRUWUxGmfWU��R9`vu/`3ª

∆t = T0/12 ≈ 8.33 · 10−4 s
�8§�c hKc�bSg9`vu>W *,% � " � ��" . ��* �!. " -!�	� " "

mfVlQ�sM`SmfVKWUj>X�mfpUW3s n>Xfg>Xfp3u>�«j>XfRUWUx VKgUWU���zXfg9`�W���`vs3h�`rVr`�mfg>X\d>R>Xfx¡j9`SmfVlQ �
VKc n>Xfg>Xfp3u>�wj>XfRUWUx���p_QSVlQSgUc�x¥W>^�X�XfV¡^�X�mfVlQ¡nUgUW¥`S^%n3u>WUVK]�d9XqmfWU��R9`vu/`
A = 100

�

�%`r��]_^%R>Q+nUg>X\d>n>Qru9Qzy�WUVK{ �-jUVlQin>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{ �-�zXfR>XfgUWUgU]lX�^
`rT
VKgUWU���zXfg>QK^ ��^%WUVKVS` �lbS]vd9XfV�^
`rp_mfW>^
`vu>{KR>Q"]_n>QSg�T_d9QSj>XfR9`�hwg>Xfy�W>^�X�mfVlQ �
sM`SmfVKWUj>X�mfpMQSx�mfWUR3s3g>QSRUWU��`r}UWUW�W3u>W ��� �5n>QS¤�VlQK^%]�^�Q�y�R>Q�Q�y�W3d/`rVK{km\u9X	�
d>]_�«��X�Xkn>QShlX\d9XfRUW>XZ¤�RUVKg>QSnUWUW W>mfVlQSjURUWUp3`3ª�nUgUW�QSj>XfRU{qm\u/`SbKQK^ [�]3^�X	�
pMQS�od/`Gn>Xfg>Xfp3u>�wj>XfRUWUT�VKgUWU���zXfg9`©pUg9`rxUR>X�g>X\d>pUW��en>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{
bS]vd9XfV sM`rg9`rpUVlXfgUWU�zQSh�`rVK{lmoT bKQru>{K[�QSx<mfVlXfn>XfRU{K� WU�zbSc�VlQSjUR>QKmfVKW�W<¤�R��
VKg>QSnUWUT bS]vd9XfV!RUWU��p3` � m�g>QKmfVlQK^ [�]3^
`�¤�RUVKg>QSnUWUT�d9Qru>y�R9`!R9`rg9`SmfVr`rVK{
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hlm\u9X\d9mfVKhKW>X ��� ����`rVlX�^ ]_bSc�h�`rVK{ ��d9QKmfVKWU�\`rTG^%WURUW>^%]_^
`��@²�`vu9X�X+¤�RUVKg>Q �
nUWUT�hKR>QShK{kR9`rg9`SmfVr`SXfV ��Vr`rp�p_`rp�[�]3^ n>Qru>R>QKmfVK{K� pMQSRUVKg>Qru>WUgU]lXfVad>WUR9` �
^%WUpU]kmfW>mfVlX�^%c��

� nUW>mz`rRUR9`rT p3`rgUVKWUR9` n>Qru>R>QKmfVK{K� n>Qzd>VKhlXfg�y�d/`SXfVlm°T¡hKc�jUW>m\u9XfRUWUT �
^%W���nUg>QShlX\d9XfRURUc�^%W�n>Q!¤�pMmfn>XfgUW>^�XfRUVS`vu>{KRUc�^ d/`rRURUc�^�����2�� �r��231v� ��9em�X
¤�RUVKg>QSnUWUxURUc�X�^�XfgUc³g9`Sm�mfjUWUVKc�h�`vu>W>mf{k]lmfg>X\d>R>XfRUW>X�^ n>Q 4���g>Xz`vu>WU��`r}UW��
TU^�dUu>WURUc

1500∆t
� ��Xf��]vu>{�VS`rVKc��EgUW>m �M��� ¢D4K`l�8n>QSp3`r��c�h�`r�«V�s�QSg>QS[�Q¨hKc
�

g9`ry�XfRURUc�xa^%WURUW>^%]3^qnUgUW+nUg>X\d>n>Qru/`r�f`SX�^�QSxkWURUVlXfR>mfWUhKR>QKmfVKWk[�]3^
`��D�O` �
pUW>^GQKbSg9`r�zQK^��3m«]_hlX\u>WUj>XfRUW>X�^©WURUVlXfR>mfWUhKR>QKmfVKWa[�]_^
`¨nUg>X\d9mfp_`r��]lX�^�QKmfVK{
hKces�Q�d>R>QSx�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW�]MhlX\u>WUjUWUh�`SXfVlmoT �$��`�hKces�Qzd9X¨QKbSc�jURUces
u>WUR>XfxURUces�|"W3u>{�VKg>QSh¨¤�VlQSV�h�`ry�RUc�x�g>Xf��]vu>{�Vr`rV�R>X�^�Qzy�XfV¨R9`Sbru>�ed/`rVK{lmoT
h�nUgUWURU}UWUn>X �

6whlX\u>WUj>XfRUW>X�nUg>X\d9mfp_`r��]lX�^�QKmfVKW©nUg>X\d>n>Qru/`r�\`SXfV�n>QShKc�[�XfRUW>XimfVlXfn>XfRUW
n>QSg�T_d>p3`�h�hKces�Q�d>R>QSx©n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW��:9<g>Xfy�W>^�X����)¤�RUVKg>QSnUWUW
QSVKg9`ry�`r�wV¨g>QKmfV�n>XfgUW>Q�d>WUj>X�mfp_QSx�j9`SmfVKWihKces�Q�d>R>QS�zQ�mfWU��R9`vu/` �lVlQS�°d/`"nUgUW
QSnUVKW>^
`vu>{KR>QK^ ]_g>QShKR>X�[�]3^
`!^%c ^�Qzy�X�^ �zQShlQSgUWUVK{�QKb " . � � � "�* � ����. �
. � � � � �]� � � ��* � �!'D%ihlQ!hKg>X�^�XfRUW�� 6«n>QSgMT_d9QSj>XfRUR>QKX�m�QKmfVlQzT3RUW>X�QS��R9` �
j9`SXfV �@jUVlQa^
`rpMmfW>^
`vu>{KR>QKXipMQru>WUj>X�mfVKhlQZn>Xfg>Xfp3u>�«j>XfRUWUx�W>^�X�XfVZ^�X�mfVlQk��`
hKg>X�^%T �@g9`rhKR>QKXin>Qru9QShKWUR>X�n>XfgUW>Q�d/`�mfWU��R9`vu/` �@V � X �@hKces�Q�dqsM`rg9`rpUVlXfgUWU��] �
XfVlm°TabKQru9X�X�dUu>WUVlX\u>{KRUc�^%W�p_QSgUg>X\u>T_}UWUTU^%W��

� Vl^�XfVKW>^��%jUVlQ�^%WURUW>^%]_^<R9`���g9`S|"WUp_X ��`rhKW>mfW>^�QKmfVKW�¤�RUVKg>QSnUWUW�W>m	�
VlQSjURUWUp_`�QSV�WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`�R9`Sbru>�ed/`SXfVlmoT�u>WU[�{idUu>Tad9QKmfVr`rVlQSj��
R>Q bKQru>{K[�W3s�`S^%n3u>WUVK]vd�n>XfgUW>Qzd>WUj>X�mfpMQS�zQ�mfWU��R9`vu/` �-pMQS�od/`�W>^�X�XfVa^�X�mfVlQ
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T3hSu9XfRUW>X�mfWUR3s3g>QSRUWU��`r}UWUW�mfVlQ�sM`SmfVKWUj>X�mfpUW3skn>Xfg>Xfp3u>�wj>XfRUWUxaVKgUWU���zXfg9`�� 9
m\u>]_j9`SXim\u/`SbKQS�zQ�mfWU��R9`vu/` ��pMQS�od/`�QSVKp3u>WUp©mfVlQ�sM`SmfVKWUj>X�mfpMQSx�mfW>mfVlX�^%c R9`
mfWU��R9`vuZT3hSu>TUXfVlm°TknUg9`rpUVKWUj>X�mfpUW�u>WUR>XfxURUc�^��>¤�RUVKg>QSnUWUT�^�QSR>QSVlQSRUR>Q�hlQS� �
g9`SmfVr`SXfV�m�]_hlX\u>WUj>XfRUW>X�^�[�]_^
`«W�h�nUg>X\d9X\u9X�bKQru>{K[�QS�zQ�[�]_^
`wmfVKg>X�^%WUVlmoT
p

1
����2�� �o��231v� �
9eQS��g9`SmfVr`rRUW>X�mfVlXfn>XfRUW¯]_n>QSg�T_d9QSj>XfRUR>QKmfVKW¥h©g>Xfy�W>^�X ��� n>Q�d>VKhlXfg��

y�d/`SXfVlm°T¨W�R9`enUgUW>^�Xfg>X8`rR9`vu>WU��`�pMQruUu9XfpUVKWUhKR>QS�zQwhKces�Q�d/`«`rR>mz`S^�bru>T�mfVlQ �
sM`SmfVKWUj>X�mfpUW3s¬g>Xf�zQSR9`rVlQSg>QSh ��hlQS�zbS]_y�d/`SX�^�QS�zQ�m\u/`SbSc�^ n>XfgUW>Q�d>WUj>X�mfpUW>^
mfWU��R9`vu9QK^ �M²�u>T�g9`Smfj>XfVr`�¤�RUVKg>QSnUWUWkW>mfVlQSjURUWUp_`�p_QruUu9XfpUVKWUhKR>QS�zQ�hKces�Q�d/`
`rR>mz`S^�bru>TahKhlX\d9X�^�m\u9X\d>]_�w��X�X�mfW>^%hlQru>WUj>X�mfp_QKX�QSnUW>mz`rRUW>XKª

u(t) =

{

0, ��� xM (t) < 0,
1, ��� xM (t) ≥ 0.

� ����� ��1l�

�OXf��]�u>{vVr`rVKc³g9`Smfj>XfVr`�¤�RUVKg>QSnUWUW�W>mfVlQSjURUWUp_`
h
n>QSp_`r��`rRUc¥R9`�gUW>m �>��� ¢D4Sb �

²�u>T�QSVzd9X\u>{KR>Q hK��T3VlQS�zQ ¤fu9X�^�XfRUVr`��
N = 1

��¤�RUVKg>QSnUWUT�^�QSR>QSVlQSRUR>Q g9`Sm	�
VlXfV¨m�]_hlX\u>WUj>XfRUW>X�^qWURUVlXfR>mfWUhKR>QKmfVKW+hKRU]_VKg>XfRUR>Xf�zQ�[�]_^
`

D
�KR9`Smfc���`rT3mf{

nUgUW�bKQru>{K[�W3s���R9`zj>XfRUWUTMs
D
� � g>QKmfVlQK^¯jUW>m\u/`�¤fu9X�^�XfRUVlQShah�`rR>mz`S^�bru9X

n>QShlX\d9XfRUW>X�¤�RUVKg>QSnUWUW¬p3`�j>X�mfVKhlXfRUR>Q�^�XfRUTUXfVlm°T ��P�gUW¬m\u/`SbKQK^ hKRU]_VKg>XfR��
R>X�^)[�]3^�X�hKg>X�^�XfR9`kn>Xfg>Xfp3u>�wj>XfRUWUT!¤�p_mfn>QSR>XfRU}UW9`vu>{KR>Q�hlX\u>WUpUWqWqmfW>^ �
hlQru>WUj>X�mfp_`rT�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{ �r�zXfR>XfgUWUgU]lX�^
`rT�`rR>mz`S^�bru9X�^���sM`rg9`rpUVlX	�
gUWU��]lXfVlm°T!hKc�m�QSpMQSx!mfVlXfn>XfRU{K� WU�zbSc�VlQSjUR>QKmfVKW�� 9³g>Xf��]vu>{�Vr`rVlXi¤�RUVKg>QSnUWUT
bru>WU��p_`ap�RU]vu>� � � ]_hlX\u>WUj>XfRUW>X�^

D
¤�RUVKg>QSnUWUT�W>mfVlQSjURUWUp_`�g9`SmfVlXfV �@d9Q �

mfVKWU�\`rT�^
`rpMmfW>^%]3^
`�nUgUW+��R9`�j>XfRUWUW�WURUVlXfR>mfWUhKR>QKmfVKW+hKRU]_VKg>XfRUR>Xf�zQ�[�]3^
` �
m�QKQSVKhlXfVlmfVKhK]_�«��Xfx���g9`rRUWU}>X�QKbru/`SmfVKW�mfWUR3s_g>QSRUWU��`r}UWUW��-p_QS�°d/`���`vs3h�`rVKc
�
h�`SXfVlm°T mfg>X\d>RUT_T�j9`SmfVlQSVS`�� ��`zjUWUR9`rT¡m ¤�VlQS�zQ���R9`�j>XfRUWUT �8¤�RUVKg>QSnUWUT�W>m	�
VlQSjURUWUp_`+mfn9`vd/`SXfV �/nUgUWaR>Xfp_QSVlQSg>QK^�QSnUVKW>^
`vu>{KR>QK^ ]_g>QShKR>X"hKRU]MVKg>XfRUR>Xf�zQ
[�]_^
`id9QKmfVKWU�\`SXfVa^%WURUW>^%]3^
`�WZd/`vu9X�X�QSnUT_VK{ hlQS��g9`SmfVS`SXfV �X�O`rpUW>^¬QKbSg9` �
�zQK^��
m ]_hlX\u>WUj>XfRUW>X�^�WURUVlXfR>mfWUhKR>QKmfVKW�hKRU]MVKg>XfRUR>Xf�zQ![�]3^
`�pMQruUu9XfpUVKWUh �
RUc�x¨hKces�Qzd�`rR>mz`S^�bru>T�mfVlQ�sM`SmfVKWUj>X�mfpUW3s�g>Xf�zQSR9`rVlQSg>QSh«]_n>QSg�T_d9QSjUWUh�`SXfVlm°T �
P"Q�d>j>XfgUpUR>X�^��3jUVlQ¨h¨QSVzu>WUjUW>X�QSV¨mfWUR3s3g>QSRUWU��`r}UWUWkQSVzd9X\u>{KR>QS�zQ�¤fu9X�^�XfRUVr`
n>XfgUW>Q�d>WUj>X�mfpUW>^¥mfWU��R9`vu9QK^ bKQru>{K[�QSx�`S^%n3u>WUVK]vd>c �5]_^�XfRU{K[�XfRUW>X�¤�RUVKg>Q �
nUWUWah�`rR>mz`S^�bru9X¨mfVlQzsM`SmfVKWUj>X�mfpUW3sag>Xf�zQSR9`rVlQSg>QShi]3^�XfRU{K[�XfRUW>X�¤�RUVKg>QSnUWUW
hlQS�z^�Qzy�R>Q�nUgUW�m\u/`SbSces�mfWU��R9`vu/`vs �rn>QS¤�VlQK^%]�QSVzd9X\u>{KRUc�X�¤fu9X�^�XfRUVKc�QKmfVS` �
�wVlm°T�R>X�mfWUR3s_g>QSRUWU�zQSh�`rRUc�� <�`rp�n>QSp_`r��`vu>W�g>Xf��]vu>{�VS`rVKc�d9XfVr`vu>{KR>QS�zQ�jUW>m	�
u9XfRUR>QS�zQ�W>m�m\u9X\d9QSh�`rRUWUT �S��R9`�j>XfRUWUT�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
` �vnUgUW�pMQSVlQSgUces
¤�RUVKg>QSnUWUT�W>mfVlQSjURUWUp_`aW�pMQS¤z|�|�WU}UW>XfRUV d>W>|�|"]_��WUW�^%WURUW>^
`vu>{KRUc ��m�QSh �
n9`vd/`r�wV"W�m�QKQSVKhlXfVlmfVKhK]M�wV¨QSnUVKW>^
`vu>{KR>QK^%]�]Mg>QShKRU��[�]_^
` �rnUgUW�pMQSVlQSg>QK^
QSVKR>QS[�XfRUW>X¨mfWU��R9`vu5±v[�]_^�R9`�hKces�Q�d9X¨^
`rp_mfW>^
`vu9XfR��
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�OXf��]�u>{vVr`rVKc g9`r�fd9X\u/`!���04���d/`r�wV�n>Qru9Qzy�WUVlX\u>{KRUc�x�QSVKhlXfV�R9`�QKmfR>QShKR>QSx
hlQSnUg>QKm	��m�|�QSg>^%]vu>WUg>QSh�`rRURUc�x)h�X�X�hKhlQzd>R>QSx)j9`SmfVKW@ª�¤z|�|�XfpUVGmfWUR3s3g>Q �
RUWU��`r}UWUW¯nUg>QS}>X�m�mz`�n>Xfg>Xfp3u>�wj>XfRUWUx¯hqbSW>mfVS`SbSW3u>{KRUces�mfW>mfVlX�^
`vs m�[�] �
^�QK^�W>^�X�XfV�^�X�mfVlQ��UR>QKmfWUVinUgUWURU}UWUnUW9`vu>{KR>Q�R>X\u>WUR>XfxURUc�xasM`rg9`rpUVlXfg©�ER9` �
bru>�ed/`SXfVlm°T¡u>WU[�{�nUgUW¡pMQSR>XfjURUces `S^%n3u>WUVK]vd/`vsGhlQS�fd9Xfx>mfVKhKWUT¡W3u>W�nUgUW
d9QKmfVr`rVlQSjUR>Q!mfW3u>{KR>QSx�mfhKT_��W/��W�^�Q�y�XfV�bSc�VK{�QSnUW>mz`rR�R9`ZQKmfR>QShlXkQKbKQKb �
��XfRURUces¡nUg>X\d9mfVr`rhSu9XfRUWUx¬VlX�QSgUWUW¯|¨`r�zQShlQSx¯mfWUR3s_g>QSRUWU��`r}UWUW��R9�u>WUT3RUW>X
[�]_^
` ��bru/`r�zQzd/`rg�T�p_QSVlQSg>QK^%]©n>Xfg>Xfp3u>�wj>XfRUWUT�nUg>QSW>m s�Qzd>T3Vqm\u>]_j9`rxURUc�^
QKbSg9`r�zQK^��OVKg>X�bS]lXfVZhKhlX\d9XfRUWUTqn>QSRUT3VKWUT!¤z|�|�XfpUVKWUhKR>QSx©mfWUR3s_g>QSRUWU��`r}UWUW��
pMQS�od/`�hKg>X�^%Tk��`vs3h�`rVr`�g9`r��R>QKmfVKW�|¨`r�"QS��g9`rRUWUj>XfR>Q�Wk��`rhKW>mfWUV�QSV�WURUVlXfR��
mfWUhKR>QKmfVKW�[�]3^
`��
P�g>X\d9mfVr`rhSu9XfRUWUT�Q�mfVlQ�sM`SmfVKWUj>X�mfp_QSx�mfWUR3s3g>QSRUWU��`r}UWUW�^�QS��]_V�bSc�VK{�g9`Sm	�

[�WUg>XfRUc nUgUW>^�XfRUWUVlX\u>{KR>Q�p¯`rR>mz`S^�bru>TU^ hK��`rW>^�Qzd9Xfx>mfVKhK]M�w��W3s)bSW>mfVS` �
bSW3u>{KRUces+QKmf}UW3uUu>T3VlQSg>QSh �U�eQru9X�X�VlQS�zQ��3`rR9`vu9QS��WUjUR>Q�T_hSu9XfRUWU� ���!h¨sM`SQ �
VKWUj>X�mfpUW3s�mfW>mfVlX�^
`vs �-hlQSnUg>QKm�Q mfWUR3s3g>QSRUWU��`r}UWUW�n>Xfg>Xfp3u>�«j>XfRUWUxq^�Qzy�XfV
bSc�VK{�n>QKmfVr`rhSu9XfR�W�g>Xf[�XfR�nUgUW>^�XfRUWUVlX\u>{KR>Q"p�d9XfVlXfg>^%WURUWUg>QSh�`rRURUc�^�sM`SQ �
VKWUj>X�mfpUW>^�mfW>mfVlX�^
`S^�meQKbKQKbS��XfRURUc�^�VKWUn>QK^�bSW>mfVr`SbSW3u>{KR>QS�zQ¨n>QShlX\d9XfRUWUT �

<�`rp�WGh�p3u/`Sm�mfWUj>X�mfpMQSx VlX�QSgUWUW�pMQru9X�bl`rRUWUx��
h�bSW>mfVS`SbSW3u>{KRUces�mfVlQ �
sM` � VKWUj>X�mfpUW3s W sM`SQSVKWUj>X�mfpUW3s mfW>mfVlX�^
`vs g>Xz`vu>WU��]_�wVlm°T ¤z|�|¨XfpUVKc R>X
VlQru>{KpMQZhKR>Xf[�R>Xfx¯�EnUgUWURU]vd>WUVlX\u>{KR>QSx/���OR>QkW!hK��`rW>^%R>QSxGmfWUR3s_g>QSRUWU��`r}UWUW
nUg>QS}>X�m�m�QShin>Xfg>Xfp3u>�wj>XfRUWUx�� 9�`ry�RUc�^¡g>Xf��]�u>{vVr`rVlQK^�T3hSu>TUXfVlm°T�VlQ��3jUVlQ�h
]lm\u9QShKWUT_s ���qW>^�XfRUR>Q¨¤z|�|¨XfpUV¨mfWUR3s_g>QSRUWU��`r}UWUW nUgUWUhlQzd>WUV�pig>QKmfVK]�mfVlX	�
n>XfRUW!]_n>QSg�T_d9QSj>XfRUR>QKmfVKW)�Dmz`S^�QKQSgU�\`rRUWU��`r}UWUW/���%p_QS�°d/`�¤�RUVKg>QSnUWUT�hKces�Q�d �
R>QS�zQ�mfWU��R9`vu/`�W>^�X�XfV!T_gUp_Q�hKc�g9`ry�XfRURUc�x¯^%WURUW>^%]3^ � � ¤�VlQ�QS��R9`zj9`SXfV �
jUVlQ�W+mfWUR3s_g>QSRUWU��`r}UWUT �MW+mz`S^�QKQSgU�\`rRUWU��`r}UWUT�h¨bSW>mfVS`SbSW3u>{KRUces�mfW>mfVlX�^
`vs
h�g>Xfy�W>^
`vsqmfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ�g>Xf�zQSR9`rR>mz`Zg>Xz`vu>WU��]M�wVlm°T©W>mfp3u>�«jUWUVlX\u>{ �
R>Q�h�]lm\u9QShKWUT_s+d9QKmfVS`rVlQSjUR>Q�mfW3u>{KR>QS�zQ�hK��`rW>^�Q�d9Xfx>mfVKhKWUT �-£�VKWk¤z|�|�XfpUVKc
T3hSu>T3�«VlmoT�nUgUWURU}UWUnUW9`vu>{KR>Q�R>X\u>WUR>XfxURUc�^%W�W�R>X�^�QS��]_V"bSc�VK{«W>m�m\u9X\d9QSh�` �
RUc©h«g9`S^%p3`vs�u>WUR>XfxUR>QS�zQ�nUgUW>bru>WUy�XfRUWUT �Sh�j9`SmfVKR>QKmfVKW�R9`�QKmfR>QShlX�VlX�QSgUWUW
u>WUR>XfxUR>QS�zQiQSVKp3u>WUp3`��

#%$ #��q,@?�13*-;���:�*54��@?80 �¥;�,����
	�� ��0�����,2=�����e4����a.
134�13*-7���05.

9 nUg>X\d>ced>]_��W3s¬g9`r�fd9X\u/`vs¬R9`r[�X�hKRUW>^
`rRUW>X!bSceu9Q�m�QKmfg>X\d9QSVlQSj>XfR>Q R9`
mfhlQSx>mfVKh�`vs���`r[�]_^Ou9XfRUR>QSx�R>X\u>WUR>XfxUR>QSx¨d>WUR9`S^%WUpUW�m�QSVKR>QKmfWUVlX\u>{KR>Q«R>Xf]Mn>Q �
g�T_d9QSj>XfRURUc�^qn>QShlX\d9XfRUW>X�^ �D9GmfW>mfVlX�^
`vs�m ����QKmfR>QShKR>QSxiW>mfVlQSjURUWUp��lnUgUW��
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hlQ�d>T3��WUx p�mfVKgU]_pUVK]MgUWUg>QSh�`rRUWU� �_R>X«m�Qzd9Xfg�y�WUVlmoTkhlQ¨hKRU]_VKg>XfRUR>Xfx�d>WUR9` �
^%WUpMX�mfW>mfVlX�^%c�� 6wn>QSg�T_d9QSj>XfRUR>QKX�n>QShlX\d9XfRUW>X�hlQS��RUWUp3`SXfV+p3`rp�QSVKp3u>WUpZR9`
n>XfgUW>Q�d>WUj>X�mfpUW>X�W3u>W�m\u>]_j9`rxURUc�XwpMQSgUg>X\u>WUg>QSh�`rRURUc�X"hSs�Qzd>RUc�X"mfWU��R9`vu>c��
9 d/`rRUR>QK^ g9`r�fd9X\u9X�g9`Sm�m�^
`rVKgUWUh�`SXfVlm°T¬d>gU]_�\`rT¬mfWUVK]�`r}UWUT �epMQS�od/`©[�]3^
]lmfW3u>WUh�`SXfVip_QS�zXfg>XfRUVKR>QKmfVK{�m�QKbKmfVKhlXfRURUcesap_Qru9X�bl`rRUWUx�mfW>mfVlX�^%c��

A2B A@BEC �  KI��OI�L�(_L�#�� ��I��� 9L�)UL���H 	
��N���N 	/N�' � ��� ) �ON �
�OI��ON� �
N��OI����ON � �OI ��IML�N�� �
NOL�) �wN���I����  � �lN���(_I ��#
�OXfy�W>^ ���qn>QS��hlQru>TUXfV�QSnUVKW>^%WU��WUg>QSh�`rVK{�mfVlXfn>XfRU{�pMQS�zXfg>XfRUVKR>QKmfVKWkhSs�Qzd �
R>QS�zQ�W�hKces�Qzd>R>QS�zQqmfWU��R9`vu9QShqhKc�bKQSg>QK^�QSnUVKW>^
`vu>{KR>QSx WURUVlXfR>mfWUhKR>QKmfVKW
[�]_^
` ��]_nUg9`rhSu>T_�w��Xf�zQqnUg>QS}>X�m�m�QK^ n>Xfg>Xfp3u>�wj>XfRUWUx)bSW>mfVr`SbSW3u>{KR>QSx³mfW��
mfVlX�^%c��>P"Qzd9QKbSRUc�X�T3hSu9XfRUWUTkR9`Sbru>�ed/`r�«VlmoTaWkh�QSVlmf]_VlmfVKhKW>X¨bSW>mfVr`SbSW3u>{ �
R>QKmfVKW�h d>WUR9`S^%WUj>X�mfpUW3s�mfW>mfVlX�^
`vs �2hlQS�z^%]M��`SX�^%ces�[�]3^�QK^ �/²�u>T�¤�VlQS�zQ
mfW>mfVlX�^
`�d9Qru>y�R9`�d9QSnU]lmfp_`rVK{�d>hKWUy�XfRUWUT+QKmf}UW3uUu>T_VlQSgUR>QS�zQ�VKWUn9` ��`�m�QKQSV �
hlXfVlmfVKhK]_�«��WUxiQSn>Xfg9`rVlQSg[;�QSpUp_Xfg9`

�

Pwu/`rRUp_`�d9Qru>y�XfRiW>^�XfVK{"p_QK^%n3u9XfpMm	�
RUc�X�m�QKbKmfVKhlXfRURUc�X���R9`�j>XfRUWUT �U�eQru9X�X�VlQS�zQ��_[�]_^©^�Qzy�XfV�bSc�VK{�W>mfn>Qru>{K�zQ �
h�`rR�dUu>T�]lmfW3u9XfRUWUT�pMQS�zXfg>XfRUVKR>QKmfVKW!p_Qru9X�bl`rRUWUx�d/`ry�X�bKXf��hKR>Xf[�RUW3s�n>X	�
gUW>Q�d>WUj>X�mfpUW3samfWU��R9`vu9QSh �>P�gUW>^�XfgkVS`rpMQS�zQ�T3hSu9XfRUWUTkbSceuaQSnUW>mz`rRkhk�04��K¦v���
pMQS�od/`�nUg>X\d9X\u>{KRUc�xk}UWUp3u bSceu ]lmfW3u9XfR hlbru>WU��WkbSW>|"]MgUp3`r}UWUW+��QSn>|¨` �MR>Q
d9Q�hlQS��RUWUpUR>QShlXfRUWUTZnUg>X\d9X\u>{KRUces�}UWUp3u9QShihid9XfVlXfg>^%WURUWUg>QSh�`rRUR>QSx�d>WUR9` �
^%WUpMX �2P�gUW�W>mfn>Qru>{K�zQSh�`rRUWUW�}UhlXfVKR>QS�zQ [�]_^
`i¤�VlQSV ¤z|�|�XfpUV�mfVr`rR>QShKWUVlm°T
bKQru9X�X"hKc�g9`ry�XfRURUc�^ �04��3/ �O4������ �

9 g9`SbKQSVlXk�04��31v�
W>m�m\u9X\d9QSh�`vu9m°T�WUR3d>]_}UWUg>QSh�`rRURUc�x![�]_^�QK^¯|�u>]_pUVK]�` �
}UW>QSRURUc�x�nUWUp¨hwmfn>XfpUVKg>X8R>X\u>WUR>XfxUR>QS�zQ�QKmf}UW3uUu>T3VlQSg9`wm8^
`vu>c�^ZVKg>XfRUW>X�^ �
®�R3d>]_}UWUg>QSh�`rRUR>QKX�p_QS�zXfg>XfRUVKR>QKX�d>hKWUy�XfRUW>X�R9`Sbru>�ed/`vu9QKmf{wVS`rpUy�X�h«^�Qzd9X	�
u>Wa`rhKVlQS�zXfR>Xfg9`rVlQSg9`�hlbru>WU��Wam�X\dUu9Q � ]_�fu9QShlQSxabSW>|"]_gUp_`r}UWUW��04��32

�

43�K�\�2W h
^�Q�d9X\u>T_siR>XfxUg>QSR>QSh �043��4 � 4K�3/v� � 9�W>m�m\u9X\d9QSh�`rRURUces�^�Q�d9X\u>T_s+|�u>]_pUVK]�`r}UW��
QSRURUc�x�nUWUp¨h«mfn>XfpUVKg>X�^�QS��R>QKmfVKW�W>^�X\u�QSnUVKW>^
`vu>{KRUc�X�sM`rg9`rpUVlXfgUW>mfVKWUpUW��
V � X ��bSceuiR9`rW>bKQru9X�X�hKc�g9`ry�XfR+R9`�|�QSR>Xe[�]_^�QShlQS�zQ�nU{lX\d9X�mfVS`vu/`"nUgUW�R>Xfp_Q �
VlQSg>QK^)QSnUVKW>^
`vu>{KR>QK^¬]_g>QShKR>X�[�]_^
`���£�VlQ T3hSu9XfRUW>X	�2QSj>XfRU{kn>Q�s�Q�y�X�X+R9`
��� ��^�Qzy�XfV�bSc�VK{ZR9`r��h�`rR>Q '(� �J%\*,%�. �#.
	 � *,%�-!�!. ��. ��� � �043�z�v� � 9<R9`SmfVlQ �
T3��X�^�g9`r�fd9X\u9Xag9`Sm�m�^
`rVKgUWUh�`SXfVlm°T�pMQS�zXfg>XfRUVKRUc�x�g>Xf�zQSR9`rR>mahlbru>WU��W¡u9Q �
p_`vu>{KRUces�bSW>|"]_gUp_`r}UWUxGn>XfgUW>Q�d>WUj>X�mfpUW3s©d>hKWUy�XfRUWUx�WGQKbKQKmfR>QShKc�h�`SXfVlm°T
nUg>QKmfVlQSxq^�X\sM`rRUWU�z^ ¤z|�|�XfpUVS` �2]_RUWUhlXfg>mz`vu>{KRUc�x!dUu>T�[�WUg>QSpMQS�zQ�p3u/`Sm�mz`
d>WUR9`S^%WUj>X�mfpUW3sZmfW>mfVlX�^)�043�f¢S� �
P�g>X\d>n>Qru9Qzy�W>^��9jUVlQ�[�]3^��_hlQS�fd9Xfx>mfVKhK]M�w��WUx�R9`¨R>X\u>WUR>XfxURU]_� d>WUR9` �

^%WUj>X�mfpU]_� mfW>mfVlX�^%]��eR9`vs�Q�d>T3��]M��m°T�hlbru>WU��W¬bSW>|"]_gUp_`r}UWUW¬n>XfgUW>Q�d>WUj>X	�
mfpMQS�zQZg>Xf[�XfRUWUT �@WUR3d>]M}UWUgU]lXfV�h�mfn>XfpUVKg9`vu>{KR>QSx©n3u9QSVKR>QKmfVKWqnUWUp�R9`aj9` �
mfVlQSVlX

ωp
�-hKc�m�QSVS` pMQSVlQSg>QS�zQ

h
�-Vr`rp!jUVlQ R9`Sbru>�ed/`SXfVlm°T�[�]_^�QShlQSx�nUg>X\d �
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hlX�mfVKRUWUp bSW>|"]_gUp_`r}UWUW �043�z¦v� �]9eQS��RUWUp_`SXfV)hlQSnUg>QKmKª"jUVlQ¯nUg>QSWU�zQSx3d9XfV³m
|�QSg>^�QSxamfn>XfpUVKg9`vu>{KR>QSx�u>WURUWUWknUgUWkWU�z^�XfR>XfRUWUWaWURUVlXfR>mfWUhKR>QKmfVKWa[�]_^
`l
²�u>T�¤�VlQS�zQ�RU]My�R>Q�nUgUWURUT3VK{«hlQ�hKRUW>^
`rRUW>X�d>h�`�pMQSRUpU]_gUWUgU]M�w��W3s�¤z|�|�Xfp��
Vr`3ª2����m«]MhlX\u>WUj>XfRUW>X�^�[�]3^
`¨|�`r�zQShKc�X«VKg9`SXfpUVlQSgUWUWZmfW>mfVlX�^%c�hKc�bSg9`Smfc
�
h�`r�wVlm°T�d/`vu>{K[�X�QSVG]lmfVlQSxUjUWUhlQSx)n>XfgUW>Qzd>WUj>X�mfpMQSx VKg9`SXfpUVlQSgUWUW��EjUVlQGW
WUR3d>]_}UWUgU]lXfVZQKmf}UW3uUu>T3}UWUW!R9` j9`SmfVlQSVlX

ωp
�wW�hKc�m�QSVr`anUWUp_`

h
]MhlX\u>WUjUW��

h�`SXfVlm°T©�EhimfW3u>] R>X\u>WUR>XfxUR>QKmfVKW�mfW>mfVlX�^%c g>QKmfV
h
d9Qru>y�XfRZbSc�VK{+QS��g9`rRUW��

j>XfR/� � 4l�¨hKhKW3d>]!hlQS��g9`SmfVS`rRUWUT�`S^%n3u>WUVK]vd>RUcesGWG|�`r�zQShKcesq|�u>]_pUVK]�`r}UWUx]_hlX\u>WUj>XfRUW>X�[�]_^
`�hlX\d9XfV�p�]M[�WUg>XfRUWU�¬mfn>XfpUVKg9`vu>{KR>QSxiu>WURUWUW���V � X ��p�g>Q �
mfVK]GQSVKR>QKmfWUVlX\u>{KR>QSx [�WUgUWURUc u>WURUWUW

W (D) = 1/Q = ∆ω/ωp
W3u>W�p

]3^�XfRU{K[�XfRUWU� X�X�d9QKbSg>QSVKR>QKmfVKW
Q � ]_[�WUg>XfRUW>X�u>WURUWUWZ��`rVKgU]vd>RUTUXfV�QKbSR9` �gU]_y�XfRUW>X�WUR3d>]_}UWUg>QSh�`rRUR>QS�zQ�[�]_^�QK^�nUWUp3`�W�g9`r��gU]M[�`SXfV"pMQS�zXfg>XfRUVKR>QKmfVK{

d>hKWUy�XfRUWUT�R9`�j9`SmfVlQSVlX
ωp

�

�%`r��]_^%R>Q�nUg>X\d>n>Qru9Qzy�WUVK{ �
jUVlQZmf]_��X�mfVKhK]lXfV�QSnUVKW>^
`vu>{KRUc�x�]_g>QShlXfRU{
[�]_^
` ��nUgUW¬p_QSVlQSg>QK^ nUWUp)h�mfn>XfpUVKg>X!W>^�X�XfV�d9QKmfVr`rVlQSjURU]_� hKc�m�QSVK]¯W
T3hSu>TUXfVlm°T�d9QKmfVS`rVlQSjUR>Q�]_��pUW>^��2jUVlQKbSc Xf�zQ�^�Qzy�R>QZbSceu9Qag9`r�fu>WUjUWUVK{�R9`
QKbS��X�^�[�]3^�QShlQK^�|�QSR>X �
²�u>TGpMQru>WUj>X�mfVKhlXfRUR>QSx¬QS}>XfRUpUW¡mfVlXfn>XfRUW�p_QS�zXfg>XfRUVKR>QKmfVKW�mfW>mfVlX�^%c h

¤�VlQK^�m\u>]_j9`SX"hKhlX\d9X�^�h�g9`Sm�m�^�QSVKg>XfRUW>X¨hlX\u>WUjUWURU]
C(D)

�04��32v�'ª

C(D) = h(D)/W (D) = Q(D) · h(D),
� ����� ��2l�

�°d9X
Q(D) �

d9QKbSg>QSVKR>QKmfVK{+u>WURUWUW�� ��WUy�X¨^%c¬n>QSp_`ry�X�^��9jUVlQi^�Xfg9`�pMQS�zX	�
g>XfRUVKR>QKmfVKW

C(D)
W>^�X�XfV+^
`rp_mfW>^%]_^�nUgUWaR>XfpMQSVlQSg>QK^ ]Mg>QShKR>X�[�]3^
`��

�%`Sm�m�^�QSVKgUW>^�u9QS��W>mfVKWUj>X�mfp_QKX�QSVlQKbSg9`ry�XfRUW>X	�9hlQS�z^%]_��`SX�^�QKX¨[�]3^�QK^�ª

xn+1 = 1− ax2
n +
√
Dξn,

� ������1��l�
�°d9X

a �

]MnUg9`rhSu>T3�w��WUx©n9`rg9`S^�XfVKg � D �

WURUVlXfR>mfWUhKR>QKmfVK{�bKX\u9QS�zQZ[�]3^
`
ξn
� 9�QSVlmf]MVlmfVKhKW>X+[�]_^
`an>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{�bSW>|"]MgUp3`r}UWUx!]vd>hlQKXfRUWUT

n>XfgUW>Q�d/`
2k W>^�X�XfVi^�X�mfVlQ�dUu>T ��R9`�j>XfRUWUx�n9`rg9`S^�XfVKg9` a = ak

ª
a1 = 0.75

�
a2 = 1.25

�
a3 = 1.368099

� �������
P�gUWq��R9`�j>XfRUWUWGn9`rg9`S^�XfVKg9`
a = 1.24

W
h�QSVlmf]_VlmfVKhKW>X�[�]3^
` �

D = 0
��QSVlQKbSg9`ry�XfRUW>X�� ������1��l��W>^�X�XfV�]lmfVlQSxUjUWUhKc�x

}UWUp3u�n>XfgUW>Q�d/`+4«W�h"mfn>XfpUVKg>XeR9`Sbru>�ed/`SXfVlm°T
δ
� nUWUp�R9`�j9`SmfVlQSVlX

ω0 = π
�(�

hKp3u>�wj>XfRUW>X�^G[�]3^
`"nUg>Q�T_hSu>TUXfVlmoTk[�]3^�QShlQSx+nUg>X\d>hlX�mfVKRUWUpabSW>|�]MgUp3`r}UWUW
�

}UWUp3u)n>XfgUW>Q�d/`©¢ �R9�mfn>XfpUVKg>X�^�Qzy�R>Q�g9`r�fu>WUjUWUVK{Gd9QSn>Qru>RUWUVlX\u>{KRUc�x
sM`rg9`rpUVlXfgURUc�x�nUWUp©R9`Zj9`SmfVlQSVlX�mf]3bS�\`rg>^�QSRUWUpUW

ωp = π/2
�043��/v� � ��g>Q �

mfVlQK^
D
¤�VlQSV¨nUWUp�mfVr`rR>QShKWUVlmoT+hlm�X«bKQru9X�X���`S^�XfVKRUc�^qR9`�[�]3^�QShlQK^!|¨QSR>X �

� d>R9`rpMQ!d/`vu>{KR>XfxU[�X�Xa]_hlX\u>WUj>XfRUW>X�WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`�hlX\d9XfVqp�VlQ �
^%]��2jUVlQ�¤�VlQSVanUWUp!mfVr`rR>QShKWUVlmoT!nUg9`rpUVKWUj>X�mfpUW©R>Xfg9`r�fu>WUjUW>^%c�^¥R9`a|�QSR>X
[�]_^�QShlQS�zQ�nU{lX\d9X�mfVS`vu/`��
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52`rhKW>mfW>^�QKmfVK{�^�XfgUc�pMQS�zXfg>XfRUVKR>QKmfVKW
C(D)

n>QSp_`r��`rR9`¨R9`�gUW>m ����� ¢��K`"W
n>Q�d>VKhlXfgMy�d/`SXfV�R9`vu>WUjUW>X�h�mfW>mfVlX�^�X�¤z|�|¨XfpUVr`�p_QS�zXfg>XfRUVKR>QS�zQ�g>Xf�zQSR9`rR>mz`��
<�`rp�hKW3d>R>Q�WU��gUW>m ����� ¢��Sb��KXf�zQ"QSVKR>QKmfWUVlX\u>{KR9`rTi[�WUgUWUR9`

W
hlQS��g9`SmfVr`SXfV�m

g>QKmfVlQK^
D
nUg9`rpUVKWUj>X�mfpUWiu>WUR>XfxUR>Qi���\� � �qd>gU]_�zQSximfVlQSg>QSRUc �lhKc�m�QSVS`"nUWUp_`

g9`SmfVlXfV�u>WUR>XfxUR>Q�dUu>T�^
`vu>ces���R9`�j>XfRUWUx�WURUVlXfR>mfWUhKR>QKmfVKW [�]_^
` �
��`rVlX�^
g>QKmfV

h
��`S^�X\dUu>T3XfVlmoTaW��UR9`rp_QSR>Xf}��>R9`Smfc���`SXfVlm°T �

��`rpUW>^�QKbSg9`r�zQK^�����`rhKW>mfW>^�QKmfVKW
h(D)

�
W (D)

nUgUW>bru>WUy�XfRUR>Qq^�QS��]_V
bSc�VK{iQSnUW>mz`rRUc p_`rp

W (D) ∝W0 +D, h(D) ∝ 1− exp(−αD),
� ������13���

�°d9X
W0

W
α �

R>Xfp_QSVlQSgUc�X n>QKmfVlQzT3RURUc�X �U<"QSRUpU]Mg>XfRU}UWUTGg>QKmfVS`�hKc�m�QSVKc
nUWUp_`aW!QSVKR>QKmfWUVlX\u>{KR>QSxG[�WUgUWURUc u>WURUWUW�d/`SXfVZ^
`rp_mfW>^%]_^ pMQS�zXfg>XfRUVKR>Q �
mfVKW@ª

C(D) ∝ 1− exp (−αD)

W0 +D
.
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a
P

1.2
�
◦ �
	 1.22

�
2
�
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�
���!��� � �!Z
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	 � �
� N�� �������!�
��� � Y h(D)
� ������� ���S

�
� ����W ���!�
����� V

2
� � W (D)� ���5� ��`S

�
������W����!�
����� V

◦ �
����

a = 1.23

P"QShlX\d9XfRUW>X«[�]3^�QShKces�nUg>X\d>hlX�mfVKRUWUpMQSh�bSW>|"]_gUp_`r}UWUW�nUgUWiWU�z^�XfR>XfRUWUW
]_nUg9`rhSu>T_�w��Xf�zQ¨n9`rg9`S^�XfVKg9`�Vr`rpUy�XwnUg>X\d9mfVr`rhSu>TUXfV�WURUVlXfg>X�m � 9�hlX\d9X�^qn9` �
g9`S^�XfVKg�R9`vd>pUgUWUVKWUjUR>QKmfVKW

ε = ak−a
���od9X

ak �

VlQSjUp3`�bSW>|"]_gUp_`r}UWUW��v²�u>T
u>��bKQSx�WURUVlXfR>mfWUhKR>QKmfVKWk[�]3^
`

D
��`rhKW>mfW>^�QKmfVK{�^�XfgUc¯pMQS�zXfg>XfRUVKR>QKmfVKWZQSV

n9`rg9`S^�XfVKg9`iR9`vd>pUgUWUVKWUjUR>QKmfVKW�QSnUW>mfc�h�`SXfVlmoT���`rpMQSR>QK^¡hKW3d/`
C(ε) ∝ ε−3 �

jUVlQqR9`vs�Q�d>WUVlm°T¯h©m�QKQSVKhlXfVlmfVKhKWUW¬h!VlX�QSg>XfVKWUj>X�mfpUW>^%W¬nUg>X\d9mfp_`r��`rRUWUTU^%W
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g9`SbKQSVKc¬�043�z¦v� ���O`rpUW>^ZQKbSg9`r�zQK^��r¤z|�|¨XfpUV�d9Qru>y�XfR�]lmfW3u>WUh�`rVK{lm°T�nUgUW�nUgUW��
bru>WUy�XfRUWUWZp VlQSjUpMX�bSW>|"]_gUp_`r}UWUW�� � Vl^�XfVKW>^��>jUVlQ�QSnUVKW>^
`vu>{KR9`rTkWURUVlXfR��
mfWUhKR>QKmfVK{�[�]_^
`

Dopt
m d>hKWU�f`SXfVlm°T�h�mfVlQSg>QSRU]qbKQru>{K[�W3sq��R9`zj>XfRUWUx�nUgUW

]vd/`vu9XfRUWUWZn9`rg9`S^�XfVKg9`
a
QSV�VlQSjUpUW�bSW>|�]MgUp3`r}UWUW©�Dm�^ �/gUW>m �/��� ¢��K`l�	� ��W>m	�

u9XfRUR>QKXa^�Qzd9X\u>WUg>QSh�`rRUW>X�n>QSp3`r��`vu9Q��
jUVlQ�QSnUVKW>^
`vu>{KR9`rT�WURUVlXfR>mfWUhKR>QKmfVK{
[�]_^
`�W�n9`rg9`S^�XfVKg�R9`vd>pUgUWUVKWUjUR>QKmfVKW�mfhKT_��`rRUc¥u>WUR>XfxUR>QUª

Dopt ∝ ε
� <�` �

j>X�mfVKhlXfRUR>Q�¤�pUhKWUh�`vu9XfRUVKR>QKX�n>QShlX\d9XfRUW>X�R9`Sbru>�ed/`vu9QKmf{kW�dUu>Tan>QKm\u9X\d>]_� �
��W3skbSW>|�]MgUp3`r}UWUxZ]vd>hlQKXfRUWUT �3²�Xfx>mfVKhKWUVlX\u>{KR>Q��5VlQSViy�X¨mz`S^%c�x�¤z|�|�XfpUV
^�Qzy�R>Q�R9`Sbru>�ed/`rVK{wdUu>T¨d>gU]M��W3s¨nUg>X\d>hlX�mfVKRUWUp_QSh �KR9`rnUgUW>^�Xfg��Shlbru>WU��W�bSW��
|"]_gUp_`r}UWUWa��QSn>|¨` �043�f¢S� �

A2B A@B�� �  KI��OI�L�(_L�#�� ��I��� 9L�)UL���H�H$ $� 	 � �
N �� � ��NOL�) �«N��2I
� NOL�) �wN�� ) �� �
I ��N ��N�( � � ������� )
 � �� �B §ZQzd9X\u>{ ;�WUVK}U�w{K�

�

��` �
��]3^�Q

�

nUgUW>^�Xfg�mfW>mfVlX�^%c �Ud9X�^�QSR>mfVKgUWUgU]_�«��XfxZp_QS�zXfg>XfRUVKRUc�xZg>Xf�zQSR9`rR>m �
� R9`�T3hSu>TUXfVlm°T�]_nUg>QS��XfRUR>QSx�hlXfg>mfW>Xfx�s�QSg>QS[�Q WU��hlX�mfVKR>QSx�^�Q�d9X\u>W!R>Xfx��
g>QSR9`��wQzd>y�pUWUR9`

�

��`rp_m\u>W��%pMQSVlQSg9`rTGQSnUW>mfc�h�`SXfVZ�ou/`rhKRUc�X�QKm�QKbKXfRUR>QKmfVKW
g>Xf�zXfR>Xfg9`rVKWUhKRUces+^�X\sM`rRUWU�z^�QSh���`ry�WU�\`rRUWUT�h"R>XfgUhKR>QSx�p3u9XfVKp_X��043� � � 43��1v� �
�©d>gU]_�zQSx+mfVlQSg>QSRUc �M¤�Vr`�^�Q�d9X\u>{�nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSxiVS`rp+R9`r��c�h�`SX�^%]_�
mfW>mfVlX�^%]�Y�`rpUVKWUh�`rVlQSg

�

WURU��W>bSWUVlQSg�Y �l²¨WUR9`S^%WUp_`�mfW>mfVlX�^%c�QSnUW>mfc�h�`SXfVlmoT
m\u9X\d>]_�«��W>^%Wa]_g9`rhKR>XfRUWUT3^%W@ª

ε ẋ = x − x3 − y , ẏ = γx − y + b,
� ������1K�l�

�°d9X
x �

bSc�mfVKg9`rT�n>Xfg>X�^�XfRUR9`rTG� `rpUVKWUh�`rVlQSg�W3u>W�n>Xfg>X�^�XfRUR9`rT�R9`rnUg�T3y�X	�
RUWUT9���

y �

^�X\dUu9XfRUR9`rT�n>Xfg>X�^�XfRUR9`rT<�EWURU��W>bSWUVlQSg¬W3u>W�n>Xfg>X�^�XfRUR9`rT¯g>X	�
�zXfR>Xfg9`r}UWUW/��W

ε �

QSVKR>QS[�XfRUW>XahKg>X�^�XfRURUces¡^
`Smf[�Vr`SbKQSh�`rpUVKWUh�`rVlQSg9`!W
WURU��W>bSWUVlQSg9`���9�QKmf}UW3uUu>T_VlQSgUR>QSx�|¨QSg>^�X+¤�VKW©]_g9`rhKR>XfRUWUT©^�Q�y�R>Q�n>Xfg>X	�
nUW>mz`rVK{ih�hKW3d9X

ε ẍ = (1− ε− 3x2) ẋ + (1− γ)x− x3 − b. � ������1r¢M�

§�Q�d9X\u>{ ;�WUVK}U�«{K�
�

��`r��]_^�Q�d9X�^�QSR>mfVKgUWUgU]lXfV�d9QKmfVr`rVlQSjUR>Q m\u9Qzy�R>QKX�bSW��
|"]_gUp_`r}UW>QSRUR>QKX�n>QShlX\d9XfRUW>X"m�^%R>Qzy�X�mfVKhlQK^�R>Xfn>Q�d>hKWUy�RUceskVlQSj>Xfp W�nUg>X	�
d9X\u>{KRUces�}UWUp3u9QSh �X9³R9`r[�X�^)W>m�m\u9X\d9QSh�`rRUWUWq^%c�g9`Sm�m�^�QSVKgUW>^¥nUg>QKmfVlXfx��
[�]M��bSW>|"]_gUp_`r}UWU��g>Q�y�d9XfRUWUTZnUg>X\d9X\u>{KR>QS�zQ+}UWUp3u/`��/P�`rg9`S^�XfVKgUc

b
W
γ��`vd/`r�wV+n>Qru9Q�y�XfRUW>X�R>Xfn>Qzd>hKWUy�RUcesZVlQSj>Xfp�� 9�c�n>Qru>R>XfRUW>X�]lm\u9QShKWUT

(γ −
1)3/27 + b2/4 > 0

m�QKQSVKhlXfVlmfVKhK]lXfV�R9`vu>WUjUWU��X\d>WUR>mfVKhlXfRUR>QSx�R>Xfn>Q�d>hKWUy �
R>QSx�VlQSjUpUWqh�mfW>mfVlX�^�X �@P�gUW

4εγ > (ε + 1 − 3x2
0)
m�QKbKmfVKhlXfRURUc�X+��R9`�j>X	�

RUWUTaR>Xfn>Qzd>hKWUy�R>QSxZVlQSjUpUW
x0
mfVr`rR>QShKT3VlmoTZp_QK^%n3u9XfpMmfR>Q �'m�QSnUg�T3y�XfRURUc�^%W
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W��lX�m\u>W�hKc�g9`ry�XfRUW>X
3x2

0 +ε−1
^�XfRUT3XfV�mfhlQSx���R9`rp��KnUg>QSW>m°s�Q�d>WUV�bSW>|"]Mg��

p_`r}UWUT ��R3d>g>QSR>QSh�`
�

��QSn>|¨`��
P"QShlX\d9XfRUW>X�^�Q�d9X\u>W ;�WUVK}U�w{K�

�

��`r��]3^�Q ^�Qzy�R>Q nUg>Ql`rR9`vu>WU��WUg>QSh�`rVK{
h¡VlXfg>^%WUR9`vs RU]�u9XfhKces)WU�zQSp3u>WUR

x
W
y
�Dm�^ ��gUW>m �«��� ¢K¢M���«V � X ��pU]_bSWUj>X	�

mfpMQSx�|�]MRUpU}UWUW©n>Q
x
m ^
`rpMmfW>^%]3^�QK^

Pmax = (x+, y+)
W�^%WURUW>^%]_^�QK^

Pmin = (x−, y−)
�@WqnUg�TU^%c�^%W©u>WURUWUT3^%W©n>Q

y
�O£�VS`�|�]MRUpU}UWUT!m�QKmfVlQSWUV

WU�eVKg>X\s�g9`r�fu>WUjURUces�QKbru/`SmfVlXfx��Kg9`r�fd9X\u>TUX�^%ces
Pmax

W
Pmin

ªv]lmfVlQSxUjUWUhKc�X
u9Xfh�`rT�W�nUg9`rh�`rT�hlXfVKhKW�W�R>Xf]lmfVlQSxUjUWUh�`rT!mfg>X\d>RUT3T�hlXfVKhK{ �@P�gUWqQSnUg>X\d9X	�
u9XfRURUcesq��R9`zj>XfRUWUT_s

γ
W
b
QKbKXiRU]vu>{

�

WU�zQSp3u>WURUc n>Xfg>X�m�Xfp_`r�wVlm°TGVlQru>{KpMQ
Q�d>WUR�g9`r�"R9`�u9XfhlQSxk]lmfVlQSxUjUWUhlQSx�hlXfVKhKW!�Eg>Xfy�W>^�hlQS�zbS]_y�d9XfRUWUT9��h�X\d>WUR��
mfVKhlXfRUR>QSx¬R>Xfn>Q�d>hKWUy�R>QSx¥VlQSjUpMX��

xfix, yfix
�	��9 g9`SbKQSVlX ;�WUVK}U�«{K� �043� ���

¤�Vr`�VlQSjUp_`qm�QKQSVKhlXfVlmfVKhK]lXfV©m�QKmfVlQ�T3RUWU� n>QSpMQzT R>XfgUhKR>QSx¡p3u9XfVKpUW��8VlQSjUpUW
R9`�nUg9`rhlQSxkhlXfVKhKW�QSVKhlXfj9`r�wV���`�m�QKmfVlQzT3RUW>X"hlQS�zbS]_y�d9XfRUWUTkW VlQSjUpUW��3g9`Sm	�
n>Qru9Qzy�XfRURUc�XiR9`S^%R>QS�zQ hKc�[�X�R>Xfn>Q�d>hKWUy�R>QSxqVlQSjUpUW�R9`+u9XfhlQSx�mfVlQSg>QSR>X	�

�

R>XfhlQKmfnUgUWUW>^%jUWUhlQKmfVKW��Eg>X�|"g9`rpUVlQSgUR>QKmfVKW/�	�
� Vl^�XfVKW>^��@jUVlQahKg>X�^�XfRUR>QSxq^
`Smf[�Vr`Sbkn>Xfg>X�^�XfRUR>QSx©R9`rnUg�T3y�XfRUWUTqR9` �

^%R>QS�zQ�^�XfRU{K[�X	��j>X�^³]�n>Xfg>X�^�XfRUR>QSx¡g>Xf�zXfR>Xfg9`r}UWUW �
ε � 1/γ

���%V � X ��mfW��
mfVlX�^
`©bSc�mfVKg>QGg>X\u/`rpMmfWUgU]lXfV�n>Q

x
RU]�u>{ � WU�zQSp3u>WUR>X � �O`rp¯p_`rp¬mfg>X\d>RUT3T

hlXfVKhK{!T3hSu>TUXfVlm°T�R>Xf]lmfVlQSxUjUWUhlQSx���VlQ�d>hKWUy�XfRUW>X�mfW>mfVlX�^%c m�QKmfg>X\d9QSVlQSj>X	�
R>Q�h!]M��p_QSx¡QKbru/`SmfVKW hqQSpUg>X�mfVKR>QKmfVKW¡u9XfhlQSx�W¡nUg9`rhlQSx¡hlXfVKhlXfx¡W�d>hK]�s
m�QKX\d>WURUT3�«��W3s u>WURUWUx�^�Xfy�d>] RUW>^%W��
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�eg9`SXfpUVlQSgUWUT d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QSx�mfW>mfVlX�^%c �UmfVr`rgUVlQSh�`rhK[�`rT�m�m�QKQSV �
hlXfVlmfVKhK]_�«��Xf�zQ�R9`�j9`vu>{KR>QS�zQ+m�QKmfVlQzT3RUWUT��ER9`rnUgUW>^�Xfg��>m

y < y−
���3m d9X\u/`SXfV

������� dUu>WUVlX\u>{KRUc�x�QKbKQSg>QSVih+|�`r�zQShlQK^�nUg>QKmfVKg9`rR>mfVKhlX �X��R9`�j9`vu/`iVKg9`SXfp��
VlQSgUWUT+bSc�mfVKg>Q�d9QKmfVKWU��R>XfV�nUg9`rhlQSx�hlXfVKhKW���d>hKWU�\`rTUmf{�hSd9Qru>{�R>X�X�hKhlXfg�s�d9Q
hlXfgU[�WURUc �S��`rVlX�^�n>Xfg>Xfp3u>�«jUWUVlmoT�R9`�u9XfhK]_�¡hlXfVKhK{ �Sn>Qwp_QSVlQSg>QSxiQSR9`«nUgUW��
d9XfV¨h�R>Xfn>Q�d>hKWUy�RU]_�)VlQSjUpU]��ER9`"jUVlQ�n>QSVKg>X�bS]lXfVlm°T bKX�mfpMQSR>XfjUR>QKXwhKg>X�^%T9�	�
P"QKm\u9Xw¤�VlQS�zQ�R9`Sbru>�ed/`SXfVlm°TkQ�d>WUR�Y\hKc�bSg>QKmlY\W3u>W!Y\W>^%nU]vu>{lmlY\n>Q�n>Xfg>X�^�XfR��
R>QSxaR9`rnUgMT_y�XfRUWUT �
� NOL�) �wN�� ) �� �
I ��N ��N�( � � � � � � )
 � �� �� � �
I ����(3H9NOI � � � ��)-B
9<d9Xfx>mfVKhKWUVlX\u>{KR>QKmfVKW�R9`aR>XfxUg>QSRUc n>QKmfVlQzT3RUR>Q�hlQS�fd9Xfx>mfVKhK]M�wV�g9`r�fu>WUj��
RUc�X+W>mfVlQSjURUWUpUW©[�]3^
` ��R9`rnUgUW>^�Xfg��%|�u>]_pUVK]�`r}UW>QSRUR>QKX+QSVKpUgUc�VKW>X�W©��` �
pUgUc�VKW>X+W>QSRURUces�p_`rR9`vu9QSh�h�^�X�^�bSg9`rR>Xip3u9XfVKpUW�����`r[�]3^Ou9XfRURUc�X+nUg>X�mfW��
R9`rnUVKWUj>X�mfpUW>XaVlQSpUW�W�|"u>]MpUVK]�`r}UWUW�g9`r�fu>WUjURUces�nUg>QShlQ�d>W>^�QKmfVlXfx h�mfW��
mfVlX�^�X	�

�

W ¤�VlQ¡VlQru>{Kp_Q¯R>XfpMQSVlQSgUc�XGWU�qRUW3s � 9 p3`�j>X�mfVKhlXGW>mfVlQSjURUWUp_`
|�u>]_pUVK]�`r}UWUx�h�]Mg9`rhKR>XfRUW>Xen>Q

y
d9QKbl`rhSu>TUXfVlm°Ti`vdUd>WUVKWUhKRUc�x�bKX\u>c�x�[�]3^ �

� R���`rRUW>^
`SXfVkR>X�mfVlQru>{ h�`ry�R>QKX�^�X�mfVlQ�h+d>WUR9`S^%WUpMX�mfW>mfVlX�^%c �-Vr`rp�p3`rp
m d>hKWU�f`SXfViRU]vu>{

�

WU�zQSp3u>WURUc¥p3`�j>X�mfVKhlXfRUR>Q�n>Qzs�Qzy�W>^ mfn>QKm�QKbKQK^ � 9�hlX\d9XfRUW��
X�^�`vd>W9`Sbl`rVKWUj>X�mfpUW�^�X\dUu9XfRUR>QSx�n>Xfg>X�^�XfRUR>QSx

s
]Mg9`rhKR>XfRUWUT©nUg>X�QKbSg9`r��] �

�wVlm°Tkpam\u9X\d>]_�«��X�^%] hKW3d>]5ª

ε ẋ = x − x3 − y + s , ẏ = γx − y + b +
√

2D ξ(t).
� ������1K¦l�

�eXf��n>QSVlXfgUWaQKbS��R>QKmfVKW��Md/`vu9X�Xwn>Qru/`r�\`SX�^
s = 0

� ��]MhlmfVKhKWUVlX\u>{KR>QKmfVK{i^�Q �
d9X\u>W ;�WUVK}U�w{K�

�

��`r��]3^�Q�p¥`vd>W9`Sbl`rVKWUj>X�mfpUW ^�X\dUu9XfRURUc�^ mfWU��R9`vu/`S^ h
VlQSpMX�^�Q�y�R>Q+hKc�g9`r��WUVK{ j>Xfg>Xf����`rhKW>mfW>^�QKmfVK{aQSV

b
�9P�g>X�QKbSg9`r�zQSh�`rRUW>X�n>X	�

g>X�^�XfRUR>QSx�g>Xf�zXfR>Xfg9`r}UWUW
y → y − s �EnUg>XfR>X�bSg>Xf�f`rT�nUg>QSWU��hlQ�d>RUc�^%W s n>QhKg>X�^�XfRUW/�enUgUWUhlQzd>WUVip�^�Qzd>W>|"WU}UWUg>QSh�`rRUR>QK^%]an9`rg9`S^�XfVKgU]

b→ b− s �;¨u>]_pUVK]�`r}UWUW�hKc���c�h�`r�wV+hlQS��RUWUpUR>QShlXfRUW>X�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW�mfVlQ �
sM`SmfVKWUj>X�mfpUW3s�hlQS�zbS]My�d9XfRUWUx�� 9 n>QKm\u9X\d>RUW3sGW>m�m\u9X\d9QSh�`rRUWUT_sGp_QSR>mfVKgU]Mp��
VKWUhKR>QSxGg>Qru>WG[�]3^
`kh�R>X\u>WUR>XfxURUces©mfW>mfVlX�^
`vsGbKQru>{K[�QSx©WURUVlXfg>X�m�nUg>Q �
T3hSu9XfR¡p n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW¬hKc�bSg>QKm�QSh¯�Dmfn9`rxUp_QShM��W W3s�mfhlQSx>mfVKh�`S^ �
��`rnUgUW>^�Xfg���X�m\u>W¡R9`�hSs�Qzd�mfW>mfVlX�^%c�n>Q�d/`r�wVlm°T�hKR>Xf[�RUW>X�mfWU��R9`vu>c ��VlQ
R9`Sbru>�ed/`r�wVlm°Tk¤z|�|�XfpUVKc¬mfVlQzsM`SmfVKWUj>X�mfpMQS�zQ+g>Xf�zQSR9`rR>mz`k�043��2

�
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s3g>QSRUWU��`r}UWUW m�hSs�Q�d>RUc�^%W�mfWU��R9`vu/`S^%W ���z¦3/ ��434r¢S� � �
m\u>W�h�mfW>mfVlX�^%]©d9Q �
n>Qru>RUWUVlX\u>{KR>Q�hKhlQ�d>WUVlmoTG�\`rg>^�QSRUWUj>X�mfpUWUx�[�]_^���VlQ���p_`rpGWqh�g>Xz`vu>{KRUces
R>XfxUg>QSR9`vs �>g>Xz`vu>WU��]lXfVlm°T©Y\hK��gUc�hKR>QKXlYK� Y���	 	 � � ��
�� Yz��n>QShlX\d9XfRUW>Xi�0434K¦v� �P"Q�d9QKbSR>Q+bSW>mfVr`SbSW3u>{KR>QSx�d>WUR9`S^%WUpMX	�>R9`vu>WUjUW>X¨mfVr`r}UW>QSR9`rgUR>QS�zQ+[�]3^
`
hwhlQS�zbS]My�d/`SX�^%ces�mfW>mfVlX�^
`vs�hlX\d9XfVwp�hlQS��RUWUpUR>QShlXfRUWU��R>QShlQS�zQ�hKg>X�^�XfRUR>Q �
�zQ�^
`Smf[�VS`Sbl`

�

mfg>X\d>R>Xf�zQ+hKg>X�^�XfRUW�hlQS�zbS]_y�d9XfRUWUTZR>QShKces�mfn9`rxUp_QSh � �
�zQ



��� � � �	��� � ��T
�
� ���	����2��� �!Y SUT����(�(���NKH�T����!� V 	 ����� � �K���
	 � � �

0 5 10 15

t

−1.5

−0.5

0.5

1.5

x(t)

0 5 10 15

t

−1.5

−0.5

0.5

1.5

−2 −1 1 2x−1.2

−0.2

0.8

y

−2 −1 1 2x−1.2

−0.2

0.8

y

=?>A@�B C(B � �DB � ��������������� �
������������� � �
����� � � �
	 ��� � �������
�
�!	 ��� � ��������� � ��� ��Y � V 	

T ����� �������!Q P7N��������5���
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��������Q ��� ���� � �����! � � ����K�
����� � ����� � �� � � � �JT�_
Z:I ��� � �����

�
� ��� ��� � � ��N������J� ������� � ���
��� � ��2�����

γ = b = 1.5, D = 0.3
�,� �������P

ε = 10−1 	 ������� ���P ε = 10−4

��R9`�j>XfRUW>X�W¯mfhlQSx>mfVKh�`!mf]_��X�mfVKhlXfRUR>Qq��`rhKW>moT3V©QSVqsM`rg9`rpUVlXfgUW>mfVKWUp�d9Xfx��
mfVKhK]_�«��Xf�zQ�[�]3^
`wW��Km\u9X\d9QSh�`rVlX\u>{KR>Q��l¤�VlQSV¨hKg>X�^�XfRUR>QSxi^
`Smf[�VS`Sb"]_nUg9`rh �
u>TUXfVlm°T�[�]3^�QK^ �7��d>gU]_�zQSx�mfVlQSg>QSRUc �-m�QKbKmfVKhlXfRUR>QKX�hKg>X�^%T�g>Xf�zXfR>Xfg9`r}UWUW
dUu>TGhlQS��hKg9`r��XfRUWUT�h�R>Xfn>Qzd>hKWUy�RU]M� VlQSjUpU]©n>QKm\u9X ��`ry�WU�\`rRUWUT mfW3u>{KR>Q
R>X�^�XfRUTUXfVlm°T�n>Q�dad9Xfx>mfVKhKW>X�^¡[�]3^
`��

�8u9X\d9QSh�`rVlX\u>{KR>Q��lhlQS�zbS]_y�d/`SX�^%c�X�mfW>mfVlX�^%c¡h"nUgUW>mf]MVlmfVKhKWUW+[�]3^
`«d9X	�
^�QSR>mfVKgUWUgU]_�«V�¤z|¨|�XfpUV�� ��������� �
	 � ��� ������ � ��� �
��� �043�z�v� �
�"XfxUg>QSRaR>X"^�Q �
y�XfVi��`ry�XfjU{lm°T �UR9`vs�Qzd>TUmf{�h�m�QKmfVlQzT3RUWUWag>Xf�zXfR>Xfg9`r}UWUW��>WkX�m\u>WaQSRkhlQS�zbS] �
y�d/`SXfVlm°T�h�VlXfj>XfRUW>X�VlQS�zQ�y�X�hKg>X�^�XfRUR>QS�zQk^
`Smf[�Vr`Sbl` �2VlQ�R9`Sbru>�ed/`SXfVlmoT
n>QSjUVKWap_Qru9X�bl`rVlX\u>{KR>QKX�n>QShlX\d9XfRUW>X � �O`rpap_`rpkhKg>X�^%T hlQS�zbS]_y�d9XfRUWUTamfVKg>Q �
�zQq��`rhKW>mfWUV©QSVq[�]3^
` �
VlQ©mf]M��X�mfVKhK]lXfVGQSnUVKW>^
`vu>{KRUc�x�]_g>QShlXfRU{©[�]3^
` �
nUgUW�pMQSVlQSg>QK^¯n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{amfn9`rxUpMQShamfVS`rR>QShKWUVlm°T�R9`rW>bKQru9X�X�g>X	�
��]vu>T_gUR>QSx��
�  �%N���I���(3H9IML�L�#���)UL�)���N�� �  KI��OI�L�(3L� � �OI��� 9L�)UL���)-B P�gUW

D 6=
0
W�hKc�bKQSg>X�R9`�j9`vu>{KRUces�]lm\u9QShKWUx�h R>Xfn>Qzd>hKWUy�R>QSxqVlQSjUp_X�|�u>]MpUVK]�`r}UWUW

n>QS��hlQru>T3�«V"mfW>mfVlX�^�X�n>QKm\u9X�VKWUnUWUjUR>QS�zQ«hKg>X�^�XfRUW�`rpUVKWUh�`r}UWUWa�EhlQS�zbS]_y�d9X	�
RUWUT9��nUg>X�Q�d9Qru9XfVK{�m�QKbKmfVKhlXfRURUc�x�n>QSg>QS�

(x−, y−)
W��_p_`rpaW h�d9XfVlXfg>^%WURUW��
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g>QSh�`rRUR>QK^<m\u>]Mj9`SX	��m�QShlXfgU[�WUVK{Zd>hKWUy�XfRUW>X+hZ|�`r�zQShlQK^)nUg>QKmfVKg9`rR>mfVKhlX m
hlQS��hKg9`rVlQK^�h�^
`vu>]_��QSpUg>X�mfVKR>QKmfVK{«R>Xfn>Qzd>hKWUy�R>QSx�VlQSjUpUW���9�VlXfj>XfRUW>X8¤�VlQ �
�zQ�hKg>X�^�XfRUWk�zXfR>XfgUWUgU]lXfVlm°TamfVlQzsM`SmfVKWUj>X�mfp_`rTan>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{�mfn9`rx��
pMQSh+n>Xfg>X�^�XfRUR>QSx�R9`rnUgMT_y�XfRUWUT©�Dm�^ �9gUW>m ����� ¢�¦l���>p_QSVlQSg9`rT �/m"Q�d>R>QSx�mfVlQ �
g>QSRUc �5sM`rg9`rpUVlXfgUWU��]lXfVlm°T!j9`SmfVlQSVlQSx�m\u9X\d9QSh�`rRUWUT�W>^%nU]vu>{lm�QSh!�Dmfn9`rxUpMQShM���
QSnUg>X\d9X\u>TUX�^�QSxZ]lmfg>X\d>R>XfRUW>X�^¡n>Q�hKg>X�^�XfRUW@ª

r = lim
T→∞

N

T
.

� ������13/l�

��d>gU]_�zQSx�mfVlQSg>QSRUc ��sM`rg9`rpUVlXfgUW>mfVKWUp_QSx�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW¯mfn9`rxUpMQSh
^�Qzy�XfV¬m\u>]My�WUVK{¯mfg>X\d>R>X�X�hKg>X�^%T³^�Xfy�d>]¯d>hK]_^%T)W>^%nU]vu>{lmz`S^%W ��� � � 

��
 � � 	 ��� ��� � ��
 � � 	�� � ���  �  � ���

〈T 〉 = lim
N→∞

1

N

N
∑

i=1

Ti,

�°d9X
Ti �

hKg>X�^�XfRUR>QSx�WURUVlXfgUh�`vu�^�Xfy�d>]
i
�'^�W

(i+ 1)
�'^�mfn9`rxUp_QK^ �

� bKX�hlX\u>WUjUWURUc�R>X�mf]MV Q�d>RU]ZWZVK]�y�X�WUR>|�QSg>^
`r}UWU� �5Vr`rp�p_`rp�h bKX�m	�
pMQSR>XfjUR>QK^ nUg>X\d9X\u9X

r = lim
N→∞

(T0

N
+

1

N

N
∑

i=1

Ti +
TN+1

N

)−1
=

1

〈T 〉 ,

�°d9X
T0
W
TN+1 �

WURUVlXfgUh�`vu>c¥hKg>X�^�XfRUW d9Q�n>XfgUhlQS�zQ�W�n>QKm\u9X�n>QKm\u9X\d>R>Xf�zQ
mfn9`rxUp_`im�QKQSVKhlXfVlmfVKhlXfRUR>Q �

<�`rp�n>QSp_`r��`rR>Q�hKc�[�X	�5^�X\dUu9XfRURUc�x�mfWU��R9`vu
s
nUgUWUhlQzd>WUVkp�]3^�XfRU{K[�X	�

RUWU�¯n9`rg9`S^�XfVKg9`
b
�3��`rpUW>^qQKbSg9`r�zQK^�����`rhKW>mfW>^�QKmfVK{�mfpMQSg>QKmfVlXfx QSV

b
^�Qzy �

R>Q�VKg9`rpUVlQSh�`rVK{�p_`rp n>Xfg>X\d/`rVlQSjURU]_� |"]_RUpU}UWU�¥QSVKR>QKmfWUVlX\u>{KR>Q
s
�D9¥�0434K�v�

bSceu9Q�n>QSp3`r��`rR>Q��rjUVlQ�R9`rp3u9QSR¨n>Xfg>X\d/`rVlQSjUR>QSx�|"]_RUpU}UWUW�nUg>QSn>QSgU}UW>QSR9`vu9XfR
Y\R>QSg>^�X�^�QS��R>QKmfVKW�Y �9hKhlX\d9XfRUR>QSxZh��04343�\� �5£�Vr`�hlX\u>WUjUWUR9`im�QKQSVKhlXfVlmfVKhK]lXfV
pMQSgUg>X\u>T3}UWUW¬hKces�Qzd>R>QS�zQ�mfWU��R9`vu/` ��V � X �8j9`SmfVlQSVlX�W>^%nU]vu>{lm�QShGhq^�Q�d9X\u>W
;�WUVK}U�w{K�

�

��`r��]3^�Q��@m¨d9QKmfVr`rVlQSjUR>Qa^
`vu>c�^¬mfWU��R9`vu9QK^
s
� �8u9X\d9QSh�`rVlX\u>{ �

R>Q��_jU]MhlmfVKhKWUVlX\u>{KR>QKmfVK{ipk`vd>W9`Sbl`rVKWUj>X�mfpUWZ^�X\dUu9XfRUR>QK^%]�mfWU��R9`vu>]isM`rg9`rp��
VlXfgUWU��]lXfVlm°T�|"]_RUpU}UW>Xfx

λ =
dr

ds
= −dr

db
.

� ������1��K�
²�u>T sM`rg9`rpUVlXfgUW>mfVKWUpUW�h�`rgUW9`SbKX\u>{KR>QKmfVKW�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVKW�mfn9`rx��

pMQSh W>mfn>Qru>{K��]lXfVlm°T�pMQS¤z|�|"WU}UW>XfRUV³QSVKp3u9QSR>XfRUWUT �Eh�`rgUW9`r}UWUW/����nUg>X\dUu9Q �
y�XfRURUc�x�h�g9`SbKQSVlX��043�z�v��WqnUg>X\d9mfVS`rhSu>T3�«��WUx�m�QKbKQSx�QSVKR>QS[�XfRUW>XkmfVS`rR��
d/`rgUVKR>QS�zQiQSVKp3u9QSR>XfRUWUT  � �pamfg>X\d>R>X�^%]  � \ª
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R =

√

〈T 2〉 − 〈T 〉2
〈T 〉 .

� ������131l�

9¯g9`S^%p_`vs d/`rRUR>QSxZ��`vd/`�jUW�p_QS¤z|�|"WU}UW>XfRUV�QSVKp3u9QSR>XfRUWUT�^�Qzy�R>QiVKg9`rpUVlQ �
h�`rVK{�p3`rp ���#. ��� %�. " %[��"���. ��� ��� � � ��²�u>TGnU]�`Sm�m�QSR>QShlmfpUW3sGn>QKm\u9X\d9QSh�` �
VlX\u>{KR>QKmfVlXfx m�R>Xf��`rhKW>mfW>^%c�^%W�QSVzd9X\u>{KRUc�^%W¡hlQS�zbS]_y�d9XfRUWUTU^%W¡QSVKR>QS[�X	�
RUW>X

R
mfVKg>X�^%WUVlm°T p�X\d>WURUWU}>X � �
m\u>W

R < 1
�
VlQ�n>QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{

mfVr`rR>QShKWUVlmoT¬bKQru9X�X�g>Xf��]vu>T3gUR>QSx�W
R
QKbSg9`r��`SXfVlm°T�h!RU]vu>{�dUu>T¡n>XfgUW>Q �

d>WUj>X�mfpUW3s�d9XfVlXfg>^%WURUWUg>QSh�`rRURUces¡hlQS�zbS]_y�d9XfRUWUx��
R9`rnUgUW>^�Xfg��8h�g>Xfy�W>^�X
d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QS�zQ+nUg>X\d9X\u>{KR>QS�zQ�}UWUp3u/`�mfW>mfVlX�^%c�� ������1K¦l�	� 9�m\u>]_j9`SX
R < 1

d>hKWUy�XfRUWUT�VKg9`SXfpUVlQSgUWUx�h�|¨`r�zQShlQK^³nUg>QKmfVKg9`rR>mfVKhlXa^�Qzy�R>Q�WUR��
VlXfgUnUg>XfVKWUg>QSh�`rVK{�p_`rp d>hKWUy�XfRUW>X¨R9`�mfVlQ�sM`SmfVKWUj>X�mfp_QK^ nUg>X\d9X\u>{KR>QK^�}UWUp��
u9X����K��2 �O4��K¦v� �

� nUW>mz`rRURUc�x�¤z|�|�XfpUV�bSceu�W>m�m\u9X\d9QSh�`rR�jUW>m\u9XfRUR>Q�h��043�z� �O4343/ �K434����
W
¤�pMmfn>XfgUW>^�XfRUVS`vu>{KR>Qah�hlQS�zbS]My�d/`SX�^�QSx�¤fu9XfpUVKg>QSRUR>QSx�}>XfnUW��043431v� �,<�g>QK^�X
¤�VlQS�zQ��3bSceu9Q¨nUg>QShlX\d9XfR>Q�jUW>m\u9XfRUR>QKX�^�Q�d9X\u>WUg>QSh�`rRUW>X¨mfhKT_��`rRURUces+R>XfxUg>Q �
R>QSh�W�bSceu9Q�d9QSp3`r��`rR>Q�mf]M��X�mfVKhlQSh�`rRUW>X�QSnUVKW>^
`vu>{KRUces���R9`zj>XfRUWUxkWURUVlXfR��
mfWUhKR>QKmfVKWa[�]_^
`�W pMQS¤z|¨|"WU}UW>XfRUVlQSh�mfhKT3��W dUu>T�mfWUR3s3g>QSRUR>Q�QKmf}UW3uUu>WUgU] �
�w��Xf�zQ��E]_n>QSg�T_d9QSj>XfRUR>QS�zQ���QSVKp3u>WUp_`�h�mfhKT_��`rRURUcesam�XfVvTMs����K��2 ����432 �\43432v� �

� Vl^�XfVKW>^��@jUVlQahlQS��RUWUpUR>QShlXfRUW>Xi]_n>QSg�T_d9QSj>XfRURUces!n>QKm\u9X\d9QSh�`rVlX\u>{KR>Q �
mfVlXfx hlQS�zbS]_y�d9XfRUWUx�^�Q�y�R>Q¥VS`rpUy�X¡g9`Sm�m�^
`rVKgUWUh�`rVK{<mGVlQSjUpUW���g>XfRUWUT
mfn>XfpUVKg9`vu>{KRUces¯hlX\u>WUjUWUR�W3u>W�pMQSgUg>X\u>T3}UW>QSRURUces¬|"]_RUpU}UWUx³�04��K¦v� �8²�u>T
¤�VKW3sZ}>X\u9Xfx�n>QzdUs�Q�d>T3��Xfx�T3hSu>TUXfVlm°T�hlX\u>WUjUWUR9`�� ������131l���5Vr`rp�p_`rp�dUu>T�X�X
QSnUg>X\d9X\u9XfRUWUT¨R>X�QKbzs�Q�d>W>^%c©n>XfgUhKc�X�d>h�`�^�QK^�XfRUVS`�WU�
g9`SmfnUg>X\d9X\u9XfRUWUT  � ��
pMQSVlQSgUc�X�R>XfVKgU]vd>R>Q�n>Qru>]_jUWUVK{ih�g9`S^%p_`vsanUgUW>bru>WUy�XfRUWUT �/nUgUWUhlX\d9XfRUR>QS�zQ
RUWUy�X�dUu>T nUg>QSWU��hlQru>{KR>QSxZWURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`��
� L�)���N � � ��)UH9LOI�LON�� �  "���2I ��) � � � )UL�� )-B �O`rp¨p_`rp�^�Q�d9X\u>{ ;�WUVK}U�w{K�

���`r��]3^�QiR>X¨T_hSu>TUXfVlmoT�n>QSVlXfRU}UW9`vu>{KR>QSx�mfW>mfVlX�^�QSx©�04K��� �K4K�3�\���/VlQ�n>Qru>]_j>X	�
RUW>X8`rR9`vu>WUVKWUj>X�mfp_QS�zQ�g>Xf[�XfRUWUT�m�QKQSVKhlXfVlmfVKhK]M�w��Xf�zQ�]_g9`rhKR>XfRUWUT ;�QSpUpMXfg9`

�Pwu/`rRUp_` � 6`;�P¨��nUg>X\d9mfVr`rhSu>TUXfVqm�QKbKQSx¡R>XfVKgUWUhKW9`vu>{KRU]M� ��`vd/`�jU]�� ��`SmfV �
R>QKX�`rR9`vu>WUVKWUj>X�mfpMQKX�g>Xf[�XfRUW>X�bSceu9Q+nUgUWUhlX\d9XfR>Q�hZ�04K�34v�%h+nUg>X\d>n>Qru9Q�y�X	�
RUWUWZmf]_��X�mfVKhlQSh�`rRUWUTamfn>Xf}UW>|"WUj>X�mfpMQS�zQ�QSVKR>QS[�XfRUWUTZ^�Xfy�d>]�n9`rg9`S^�XfVKg9` �
^%W�d9Xfx>mfVKhK]M�w��Xf�zQ«[�]3^
`�W�mz`S^�QSx�d>WUR9`S^%WUpUW��!9qmfVr`rVK{lX"�04K�K�v�>bSceu�nUg>X\d �
u9Qzy�XfR�n>QzdUs�Q�d �9QKmfR>QSh�`rRURUc�xZR9`�VlX�QSgUWUWahlQS�z^%]_��XfRUWUx��UdUu>T�R>Xfn>QSVlXfRU}UW��
`vu>{KRUcesamfW>mfVlX�^�h�bSW>mfVr`SbSW3u>{KR>QK^ g>Xfy�W>^�X�^�Q�d9X\u>W ;�WUVK}U�«{K�

�

��`r��]_^�Q �
�%`Sm�m�^�QSVKgUW>^ ^�Qzd9X\u>{ ;�WUVK}U�w{K�

�

��`r��]3^�Q�h�nUg>X\d9X\u9X�bSc�mfVKg>QSx n>X	�
g>X�^�XfRUR>QSx)R9`rnUgMT_y�XfRUWUT�� `rpUVKWUh�`rVlQSg/� W)m�W>mfVlQSjURUWUp_QK^ [�]_^
` �ehKp3u>� �
j>XfRURUc�^ h�n>Xfg>X�^�XfRURU]_� g>Xf�zXfR>Xfg9`r}UWUW �EWURU��W>bSWUVlQSg/���04K�r¢S� ��P�gUW>^�XfRUT3T
^�XfVlQ�d �OnUg>X\dUu9Q�y�XfRURUc�x�§�X\u>{KRUWUpMQShKc�^ �04K�K¦v���@R9`vs�Qzd>W>^<`rR9`vu>WUVKWUj>X�mfpUW
mfVr`r}UW>QSR9`rgURU]_� n3u9QSVKR>QKmfVK{ hlXfg>Q�T_VKR>QKmfVKW�R>Xfn>QSVlXfRU}UW9`vu>{KR>QSx�mfW>mfVlX�^%c³W
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mfpMQSg>QKmfVK{kmfn9`rxUp_QSh�n>Qin>Xfg>X�^�XfRUR>QSx�R9`rnUg�T3y�XfRUWUT��DmfpMQSg>QKmfVK{ W>^%nU]vu>{lmz`l�
�04K�r¢S� � ��QKQSVKhlXfVlmfVKhK]_�«��X�X 6`;�P dUu>T!n3u9QSVKR>QKmfVKW�hlXfg>QzT3VKR>QKmfVKW

P (x, y)
�

W>^�Xf�w��X�X"hKW3d

∂tP = −1

ε
∂x(x− x3 − y)P + ∂y(y − γx− b+D∂y)P,

� ������132l�

R>Xw^�Qzy�XfV�bSc�VK{�g>Xf[�XfR>Q�`rR9`vu>WUVKWUj>X�mfpUW d/`ry�Xwh�mfVr`r}UW>QSR9`rgUR>QK^�m\u>]_j9`SX �
��`rpZy�X�QKbKmfVlQSWUV�d9X\u9Q�W�m�nUg>X\d9X\u>{KRUc�^%W�n3u9QSVKR>QKmfVvTU^%W

ρ(x) =

+∞
∫

−∞

dyP (x, y) , p(y) =

+∞
∫

−∞

dxP (x, y),

pMQSVlQSgUc�X�n>QSp3`r��c�h�`r�«V �Up_`rpa`rR>mz`S^�bru>{�R>Xf��`rhKW>mfW>^%ces�R>XfxUg>QSR>QSh�g9`SmfnUg>X	�
d9X\u>TUXfVlm°T�n>Q�hlQS�zbS]_y�d9XfRURUc�^�m�QKmfVlQzT3RUWUTU^©W+m�QKmfVlQzT3RUWUTU^©n>QSpMQ�T+W3u>W�n>Q
n>Xfg>X�^�XfRUR>QSx�g>Xf�zXfR>Xfg9`r}UWUWZm�QKQSVKhlXfVlmfVKhlXfRUR>Q �

� d>R9`rpMQ�hlm�X"¤�VKWa|"]_RUpU}UWUWa^�Qzy�R>Q�n>Qru>]_jUWUVK{�nU]_VlX�^G]lmfg>X\d>R>XfRUWUTan>Q
hKg>X�^�XfRUW�jUW>m\u9XfRUR>QS�zQ�g>Xf[�XfRUWUT�]_g9`rhKR>XfRUWUT�� ������1K¦l�	�l²�u>T�¤�VlQS�zQ�W>mfn>Qru>{ �
��]lXfVlm°T�nUg>QKmfVlQSx�^�XfVlQ�dq£�x3u9Xfg9` m�hKg>X�^�XfRURUc�^¯[�`r�zQK^

∆t
�9p_QSVlQSgUc�x�R9`

d>h�`"n>QSgMT_d>p_`�^�XfRU{K[�X	�Kj>X�^
ε
�KWimfg9`rhKRUWUh�`r�wVlm°T `rR9`vu>WUVKWUj>X�mfpUW>X�d/`rRURUc�X

WajUW>m\u9XfRURUc�X¨g>Xf��]�u>{vVr`rVKc��
<�`rp�hKW3d>R>Q�WU��gUW>m �8��� ¢�¦ ��R9`�pMQSVlQSg>QK^ nUg>X\d9mfVr`rhSu9XfRUc g>Xf��]vu>{�Vr`rVKc

jUW>m\u9XfRUR>QS�zQ�^�Q�d9X\u>WUg>QSh�`rRUWUTGnUgUW
ε = 10−4 �2d>WUR9`S^%WUp_`�mfW>mfVlX�^%c mfVS` �

R>QShKWUVlm°T�Qzd>R>QK^�XfgUR>QSx�h�nUg>X\d9X\u9X
ε → 0

�U9�¤�VlQK^<m\u>]Mj9`SX n>Q�pUg9`rxUR>Xfx
^�Xfg>X

p(y), ρ(x), r,dr/db, T
W
R
^�QS��]_VwbSc�VK{�hKc�jUW>m\u9XfRUc¡`rR9`vu>WUVKWUj>X�mfpUW

nU]_VlX�^¡g>Xf[�XfRUWUT�d>hK]Ms�Q�d>R>QK^�XfgURUces 6`;�P �/pMQSVlQSgUc�X�mfhKT3��`rRUc�m�QKQSVKhlXfV �
mfVKhK]_�«��W>^%W���g9`rRUWUjURUc�^%W�]lm\u9QShKWUTU^%WZWkd9X�^�QSR>mfVKgUWUgU]_�wV+n>QKmfVlQ�T_RURUc�x
n>QSVlQSp�j>Xfg>Xf��mfW>mfVlX�^%]��

9!d/`rRUR>QK^�nUg>X\d9X\u9X�^�Q�d9X\u>{ ;�WUVK}U�«{K�
�

��`r��]3^�Q�bru>WU��pMQ"R9`rn>QK^%WUR9`SXfV
VKgUWU���zXfg ��^%WUVKVr` �_R9`vs�Q�d>T3��WUx>m°T�n>Q�d+d9Xfx>mfVKhKW>X�^©|"u>]MpUVK]�`r}UWUx��MQSnUW>mfc
�
h�`r�w��W3s�nUg>QS}>X�m�m � gURU[�VlXfxUR9`

�

6%u9XfR>bKXfp3`G����2 ��4K�K¦v� ��P"Xfg>X�^�XfRUR9`rTqg>Xf�zX	�
R>Xfg9`r}UWUW

y
��`S^�XfRUT3XfV�hSs�Qzd>RU]M� n>Xfg>X�^�XfRURU]_� VKgUWU���zXfg9` ��^%WUVKVS` ��}>XfR��

VKgUWUg>QSh�`rRURU]_��hlbru>WU��W
γ x(t)− b �3p_`rp�n>QSp3`r��`rR>Q�R9`�gUW>m �9��� ¢D/����d>gU]M�zQSx�mfVlQSg>QSRUc �Smf]M��X�mfVKhK]M�wV«|�]MR3d/`S^�XfRUVS`vu>{KRUc�X�QSVzu>WUjUWUT�^�Xfy �

d>]�hlQS�zbS]My�d/`SX�^�QSx�mfW>mfVlX�^�QSxqW!VKgUWU���zXfg>QK^ ��^%WUVKVr`��OP"XfgUhlQKXiWqmz`S^�QKX
h�`ry�R>QKX�QSVzu>WUjUW>X�m�QKmfVlQSWUV h�VlQK^��9jUVlQ�hlQS�zbS]_y�d9XfRUR>QKX�m�QKmfVlQ�T3RUW>X�nUg>X\d �
mfVr`rhSu>TUXfV�m�QKbKQSx�d>WUR9`S^%WUpU]��lR>X�W>^�Xf�«��]M��R>Xfn>Q�d>hKWUy�R>QSx�VlQSjUpUW�� �8X�¤z| �
|�XfpUVKWUhKRUc�x�n>QSVlXfRU}UW9`vu�R>X�d9QKmfVKWU�\`SXfV"^%WURUW>^%]_^
`����8u9X\d9QSh�`rVlX\u>{KR>Q��rhlQS� �
bS]_y�d9XfRUR>QKX�m�QKmfVlQzT3RUW>Xwm�Q�s3g9`rRUTUXfVlm°T�d/`ry�X�h¨QSVlmf]_VlmfVKhKW>X�[�]3^
`��(9�VlQSg>QKX
QSVzu>WUjUW>X���`rp3u>�«j9`SXfVlmoT�h VlQK^��5jUVlQ�hKces�Q�d>R>QSx�mfWU��R9`vu�R>X�T3hSu>TUXfVlm°T�bSW��
R9`rgURUc�^ ��<"QKQSg�d>WUR9`rVr`

x(y)
mfVKg>QS�zQ���`rhKW>mfWUV�QSV���R9`�j>XfRUWUT�^�X\dUu9XfRUR>QSx
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y

y y−

left branch

right branch

U

U

r

l

+

=?>A@�B(CDB � �DB � 	 �K��� � �������
�
��� �����5��� � ������������� ����� � �K� V ��� �

ε → 0
� � � �����OT �

�
� ���

�
��_

N�� � V � � � �
�
� ��� � V � ��� � ��� � ����� V

Ul(y), Ur(y)
�+*�! ,�-�. $�� 4�,�'�$�'�' � ���! γ = b = 1.5

�
� ���

�
�(����M ����I �����! � ��H������!H � ��� � y+, y−

	 !�#$�%& '�)�$�� 4 ,�'�$�'�' ����� � �� � � � ��T�Z � ����T��
�� � ���� ��� � � 2��	 �K��� ���������
����� � � � ����MKM���� � ��� ��� ��W� V 	 ��������Q �5�!M ��� � � � � ��� ���!T�_
��� �UN�� ������� � � � �
�5������������Q �������K�
��������Q

y
� ������� � Y

�
�
��� � �
� � �

n>Xfg>X�^�XfRUR>QSx��&<�g>QK^�X�¤�VlQS�zQ���d>WUR9`S^%WUp_`�R9`"d>hK]�s�hlXfVKhKT_s�T3hSu>TUXfVlm°T�mfW3u>{ �
R>Q�R>X\u>WUR>XfxUR>QSx��
� �  $(3L� $��( ��H9I �� �� (3L� $��(3N�B P�gUW ^
`vu>ces

ε
n>Xfg>X�^�XfRUR9`rT

x
bSc�mfVKg>Q�g>X	�

u/`rpMmfWUgU]lXfV¨p�Qzd>R>QSx�WU��]lmfVlQSxUjUWUhKces�hlXfVKhlXfx�RU]�u>{
�

WU�zQSp3u>WURUc
y = x−x3 �

�°d9X
x
QSnUg>X\d9X\u>TUXfVlm°TaQKbSg9`rVKR>QSx hlX\u>WUjUWUR>QSxapU]3bSWUj>X�mfpMQSxa|�]MRUpU}UWUW�h�u9X	�

hlQSxaWknUg9`rhlQSxZj9`SmfV�T_sam�QKQSVKhlXfVlmfVKhlXfRUR>QUª

xl(y) = 3y− cos
(1

3
arccos(y/y+)

)

,

xr(y) = 3y+ cos
(1

3
arccos(y/y−)

)

.
� ������2��l�

9 nUg>X\d9X\u9X
ε → 0

d>hKWUy�XfRUW>X�QS��g9`rRUWUjUWUh�`SXfVlmoT ¤�VKW>^%W¡d>hK]_^%T�u>WURUWUT�
^%W���²¨hK]3^�XfgUR9`rT�^
`rgUpMQShlmfp_`rT mfW>mfVlX�^
` � � � ������� � 	 �	� ��� ��
 � ����� �� �����
������� � ��� �
� 	 ����� �8��`S^�XfRUT3T�hlXfg>QzT3VKR>QKmfVK{©R9`�VlQSpUW Jrl, Jlr

bKX�mfpMQSR>XfjUR>Q
bSc�mfVKg>Q n>QKmfg>X\d9mfVKhlQK^¬nUgMT3^%ces�u>WURUWUx

l1, l2
�Dm�^ �5gUW>m �@��� ¢K¢M�	� 9¥d/`rRUR>QK^

nUg>X\d9X\u>{KR>QK^�m\u>]Mj9`SX�R>X8mf]M��X�mfVKhK]lXfV�pMQSR>XfjUR>QSx�hlXfg>QzT3VKR>QKmfVKW�R9`e¤�VKW3s�u>W��
RUWUT_s � ��`rpUW>^¥QKbSg9`r�zQK^���n>Qru>]Mj9`SX�^)d>h�`kmfhKT3��`rRURUces 6`;�P ��£�VlQSVZ^�XfVlQzd
bSceuGhKn>XfgUhKc�XinUg>X\dUu9Q�y�XfR�§�X\u>{KRUWUpMQShKc�^ �04K�K¦v���@p_QSVlQSgUc�x©g9`Sm�m�^
`rVKgUW��
h�`vuZmfVlQzsM`SmfVKWUj>X�mfpUWUx�VKgUWU���zXfg ��^%WUVKVr`��

6`;�P�d>hK]Ms�mfW>mfVlX�^�m�Q�d9XfgMy�WUV¨R>XeVlQru>{Kp_Q�QKbSc�jURUc�X�m\u/`r�\`SX�^%c�X�d>g>Xfx��
|¨`+W�d>W>|�|"]_��WUW��9R>Q�W�d9QSn>Qru>RUWUVlX\u>{KRUc�X�W>mfVlQSjURUWUpUW!W�mfVlQSpUW�hlXfg>Q�T3V �
R>QKmfVKW��2WU�z^�XfRUT3T�hlXfg>QzT3VKR>QKmfVKW©nUgUW

y+
W3u>W

y−
m�QKQSVKhlXfVlmfVKhlXfRUR>Q � 9eXfg>Q �

T3VKR>QKmfVKW�W>^�Xf�wV�hKW3d�ª
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∂tPl(y) = ∂y(y − b− γxl(y) +D∂y)Pl + Jrlδ(y − y+) � ������23���

∂tPr(y) = ∂y(y − b− γxr(y) +D∂y)Pr + Jlrδ(y − y−).

Pmin
W
Pmax

mfVS`rR>QShKT3Vlm°T�VlXfn>XfgU{+n>QS�ou9QS��`r�w��W>^%W���g9`rRUWU}9`S^%W�dUu>T�u9X	�
hlQSxaWknUg9`rhlQSxZhlXfVKhlXfx�m�QKQSVKhlXfVlmfVKhlXfRUR>Q �-£�VlQiQS��R9`�j9`SXfV �/jUVlQ

Jlr = D∂yPl(y), Jrl = −D∂yPr(y),
� ������234l�

h VlQ�hKg>X�^%T�p3`rp�nUgUW
y → ±∞ n3u9QSVKR>QKmfVKW!]�d9QShSu9XfVKhlQSgMT_�wVaX�mfVlX�mfVKhlXfR��

RUc�^���g9`rRUWUjURUc�^�]lm\u9QShKWUT3^�R9`«m�QKQSVKhlXfVlmfVKhK]M�w��W3s�hlXfVKhKT_s �!<�g>QK^�X�VlQS�zQ��
mf]3^�^
`�hlXfg>QzT3VKR>QKmfVlXfx�R9`�d>hK]�skmfVlQSg>QSR9`vs�m�Q�s3g9`rRUTUXfVlm°T2ª

∞
∫

y−

Pl(y)dy +

y+
∫

−∞

Pr(y)dy = 1.
� ������2K�l�

9 ]lmfVlQSxUjUWUhlQK^�m�QKmfVlQzT3RUWUWkVlQSpUW d9Qru>y�RUc¬bSc�VK{�n>QKmfVlQzT3RURUc�^%WkWkm�QShKn9` �
d/`rVK{�n>Q�hlX\u>WUjUWUR>Xwd>gU]M�"m«d>gU]M�zQK^©Wkm�Q�mfpMQSg>QKmfVK{K�<W>^%nU]�u>{lmz` �_p_QSVlQSg9`rT
bSceu/`�hKhlX\d9XfR9`�h�� ������13/l�\ª

Jlr = Jrl = r.
� ������2r¢M�

®���]Mg9`rhKR>XfRUWUx�� ������13/l�iW�� ������1��K��R9`vs�Qzd>W>^ g>Xf[�XfRUWUT dUu>T mfhKT3��`rRURUces
6`;�P � ������23�����04K�r¢S�'ª

Pl(y) =
r

D
exp (−Ul(y)/D)

y
∫

y−

dz exp (Ul(z)/D) ·Θ(y+ − z),
� ������2K¦l�

Pr(y) =
r

D
exp (−Ur(y)/D)

y+
∫

y

dz exp (Ur(z)/D) ·Θ(z − y−),
� ������23/l�

�°d9X�¤z|�|�XfpUVKWUhKRUc�Xen>QSVlXfRU}UW9`vu>c
Ul(y), Ur(y)

QSnUg>X\d9X\u>T3�wVlm°T�T3hKR>Q"m�QKQSV �
R>QS[�XfRUWUT3^%W@ª

Ul(y) =
(y − b)2

2
− γ xl(y)

4
[3y − xl(y)],

Ur(y) =
(y − b)2

2
− γ xrmr(y)

4
[3y − xr(y)].

� ������2��K�
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−1

10
1

ρ

�
  

=?>A@�B CDB � �(B � ��M���� � �:���!�����
�
�� N�� �������!�
��� � Y

ρ(x)
W������!T�����������������5��������� ���� ����N\_

������� V 	 N����K�������!Q
ε
W �2��� ����� � ����������� � �������

�
������� � ���OQ ��� �������
� � � V P

D = 0.1, γ =
1.5, b = 1.5

W
ε = 10−3 � � �

�
ε = 10−5 � ◦ �

� G � �
� � ���7W�� � � ����� ���2�� � �JY ���
����!�� � �\
��5���5��� � ����� ������T � ����� � � ��� V 	aSUT��
�J� ����� � ������Q

P�gUWURUW>^
`rT�hlQ"hKRUW>^
`rRUW>X�WU�z^�XfR>XfRUW>X�¤fu9X�^�XfRUVS`�QKb��@X�^
` ��nUg>X\d9X\u>{KR9`rT
n3u9QSVKR>QKmfVK{

ρ(x)
QSnUg>X\d9X\u>TUXfVlmoT�p_`rp

ρ(x) = p(y)
∣

∣

∣

dy
dx

∣

∣

∣

� � R9`�R>X�hKR>QKmfWUV
hKp3u/`vd)^�Xfy�d>]

xmin
W
xmax

��Vr`rp�p_`rp¯h!g9`S^%p3`vs¡d/`rRUR>QS�zQ©nUgUW>bru>WUy�X	�
RUWUT�R>X«mf]M��X�mfVKhK]lXfV¨hlXfg>Q�T_VKR>QKmfVKW R9`�nUg�TU^%ces�u>WURUWUT_si^�Xfy�d>]�hlXfVKhKTU^%W��
� d>R9`rpMQ�jUW>m\u9XfRURUc�X«g9`Smfj>XfVKc nUgUW+pMQSR>XfjUR>QK^

ε
d/`r�wV¨^
`vu>]_� ��R>Q"pMQSR>Xfj��

RU]_��hlXfg>Q�T3VKR>QKmfVK{�h�nUg>X\d9X\u/`vs�d/`rRUR>QSx QKbru/`SmfVKW��lp_QSVlQSg9`rTi]3^�XfRU{K[�`SXfVlmoT
mZ]_^�XfRU{K[�XfRUW>X�^

ε
��X�m\u>W¯n>QKm�^�QSVKg>XfVK{GR9` � ��� � ����� � ��� � � ����� ��`rhKW>mfW��

^�QKmfVK{��EgUW>m �K��� ¢��K�	�!9qQSpUg>X�mfVKR>QKmfVKWi^
`rpMmfW>^%]3^�QSh"n3u9QSVKR>QKmfVK{�d9QKmfVr`rVlQSjUR>Q
s�QSg>QS[�Q�m�QS�°u/`Smf]lXfVlmoTZm"jUW>m\u9XfRURUc�^%WZg>Xf��]�u>{vVr`rVr`S^%W��
� )
��(  "(�)�����I �  9H$)ULON��<N � ����� �$�� /H@B ��`SmfVlQSVr`�m\u9X\d9QSh�`rRUWUT©W>^%nU]vu>{ �
m�QShiQSnUg>X\d9X\u>TUXfVlm°TZWU�"hKc�g9`ry�XfRUWUTG� ������2K�l�em\u9X\d>]M�w��W>^�QKbSg9`r�zQK^)�04K�r¢S�'ª

r = D





y+
∫

y−

du

∞
∫

u

dv exp

(

Ul(u)− Ul(v)

D

)

+
� ������231l�

+

y+
∫

y−

du

u
∫

−∞

dv exp

(

Ur(u)− Ur(v)

D

)





−1

.

P�gUWGQSj>XfRU{�^
`vu>ces
D
¤�VlQZhKc�g9`ry�XfRUW>X ^�Qzy�R>Q�]_nUg>QKmfVKWUVK{ZWGmfhlX�mfVKW©p

hKW3d>] ��`rpMQSR9` ��gUg>XfRUWU]lmz`3ª

r ≈ U ′′

l (yfix)

√

∆Ul

πD
exp

(

−∆Ul

D

)

, D � ∆Ul.
� ������232l�
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²�u>TabKQru>{K[�W3s
D
mfpMQSg>QKmfVK{i]vd9QShSu9XfVKhlQSg�TUXfV m\u9X\d>]M�w��X�^%]+hKc�g9`ry�XfRUWU��ª

r ≈
√

2D

4y+
√
π
, D � ∆Ul.

� ���04����l�

��`�gUW>m �>��� ¢D1�nUg>X\d9mfVS`rhSu9XfRUc³mfp_QSg>QKmfVK{+W>^%nU]vu>{lmz`�WaX�X"��`rhKW>mfW>^�QKmfVKW
QSV�WURUVlXfR>mfWUhKR>QKmfVKW�[�]_^
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QSRUR>Q�mfhKT3��`rRURUces�QKmf}UW3uUu>T3VlQSg>QSh�W>^%WUVKWUgU]lXfV���`r[�]3^Ou9XfRURU]_�¥hlQS�zbS]_y�d/` �
X�^%]_� mfg>X\d>]���pqpMQSVlQSg>QSxGnUg>QzT3hSu>TUXfVlm°TGbKQru>{K[�QSx©WURUVlXfg>X�m+hZbSW>Qru9QS��WUW��
s3W>^%WUW¬W¯|�WU��WUpMX �8²�`rRUR9`rT¬m�XfVK{GQSnUW>mfc�h�`SXfVlmoT)m\u9X\d>]M�w��Xfx)mfW>mfVlX�^�QSx
mfVlQ�sM`SmfVKWUj>X�mfpUW3s�d>W>|�|�Xfg>XfRU}UW9`vu>{KRUcesk]Mg9`rhKR>XfRUWUx@ª

ε ẋ(t, n) = x− x3

3
− y + γ

∑

n′

[

x(t, n′)− x(t, n)
]

,

ẏ(t, n) = x+ a(n) +
√

2D ξ(t, n),
� ���04��3/l�
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�
�

�°d9X
x(t, n)

W
y(t, n) �

m�QKQSVKhlXfVlmfVKhlXfRUR>Q�bSc�mfVKg9`rT�W¯^�X\dUu9XfRUR9`rT n>Xfg>X	�
^�XfRURUc�X �a9 Q�d>R>QK^�XfgUR>QK^ m\u>]_j9`SX�¤�VKW¬n>Xfg>X�^�XfRURUc�X�QSnUg>X\d9X\u>T3�«VlmoT¬n>Q
}>Xfn>QSjUpMX

n = 1, . . . , N
�Uh�d>hK]_^�XfgUR>QK^ m\u>]Mj9`SX

�

n>Q�pUh�`vd>g9`rVKR>QSx�g>Xf[�XfV �
pMX �D��]3^�^
`«n>Q�m�QKm�X\d>RUW>^�¤fu9X�^�XfRUVr`S^�QSVKhlXfj9`SXfV�d>W>mfpUg>XfVKR>QK^%]�QSn>Xfg9`rVlQSgU]
¨`rn3u/`Smz`�hkQ�d>R>QSx�W�d>hK]Ms�g9`r�z^�XfgUR>QKmfV�T_s �@^�Q�d9X\u>WUgU]KT�u9QSp3`vu>{KRUc�X�hK��` �
W>^�Q�d9Xfx>mfVKhKWUTqm�QkmfVlXfn>XfRU{K� mfhKT3��W

γ
�2P�`rg9`S^�XfVKg

a(n)
��`rhKW>mfWUV�QSVknUg>Q �

mfVKg9`rR>mfVKhlXfRUR>QSxkn>Xfg>X�^�XfRUR>QSx
n
WinUg>X\d>n>Qru/`r�\`SXfVlmoT g9`rhKR>QK^�XfgUR>Q�g9`SmfnUg>X	�

d9X\u9XfRUR>QSx+m\u>]_j9`rxUR>QSx�hlX\u>WUjUWUR>QSx�� 9q¤�VlQK^�m\u>]_j9`SX�jUW>m\u9XfRUR>Q�^�Qzd9X\u>WUgU] �
XfVlm°T©m�XfVK{�R>XfW3d9XfRUVKWUjURUces!¤fu9X�^�XfRUVlQSh ;�WUVK}U�w{K�

�

��`r��]3^�Q � 9�p_`�j>X�mfVKhlX
mfVlQ�sM`SmfVKWUj>X�mfp_QS�zQ�hlQS�fd9Xfx>mfVKhKWUT�hKc�bSg9`rR+�f`�]lm�m�QShlmfpUWUxabKX\u>c�x�[�]3^

ξ
�lpMQ �

VlQSgUc�x�mfVr`rVKW>mfVKWUj>X�mfpUW R>Xf��`rhKW>mfW>^ n>Q�nUg>QKmfVKg9`rR>mfVKhlXfRUR>QSx�p_QKQSgld>WUR9`rVlX
WaW>^�X�XfV�RU]vu9XfhlQKX�mfg>X\d>R>X�X 〈ξ(t, n) ξ(t+ τ,m)〉 = δm,n δ(τ)

�
��W>m\u9Q�n9`rg9`S^�XfVKg>QSh¡^�Qzd9X\u>W ^�Q�y�R>Q�]_^�XfRU{K[�WUVK{�nU]_VlX�^ hKhlX\d9XfRUWUT

nUg>QSV�T3y�XfRUR>QKmfVKW�g>Xf[�XfVKpUW
l
W���`rVlX�^�X�XaR>QSg>^%WUg>QShKpUW@ª

l =
√
γ l0

�U��X	�
n>XfgU{�n>Xfg>X\d ¨`rn3u/`SmfW9`rR>QK^�QKmfVS`SXfVlm°TkQ�d>WUR p_QS¤z|�|"WU}UW>XfRUV�mfhKT_��W��_R>Q�WUR��
VlXfR>mfWUhKR>QKmfVK{�[�]3^
`a^�XfRUTUXfVlmoT �:9�g>Xf��]vu>{�VS`rVlX	��hSu>WUT3RUW>X+[�]3^
` Wq��`rhKW��
mfW>^�QKmfVK{kQSV�mfVlXfn>XfRUW�mfhKT3��W�^�Qzy�R>Q�g9`Sm�m�^
`rVKgUWUh�`rVK{am�W>mfn>Qru>{K�zQSh�`rRUW>X�^
QKbS��Xf�zQ�n9`rg9`S^�XfVKg9`

Q = D/
√

γd
�
�od9X

d = 1
h©Q�d>R>QK^�XfgUR>QK^ m\u>]Mj9`SX

W
d = 2 �

h+d>hK]3^�XfgUR>QK^ � ��`rnUgUW>^�Xfg��2mfW3u>{KR9`rT�mfhKT3��{ ]_^�XfRU{K[�`SXfVkmfW3u>]
hlQS�fd9Xfx>mfVKhKWUT�[�]_^
` �K`�m\u>]_j9`rx�bKQru>{K[�QS�zQ�[�]3^
`wm�QKQSVKhlXfVlmfVKhK]lXfV¨nUg>X\d9X\u>]
m\u/`SbKQSxqmfhKT3��W���P"Qk¤�VlQSx!nUgUWUjUWUR>Xihkd/`vu>{KR>XfxU[�X�^ n9`rg9`S^�XfVKg

γ
|"WUpMmfW��

gU]lXfVlm°T �U`"h�p_`zj>X�mfVKhlX�]MnUg9`rhSu>T3�w��Xf�zQ�n9`rg9`S^�XfVKg9`�W>mfn>Qru>{K��]lXfVlmoT WURUVlXfR��
mfWUhKR>QKmfVK{i[�]3^
`��

� j>XfhKW3d>R>Q�Qzy�W3d/`rVK{ ��jUVlQZnUgUW©d9QKmfVr`rVlQSjUR>Q�mfW3u>{KR>QSx�mfhKT3��W�^�QK^�XfR��
VKc³��`ry�WU�\`rRUWUT�pMQSRUpUg>XfVKRUces�¤fu9X�^�XfRUVlQSh bS]vd>]_V+nUg>QSW>m°s�Q�d>WUVK{amfWUR3s3g>QSR��
R>Q �%²�u>T�jUW>m\u9XfRURUces g9`Smfj>XfVlQSh!hKc�bSWUg9`vu>W>mf{

ε = 0.01
W
γ = 0.05

��`
n9`rg9`S^�XfVKgUc `rpUVKWUh�`r}UWUW

a(n)
nUg>X\d9mfVr`rhSu>T_u>WGm�QKbKQSx©m\u>]_j9`rxURUc�X�jUW>m\u/` �

g9`rhKR>QK^�XfgUR>Q�g9`SmfnUg>X\d9X\u9XfRURUc�X"h�WURUVlXfgUh�`vu9X
[1.03, 1.1]

�A9¡nUgUW>mf]MVlmfVKhKWUW
[�]_^
`�¤�VlQ�nUgUWUhlQzd>W3u9Q�p�g9`SmfnUg>X\d9X\u9XfRUWU� hKg>X�^�XfR�hlmfnUc�[�Xfp����O`Smfj>XfVKc
hKc�n>Qru>RUT_u>W>mf{ZhZnUg>X\d>n>Qru9Qzy�XfRUWUWGmfhlQKbKQzd>RUces!��g9`rRUWU}!Wqm�Q�m\u>]_j9`rxURUc
�
^%W�R9`zj9`vu>{KRUc�^%W ]lm\u9QShKWUTU^%W�� 9 QSVlmf]_VlmfVKhKW>Xk[�]_^
`Zu>��bKQKXkR9`�j9`vu>{KR>QKX
m�QKmfVlQzT3RUW>X�mfW>mfVlX�^%c)¤�hlQru>�w}UW>QSRUWUg>QSh�`vu9Qipam�QKmfVlQ�T_RUWU��g9`rhKR>QShlX�mfWUT �

9 ��`rhKW>mfW>^�QKmfVKW QSV)WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`
D
W�nUgUW d9QKmfVr`rVlQSjUR>Q

bKQru>{K[�QK^���R9`�j>XfRUWUW�mfVlXfn>XfRUW�mfhKT3��WkR9`Sbru>�ed/`r�«VlmoTaVKgUWaQKmfR>QShKRUceskVKWUn9`
nUg>QKmfVKg9`rR>mfVKhlXfRUR>Q

�

hKg>X�^�XfRUR>QS�zQan>QShlX\d9XfRUWUT �-P�gUWZ^
`vu9QK^ [�]_^�X¨}>XfRUVKgUc
hlQS�zbS]_y�d9XfRUWUT¡hlQS��RUWUp_`r�wVqQSj>XfRU{qg>X\d>pMQ!h!m\u>]Mj9`rxURUces�^�X�mfVS`vs¡mfg>X\d>c �
nUgUWUhlQ�d>Tip�g9`SmfnUg>QKmfVKg9`rR>XfRUWU�)pUgU]_�zQShKces�hlQru>R��D�O`r��gU]_[�XfRUW>X«¤�VKW3s�hlQru>R
R>X�^�Q�y�XfV�nUgUWUhlX�mfVKW�p�n>QzT3hSu9XfRUWU�¥]lmfVlQSxUjUWUhKces�mfnUWUg9`vu>{KRUcesihlQru>R��lVS`rp
p_`rp mfpMQSg>QKmfVK{!hlQru>R¡nUgUW�n>Xfg>X�m�Xfj>XfRUWUW¡hlm�Xf�°d/`�R9`rnUg9`rhSu9XfR9`�h�mfVlQSg>QSRU]
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t1 < t2 < t3

� � �5� V Q � �� � ����� � �� � � � �JT � � ���NKH�T � ������_
� V � ����� � �
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�
� ��� � V � ������T � ����� � � ��� V � SUT��
���

�
�����KH� ���! �	� ��� � V Q2�� �&P

D = 1.1 · 10−4 W�� � ������Q1�� �&P
D = 3.12 · 10−4 � � ��� � �!Q �� �&P

D = 5 · 10−3

QSVqQKbru/`SmfVKW n>Xfg>X�m�Xfj>XfRUWUT � �O`rpUW>^�QKbSg9`r�zQK^��8R>QShKc�X�QSVKpUgUc�VKc�X�mfnUWUg9` �
u>W¬R>X�hlQS��RUWUp_`r�wV � � d>R9`rpMQ�h�m\u>]_j9`SX�n9`rg9`S^�XfVKgUWUj>X�mfpMQS�zQ [�]3^
`qg9`Sm	�
nUg>QKmfVKg9`rRUT3�«��W>X�m°T�|"g>QSRUVKc¥^�QS��]_V�u9QSp_`vu>{KR>Q+hlQS�zbS]_y�d/`rVK{iR>X�bKQru>{K[�W>X
R9`rnUg9`rhSu9XfRURUc�XaQKbru/`SmfVKW��%p_QSVlQSgUc�X g9`r��gU]M[�`r�«V�g9`SmfnUg>QKmfVKg9`rRUT3�«��W>X�m°T
hlQS�zbS]_y�d9XfRUWUT�W�nUgUWUhlQ�d>T3Vap�n>Q�T3hSu9XfRUWU� mfnUWUg9`vu9Xfx �04K��� �
4K�31v� �X9³¤�VlQK^
m\u>]_j9`SX�g9`r�fu>WUjURUc�X�T3j>XfxUpUW�h�mfg>X\d9X«pMQSgUg>X\u>WUg>QSh�`rRUc)VlQru>{Kp_Q�n>Q�pMQSg>QSV �
pMQK^%]!hKg>X�^�XfRUR>QK^%]!^
`Smf[�VS`SbS]!mfg>X\d>R>Xf�zQZhKg>X�^�XfRUWqnUg>Qzs�Qzy�d9XfRUWUT©hlQru>R��
��WUR3s3g>QSRUWU��`r}UWUW�^�Xfy�d>]kQSVzd/`vu9XfRURUc�^%W�T3j>XfxUp_`S^%WZR>X�nUg>QSW>m s�Q�d>WUV �
P�gUWZbKQru>{K[�QK^ ]Mg>QShKR>X¨[�]3^
`�mfp_QSg>QKmfVK{ QKbSg9`r�zQSh�`rRUWUTZhlQS�zbS]My�d9XfRUWUx

QSj>XfRU{�hKc�m�QSp_`�W+mfg>X\d/`¨nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSx mfVlQ�sM`SmfVKWUj>X�mfpUWkhlmfnUces3WUh�` �
�w��W>X�T3j>XfxUpUW�� � d>R9`rpMQ"nUgUW�QSnUVKW>^
`vu>{KR>QSx�WURUVlXfR>mfWUhKR>QKmfVKWi[�]3^
`wmfg>X\d/`
mfVr`rR>QShKWUVlmoTZ|¨`r�zQShlQ � p_QS�zXfg>XfRUVKR>QSx@ª9hlmfnUces3WUh�`rRUWUTag9`r�fu>WUjURUcesaQSVzd/`vu9XfR��
RUceskT3j>X�Xfp�nUg>QSW>m s�Qzd>T3V+nUg9`rpUVKWUj>X�mfpUW�mfWUR>|¨`r��R>Q � �egUWZQSnUW>mz`rRURUces�hKc
�
[�X"m\u>]Mj9`rTkn>QSp3`r��`rRUc¥R9`�gUW>m �9����¦3� �
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P�gUW�QSnUVKW>^
`vu>{KR>QK^¡]Mg>QShKR>X"[�]3^
`�mfg>X\d/`�QKmf}UW3uUu>WUgU]lXfVin>QSjUVKW�n>XfgUW��
Q�d>WUj>X�mfpUW¯�Dm�^ �2mfg>X\d>RUWUx�g�T_d�R9`�gUW>m ������¦3���	� �8u>]_j9`rx!bKQru>{K[�QS�zQ [�]3^
`
m�QKQSVKhlXfVlmfVKhK]lXfVahlmfnUces3WUh�`r�«��W>^¬m\u>]_j9`rxURUc�^¬QKbSg9`r�zQK^¯p3u/`SmfVlXfg9`S^ �@P"Q �
d9QKbSR>QKX�n>QShlX\d9XfRUW>X¨R9`Sbru>�ed/`vu9QKmf{+h�^�Qzd9X\u>WZ��gUWUVlX\u>{KR>QS�zQi}>XfRUVKg9`�p_QSgUc
�zQru9QShKR>QS�zQi^�QS���f`a�04K�32v� �

�%`Sm�m�^�QSVKgUW>^GT_hSu9XfRUW>XwWUR3d>]_}UWUg>QSh�`rRURUces�[�]3^�QK^!�ou9QKbl`vu>{KRUces�p_Qru9X	�
bl`rRUWUx�h�Q�d>R>QK^�XfgUR>QK^�m\u>]Mj9`SX h�p_QSRUVlXfpMmfVlXZ|¨`r�zQShlQSx�mfWUR3s_g>QSRUWU��`r}UWUW��
§Z��R>QShlXfRUR9`rTZ|¨`r��`

Φ(t, n) n
� �zQ�¤fu9X�^�XfRUVS`ihKhlQzd>WUVlm°T�m�n>QK^�QS��{K��nUg>X\d �

mfVr`rhSu9XfRUWUT�`rR9`vu>WUVKWUj>X�mfp_QS�zQ�mfWU��R9`vu/`��:9�p_`�j>X�mfVKhlX�p_QSRUVKg>Qru>{KR>QS�zQ�¤fu9X	�
^�XfRUVr`�hKc�bSWUg9`SXfVlm°T)}>XfRUVKg9`vu>{KR9`rT)T3j>XfxUp3`Gh�mfg>X\d9X¡�

n = N/2
��W¬��` �

VlX�^¬hKc�jUW>m\u>TUXfVlm°T!g9`r��R>QKmfVK{Z|¨`r�
φ(t, k) = Φ(t,N/2) − Φ(t,N/2 + k)

�
k = −N/2, . . . , N/2 �D��Xf��]vu>{�VS`rVKc�jUW>m\u9XfRUR>QS�zQ�^�Q�d9X\u>WUg>QSh�`rRUWUT�n>QSp3`r��` �u>W��zjUVlQ�nUgUW¨QSnUVKW>^
`vu>{KR>QK^�]Mg>QShKR>X8[�]3^
`�|¨`r��c!g9`r�fu>WUjURUces¨QKmf}UW3uUu>T_VlQ �
g>QSh���`vs_h�`rVKc�h�`r�wVlm°T h�VlXfj>XfRUW>X«hKg>X�^�XfRUW g9`Smfj>XfVlQSh �&9�m\u>]_j9`SX�bKQru>{K[�W3s
g9`Sm�mfVlQzT3RUWUx�^�Xfy�d>]kQKmf}UW3uUu>T3VlQSg9`S^%W�|�`r�zQShKc�X�|�u>]_pUVK]�`r}UWUW�hlQS��g9`SmfVr` �
�wV �&��X�^©R>X�^�XfR>X�X	�_g9`r��R>QKmfVK{�|¨`r��n>Q � nUg>Xfy�R>X�^%] QS��g9`rRUWUj>XfR9`�h�QSnUg>X\d9X	�
u9XfRUR>QSx�QKbru/`SmfVKW�hwVlXfj>XfRUW>X8dUu>WUVlX\u>{KRUces�n>XfgUW>Q�d9QSh"hKg>X�^�XfRUW��rP�gUW�R>X�QSn��
VKW>^
`vu>{KRUces!]_g>QShKRUT_s�[�]3^
`a^�Q�y�R>Q�R9`Sbru>�ed/`rVK{�j9`SmfVKWUjURU]M� |¨`r�zQShK]M�
mfWUR3s3g>QSRUWU��`r}UWU� VlQru>{Kp_Qa^�Xfy�d>]�m�QKm�X\d>RUW>^%W�¤fu9X�^�XfRUVr`S^%W©m�hlQS��RUWUp3`r� �
��W>^%W�m\u>]Mj9`rxURUc�^�QKbSg9`r�zQK^�|¨`r�zQShKc�^%W�m�bKQ�TU^%W��KP�gUW�d/`vu>{KR>XfxU[�X�^�]_hlX	�
u>WUj>XfRUWUW)g9`Sm�mfVlQ�T_RUWUx ^�Xfy�d>] QKmf}UW3uUu>T3VlQSg9`S^%W¬d>W>|�|"]_��WUT¡g9`r��R>QKmfVlXfx
|¨`r��mfVS`rR>QShKWUVlm°TZQSj>XfRU{+mfW3u>{KR>QSx�WamfWUR3s3g>QSRUWU��`r}UWUTag9`r��gU]M[�`SXfVlm°T �

9�g9`Sm�m�^
`rVKgUWUh�`SX�^�QK^ m\u>]Mj9`SX�m�QKQSVKhlXfVlmfVKhK]_�«��Xfxa^�Xfg>QSxamfVlQ�sM`SmfVKWUj>X	�
mfpMQSxZmfWUR3s_g>QSRUWU��`r}UWUWZhKc�mfVK]Mn9`SXfV�p_QS¤z|�|"WU}UW>XfRUV�¤z|�|¨XfpUVKWUhKR>QSxkhK��`rW>^ �
R>QSxkd>W>|�|�]M��WUW��3p_QSVlQSgUc�xZQSnUg>X\d9X\u>TUXfVlm°T�m\u9X\d>]_�w��W>^�QKbSg9`r�zQK^�ª

Deff(k) =
1

2

d

dt
[〈φ2(t, k)〉 − 〈φ(t, k)〉2]. � ���04����K�

²�`rRUR9`rT hlX\u>WUjUWUR9`³QSnUW>mfc�h�`SXfV<g9`r�zbSg>QKm hlQ¥hKg>X�^�XfRUW R9`�j9`vu>{KR>QS�zQ
g9`SmfnUg>X\d9X\u9XfRUWUT¥g9`r��R>QKmfVKW³|¨`r��^�Xfy�d>]��

N/2
� �'^ ¤fu9X�^�XfRUVlQK^ W¬hlm�X�^%W

QKmfVr`vu>{KRUc�^%W�� �
m\u>WGn>QKmfVlQzT3RUR9`rT©d>W>|�|"]_��WUW!]3^�XfRU{K[�`SXfVlmoT �%VlQZ��`vs3h�`rV
|¨`r��nUg>QSW>m°s�Q�d>WUV�R9`kbKQru9X�X�nUg>Q�d9Qru>y�WUVlX\u>{KR>QK^ WURUVlXfgUh�`vu9X�hKg>X�^�XfRUWqW��
m\u9X\d9QSh�`rVlX\u>{KR>Q��_|¨`r�zQSh�`rT�mfWUR3s_g>QSRUWU��`r}UWUT�mfVS`rR>QShKWUVlm°T+mfW3u>{KR>X�X �(6
mfg>X\d �
RUT3T

Deff(k)
n>Q�nUg>QKmfVKg9`rR>mfVKhlXfRUR>QSx�p_QKQSgld>WUR9`rVlX	�Sn>Qru>]_j9`SX�^�m\u9X\d>]M�w��]_�

hlX\u>WUjUWURU]-ª

Deff =
1

N

N/2
∑

k=−N/2

Deff(k).
� ���04��31l�

52`rhKW>mfW>^�QKmfVK{ ]lmfg>X\d>R>XfRUR>QS�zQ pMQS¤z|�|�WU}UW>XfRUVr`<¤z|�XfpUVKWUhKR>QSx hK��`rW>^%R>QSx
d>W>|�|"]_��WUW+QSV�WURUVlXfR>mfWUhKR>QKmfVKW [�]3^
`¨nUgUWUhlX\d9XfR9`¨R9`�gUW>m �_����¦34¨W+d9X�^�QSR��
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H��!Z �
γ = 0 �

mfVKgUWUgU]lXfV��ou9QKbl`vu>{KRUc�xi^%WURUW>^%]_^�nUgUW�R>XfRU]vu9XfhlQK^�]Mg>QShKR>X�[�]_^
`����O`rpUW>^
QKbSg9`r�zQK^���|�`r�zQSh�`rT�mfWUR3s_g>QSRUWU��`r}UWUTi^�Q�y�XfV�bSc�VK{�]lmfW3u9XfR9`"nUgUW+m�QKQSVKhlXfV �
mfVKhK]_�«��Xfxan>Q�d9mfVKg>QSxUp_X¨]_g>QShKRUTk[�]_^
`��

��WUR3s3g>QSRUWU��`r}UWUT QSnUg>X\d9X\u>TUXfVlmoTkVr`rpUy�X�p3`rpk¤z|�|�XfpUV���`vs_h�`rVS`�j9`SmfVlQ �
VKc��R9 m\u>]_j9`SX�mfVlQ�sM`SmfVKWUj>X�mfpMQSx hlQS�zbS]My�d/`SX�^�QSx)mfW>mfVlX�^%c R>X�QKbzs�Q�d>W>^�Q
W>mfn>Qru>{K�zQSh�`rVK{amfg>X\d>RUW>X�j9`SmfVlQSVKc³QKmf}UW3uUu>T3VlQSg>QSh 〈ω(n)〉 = 〈Φ̇(t, n)〉 ���\� �9 mfW3u>]¯��`vd/`rRUR>QS�zQ�g9`SmfnUg>X\d9X\u9XfRUWUT

a(n)
¤fu9X�^�XfRUVKc g>Xf[�XfVKpUW W>^�Xf�«V

g9`r�fu>WUjURUc�X	��m\u>]_j9`rxURUc�^�QKbSg9`r�zQK^�g9`SmfnUg>X\d9X\u9XfRURUc�X�j9`SmfVlQSVKc�nUgUW�jUg>Xf� �
hKc�j9`rxUR>QG^
`vu9QSx¬mfhKT_��W��8²�u>T p_`ry�d9QS�zQ©¤fu9X�^�XfRUVr`©g>Xf[�XfVKpUW¯jUW>m\u9XfRUR>Q
R9`vs�Q�d>WUVlmoTkmfg>X\d>RUT_T�j9`SmfVlQSVr`�W+��`rVlX�^©mfVKg>QSWUVlmoT+g9`SmfnUg>X\d9X\u9XfRUW>X

P (〈ω〉)mfg>X\d>RUW3s¥j9`SmfVlQSV�nUgUW g9`r�fu>WUjURUces WURUVlXfR>mfWUhKR>QKmfV�T_s³[�]3^
`���P"Qru>]_j>XfR��
RUc�X�g>Xf��]�u>{vVr`rVKc�n>QSp3`r��`rRUc�R9`igUW>m �-����¦K�+W�QSVKg9`ry�`r�wVkT3gUpUWUx�¤z|�|�XfpUV
]lmfW3u9XfRUR>QSx�[�]3^�QK^anUg>QKmfVKg9`rR>mfVKhlXfRUR>Q � hKg>X�^�XfRUR>QSximfWUR3s3g>QSRUWU��`r}UWUW��rP�gUW
QSnUVKW>^
`vu>{KR>QK^<]_g>QShKR>Xi[�]_^
` ��pMQS�od/`�|¨`r��c g9`r�fu>WUjURUcesGQKmf}UW3uUu>T_VlQSg>QSh
QSp_`r��c�h�`r�wVlm°T���`vs3h�`�j>XfRURUc�^%W¯h�VlXfj>XfRUW>XkdUu>WUVlX\u>{KRUces n>XfgUW>Q�d9QSh©hKg>X	�
^�XfRUW��9mfg>X\d>RUW>X�j9`SmfVlQSVKc¥n>Qzd9mfVKg9`rWUh�`r�«VlmoTZW�W3s g9`SmfnUg>X\d9X\u9XfRUW>X�mfVS`rR>Q �
hKWUVlm°T�jUg>Xf��hKc�j9`rxUR>Q�]_��pUW>^ �f²�u>T�d>gU]_��W3s���R9`�j>XfRUWUx�WURUVlXfR>mfWUhKR>QKmfVKW�[�] �
^
`�mfg>X\d>RUW>Xej9`SmfVlQSVKcGd9X�^�QSR>mfVKgUWUgU]_�«V�d9QShlQru>{KR>Q"[�WUg>QSpMQKXeg9`SmfnUg>X\d9X\u9X	�
RUW>X	�_jUVlQ�mfhKW3d9XfVlX\u>{lmfVKhK]lXfV+Q¨n>QSVlXfgUWkmfWUR3s3g>QSRUWU��`r}UWUW��
��`¨gUW>m �3����¦K��R9` �
�°u>T_d>R>Qwd9X�^�QSR>mfVKgUWUgU]lXfVlmoT�WUR3d>]M}UWUg>QSh�`rRUR9`rT�[�]_^�QK^�nUg>QKmfVKg9`rR>mfVKhlXfRUR>Q �
hKg>X�^�XfRUR9`rTk]_n>QSg�T_d9QSj>XfRUR>QKmfVK{�h�mfW>mfVlX�^�X	�UQKbS]lm\u9QShSu9XfRUR9`rTamfWUR3s_g>QSRUWU��` �
}UW>Xfx��v²�u>T�pMQru>WUj>X�mfVKhlXfRUR>QSx+QS}>XfRUpUW�n>Qzd9QKbSR>QS�zQ"n>QShlX\d9XfRUWUT�hKc�jUW>m\u>T3XfV �
m°T�mfg>X\d>R>X	� pUh�`vd>g9`rVKWUjUR>QKXZQSVKp3u9QSR>XfRUW>Xamfg>X\d>RUW3s©j9`SmfVlQSV �%]lmfg>X\d>R>XfRURUces
n>QZhlm�Xfxqg>Xf[�XfVKpMX �?�OXf��]�u>{vVr`rVKc nUgUWUhlX\d9XfRUc R9`agUW>m �%����¦r¢ ��R9`kpMQSVlQSg>QK^
n>QSp_`r��`rRq�°u>]3bKQSpUWUxq^%WURUW>^%]3^¬nUgUW�VlQSx�y�X�QSnUVKW>^
`vu>{KR>QSx!WURUVlXfR>mfWUhKR>Q �
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D = 1.1 ·10−4 W D = 3.12 ·10−4 W D = 5 ·10−3

mfVKW�[�]_^
` �SjUVlQ�W�h�m\u>]_j9`SXe��`rhKW>mfW>^�QKmfVKWipMQS¤z|¨|"WU}UW>XfRUVr`�¤z|¨|�XfpUVKWUhKR>QSx
d>W>|�|"]_��WUW��043432v� �

9�QKmfR>QShlX�^�X\sM`rRUWU�z^
`�WUR3d>]M}UWUg>QSh�`rRUR>QSxk[�]3^�QK^qmfWUR3s3g>QSRUWU��`r}UWUW u9X	�
y�WUV!n>QShlX\d9XfRUW>X�QSVzd9X\u>{KR>QS�zQ©R>X�mfhKT3��`rRUR>QS�zQ©¤fu9X�^�XfRUVr`���®�R3d>]M}UWUg>QSh�`rR��
RUc�X"[�]_^�QK^Gp_Qru9X�bl`rRUWUTaR9`rW>bKQru9X�X�p_QS�zXfg>XfRUVKRUc nUgUWaQSV�u>WUjUR>QSx�QSV�RU]vu>T
WURUVlXfR>mfWUhKR>QKmfVKWk[�]_^
` �_`"d9QKbSg>QSVKR>QKmfVK{�WUR3d>]_}UWUg>QSh�`rRUR>QS�zQ�[�]3^�QK^�nUWUp3`
h�mfn>XfpUVKg>X�^�QS��R>QKmfVKW�^
`rpMmfW>^
`vu>{KR9`��U9 ¤�VlQK^¥g>Xfy�W>^�X mfg>X\d>R>X�X�hKg>X�^%T
��`ry�WU�\`rRUWUT<�EW3u>W�mfg>X\d>RUT3T�j9`SmfVlQSVr`l�imfW>mfVlX�^%c nUgUW>bru>WUy�`SXfVlmoT¡p�nUWUpU]
j9`SmfVlQSVKc)h�mfn>XfpUVKg>X"^�QS��R>QKmfVKW�� 9¯m\u>]Mj9`SX"m\u/`SbKQS�zQ�[�]3^
`�mfg>X\d>RUT_Tkmfp_Q �
g>QKmfVK{���`ry�WU�\`rRUWUT ��`rhKW>mfWUV�¤�p_mfn>QSR>XfRU}UW9`vu>{KR>Q�QSV¨]_nUg9`rhSu>T3�«��Xf�zQ�n9`rg9` �
^�XfVKg9`

a
�
a > 1

�	� � d>R9`rpMQ�m�g>QKmfVlQK^�[�]3^
`«��`rhKW>mfW>^�QKmfVK{¨mfg>X\d>R>Xfx�j9`SmfVlQ �
VKc QSV

a
mfVS`rR>QShKWUVlm°TGR>Xf��R9`�jUWUVlX\u>{KR>QSx���P"QZ¤�VlQSxGnUgUWUjUWUR>XinUgUW©]MhlX\u>W��
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j>XfRUWUWk]_g>QShKRUT+[�]_^
`�QSV�QSj>XfRU{�^
`vu9QS�zQ���R9`�j>XfRUWUTkg9`Sm s�Q�y�d9XfRUW>X�^�Xfy�d>]
sM`rg9`rpUVlXfgURUc�^%W!j9`SmfVlQSVS`S^%W�¤fu9X�^�XfRUVlQShahkmfhKT3��`rRUR>QK^¥`rR>mz`S^�bru9X�]3^�XfRU{ �
[�`SXfVlm°T�WiVlX�^©mz`S^%c�^qQKbKX�mfn>XfjUWUh�`r�wVlm°T�u>]_jU[�W>X«]lm\u9QShKWUT�dUu>T+g>Xz`vu>WU��` �
}UWUWkhK��`rW>^%R>QSx�mfWUR3s3g>QSRUWU��`r}UWUW��,��d>gU]_�zQSxamfVlQSg>QSRUc �UWUR3d>]M}UWUg>QSh�`rRURUc�X
[�]_^�QK^³pMQru9X�bl`rRUWUT�mfVS`rR>QShKT3Vlm°T�bKQru9X�X�pMQS�zXfg>XfRUVKRUc�^%W��e£�VKW�¤z|�|�XfpUVKc
mfn>QKm�QKbKmfVKhK]_�«V�mfWUR3s_g>QSRUWU��`r}UWUW�^�Xfy�d>]�¤fu9X�^�XfRUVS`S^%W�h�g>Xf[�XfVKpMX � � d>R9` �
pMQ�hlQS�fd9Xfx>mfVKhKW>XwbKQru>{K[�QS�zQ�[�]3^
`�hKR>QShK{�g9`r��gU]M[�`SXfV¨p_QS�zXfg>XfRUVKR>QKmfVK{�u9Q �
p_`vu>{KRUces¡mfVlQzsM`SmfVKWUj>X�mfpUW3s p_Qru9X�bl`rRUWUx³�Ej9`SmfVlQSVKRUc�XZW¡|¨`r�zQShKc�Xa|�u>]_p��
VK]�`r}UWUW�bSc�mfVKg>QihlQS��g9`SmfVS`r�«VM�«WZVr`rpUy�X�nUgUWUhlQ�d>WUV p�g9`r��gU]_[�XfRUWU� nUg>Q �
mfVKg9`rR>mfVKhlXfRUR>Q�pMQS�zXfg>XfRUVKRUces�mfVKgU]MpUVK]_g�� � nUVKW>^
`vu>{KR>QKX���R9`zj>XfRUW>X�WURUVlXfR��
mfWUhKR>QKmfVKW¥[�]3^
` ��nUgUW¥pMQSVlQSg>QK^ ¤z|�|¨XfpUVGmfWUR3s3g>QSRUWU��`r}UWUW¥nUg>Q�T3hSu>T3XfV �
m°T¡R9`rW3u>]MjU[�W>^ QKbSg9`r�zQK^�����`rhKW>mfWUV©QSVqQKbru/`SmfVKW g9`SmfnUg>X\d9X\u9XfRUWUT n9`rg9` �
^�XfVKg>QSh+`rpUVKWUh�`r}UWUW

a(n)
� �8m\u>Wk��R9`�j>XfRUWUT

a(n)
]_hlX\u>WUjUWUh�`rVK{ �UhKc���c�h�`rT

bKQru>{K[�]M��mfVlXfn>XfRU{�bKX�mfn>QSg�T_d>p_` ��VlQwQSnUVKW>^
`vu>{KR9`rT�WURUVlXfR>mfWUhKR>QKmfVK{¨[�]3^
`
bS]vd9XfVim d>hKWU�f`rVK{lm°T�h+mfVlQSg>QSRU] ^�XfRU{K[�W3s ��R9`�j>XfRUWUx��

A2B A@B�� � )
� � � �OI�LONOI
9 d/`rRUR>QK^�g9`r�fd9X\u9X©bSceu>W<nUg>X\d9mfVr`rhSu9XfRUc `rR9`vu>WUVKWUj>X�mfpUW>XGW³jUW>m\u9XfR��
RUc�X�g>Xf��]�u>{vVr`rVKc�dUu>T�^�Q�d9X\u>W ;�WUVK}U�«{K�

�

��`r��]_^�Q h�nUgUW>mf]_VlmfVKhKWUW�[�] �
^
`+�04K�r¢S� � 9¡nUg>X\d9X\u9X�bSc�mfVKg>QSx�n>Xfg>X�^�XfRUR>QSxkR9`rnUgMT3y�XfRUWUTkbSceu>W g9`Sm�mfjUW��
Vr`rRUc�mfVS`r}UW>QSR9`rgURUc�X�n3u9QSVKR>QKmfVKW�hlXfg>QzT3VKR>QKmfVKW��2mfg>X\d>RUWUx  � eWZd>W>mfn>Xfg��
mfWUT  � ��043�z�v� � �«R9`vu>WUVKWUj>X�mfpUW>X�W>m�m\u9X\d9QSh�`rRUWUTqn>QSp3`r��`vu>W��OjUVlQaj9`SmfVlQSVr`
m\u9X\d9QSh�`rRUWUT�W>^%nU]�u>{lm�QSh�d9X�^�QSR>mfVKgUWUgU]lXfVa^
`rp_mfW>^%]_^¯h���`rhKW>mfW>^�QKmfVKW�QSV
R9`rp3u9QSR9`�^�X\dUu9XfRUR>QSx�RU]vu>{

�

WU�zQSp3u>WURUc¥Wkd9QSp3`r��`vu>WZmf]_��X�mfVKhlQSh�`rRUW>X�^%W��
RUW>^%]3^
`�pMQS¤z|�|�WU}UW>XfRUVr`�h�`rgUW9`r}UWUWG�DQSVKR>QS[�XfRUWUTk[�]3^8±rmfWU��R9`vu5�	�

9eQS�zbS]My�d/`SX�^%c�X¯mfW>mfVlX�^%c nUg>X\d9mfVr`rhSu>T3�wV<QS��g>QK^%RU]_� h�`ry�R>QKmfVK{<h
W>m�m\u9X\d9QSh�`rRUWUT_s)W>QSRURUces¬p_`rR9`vu9QSh¡W¬R>XfxUg>QSRUR>QSx³`rpUVKWUhKR>QKmfVKW���®���]_j>X	�
RUW>X¨mfVlQzsM`SmfVKWUj>X�mfpMQSx�^�Qzd9X\u>W ;�WUVK}U�w{K�

�

��`r��]3^�Q��/pMQSVlQSg9`rT�W>^%WUVKWUgU]lXfV
m\u9Qzy�R>QKXan>QShlX\d9XfRUW>X hlQS�zbS]My�d/`SX�^%ces�bSW>QK|"WU��WUj>X�mfpUW3sG¤fu9X�^�XfRUVlQSh �
^�Q �
y�XfVwQSp_`r��`rVK{wn>QK^�QS��{�h�n>QSRUW>^
`rRUWUW¨hSu>WUT3RUWUT�[�]_^
`�h�n>Q�d9QKbSRUces�pMQK^%n>Q �
R>XfRUVr`vs � ��Xf��]vu>{�VS`rVKc�¤�VKW3sag9`SbKQSV Vr`rpUy�X�mfn>QKm�QKbKmfVKhK]_�wV�]lmfVS`rR>QShSu9XfRUWU�
mfhKT3��W�^�Xfy�d>]qW>m�m\u9X\d9QSh�`rRUWUTU^%W�h�bSW>QK|�WU��WUpMX W�QKbSg9`r�zQSh�`rRUW>X�^�WUR3d>] �
}UWUg>QSh�`rRURUces�[�]_^�QK^¡mfVKgU]MpUVK]_gah�R>X\u>WUR>XfxUR>QSx�s_W>^%WUWZWah+`rR9`vu9QS�zQShKces
¤fu9XfpUVKg>QSRURUces¬]lmfVKg>QSx>mfVKh�`vs ��R9`©pMQSVlQSgUces)bSceu>W¬nUg>QShlX\d9XfRUc ¤�pMmfn>XfgUW��
^�XfRUVKc¥n>Q�d/`rRUR>QSxZWURUVlXfg>X�mfR>QSx�nUg>QKbru9X�^�X����z���

�

�z�r¢S� �
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A2B ��BECGF�H9I ��IML�NOI
�eQru>{K[�WUR>mfVKhlQ"^�X\sM`rRUWUj>X�mfpUW3s�W�VlXfn3u9QShKces�^
`r[�WUR�hKc�n>Qru>RUT3�wV�R9`rnUg9`rh �
u9XfRUR>QKX�d>hKWUy�XfRUW>X�h!hKW3d9X�n>XfgUW>Q�d>WUj>X�mfpMQS�zQ�hlQ�hKg>X�^�XfRUW¯QSVKp3u>WUp_`©mfW��
mfVlX�^%c R9`khKR>Xf[�RU�«� mfW3u>]!W3u>WqW>mfVlQSjURUWUp©¤�R>XfgU��WUW��?��`rp_`rT©n>XfgUW>Q�d>WUj��
R>QKmfVK{kR>X�QKb�s�Qzd>W>^
`�dUu>T�n>QKmfVlQzT3RUR>QS�zQkn>Qru>]_j>XfRUWUT�g9`SbKQSVKc�QSV nUgUW3u/`r�\` �
X�^%ces�mfW3u¬W�W>mfVlQSjURUWUpMQSh �a9 nUg>QKmfVKces¯m\u>]_j9`rT_s¡n>Q�d9QKbSR>QKX�n>QShlX\d9XfRUW>X
^�Qzy�R>Q�QSnUW>mz`rVK{�min>QK^�QS��{K��^�X\sM`rRUWUj>X�mfpUW3s©mfW>mfVlX�^��OW>^�Xf�«��W3s!p_QKQSg��
d>WUR9`rVKc³W�mfpMQSg>QKmfVKW��/pMQSVlQSgUc�X�sM`rg9`rpUVlXfgUWU��]_�«Vid>hKWUy�XfRUW>X�h���`vd/`rRURUces
n>XfgUW>Q�d>WUj>X�mfpUW3skmfW3u9QShKces�n>Qru>T_s � 9���`rhKW>mfW>^�QKmfVKWkQSV¨hlX\u>WUjUWURUc�VKg>XfRUWUT
n>Qru>]_j9`SX�^³^�Qzd9X\u>WGu>W>bKQ�n>XfgUW>Qzd>WUj>X�mfpMQS�zQqQKmf}UW3uUu>T_VlQSg9` �Ou>W>bKQ�Xf�zQ�n>X	�
g>X\d9X�^%n>|"WUg>QSh�`rRUR>QS�zQ `rR9`vu9QS�\`��

� bSg9`rVKW>^�m°T�p�nUg>QKmfVlQK^%]�nUgUW>^�XfgU]��2pMQS�od/`�d>W>m�mfWUn9`rVKWUhKR9`rT�mfW3u/`�T3h �
u>TUXfVlm°T�u>WUR>XfxUR>QSx�� �8u>]_j9`rx�R>X\u>WUR>XfxUR>QS�zQ�VKg>XfRUWUT �SpMQSVlQSg>QKX�WU��g9`SXfV"g>Qru>{
¤�R>XfgU�zXfVKWUj>X�mfpMQSx�R9`rp3`�jUpUW�h�mfW>mfVlX�^�X	�9bSceu�WU��]Mj>XfR�h�g9`SbKQSVlX��04r¢��v� � �%`Sm	�
m�^�QSVKgUW>^�n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QKX"d>hKWUy�XfRUW>X"h�R>X\u>WUR>XfxURUceskQKmf}UW3uUu>T_VlQ �
g9`vsan>Q�d�d9Xfx>mfVKhKW>X�^ hKR>Xf[�RUW3sZmfW3u �9pMQSVlQSg>QKX�QSnUW>mfc�h�`SXfVlm°T�m\u9X\d>]_�«��W>^
]_g9`rhKR>XfRUW>X�^�ª

ẋ = − ∂V (x, t)

∂x
+
√

2Dξ(t) .
� ���04��32l�

P"QSVlXfRU}UW9`vu)m�QKmfVlQSWUVqWU��d>hK]�s�m\u/`r�f`SX�^%ces
V (x, y) = U(x) + W (x, t)

�

P"XfgUhKc�x!j3u9XfRqT3hSu>T3XfVlmoT�n>XfgUW>Q�d>WUj>X�mfpUW>^��
U(x + L) = U(x)

�2W�W>^�X�XfV
Q�d>WUR W3u>W R>X�mfpMQru>{Kp_Q�¤�pMmfVKg>X�^%]3^�QSh���`�n>XfgUW>Qzd �A9�VlQSg>QKX«m\u/`r�f`SX�^�QKX"QSnUW��
mfc�h�`SXfVahSu>WUT3RUW>X�hKR>Xf[�R>Xf�zQ hlQS�fd9Xfx>mfVKhKWUT�m�`S^%n3u>WUVK]vd9QSx

F0
�,9³m\u>]_j9`SX

`vdUd>WUVKWUhKR>QS�zQ©hlQS�fd9Xfx>mfVKhKWUT
W = −F0 x y(t)

�
�od9X
y(t)

X�mfVK{q��`vd/`rRUR>QKX
hKg>X�^�XfRUR>QKX WU�z^�XfR>XfRUW>X	�OpMQSVlQSg>QKXkQSV�u>WUjUR>QZW©h�QKbS��X�^³m\u>]Mj>X+R>XfpMQSgUg>X	�
u>WUg>QSh�`rR>Qim��f`�]lm�m�QShlmfpUW>^¯bKX\u>c�^�[�]_^�QK^

ξ(t)
�

9)QSVlmf]_VlmfVKhKW>X¨hKR>Xf[�R>Xf�zQ+hlQS�fd9Xfx>mfVKhKWUT �
F0 = 0

�5mf]M��X�mfVKhlQSh�`rRUW>X�R9` �
nUg9`rhSu9XfRUR>QS�zQqd>hKWUy�XfRUWUT h�g9`rhKR>QShlX�mfR>QK^�m�QKmfVlQ�T3RUWUW�W>mfp3u>�wj9`SXfVlm°T n>Q
hKVlQSg>QK^%]¯��`rpMQSRU]¬VlXfg>^�Qzd>WUR9`S^%WUpUW��`<�`rp)hKn>XfgUhKc�X!bSceu9Q�]lmfVr`rR>QShSu9XfR>Q
��^�Qru>]Ms�QShlmfpUW>^ �04r¢>�\���%`kn>QS�fd>R>X�X�;�XfxUR>^
`rR>QK^ �04r¢D4v����RUWUp3`rpUW>X�]lmfVKg>QSx��
mfVKh�`¨R>X�n>QS��hlQru>T3�«V�hKced9X\u>T3VK{�g9`SbKQSVK]�WU�w|�u>]_pUVK]�`r}UWUx+m�QKmfVlQzT3RUWUT+g9`rh �
R>QShlX�mfWUT � ��WUVK]�`r}UWUT+p3`�j>X�mfVKhlXfRUR>Q�^�XfRUTUXfVlm°T �3X�m\u>W�h�]_g9`rhKR>XfRUWUW�� ���04��32l�
F0
QSV�u>WUjUR>Q"QSV«RU]vu>T �l£�VlQwQS��R9`zj9`SXfV �KjUVlQ�mfW>mfVlX�^
`«R9`vs�Q�d>WUVlmoT�n>Q�d�hKR>Xf[ �

RUW>^�hlQS�fd9Xfx>mfVKhKW>X�^�W hKc�hlX\d9XfR>Q©WU��g9`rhKR>QShlX�mfR>QS�zQGm�QKmfVlQzT3RUWUT �a��]M��X	�
mfVKhlQSh�`rRUW>X�R9`rnUg9`rhSu9XfRURUces�n>QSVlQSp_QSh¨mfVr`rR>QShKWUVlmoTiQKbSc�jURUc�^��lX�m\u>W�n>QKmfVK] �
n9`rVlX\u>{KR9`rT!WURUh�`rgUW9`rRUVKR>QKmfVK{�hanUg>QKmfVKg9`rR>mfVKhlX+W3u>W!hlQahKg>X�^�XfRUW!g9`r��gU] �
[�`SXfVlm°T¨W�h�g>Xf��]vu>{�Vr`rVlX�R9`rgU]_[�`SXfVlmoT�d9XfVS`vu>{KRUc�x�bl`vu/`rR>m �!9�g9`SbKQSVlX«�04r¢��v�
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QKbKmf]_y�d/`r�«VlmoT)VKWUnUc mfW>^�^�XfVKgUWUW³hKR>Xf[�RUW3s)mfW3u ��p_QSVlQSgUc�X�hlQS�zbS]_y�d/` �
�wV�R9`rnUg9`rhSu9XfRUR>QKX�d>hKWUy�XfRUW>X	�2h���`rhKW>mfW>^�QKmfVKW!QSV�mfhlQSx>mfVKhkn>QSVlXfRU}UW9`vu/`
U(x)

�

�%`Sm�m�^�QSVKgUW>^ mfVlQzsM`SmfVKWUj>X�mfpUW>Xq��`vd/`zjUW m�n>QKmfVK]_n9`rVlX\u>{KR>QSx³WURUh�`rgUW��
`rRUVKR>QKmfVK{K� hlQ�hKg>X�^�XfRUW��%��]vd9X�^)nUg>X\d>n>Qru/`r�f`rVK{ �%jUVlQ�hKR>Xf[�R>X�X+hlQS�fd9Xfx��
mfVKhKW>X
X�mfVK{�m\u>]_j9`rxURUc�x¨nUg>QS}>X�m�m
hlQ�hKg>X�^�XfRUW���R9`rnUgUW>^�Xfg��znUg>QS}>X�m�m � gURU[ �
VlXfxUR9`

�

6%u9XfR>bKXfp_`q�Dm�^ �-g9`r�fd9X\u¡� �04����l�«m�Q+hKg>X�^�XfR>X�^)pMQSgUg>X\u>T3}UWUW
τ
�9W3u>W

d>W3s�QSVlQK^%WUj>X�mfpUWUx¯nUg>QS}>X�m�m ��9eQ � hKVlQSgUces �8hKR>Xf[�RUT3T�mfW3u/`�m\u>WU[�pMQK^�^
` �
u/`�n>QimfhlQKXfxapMQSR>XfjUR>Q � ��R9`zjUR>QSx�nUg>Q�d9Qru>y�WUVlX\u>{KR>QKmfVKW��-WaR9`vu>WUjUW>X�bKX\u9Q �
�zQ�[�]3^
`

ξ(t)
d9X\u/`SXfV�hlQS�z^�Qzy�RUc�^�VlQru>{Kp_Q+n>Xfg>X\s�Qzd�j>Xfg>Xf��^
`rpMmfW>^%]3^%c

U(x)
�

9�nUg>X\d>n>Qru9Qzy�XfRUWUW³mfVS`r}UW>QSR9`rgUR>QS�zQ¡W¬mfW>^�^�XfVKgUWUjUR>QS�zQ [�]3^
`¯�Ehlm�X
R>Xfj>XfVKRUc�X�^�QK^�XfRUVKc

y(t)
mfVKg>X�^%T_VlmoT�pZRU]�u>����R>X�QKb�s�Qzd>W>^�Q hKhlX�mfVKW�¤fu9X	�

^�XfRUVkR9`rgU]_[�XfRUWUT�mfW>^�^�XfVKgUWUW�dUu>T�hKc�bKQSg9` R9`rnUg9`rhSu9XfRUR>QS�zQ d>hKWUy�XfRUWUT
bSg>QS]_R>QShlmfpUW3s¡j9`SmfVKWU}��e£�VlQ©bS]vd9XfV!R9`rgU]_[�XfRUR9`rT�QSVKg9`ry�`rVlX\u>{KR9`rT¯mfW>^ �
^�XfVKgUWUT�n>XfgUW>Q�d>WUj>X�mfpMQS�zQ�n>QSVlXfRU}UW9`vu/` ��V � X �

U(x) 6= U(−x) dUu>T�nUg>Q �WU��hlQru>{KRUces¥��R9`zj>XfRUWUx
x
h¡VlXfj>XfRUW>X!Qzd>R>QS�zQ¡n>XfgUW>Qzd/`���£�VS`�R9`rgU]_[�XfR��

R9`rTkmfW>^�^�XfVKgUWUTaQKbSc�jUR>Q�hKhlQ�d>WUVlmoTanU]MVlX�^©hKc�bKQSg9`�n>XfgUW>Qzd>WUj>X�mfpMQS�zQ��/R>Q
`SmfW>^�^�XfVKgUWUjUR>QS�zQ�n>QSVlXfRU}UW9`vu/` �lp_QSVlQSgUc�xiR9`r��c�h�`SXfVlm°T+n>QKmfVK]Mn9`rVlX\u>{KRUc�^
W3u>W�nUW3u9QKQKbSg9`r��RUc�^�n>QSVlXfRU}UW9`vu9QK^���`�h!��`rgU]3bKXfy�R>QSx¡u>WUVlXfg9`rVK]_g>X�W>m	�
n>Qru>{K��]lXfVlm°TZVlXfg>^%WUR *����#$&%���� ��* ��� � ��" '�� � ��� %�.�� " ���Z�Dm�^ �UgUW>m �/����¦K¦l�	�

9 d/`rRUR>QK^ g9`r�fd9X\u9X�bS]vd9XfV©n>QSp3`r��`rR>Q��ejUVlQ!R>X�m�^�Xf��XfRURUc�X�W�R>XfVlXfn��
u9QShKc�X�|�u>]_pUVK]�`r}UWUW¬W¯R9`rgU]M[�XfRUR9`rT¬QSVKg9`ry�`rVlX\u>{KR9`rT)mfW>^�^�XfVKgUWUT¬T3h �
u>T3�«VlmoT�d9QKmfVr`rVlQSjURUc�^%W©nUg>X\d>n>QKmfceu>p_`S^%W�dUu>T�g>Xz`vu>WU��`r}UWUW!^�X\sM`rRUWU�z^
`
^�Qru9XfpU]vu>T_gUR>QS�zQ�n>Xfg>XfR>QKmz`��(9!n>QKm\u9X\d>R>X�X�hKg>X�^%T�VS`rpUW>X���`vd/`�jUWinUgUWUhSu9Xfp��
u>W�bKQru>{K[�QSx�WURUVlXfg>X�m"�04r¢K¢

�

4��S¦v�>meVlQSjUpUW���g>XfRUWUT�m�QShKg>X�^�XfRURUces�^�XfVlQ�d>WUp
g9`r�fd9X\u9XfRUWUT�^
`Sm�m��04���/

�

431��v�OWZnUgUW3u9Qzy�XfRUWUx!h+bSW>Qru9QS��WUj>X�mfpMQK^)n>Xfg>XfR>Q �
m�X	��Vr`rpUW3s�p_`rp¬m�QSpUg9`r��XfRUW>X�^%c�[�}<�043/3�	��4��_�\��W3u>W�d>hKWUy�XfRUW>X�`rpUVKWUR9`
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n>Q�^%W>QS��WURU]Z�04313�\���U^�Qru9XfpU]vuapUWUR>Xf��WUR9`�n>Q�^%WUpUg>QSp_`rR9`vu/`S^ �043134v���UbSW>QSn>X	�
g>XfR>QKmi�04313�

�

432��v��Wa^�Xfy�^�X�^�bSg9`rRURUc�x�n>Xfg>XfR>QKm��04323�
�

432K¦v� � <�g>QK^�X�¤�VlQS�zQ��
W>^�X�XfVlm°T�g�T_d�¤�pMmfn>XfgUW>^�XfRUVS`vu>{KRUces�g>Xf��]vu>{�VS`rVlQSh �rpMQSVlQSgUc�X�n>QSp_`r��c�h�`r�wV �
jUVlQ�R>Xfg9`rhKR>QShlX�mfRUc�X�|�u>]_pUVK]�`r}UWUW³mfn>QKm�QKbSRUc WUR3d>]_}UWUg>QSh�`rVK{¬R9`rnUg9`rh �
u9XfRUR>QKXZd>hKWUy�XfRUW>X��04323/

�

���3�\� �R<�`rp¬bSceu9Q©n>QSp_`r��`rR>QGh¯�04K¦��v����g9`Sm�m�^�QSV �
g>XfRURUc�X�¤z|�|�XfpUVKc ^�Qzy�R>Q�QKbKQKbS��WUVK{�R9`Zm\u>]Mj9`rW©n>QSVlQSpMQSh�^
`r��RUWUVKRUces
|¨`r��h �
	��� �³�����34v�5W3u>W�s3W>^%WUj>X�mfpUW3s�g>Xz`r�zXfRUVlQSh�h"nUg>QKmfVKg9`rR>mfVKh�`vsip_QSR��
|"WU��]_g9`r}UWUx�^�Qru9XfpU]�u � � Vl^�XfVKW>^��2jUVlQ�h pMQSRU}>X � � � s��zQ�d9QSh������K�v�
¤�p_mfn>X	�
gUW>^�XfRUVr`vu>{KR>QGR9`Sbru>�ed/`vu9moT WUR3d>]_}UWUg>QSh�`rRURUc�x¯[�]3^�QK^�R9`rnUg9`rhSu9XfRURUc�x
n>QSVlQSpGh�Qzd>R>QK^�XfgURUces©QSgU�f`rRUWUj>X�mfpUW3s©nUg>QShlQzd>RUWUp_`vs�n>QKmfg>X\d9mfVKhlQK^³hlQS� �
RUWUpUR>QShlXfRUWUTap_QSR>XfjUR>QS�zQ+bru9QSpUWUgU]_�«��Xf�zQ�n>QSVlXfRU}UW9`vu/`��

9 ��`rhKW>mfW>^�QKmfVKW QSV³g9`Sm�m�^
`rVKgUWUh�`SX�^�QSx mfW>mfVlX�^%c p_QKQSgld>WUR9`rVS`�^�Q �
y�XfV�bSc�VK{�R>XfnUg>XfgUc�hKR>QSx�W3u>W+d>W>mfpUg>XfVKR>QSx�� 9¡nUg>QKmfVKg9`rR>mfVKhlXfRUR>QiR>XfnUg>X	�
gUc�hKRUces�mfW>mfVlX�^
`vs�n>Xfg>XfR>QKmi^�Qzy�XfV�bSc�VK{aQSnUW>mz`rR!m�n>QK^�QS��{K� ]_g9`rhKR>X	�
RUWUT ;�QSpUpMXfg9`

�

Pwu/`rRUp3`q� 6`;�P¨���0/���� �79³m\u>]_j9`SX�d>W>mfpUg>XfVKRUces�^�QK^�XfRUVlQSh
W>mfn>Qru>{K��]_�«VlmoT�]MnUg9`rhSu>T3�w��W>X ]_g9`rhKR>XfRUWUT �%R9`rnUgUW>^�Xfg��%dUu>TqnUg>QS}>X�m�m�QSh
g>Qzy�d9XfRUWUT

�

��W>bKX\u>W������r¢S� �
9�g9`S^%p_`vs¬]_p_`r��`rRURUces¯d>hK]�s¯^�XfVlQ�d9QSh�^�Qzy�R>Q�mfVKg>QS�zQ�QSnUg>X\d9X\u>WUVK{

}>XfRUVKg9`vu>{KRU]_� hlX\u>WUjUWURU]���p_QSVlQSg>QSx T3hSu>TUXfVlm°T mfVS`r}UW>QSR9`rgURUc�x n>QSVlQSp��
<�g>QK^�X¯¤�VlQS�zQ���]Mj>XfV³d>W>|�|�]M��WUW h³QSpUg>X�mfVKR>QKmfVKW ]lmfg>X\d>R>XfRUR>QS�zQ³d>hKW��
y�XfRUWUT�d/`SXfV!bKQru9X�XkVlQSjURU]_� WUR>|�QSg>^
`r}UWU� �
�eQru>{K[�QKXkpMQru>WUj>X�mfVKhlQqg9` �
bKQSV"n>QKmfhKT3��XfR>Q�W>m�m\u9X\d9QSh�`rRUWU��hlQS�z^�Q�y�R>QSx�¤z|�|�XfpUVKWUhKR>QKmfVKW�n>Qzd9QKbSRUces
]lmfVKg>QSx>mfVKha�04r¢D4 � ���K¦v� � � d>R9`rpMQ�}>X\u>{K�¬d/`rRUR>QS�zQ�W>m�m\u9X\d9QSh�`rRUWUT T3hSu>T3XfVlmoT
g9`Sm�m�^�QSVKg>XfRUW>X�p_`zj>X�mfVKh�`�R9`rnUg9`rhSu9XfRUR>QS�zQ«n>Xfg>XfR>QKmz`�m
n>QK^�QS��{K��QSVKR>QS[�X	�
RUWUTk^�Xfy�d>]inUg>QShlQzd>T_��W>^�W pMQSRUhlXfpUVKWUhKRUc�^¡n>Xfg>XfR>QKmz`S^%W��>p_QSVlQSgUc�X"hKc
�
g9`ry�XfRUc mfg>X\d>RUW>^)n>QSVlQSp_QK^¥j>Xfg>Xf�id>W>|�|"]_��W>QSRUR>QKX�d>hKWUy�XfRUW>X+��`kQzd>WUR
n>XfgUW>Q�dG�����3/v� �

A2B ��B����³N  ) � ��NOIZN � )���) � ��NOI�� � ��%�( ��I�( �� $(3IML �ON�)�� #
�"X�QKb�s�Qzd>W>^�Q�QSVl^�XfVKWUVK{ �_jUVlQ�]_y�X«h"d>g>XfhKRUW3sihlQ�d>T3RUcesiR9`Sm�QKmz`vs+W>mfn>Qru>{ �
�zQSh�`vu9m°T m\u>]Mj9`rx R9`rgU]M[�XfRUR>QSx¡QSVKg9`ry�`rVlX\u>{KR>QSx¬mfW>^�^�XfVKgUWUW���9 R9`SmfVlQ �
T3��X�X�hKg>X�^%T�]lmfVKg>QSx>mfVKh�`am�gU¤�VKj>XfVlQK^)W�d9XfVlXfg>^%WURUWUg>QSh�`rRUR>QSx©d>WUR9`S^%W��
pMQSxG[�WUg>QSpMQ�W>mfn>Qru>{K��]_�«VlmoTqh�p_`zj>X�mfVKhlX hKc�nUg�TU^%WUVlX\u9Xfx)��������� � �"QShKc�x
nUg>X\d9^�XfV W>m�m\u9X\d9QSh�`rRUWUx�nUg>X\d9mfVr`rhSu>T3�«VaQKb��@XfpUVKc<m�gU¤�VKj>XfVlQK^��/R9`vs�Qzd>T�
��W>X�m°T�n>Q�d!d9Xfx>mfVKhKW>X�^)[�]_^
`�W3u>W�|�u>]_pUVK]�`r}UWUx��@P"QKm\u9X\d>RUW>XiW>mfVlQSjURUW��
pUWiR>X�QKbzs�Q�d>W>^%c �3jUVlQKbSc�WUR3d>]M}UWUg>QSh�`rVK{�d>W>|�|�]M��W>QSRUR>QKX�d>hKWUy�XfRUW>X«W3u>W
QKbKX�mfn>XfjUWUVK{!n>Xfg>X\s�Qzd j>Xfg>Xf��mf]_��X�mfVKhK]M�w��W>X�bl`rgU{lXfgUc ��W�^�Q�d9X\u>WUgU]_�«V
VlXfn3u9QShlQSxk[�]_^��_mfVlQ�sM`SmfVKWUj>X�mfpUW>X"hKR>Xf[�RUW>XwmfW3u>c�W3u>W��_h�QKbS��X�^©m\u>]_j9`SX	�
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mfVlQ�sM`SmfVKWUj>X�mfpUW>XiWU�z^�XfR>XfRUWUT�g>Xz`rpU}UWUW�QKb��@XfpUVS` h�]lm\u9QShKWUTMs�gU¤�VKj>XfVkn>Q �
VlXfRU}UW9`vu/`��

9�R9`SmfVlQ�T_��WUx�^�QK^�XfRUVwh«W>m�m\u9X\d9QSh�`rRUWUT_s�W>mfn>Qru>{K��]_�«VlmoT�d>h�`�g9`r�fu>WUj��
RUcesamfVlQ�sM`SmfVKWUj>X�mfpUW3s�nUg>QSVlQSVKWUn9`�gU¤�VKj>XfVr`Z�04K¦K� �\4K¦K¦v� � 9¯n>XfgUhlQK^�m\u>]_j9`SX
hKR>Xf[�RUW>XihKg>X�^�XfRURUc�X mfW3u9QShKc�X+n>Qru>T!hlQS�fd9Xfx>mfVKhK]_�«V�R9`�^�X\sM`rRUWUj>X�mfpUW>X
QKmf}UW3uUu>T3VlQSgUc mkVlXfn3u9QShKc�^ [�]3^�QK^ � 9 mfg>X\d>R>X�^�n>Qru>T¡QKbSg9`r��`r�wVlm°T h
RU]vu>{ ��®"m�m\u9X\d9QSh�`rRUWUT¯nUg>QShlQ�d>T3VlmoT�hqg9`S^%p_`vs�VlX�QSgUWUW�mfVlQzsM`SmfVKWUj>X�mfpUW3s
QKmf}UW3uUu>T3VlQSg>QSh ��hKp3u>�«j9`rT VlX�QSgUWU� mfpMQSg>QKmfVlXfx¯n>Xfg>X\s�Q�d9QSh ��£�VlQSVqp3u/`Sm�m
mfW>mfVlX�^�hKp3u>�wj9`SXfV"h�m�X�b�T�Vr`rp�R9`r��c�h�`SX�^%c�X�p3`�j9`r�w��W>X�moT�gU¤�VKj>XfVKc)�04r¢D2v� �
��dUd>WUVKWUhKRUc�X�hlQS�fd9Xfx>mfVKhKWUT�T3hSu>T3�wVlm°T�n>XfgUW>Q�d>WUj>X�mfpUW>^%W¥W3u>W¯m\u>]_j9`rx��
RUc�^%W�m"p_QSR>XfjURUc�^�hKg>X�^�XfR>X�^¡pMQSgUg>X\u>T3}UWUW��

9�VlQSg>QSxqp3u/`Sm�m�^�Q�d9X\u9XfxGsM`rg9`rpUVlXfgUWU��]lXfVlmoTGn>Xfg>Xfp3u>�«j>XfRUW>X�^<^�Xfy�d>]
g9`r�fu>WUjURUc�^%W�nUg>QK|"W3u>TU^%W�n>QSVlXfRU}UW9`vu>{KR>QSx�¤�R>XfgU��WUW�W�R9`r��c�h�`SXfVlmoTaYf^%W��
�\`r�w��W>^%W�Y\gU¤�VKj>XfVr`S^%W�� 9¡¤�VKW3s�^�XfRUT3�w��W3s�moT+hlQ�hKg>X�^�XfRUW n>QSVlXfRU}UW9`vu/`vs
g9`Sm�m�^
`rVKgUWUh�`SXfVlm°TabSg>QS]_R>QShlmfpMQKX«d>hKWUy�XfRUW>X �
��`rnUgUW>^�Xfg��MVS`rpUW>X�|�u>]MpUVK] �
WUgU]_�«��W>X
W3u>W�n>XfgUW>Q�d>WUj>X�mfpUW�WU�z^�XfRUT3�«��W>X�m°T�n>QSVlXfRU}UW9`vu>c�^�QS��]MVwbSc�VK{
hKc���h�`rRUc�s3W>^%WUj>X�mfpUW>^%W¨g>Xz`rpU}UWUTU^%W���pMQSVlQSgUc�X
R9`vs�Qzd>T3Vlm°T¨n>Qzd¨hKR>Xf[�RUW>^
hlQS�fd9Xfx>mfVKhKW>X�^ WanUgUWUhlQ�d>T3Vip�WU�z^�XfR>XfRUWUT3^¡pMQSR>|"WU��]_g9`r}UWUx�g9`Sm�m�^
`rVKgUW��
h�`SX�^%ces�^�Qru9XfpU]vu��04r¢D1 � 4K¦��v� �A9¡VlX�QSg>XfVKWUj>X�mfpUW3s�^%WURUW>^
`vu>{KRUcesk^�Q�d9X\u>T_s
hKg>X�^�XfRUR>QKX�WU�z^�XfR>XfRUW>XwR>X�hSu>WUTUXfV�R9`"n>XfgUW>Qzd>WUjUR>QKmfVK{�n>QSVlXfRU}UW9`vu/`��>£�VlQ
W>^�X�XfVwnUg9`rhSd9QSn>Q�d9QKbSR>QKXeQKb��2TUmfR>XfRUW>X	��VS`rp�p3`rp�s3W>^%WUj>X�mfpUW>X8g>Xz`rpU}UWUW�^�Q �
��]_V�^�Q�d>W>|"WU}UWUg>QSh�`rVK{wQKbS��]_�©p_`rgUVKWURU]"n>QSVlXfRU}UW9`vu/` �zR>Q�p_`rp¨mfp3`vu>T_gURUc�X
nUg>QS}>X�m�mfc QSRUW¡R>XkWUR3d>]_}UWUgU]M�wV!R9`rnUg9`rhSu9XfRURUces�mfW3u ��9 bKQru>{K[�WUR>mfVKhlX
bSW>Qru9QS��WUj>X�mfpUW3s¬nUgUW3u9Qzy�XfRUWUx ^%WU�\`r�w��W>XZgU¤�VKj>XfVKc g9`Sm�m�^
`rVKgUWUh�`r�wVlm°T
p_`rp¥nUg>QS}>X�m�mfc g>Qzy�d9XfRUWUT¥W¬��W>bKX\u>W¥m�WU�z^�XfRUT3�«��W>^%W>m°T)hlQ�hKg>X�^�XfRUW
mfpMQSg>QKmfVvTU^%W��

�"Q R>X�p3`ry�d>c�x�gU¤�VKj>XfVZ^�Q�y�XfVZbSc�VK{kW>mfn>Qru>{K�zQSh�`rRqhan>Q�d9QKbSR>QSx©mfW��
mfVlX�^�X � �%`rRURUW>X�W>m�m\u9X\d9QSh�`rRUWUT �>nUg>QShlX\d9XfRURUc�X¨h�g9`SbKQSVlX������31v���3d9QSp_`r��`vu>W
mf]_��X�mfVKhlQSh�`rRUW>X�n>QSVlQSp_`�j9`SmfVKWU}¡nUgUW�]lm\u9QShKWUW���jUVlQ�|¨`r��`�^%]vu>{�VKWUn3u>W��
p_`rVKWUhKR>QS�zQi[�]3^
`�h�n>XfgUW>Q�d>WUj>X�mfpUW3s�mfW>mfVlX�^
`vskm d>hKWURU]_Vr`�QSVKR>QKmfWUVlX\u>{KR>Q
n>XfgUW>Q�d>WUj>X�mfp_QS�zQ¨n>QSVlXfRU}UW9`vu/`��D<�g>QK^�XeVlQS�zQ��vhl^�X�mfVlQ�WU�z^�XfRUT3�w��W3s�moT�n>Q �
VlXfRU}UW9`vu9QSh�^�Qzy�R>Q�W>mfn>Qru>{K�zQSh�`rVK{�VlX�^%n>Xfg9`rVK]_gU]iW3u>W�W>mfVlQSjURUWUpUW [�]3^
` �
WURUVlXfR>mfWUhKR>QKmfVK{K��p_QSVlQSgUcesk^�Q�y�R>Q�]_nUg9`rhSu>T3VK{iWU��hKR>X������32v� �
� �� ��@L� /H$���  /I ��H/N ��IML�NOI�H�� )���) � ��I � � � ��%�( ��I�( �� $(3I�L ��N�)���I>B
� mfR>QShKR>QSx�g9`SbKQSjUWUxZnUgUWURU}UWUnZp_`�j9`r�w��Xf�zQKm°T�gU¤�VKj>XfVr`�W3uUu>��mfVKgUWUgU]lXfVlm°T
R9`�gUW>m �
����¦3/��%P"QSVlXfRU}UW9`vu

U(x)
dUu>T©g9`r�fu>WUjURUces

y(t)
p3`�j9`SXfVlmoT¡QSVKR>Q �

mfWUVlX\u>{KR>QaR9`zj9`vu/`kp_QKQSgld>WUR9`rV�n>Q�d!d9Xfx>mfVKhKW>X�^
W (x, t) = −F0y(t)

� �
m	�
u>Wq^
`rp_mfW>^
`vu>{KR>QKXkQSVKp3u9QSR>XfRUW>X |∆U | d9QKmfVr`rVlQSjUR>Q�^
`vu9Q���VlQk¤�R>XfgU�zXfVKW��j>X�mfpUW>X�bl`rgU{lXfgUc m\u9Xfh�`aW©mfnUg9`rh�`�R>X�W>mfj>Xf��`r�wV�W!hZQSVlmf]_VlmfVKhKW>X+[�]3^
`
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j9`SmfVKWU}Uc<R>X�^�QS��]_V�n>Xfg>XfxUVKWZh+d>gU]M�zQSx�^%WURUW>^%]3^ � �¬d9QKbl`rhSu9XfRUW>X�^�[�] �
^
`�mfVlQ�sM`SmfVKWUj>X�mfpUW>X"n>Xfg>X\s�Qzd>c)j>Xfg>Xf�"QKmfVr`rhK[�W>X�m°Tkbl`rgU{lXfgUc)mfVr`rR>QShKT3VlmoT
hlQS�z^�Qzy�RUc�^%W�� ��p_QSg>QKmfVKWZhKces�Qzd/`�T3hSu>T3�wVlm°Tkd9QKmfVS`rVlQSjURUc�^%W�dUu>TaQKbKX�m	�
n>Xfj>XfRUWUT�mfVlQzsM`SmfVKWUj>X�mfpUW3s�d>hKWUy�XfRUWUxZhim�QKm�X\d>RUW>X�^%WURUW>^%]_^%c n>QSVlXfRU}UW��
`vu/`��
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V (x, t) = U(x)− F0y(t)
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y(t)
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<�`rp�hKW3d>R>Q�WU��gUW>m �2����¦3/ �-WU� � ��`�R9`rgU]M[�XfRUR>QSx�QSVKg9`ry�`rVlX\u>{KR>QSx©mfW>^ �
^�XfVKgUWUW�bl`rgU{lXfgUc W>^�Xf�«V�g9`r�fu>WUjURU]_�<hlX\u>WUjUWURU]��>R>X�m�^�QSVKg�TkR9`�mfW>^�^�XfV �
gUWUjUR>QKX�hlQS�fd9Xfx>mfVKhKW>X

y(t)
� 9�c�m�QSVr`iu9XfhlQS�zQ+bl`rgU{lXfg9`iR9`�u9XfhlQK^¡gUW>mf]_RUpMX

��R9`�jUWUVlX\u>{KR>Q�^�XfRU{K[�X�hKc�m�QSVKc nUg9`rhlQS�zQ�bl`rgU{lXfg9`�R9` nUg9`rhlQK^ gUW>mf]MRUp_X �
��`rpUW>^¬QKbSg9`r�zQK^��5j9`SmfVKWU}Uc�W>^�Xf�wV+nUg>XfW>^%]_��X�mfVKhlXfRUR>QKX�R9`rnUg9`rhSu9XfRUW>X�W
d>hKWUy�]_Vlm°T�m"bKQru9X�X"hKc�m�QSp_QSx�hlXfg>Q�T_VKR>QKmfVK{K� hSu9XfhlQ �

9�m\u>]_j9`SX�d>W3s�QSVlQK^%WUj>X�mfp_QS�zQ"W3u>W¨n>XfgUW>Qzd>WUj>X�mfpMQS�zQ"hlQS�fd9Xfx>mfVKhKWUT�nUg>Q �
}>X�m�m�mfVr`rR>QShKWUVlmoT)mfVKg>QS�zQGWUR3d>]M}UWUg>QSh�`rR¬[�]_^�QK^ �
²¨hKWUy�XfRUW>X�W>mfj>Xf��`SXfV
nUgUW¡jUg>Xf��hKc�j9`rxUR>QG^
`vu9QK^ `vdUd>WUVKWUhKR>QK^�[�]3^�X �O²�u>T¡bKQru>{K[�W3s�WURUVlXfR��
mfWUhKR>QKmfVlXfx�g9`r�fu>WUjUW>X�^�Xfy�d>]�bl`rgU{lXfg9`S^%W�mfVr`rR>QShKWUVlmoT�R>Xf��R9`�jUWUVlX\u>{KRUc�^ �
��]_��X�mfVKhK]_�«V�nUg>QK^�Xfy�]_VlQSjURUc�X"��R9`�j>XfRUWUTk]_g>QShKRUT�[�]3^
` �_nUgUWkpMQSVlQSgUces
R9`�jUWUR9`r�wV g9`SbKQSVr`rVK{ g9`r�fu>WUjUWUT �9]lmfW3u9XfRURUc�X�h�m�QKQSVKhlXfVlmfVKhK]M�w��W3s�|¨`rp��
VlQSg9`vs ��gUg>XfRUWU]lmz` �9WkW>^�X�XfVi^�X�mfVlQ�]lmfg>X\d>R>XfRUR>QKX¨d>hKWUy�XfRUW>X¨hSu9XfhlQ �

� nUW>mz`rRUR>QKX©hKc�[�X!nUg>X\d9mfVr`rhSu>TUXfV)m�QKbKQSx³p_`rgUVKWURU])n>Xfg>X\d9X�^%n>|"WUg>Q �
h�`rRURUces�d>hKWUy�XfRUWUx��Kp_QS�°d/`�hKg>X�^�XfRUR>QSxi^
`Smf[�Vr`Sb�hlQS�fd9Xfx>mfVKhKWUT�^�XfRUT3XfVlmoT
^�X\dUu9XfRUR>X�X�n>Q�mfg9`rhKR>XfRUWU�³m�Q�hlm�X�^%W d>gU]_��W>^%W�hKg>X�^�XfRURUc�^%Wa^
`Smf[�Vr`Sbl` �
^%W�� �"X�QKb�s�Q�d>W>^�Q�QSVl^�XfVKWUVK{ �MjUVlQ¨bKQru9X�XwbSc�mfVKgUc�X«WU�z^�XfR>XfRUWUT+WU��hKR>X�W3u>W
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R9`vu>WUjUW>Xim\u/`SbKQS�zQ�VKg>XfRUWUT�nUgUWUhlQ�d>WUVZp!bKQru9X�Xim\u9Q�y�R>QK^%]�n>QShlX\d9XfRUWU� m
R>X�mfpMQru>{KpUW>^%W�WU�z^�XfR>XfRUWUTU^%W�R9`rnUg9`rhSu9XfRUWUT�d>hKWUy�XfRUWUTan>QSVlQSp3`��
� �� ��@L� /H$���  /I �
H9N���IML�NOI�H �wN  ) � ��I � ��%�( �OI�( �� $(3I�L ��N�)���I>B 9
nUg>QKmfVlXfxU[�W3sGm\u>]_j9`rT_sqhKg>X�^�XfRUR>QKXkWU�z^�XfR>XfRUW>X n>XfgUW>Qzd>WUj>X�mfpMQS�zQqn>QSVlXfR��
}UW9`vu/`�m�QKmfVlQSWUV�h�nUg>QS}>X�m�m�X�hKp3u>�wj>XfRUWUx W+hKc�p3u>�wj>XfRUWUxkn>QSVlXfRU}UW9`vu/`��A9
mfW3u>]�R>XfnUg>XfgUc�hKR>QKmfVKWG¤�VlQSV�nUg>QS}>X�m�m�^�Qzy�XfV�bSc�VK{�QSnUW>mz`rR©m�n>QK^�QS��{K�
]_g9`rhKR>XfRUWUT ¨`rRUy�XfhlXfR9`3ª

ẋ = − ∂

∂x
U(x) y(t) +

√
2D ξ(t),

� ���043���l�

�°d9X
y(t) = 1, 0 �

d>W3s�QSVlQK^%WUj>X�mfpUWUx¡n>XfgUW>Qzd>WUj>X�mfpUWUx¡W3u>W�^
`rgUp_QShlmfpUWUx
nUg>QS}>X�m�m �U£�Vr`�mfWUVK]�`r}UWUT+nUg>X\d9mfVr`rhSu9XfR9`�R9`�gUW>m �_����¦��wdUu>Ti^
`vu9QSx `S^%n3u>W��
VK]vd>c¥m�QKmfVlQzT3RUWUT �'hKc�p3u>�wj>XfR>Q��"h�}>X\u>T_s�R9`r�ou>TMd>R>QKmfVKW��

9¡m\u>]_j9`SXw^�X\dUu9XfRUR>QS�zQ�WU�z^�XfR>XfRUWUT
y(t)

n>Xfg>XfR>QKm"^�Qzy�R>Q�VKg9`rpUVlQSh�`rVK{
p_`rpGW©h�nUg>X\d>ced>]_��X�^<m\u>]_j9`SX � �O`rpGp_`rp©hlQ©Y\hKp3u>�wj>XfRUR>QK^�Yfm�QKmfVlQzT3RUWUW
j9`SmfVKWU}Uc©g9`Smfn>Qru/`r�\`r�wVlm°T�hlbru>WU��W�^%WURUW>^%]3^
`�n>QSVlXfRU}UW9`vu/` �vVlQ�QSRUW¨R9`zjUW��
R9`r�wV¨d>W>|�|�]MR3d>WUg>QSh�`rVK{�hkY\hKc�p3u>�«j>XfRUR>QK^�Yfm�QKmfVlQ�T_RUWUW��/P"QKm\u9X�QSj>Xfg>X\d �
R>QS�zQ�hKp3u>�«j>XfRUWUT©n>QSVlXfRU}UW9`vu/` �%h�mfW3u>]q`SmfW>^�^�XfVKgUWUW�R9`anUg9`rhlQK^ Y�s3hlQ �
mfVlXlY\g9`SmfnUg>X\d9X\u9XfRUWUTZQSVKg>Xf��`SXfVlmoTZbKQru>{K[�`rT j9`SmfVK{�n3u9QSVKR>QKmfVKW�hlXfg>Q�T_VKR>Q �
mfVKW���j>X�^kR9`eu9XfhlQK^ �v£�VKW���`r[�VKgUW3s�QSh�`rRURUc�X
j9`SmfVKW�d>hKWUy�]_Vlm°T"p�m�QKm�X\d>RUW>^
^%WURUW>^%]3^
`S^ n>QSVlXfRU}UW9`vu/` �OWUR3d>]_}UWUgU]KT!¤z|�|¨XfpUVKWUhKRUc�x!n>QSVlQSp���R9`rnUg9`rh �
u9XfRURUc�x�hKnUg9`rhlQ �

9!m\u>]_j9`SX
D
�rmfVKg>X�^%T_��Xf�zQKm°T�p�RU]�u>� �zj9`SmfVKWU}Uc�R>X�bS]vd>]MV«d>W>|�|"]_R3d>W��

g>QSh�`rVK{�W+QKbS��Xf�zQ¨n>Xfg>XfR>QKmz`�R>X«hlQS��RUWUp_`SXfV �UP�gUW+hKc�m�QSp_QK^q]_g>QShKR>X«[�]3^
`
g9`r�fu>WUjUW>X"^�Xfy�d>]���`r[�VKgUW3s�QSh�`rRURUc�^%W�QKbru/`SmfV�TU^%W Vr`rpUy�X�R>Xf��R9`�jUWUVlX\u>{ �
R>QKX � �8u9X\d9QSh�`rVlX\u>{KR>Q���mf]M��X�mfVKhK]lXfV�R>XfpMQSVlQSg>QKXZQSnUVKW>^
`vu>{KR>QKXa��R9`�j>XfRUW>X
WURUVlXfR>mfWUhKR>QKmfVKW)[�]_^
` ��p_QSVlQSg>QKX�hKc���c�h�`SXfV�¤z|�|�XfpUVKWUhKRUc�x¯n>QSVlQSp¬j9` �
mfVKWU}ahiQzd>R>QK^�R9`rnUg9`rhSu9XfRUWUW��

��d>gU]M�zQSxamfVlQSg>QSRUc �3nUgUWkp_QSR>XfjURUces���R9`zj>XfRUWUT_s WURUVlXfR>mfWUhKR>QKmfVKW�[�] �
^
`

D 6= 0
^�X\dUu9XfRURUc�X¨n>Xfg>Xfp3u>�«j>XfRUWUTan>QS��hlQru>T3�wVij9`SmfVKWU}9`S^�d>W>|�|"]_R��

d>WUg>QSh�`rVK{¨n>Q�nUg>QSV�T3y�XfRURUc�^GQKbru/`SmfV�TU^!W+`SmfW>^�^�XfVKgUWUT�R>X�nUgUWURUW>^
`SXfVlmoT
hlQkhKRUW>^
`rRUW>X ��P"Q�d9QKbSR>QZ¤�VlQK^%]�m\u>]_j9`r� �-n>Xfg>XfR>QKmz`kR>X�nUg>QSW>m°s�Q�d>WUV �Op_Q �
�°d/`�n>Xfg>Xfp3u>�wj>XfRUWUT�QSj>XfRU{abSc�mfVKgUc�X � ��`SmfVKWU}Uc�nUg>QKmfVlQ R>X�W>^�Xf�wV hKg>X	�
^�XfRUW�dUu>TimfhlQKbKQ�d>R>QSx d>W>|¨|"]M��WUW��&�8u9X\d9QSh�`rVlX\u>{KR>Q��Umf]M��X�mfVKhK]lXfV�nUg>QK^�X	�
y�]_VlQSjUR>QKX ��R9`�j>XfRUW>XkhKg>X�^�XfRUW�n>Xfg>Xfp3u>�wj>XfRUWUT ��pMQSVlQSg>QKXaQKbKX�mfn>XfjUWUh�`SXfV
^
`rpMmfW>^
`vu>{KRUc�x�n>QSVlQSp��
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x

V
(x

)

potential = on

P(x,t)

x

V
(x

)

potential = off

P(x,t)

x

V
(x

)

potential = on

P(x,t)

=?>A@�B C(B�� �(B � � � �����5���5����� � � ����Y � V 	 � � � ��� �������!Z � ��� ����� � ����� � � ������� � ����� � �
���! ��� ����� �����!�� �
��M���Z:I �K� ��� � ��� � ��� ��� �(� ���K��� ��� ����� � ����� � Y �

�
�	� � ��� � �����������_

��� �JH�����N�� ���������AT���� � � ����� ����� ���\Q�� � �����K� � ���KS ���OM�� ���JNK�AT�I �����! ��� � ��� � ��� �
� V

�
��Z ����� � �\(W � ����� � � � � � �
��� � � �����JH�������� ��� � � T ��������� � � � Y � � ������� �

�
��Z ��������

�JH ��� � � � � ���
�
��N��
� V S � � �!	 � �

�
��Q � W����
�KZ:I ��������N�� V Q ����NO����� � �������������	� ����� V �

��� 	����� � ��	 ����� � ����� � � W ����� � T � �^ ����� � �� � � � ��������
�

���5� V � � ����� � V � ������� �3�� �
� �5�!T���� ����������H� � �!�����

�
�a�
�5��������� V 	 �������

�
�!Z �������!Q2�����5������������� � ������� ���������������

��������� ��������� ������� ��� � � #$�%& '�)�- � ���
�
��N�� � ���!M���Z I ��Q���� � ��� � �����

A2B ��B�A � ��N�)
	$)
(3N���I����  9I � �ON�	
��N ��I�LONOI
<�`rpZbS]vd9XfV�n>QSp3`r��`rR>QiRUWUy�X	�5`rR9`vu>WUVKWUj>X�mfpUW>X�g>Xf��]�u>{vVr`rVKc³dUu>Tamfg>X\d>RUW3s
��R9`�j>XfRUWUx n>QSVlQSpMQSh¡^�QS��]_V�bSc�VK{�n>Qru>]_j>XfRUc m�n>QK^�QS��{K� d>W>mfpUg>XfVKRUces
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nUgUW>bru>WUy�XfRUWUx�� 9 m\u>]_j9`SX+R>XfnUg>XfgUc�hKR>QSx�p_QKQSgld>WUR9`rVKc g>Xf[�XfRUWUTGmf]M��X	�
mfVKhK]_�«VqnUgUW ^�X\dUu9XfRUR>QK^�W3u>W bSc�mfVKg>QK^�WU�z^�XfR>XfRUWUW hlQS�fd9Xfx>mfVKhKWUT

y(t)�04r¢D2 ��4K¦K�v���
h!m\u>]_j9`SXkpU]lm�QSjUR>Q � u>WUR>XfxUR>QSx�d>WUR9`S^%WUpUW �04K¦�� ��4K¦r¢S��W��8X�m\u>W
R9`"gU¤�VKj>XfV�hlQS�fd9Xfx>mfVKhK]lXfV�bKX\u>c�xid>g>QKbKQShlQSxi[�]_^¡���3�K�	�E�3��4v� � �O`Sm�m�^�QSVKgUW>^
n>XfgUhKc�x!m\u>]_j9`rx�nUgUW>^�XfRUWUVlX\u>{KR>Qap���`vd/`zj>X�p_`zj9`r�«��W3s�m°T�n>QSVlXfRU}UW9`vu9QSh
m�`vdUd>WUVKWUhKRUc�^ hlQS�fd9Xfx>mfVKhKW>X�^ �«§ZX\dUu9XfRUR>QKX�WU�z^�XfR>XfRUW>X�hKR>Xf[�RUW3s¬mfW3u
QS��R9`�j9`SXfV ��jUVlQkmfW>mfVlX�^
`amfn>QKm�QKbSR9`a`vd>W9`Sbl`rVKWUj>X�mfpUW©m\u9X\d9QSh�`rVK{���`�WU�z^�X	�
R>XfRUWUTU^%W!hKR>Xf[�RUW3s�hlQS�z^%]M��XfRUWUx��X��QS�od/`khZ`SmfW>^%nUVlQSVKWUj>X�mfp_QK^³nUg>X\d9X\u9X
t → ∞ ^�Qzy�R>Q©n>Qru>]_jUWUVK{�`rR9`vu>WUVKWUj>X�mfpUW>X�hKc�g9`ry�XfRUWUT ��²�u>T�`rR9`vu>W��
��`�W>mfn>Qru>{K��]_�«VlmoTa^�Q�d>W>|"WU}UWUg>QSh�`rRURUc�X�nUgUW>bru>WUy�XfRUWUT �/pMQSVlQSgUc�X¨nUg>X\d �
mfVr`rhSu9XfRUc³h�g9`r�fd9X\u/`vs�� �04��0/�W!� ����� ¢ �

6wg9`rhKR>XfRUW>X ;�QSpUpMXfg9`
�

Pwu/`rRUp3` �Km�QKQSVKhlXfVlmfVKhK]M�w��X�X«� ���043���l���zW>^�X�XfV�hKW3d�ª

∂

∂t
P (x, t) = − ∂

∂x

(

−∂V (x, t)

∂x
P (x, t)

)

+D
∂2

∂x2
P (x, t).

� ���043�K���

®���mfhlQSx>mfVKh�`�n>XfgUW>Q�d>WUjUR>QKmfVKW�n>QSVlXfRU}UW9`vu/`
U(x) = U(x+L)

m\u9X\d>]lXfV �
jUVlQZ`SmfW>^%nUVlQSVKWUj>X�mfp3`rT!n3u9QSVKR>QKmfVK{

Pasy(x, t)
bS]vd9XfVaVr`rpUy�Xin>XfgUW>Qzd>WUj>X	�

mfpMQSx�� 9<¤�VlQK^¥m\u>]_j9`SX�]_g9`rhKR>XfRUW>XZ� ���043�K���"m
∂Pasy/∂t = 0

R>X�QKb�s�Qzd>W>^�Q
g>Xf[�`rVK{©VlQru>{Kp_Q©hqWURUVlXfgUh�`vu9X

[0, L]
m�n>XfgUW>Qzd>WUj>X�mfpUW>^%W)��g9`rRUWUjURUc�^%W

]lm\u9QShKWUTU^%W�� ���zQ�g>Xf[�XfRUW>XkbS]�d9XfV�R>XfT3hKR>Q���`rhKW>m�XfVK{�QSV�hKg>X�^�XfRUW�j>Xfg>Xf�
y(t)

�

9�c�g9`ry�XfRUW>X	�emfVlQzT3��X�X�n>Qzd���R9`rp_QK^ nUg>QSWU��hlQzd>R>QSx¯h!nUg9`rhlQSx�j9`SmfVKW
]_g9`rhKR>XfRUWUTq� ���043�K�����

J(x, t) = − ∂V (x, t)

∂x
P (x, t) − D

∂

∂x
P (x, t),

� ���043��4l�

^�Qzy�R>Q�VKg9`rpUVlQSh�`rVK{�p_`rpan>QSVlQSpa^%��R>QShlXfRUR>QSx�hlXfg>QzT3VKR>QKmfVKW��>p_QSVlQSgUc�xaR>X
d9Qru>y�XfRk��`rhKW>m�XfVK{�QSV

x
h�`SmfW>^%nUVlQSVKWUj>X�mfpMQK^�nUg>X\d9X\u9X

J(x, t)→ Jasy(t)
�

6�^%R>Qzy�WUha]_g9`rhKR>XfRUW>X�� ���043�K���«R9`
x
W�nUg>QSWURUVlXf��gUWUg>QSh�`rhZn>Q�nUg>QKmfVKg9`rR��

mfVKhlXfRUR>QK^%]kn>XfgUW>Q�d>]��9n>Qru>]Mj9`SX�^�hKc�g9`ry�XfRUW>X¨dUu>T mfg>X\d>R>Xfx�mfpMQSg>QKmfVKW@ª

〈ẋ(t)〉L =

L
∫

0

J(x, t) dx .
� ���043�z�l�

9 `SmfW>^%nUVlQSVKWUj>X�mfp_QK^ nUgUW>bru>WUy�XfRUWUW¬W>^�X�X�^ 〈ẋ〉L = LJasy(t)
��<�`rp�W

ham\u>]_j9`SX�¤z|¨|�XfpUVr`���� �2h nUgUW>mf]MVlmfVKhKWUW�n>XfgUW>Qzd>WUj>X�mfpMQS�zQZhlQS�fd9Xfx>mfVKhKWUT
mfg>X\d>RU�w� mfp_QSg>QKmfVK{)R>X�QKb�s�Qzd>W>^�Q¥]lmfg>X\d>RUWUVK{)n>Q¯Qzd>R>QK^%]³n>XfgUW>Qzd>]��]9
nUg>QSVKWUhlQSn>Qru9Qzy�R>QKmfVK{�¤�VlQK^%]��SdUu>T�mfVlQzsM`SmfVKWUj>X�mfpMQS�zQ�mfVr`r}UW>QSR9`rgUR>QS�zQ

y(t)
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`SmfW>^%nUVlQSVKWUj>X�mfpUW>X«��R9`�j>XfRUWUT�R>X���`rhKW>moT3V¨QSV�hKg>X�^�XfRUW��KR>Q�d9Qru>y�RUc bSc�VK{
]lmfg>X\d>R>XfRUc¥n>QimfVr`r}UW>QSR9`rgUR>QSx�n3u9QSVKR>QKmfVKW�hlQS�fd9Xfx>mfVKhKWUT �
�wmfW>^%nUVlQSVKWUj>X�mfpMQKXGg>Xf[�XfRUW>X 6`;�P � ���043�K������p_QSVlQSg>QKX©mfnUg9`rhlX\dUu>WUhlQ

nUgUW�^�X\dUu9XfRUR>QK^¡WU�z^�XfR>XfRUWUW
y(t)

�UW>^�X�XfV�hKW3dq���\�'ª

Pasy(x, y) = P 0(x, y)



C(y)− Jasy(y)

D

x
∫

0

dx′
1

P 0(x′, y)





� ���043�f¢M�

nUgUW
P 0(x, y) = exp[−Φ(x, y)]

���°d9X
Φ(x, t) = V (x, y)/D

��P"QSVlQSpUW
Jasy(y)

W
C(y)

T3hSu>T3�wVlm°T¬pMQSR>mfVS`rRUVr`S^%W��wn>Qru>]_j9`SX�^%c�^%W¥h�g>Xf��]vu>{�VS` �
VlX�WURUVlXf��gUWUg>QSh�`rRUWUT�n>Q�nUg>QKmfVKg9`rR>mfVKhlXfRUR>QSxkn>Xfg>X�^�XfRUR>QSx�h�`vd>W9`Sbl`rVKWUj>X	�
mfpMQK^¥nUgUW>bru>WUy�XfRUWUWG^�X\dUu9XfRUR>QS�zQaWU�z^�XfR>XfRUWUT

y
� ��QKQSVKR>QS[�XfRUW>X+^�Xfy�d>]

RUW>^%W�m\u9X\d>]lXfV+WU�"n>XfgUW>Q�d>WUj>X�mfpMQS�zQ���g9`rRUWUjUR>QS�zQ+]lm\u9QShKWUT2ª

Jasy(y) = C(y)D

(

1 − P 0(0, y)

P 0(L, y)

) (∫ L

0
dx

1

P 0(x, y)

)−1

.
� ���043�z¦l�

P�gUWURUW>^
`rTahlQ�hKRUW>^
`rRUW>X�R>QSg>^%WUg>QShKpU]��
C(y)

X�mfVK{

C(y) =

(∫ L

0
dxP 0(x, y)

∫ x+L

x
dx′

1

P 0(x′, y)

)−1 ∫ L

0
dx

1

P 0(x, y)
.

� ���043��/l�
P"QKm\u9X
m�QKQSVKhlXfVlmfVKhK]_�«��Xfx¨n>Qzd9mfVr`rR>QShKpUW�W"nUg>QShlX\d9XfRUWUT�R>Xfp_QSVlQSgUces�R>X�m\u9Qzy �
RUces�nUg>X�QKbSg9`r�zQSh�`rRUWUx���n>Qru>]Mj9`SX�^�hKc�g9`ry�XfRUW>XedUu>T�mfg>X\d>R>Xfxi`SmfW>^%nUVlQSVKW��
j>X�mfpMQSx�mfpMQSg>QKmfVKW©�04r¢D2v�'ª

〈ẋ(y)〉L
LD

=

(

1 − P (0, y)

P (L, y)

) (
∫ L

0
dxP 0(x, y)

∫ x+L

x
dx′

1

P 0(x′, y)

)−1

.
� ���043� �K�

£�VK]kmfpMQSg>QKmfVK{+Vr`rpUy�X¨R>X�QKb�s�Qzd>W>^�Qi]lmfg>X\d>RUWUVK{>ª

〈 〈ẋ〉L〉y =

∫

dy 〈ẋ(y)〉L ρ(y),
� ���043��1l�

�°d9X
ρ(y) �

��`vd/`rRUR>QKXig9`SmfnUg>X\d9X\u9XfRUW>X �U9�m\u>]_j9`SXin>XfgUW>Qzd>WUj>X�mfpMQS�zQ�hlQS� �
d9Xfx>mfVKhKWUT�m

y(t) = A cos(ωt+ ϕ0)
n>Qru>]_j9`SX�^�T3hKR>QKX"hKc�g9`ry�XfRUW>X

〈 〈ẋ〉L〉y =
1

2π

∫ 2π

0
dϕ0 〈ẋ(A cos(ωt+ ϕ0))〉L,

� ���043��2l�

pMQSVlQSg>QKX�h�g>Xf��]vu>{�VS`rVlX�`vd>W9`Sbl`rVKWUj>X�mfpMQS�zQ�nUgUW>bru>WUy�XfRUWUT�R>X���`rhKW>mfWUV QSV
ω
�
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9�p3`�j>X�mfVKhlX nUgUW3u9Qzy�XfRUWUTGd/`rRUR>QS�zQ�nUgUW>bru>WUy�XfRUWUTGg9`Sm�m�^�QSVKgUW>^�mfW��
mfVlX�^%]km�pU]lm�QSjUR>Q � u>WUR>XfxURUc�^�n>QSVlXfRU}UW9`vu9QK^¥����43/v�'ª

f(x) = − ∂

∂x
U(x) =

{

a1,
X�m\u>W

nL < x < nL+ x1,

−a2,
X�m\u>W

nL− x2 < x < nL,

� ���0434��l�

R9`ipMQSVlQSgU]_��d9Xfx>mfVKhK]lXfV n>XfgUW>Q�d>WUj>X�mfp_`rT!`vdUd>WUVKWUhKR9`rT�mfW3u/`+m�`S^%n3u>WUVK] �
d9QSx

A
W¯^
`vu9QSx�j9`SmfVlQSVlQSx���P"QSVlXfRU}UW9`vu¬n>QSp3`r��`rR�R9`!gUW>m �e����¦31��

U0 =
a1x1 = a2x2 �

X�mfVK{�hKc�m�QSVr`in>QSVlXfRU}UW9`vu>{KR>QS�zQ+bl`rgU{lXfg9` �
x1 + x2 = L

� 9
m\u>]_j9`SX�^
`vu9QSxZ`S^%n3u>WUVK]vd>c¥hlQS�fd9Xfx>mfVKhKWUT

max y(t)� a1a2

a2 − a1
min

(

1,
D

U0

)

,
� ���04343���

nUgUW>bru>WUy�XfRUR>Q+R9`vs�Q�d>W>^ mfg>X\d>RU�«��mfp_QSg>QKmfVK{Z���3�z�v�

〈ẋ〉 ≈ U2
0 (a2 − a1)A

2

8D2a1a2 sinh2(U0/2D)

(

U2
0

4D2 sinh2(U0/2D)
+

U0

2D tanh(U0/2D)
− 2

)

,
� ���043434l�

pMQSVlQSg9`rT�mfVKg>X�^%WUVlm°T�p�RU]vu>��p_`rp�nUgUW�hKc�m�QSp_QK^�]Mg>QShKR>X�[�]3^
` �>VS`rpZWZh
QSVlmf]_VlmfVKhKW>X�[�]_^
`��
P�gUW>^�XfgUc���`rhKW>mfW>^�QKmfVlXfx 〈ẋ〉/A2 QSV D/U0

��`rnUnUg>QSpMmfW>^%WUg>QSh�`rRURUc�X
��R9`�j>XfRUWUTU^%W m�QKQSVKhlXfVlmfVKhK]M�w��W3s WURUVlXf��g9`vu9QSh ���3�z�v����n>QSp_`r��`rRUc R9`
gUW>m �/����¦32�dUu>Tag9`r�fu>WUjURUces���R9`zj>XfRUWUx�`S^%n3u>WUVK]vd>c

A
� ;�WU��WUj>X�mfp_`rT�p_`rg��

VKWUR9`�^�XfRUTUXfVlm°T�nUgUW
A < min(a1, a2)

W
A > min(a1, a2)

�U9 n>XfgUhlQK^
m\u>]_j9`SX�^
`rp_mfW>^%]_^ZR9`Sbru>�ed/`SXfVlm°T�QSVKR>QKmfWUVlX\u>{KR>Q

D/U0
�zpMQSVlQSgUc�x�]3^�XfRU{ �

[�`SXfVlm°TGmi]_hlX\u>WUj>XfRUW>X�^�`S^%n3u>WUVK]�d>c
A
�:9eQahKVlQSg>QK^<m\u>]_j9`SXiR>QSg>^%WUg>Q �

h�`rRUR9`rT)mfg>X\d>RUT3T¬mfpMQSg>QKmfVK{¡mfVKg>X�^%WUVlmoT¬p)QSnUg>X\d9X\u9XfRUR>QK^%]�p_QSR>XfjUR>QK^%]
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〈ẋ〉/A2 � �
D/U0

�2�����
�
��	 ��������H� � �!_

�����
�
��Q � ��������� �

a1 = 1.25
W
a2 = 5

W
x1 = 0.8

W
x2 = 0.2

W
A = 0.1

�"%�)�'�� /�0 � � W A = 1�"%�)�'���/�0 � � W A = 2
�"%�)�'���/�0 � � � A = 5

�"%�)�'���/�0 � � � � ��� �

��R9`�j>XfRUWU� nUgUW
D/U0 → 0

�8pMQSVlQSg>QKX�bSceu9Q�hKc�jUW>m\u9XfR>Qqh�g9`S^%p_`vs VlX	�
QSgUWUWqd9XfVlXfg>^%WURUWUg>QSh�`rRUR>QS�zQ�hKW>bSg9`r}UW>QSRUR>QS�zQZn>Xfg>XfR>QKmz`q�04��S¦ �o������� ��P�gUW
A < 0.5

n>Qru>]_j>XfRURUc�Xe��`rhKW>mfW>^�QKmfVKW�nUg9`rpUVKWUj>X�mfpUW�m�QShKn9`vd/`r�«V�me`rnUnUg>QSp��
mfW>^
`r}UW>XfxZ^
`vu9QSx�`S^%n3u>WUVK]�d>c � ���043434l�	�

�"X�QKb�s�Qzd>W>^�Q�QSVl^�XfVKWUVK{ �ljUVlQ���`vd/`�jUWimen>XfgUW>Qzd>WUj>X�mfpUWip_`zj9`r�«��W>^%W>m°T
gU¤�VKj>XfVwn>QSVlXfRU}UW9`vu/`S^%W�bSceu>W�g>Xf[�XfRUcqjUW>m\u9XfRUR>Q��04r¢D2v�3m�n>QK^�QS��{K��^�XfVlQ �
d/`�^
`rVKgUWUjURUces�}>XfnURUces"d>g>QKbKXfx � � � � � � �
	 � � ��� 
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� �	�
��`�RUWU��pUW3skj9`SmfVlQSVS`vsajUW>m\u9XfRURUc�X¨g>Xf��]vu>{�VS`rVKc³m�QShKn9`vd/`r�wV+m¨`vd>W9`Sbl`rVKW��
j>X�mfpMQSxk`rnUnUg>QSpMmfW>^
`r}UW>Xfx��&9Gm\u>]_j9`SX�hKc�m�QSpUW3s�j9`SmfVlQSV¨hlQS��RUWUp3`r�«V�WU�z^�X	�
R>XfRUWUT�R9`rnUg9`rhSu9XfRUWUT�d>hKWUy�XfRUWUT�n>QSVlQSp_` �@p_QSVlQSgUc�X�R>X\u>{K��T�n>Qru>]_jUWUVK{ah
g9`S^%p_`vsZ`vd>W9`Sbl`rVKWUj>X�mfp_QSxZVlX�QSgUWUW��

A2B ��B�� � I ��I ��I � ��'aN �� /H$)ULOL�#�� �  � �OI ��N �� 9H")UL�L�#�� ��%�( �OI�(
9eQ�^%R>QS��W3s¬nUgUWUp3u/`vd>RUces¬��`vd/`�j9`vs¥bSW>QK|"WU��WUpUW)j9`SmfVKWU}9`Gd>hKWUy�XfVlm°T h
mfg>X\d9X�m"hKc�m�QSpMQSx�hKT3��pMQKmfVK{K� � �O`rpUW>^ QKbSg9`r�zQK^��/n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRURUc�x
m\u>]_j9`rx�nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSx�QKm�QKbS]_� h�`ry�R>QKmfVK{ �X9 g9`SbKQSVlXk�04r¢K¢S�
bSceu9Q
nUg>X\d>n>Qru9Qzy�XfR>Q��ljUVlQwnUg>QS}>X�m�m � gURU[�VlXfxUR9`

�

6%u9XfR>bKXfp3` �lW>^�Xf�w��WUx�pMQSR>Xfj��
R>QKX�hKg>X�^%T pMQSgUg>X\u>T3}UWUWaW WU��g9`r�w��WUxkg>Qru>{�hKR>Xf[�R>XfxamfW3u>c �U^�Qzy�XfV�WUR��
d>]_}UWUg>QSh�`rVK{!R9`rnUg9`rhSu9XfRUR>QKXkd>hKWUy�XfRUW>XZbSg>QS]_R>QShlmfpUW3s�j9`SmfVKWU}�� �«R9`vu>WU�
¤�VlQS�zQaWUR3d>]_}UWUg>QSh�`rRUR>QS�zQa[�]3^�QK^¯d>hKWUy�XfRUWUT�nUgUWUhlX\d9XfRqh��043/��v� ��P"Qzd>c
�
VlQzy�W>^¡R>XfpMQSVlQSgUc�X�g>Xf��]�u>{vVr`rVKc��

� bSg9`rVKW>^�m°T�pk]Mg9`rhKR>XfRUWU� �UpMQSVlQSg>QKX�QSnUW>mfc�h�`SXfVin>Xfg>X\d9X�^%n>|"WUg>QSh�`rR��
RU]_�¥d>WUR9`S^%WUpU]abSg>QS]_R>QShlmfpMQSxZj9`SmfVKWU}Uc m"bKQru>{K[�W>^�VKg>XfRUW>X�^

γ
ª
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ẋ =
1

γ

(

−V ′(x) + F + y(t) +
√

2Dξ(t)
)

.
� ���0434K�l�

9¬¤�VlQK^¡]Mg9`rhKR>XfRUWUW
y(t)

nUg>X\d9mfVr`rhSu>TUXfVk¤�p_mfn>QSR>XfRU}UW9`vu>{KR>Q pMQSgUg>X\u>W��
g>QSh�`rRURU]_�<m\u>]_j9`rxURU]_�<mfW3u>]-ª

〈y(t)y(t′)〉 = Q

τ
exp

( |t− t′|
τ

)

,
� ���0434r¢M�

τ �

X�mfVK{+hKg>X�^%TZpMQSgUg>X\u>T3}UWUW�W
Q �

WURUVlXfR>mfWUhKR>QKmfVK{khKR>Xf[�R>Xf�zQihlQS�fd9Xfx��
mfVKhKWUT �Dm�^ �2g9`r�fd9X\u¯� �04����l�	��®�RUVlXfg>X�minUg>X\d9mfVr`rhSu>T3�«V�mfg>X\d>RUT3T!mfpMQSg>QKmfVK{
〈ẋ〉 W3u>W�mfVS`r}UW>QSR9`rgURUc�x�n>QSVlQSp�hlXfg>QzT3VKR>QKmfVKW J0 = 〈ẋ〉/L �/W�X�X���`rhKW>mfW��^�QKmfVK{«QSV«n9`rg9`S^�XfVKg>QSh«W>mfVlQSjURUWUp3`«[�]3^
` �fd9Xfx>mfVKhK]_�«��Xfx�mfW3u>cqW�VKg>XfRUWUT �
<�m�Q�y�`vu9XfRUWU� �/m�QKQSVKhlXfVlmfVKhK]_�«��X�X 6`;�P<dUu>Ta^
`rgUpMQShlmfp_QSxZd>WUR9`S^%WUpUWZh
d>hK]3^�XfgUR>QK^�|¨`r�zQShlQK^³nUg>QKmfVKg9`rR>mfVKhlX!�

x, y
�¨R>X ^�Qzy�XfV!bSc�VK{�g>Xf[�XfR>QZh

T3hKR>QK^�hKW3d9X �
9 jUW>m\u9XfRUR>QK^)^�Q�d9X\u>WUg>QSh�`rRUWUWq]Mg9`rhKR>XfRUWUT¡� ���043��/l�«W�� ���043� �K��^�QS��]_V

bSc�VK{�g>Xf[�XfRUc!m%n>QK^�QS��{K��bSc�mfVKg>QS�zQ«`vu>�zQSgUWUVl^
` �vg9`r��g9`SbKQSVr`rRUR>QS�zQ+;�QSp��
m�QK^¥���f¢�� � �3�f¢ � �3�z¦v� � 6%u>]MjU[�XfRURUc�xZ^�XfVlQzd�dUu>TaQSnUg>X\d9X\u9XfRUWUT�n>QSVlQSp3`�nU] �
VlX�^�g>Xf[�XfRUWUT�6`;�P)hKc�m�QSpMQSx�g9`r�z^�XfgUR>QKmfVKWibSceu�nUg>X\dUu9Q�y�XfR ��W>mfpMXfR>QK^��
� RU�zQK^�W���`rgUVK]lm�m�XfpMQK^¡�0/�� � �3��/v� �(9q¤�VlQK^�n>Qru>]�`rR9`vu>WUVKWUj>X�mfpMQK^qnUgUW>bru>W��
y�XfRUWUW+mfVr`r}UW>QSR9`rgUR9`rT�R>Xfg9`rhKR>QShlX�mfR9`rT�n3u9QSVKR>QKmfVK{�W�n>QSVlQSp�nUg>X\d9mfVS`rhSu>T �
�wVlm°T�hZhKW3d9X�g9`r�fu9Qzy�XfRUWUTGhag�T_dGn>Q�m�QKQSVKhlXfVlmfVKhK]_�«��W>^ m�QKbKmfVKhlXfRURUc�^
|"]_RUpU}UWUTU^ � ��`rp_QKX�nUg>X\d9mfVr`rhSu9XfRUW>X�nUgUWUhlQ�d>WUV p�mfW>mfVlX�^�X�bKX�mfpMQSR>XfjUR>QS�zQ
jUW>m\u/`�`vu>�zX�bSg9`rWUj>X�mfpUW3s�]_g9`rhKR>XfRUWUx�dUu>T�`S^%n3u>WUVK]�dim�QKbKmfVKhlXfRURUcesi|"]_RUp��
}UWUx��MpMQSVlQSg9`rT�d9X�^�QSR>mfVKgUWUgU]lXfV�s�QSg>QS[�]M�)m°s�Q�d>W>^�QKmfVK{�nUgUW�X�X�nUg>X\d9mfVr`rh �
u9XfRUWUW�h�|¨QSg>^�X � ���
�

�OXf��]�u>{vVr`rVKc����3�z¦v���_n>Qru>]_j>XfRURUc�X�h�g9`S^%p3`vs+d/`rRUR>QS�zQ�nUgUW>bru>WUy�XfRUWUTam
W>mfn>Qru>{K�zQSh�`rRUW>X�^

50
m�QKbKmfVKhlXfRURUcesZ|"]_RUpU}UWUx��9mfhKW3d9XfVlX\u>{lmfVKhK]_�wV�Q�hSu>W��

T3RUWUWZn9`rg9`S^�XfVKg>QSh [�]_^
`
Q
W
τ
�9P"Qru9Q�y�W>^

F = 0
W
γ = 1

W�hKc�bKXfg>X�^
|�QSg>^%]�n>QSVlXfRU}UW9`vu/` �>nUgUWUhlX\d9XfRUR>QS�zQ+R9`�gUW>m �>����¦K¦3ª

U(x) =
1

(2π)
[sin(2πx) + 0.25 sin(4πx)] .

� ���0434K¦l�

��`�gUW>m �����0/���n>QSp3`r��`rR9`k��`rhKW>mfW>^�QKmfVK{Zmfg>X\d>R>Xfx©mfpMQSg>QKmfVKW©QSVkWURUVlXfR��
mfWUhKR>QKmfVKW�[�]3^
`�W�hKg>X�^�XfRUW�pMQSgUg>X\u>T3}UWUW��rpMQSVlQSg9`rT¨d9X�^�QSR>mfVKgUWUgU]lXfV"^
`rp��
mfW>^%]3^%c QSVKR>QKmfWUVlX\u>{KR>Q

Q
W
τ
�%P"QSVlQSp�g9`rhlXfR�RU]vu>� nUgUW�mfVKg>X�^%T3��X�^ �

m°T�p�RU]vu>� �DbKX\u>c�xZ[�]3^8��W�bKX�mfpMQSR>XfjUR>QK^ hKg>X�^�XfR9`vs�pMQSgUg>X\u>T3}UWUW��5X�m\u>W
〈y2〉 = 0

�,52`S|"WUpMmfWUg>QSh�`rh
τ
�>^�Q�y�R>Qin>Qru>]_jUWUVK{�^
`rp_mfW>^%]_^�QSVKR>QKmfWUVlX\u>{ �

R>Q"WURUVlXfR>mfWUhKR>QKmfVKW�[�]3^
`
Q
�SVS`rpip3`rp�jUg>Xf��hKc�j9`rxUR>Q�^
`vu>c�X�WibKX�mfpMQSR>Xfj��

R>Q�bKQru>{K[�W>Xw��R9`�j>XfRUWUTa`S^%n3u>WUVK]vd>c¯g9`r��gU]M[�`r�«V�m\u/`SbSc�x gU¤�VKj>XfV�n>QSVlXfR��
}UW9`vu � 9³d/`rRUR>QK^³m\u>]_j9`SX�n>QSVlQSp!R>X�WU�z^�XfRUT3XfV�mfhlQKXf�zQ�R9`rnUg9`rhSu9XfRUWUTqR9`
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�
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� � � SUT����
Q
� � �������
� � � V P

γ = 1.0
�

D = 0.1
� ���
� �

10
−2

10
0

10
2

τ
−0.005

0

0.005

0.01

=?>A@�B�CDB��DE�B � � � �
�
����� � � � ����N�����M�� ����NO����������N�� ���������
��� � � � � ����K�
�����

�
�������O_

�� � ���1����
�
�
���O������M�� � �

�
���	�������! � � � ������� � � V P

D = 0.1
W
Q = 0.2

W
F = −0.005

W
γ1 = 1.0

�
γ2 = 2.0

nUg>QSVKWUhlQSn>Qru9Qzy�R>QKX � � d>R9`rp_Qi¤�VlQ�nUg>QSW>m s�Q�d>WUV �-pMQS�od/`�n>QSVlXfRU}UW9`vu>c³W>^�X	�
�wVibKQru9X�X¨m\u9Q�y�RU]M��|�QSg>^%]��9R9`rnUgUW>^�Xfg��/m�VKg>X�^%T ;�]MgU{lX¨^�Q�d/`S^%WG�043/��v���
W3u>Wah�m\u>]_j9`SX�bKQru9X�X�m\u9Q�y�R>QS�zQihKR>Xf[�R>Xf�zQ�hlQS�fd9Xfx>mfVKhKWUT!���f¢D1 �O4K¦32 �\43/K�v� �

<"QSRUpUg>XfVKR>QSx¨nUgUWUhSu9Xfp3`rVlX\u>{KR>QSx�QKm�QKbKXfRUR>QKmfVK{K��bSg>QS]MR>QShlmfpUW3s�^
`r[�WUR
T3hSu>TUXfVlm°TaW3samfn>QKm�QKbSR>QKmfVK{+m�QSgUVKWUg>QSh�`rVK{�j9`SmfVKWU}Uc �>g9`r�fd9X\u>T3Tan>QimfVlXfn>X	�
RUW�VKg>XfRUWUTiW3u>W+^
`Sm�m�X��04K¦K¦v� �_P"Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR9`rTk^�Q�d9X\u>{�n>QS��hlQru>TUXfV
nUg>QShlX�mfVKW¥`rR9`vu>WU��hSu>WUT3RUWUT VKg>XfRUWUT ��®��z^�XfR>XfRUW>X�VKg>XfRUWUT¬^�Q�d9X\u>WUgU]lXfV
g9`r�fu>WUjURUc�X�g9`r�z^�XfgUc<j9`SmfVKWU}�n>Qi��`rpMQSRU] ��VlQSpMmz`��X�¯]_hlX\u>WUj>XfRUW>X�^¯mfVlX	�
n>XfRUW�VKg>XfRUWUT

γ
n>Q�d>hKWUy�R>QKmfVK{�j9`SmfVKWU}�]3^�XfRU{K[�`SXfVlmoT �KVr`rp�y�Xep3`rp�W�hSu>W��

T3RUW>X�bKX\u9QS�zQ+[�]3^
`��/P"XfgUhKc�x�|¨`rpUVlQSg�]3^�XfRU{K[�`SXfVkmfg>X\d>RU�w��mfpMQSg>QKmfVK{ �hKVlQSg>QSx!VS`rpUy�Xi]_^�XfRU{K[�`SXfV�mfpMQSg>QKmfVK{ZhlQk^%R>QS��W3s�QKbru/`SmfV�T_s�WU�z^�XfR>XfRUWUT
n9`rg9`S^�XfVKg>QSh �
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9eQS�z^�Qzy�R9`rTam�QSgUVKWUg>QShKp3`�j9`SmfVKWU}ag9`r��R>QS�zQ�g9`r�z^�Xfg9`k���3� ���@nUg>X\d>n>Qru/` �
�\`SXfV"R9`vu>WUjUW>X�hw]_g9`rhKR>XfRUWUW�� ���0434K�l��d9QSn>Qru>RUWUVlX\u>{KR>QSx�n>QKmfVlQ�T_RUR>QSx+mfW3u>c
F 6= 0

�5£�VS`�mfW3u/`�d9Qru>y�R9`ibSc�VK{+R9`rnUg9`rhSu9XfR9`inUg>QSVKWUh+nUg>XfW>^%]M��X�mfVKhlXfR��
R>QS�zQ«R9`rnUg9`rhSu9XfRUWUT¨n>QSVlXfRU}UW9`vu/`��SP�gUW�p_QSR>XfjURUces¨hKg>X�^�XfR9`vs¨p_QSgUg>X\u>T_}UWUW
n>QKmfVK]_n9`rVlX\u>{KR>QKX8d>hKWUy�XfRUW>X8n>Qzd/`rhSu>TUXfV«¤z|�|¨XfpUV�hKR>Xf[�R>Xf�zQ�hlQS�fd9Xfx>mfVKhKWUT
Waj9`SmfVKWU}Uc¬d>hKWUy�]_Vlm°T©Y\h��zQSgU]-Y � 9�g>X�^�XfR9`�pMQSgUg>X\u>T3}UWUW�bS]vd>]_V�g9`r�fu>WUj��
RUc�^%W�dUu>T�g9`r��R>QSx�mfVlXfn>XfRUW�VKg>XfRUWUT �rjUVlQ���R9`zjUWUV �KjUVlQ�bKQru>{K[�W>X�j9`SmfVKWU}Uc
bS]vd>]MV"m\u9X\d9QSh�`rVK{���`«hlQS�fd9Xfx>mfVKhKW>X�^��KVlQS�od/`wp_`rp�j9`SmfVKWU}Uc�^�XfRU{K[�Xf�zQ�g9`r� �
^�Xfg9`�bS]vd>]_V�d>]MWU�f`rVK{lm°T�hKhlXfg�s �-£�VKWanUg>X\d>n>Qru9Qzy�XfRUWUTZn>Qzd>VKhlXfg�y�d/`r�wVlm°T
g>Xf��]vu>{�Vr`rVS`S^%W��2n>Qru>]_j>XfRURUc�^%W�^�XfVlQzd9QK^ � ���
� 9¬QKbru/`SmfVKW

τ = 0.1
�9n>Q �

p_`r��`rRUR>QSx�mfVKg>X\u>p_QSx�R9`�gUW>m �/���0/3�	�5m\u/`SbSc�X�n>QSVlQSpUW�j9`SmfVKWU}Zg9`r�fu>WUjUR>QS�zQ
g9`r�z^�Xfg9`�W>^�Xf�wV�nUg>QSVKWUhlQSn>Qru9Q�y�RUc�X�R9`rnUg9`rhSu9XfRUWUT �

A2B ��B���*- ��(3N �� 9H"� ) ��)
��(3N � H ��%�( �OI�( �� $(3I�L ��N�)���I �� �
�
I ����(3H9NOI � �OH9I�(3L� � � � ��)

�eQru9X�X�d9XfVr`vu>{KR>QKX�QSnUW>mz`rRUW>XimfhlQSx>mfVKh�j9`SmfVKWU}q^�Qzy�R>Q�n>Qru>]MjUWUVK{�WU��W>m	�
m\u9X\d9QSh�`rRUWUx���]MjUWUVKc�h�`r�w��W3s���`rhKW>mfW>^�QKmfVK{©n>QSVlQSp3`qj9`SmfVKWU}�QSV©^
`Sm�mfc��
®"m�m\u9X\d9QSh�`rRUWUT n>Q�d9QKbSRUces nUg>QKbru9X�^���hKp3u>�wj9`rT d>WUR9`S^%WUj>X�mfpUW>X)WUR>Xfg��
}UW>QSRURUc�X¬¤z|�|¨XfpUVKc ��^�Q�y�R>Q<R9`rxUVKW VlQru>{KpMQ<h�R>X�mfp_Qru>{KpUW3s g9`SbKQSVr`vs
���3� �

�

�3434v� �
<�`rp¨bS]vd9XfV�n>QSp_`r��`rR>Q���dUu>T"WUR>XfgU}UW>QSRURUces¨n>QSVlXfRU}UW9`vu9QShwW>^�Xf�«V«^�X�mfVlQ

WU�z^�XfR>XfRUWUT�R9`rnUg9`rhSu9XfRUWUTad>hKWUy�XfRUWUT�n>QSVlQSp_`ihi��`rhKW>mfW>^�QKmfVKW�QSV�^
`Sm�mfc
j9`SmfVKWU}Uc��5P"Q�¤�VlQSxanUgUWUjUWUR>X�VS`rpUW>X�n>QSVlXfRU}UW9`vu>c³T3hSu>T_�wVlm°TkW3d9Xz`vu>{KRUc
�
^%W�dUu>T�m�QSgUVKWUg>QShKpUW�j9`SmfVKWU}�n>Q ^
`Sm�m�X�W��-m\u9X\d9QSh�`rVlX\u>{KR>Q��@]_jUWUVKc�h�`r�wV
g9`SbKQSVK])Yf^�Qru9XfpU]�u>T3gURUces�j>X\u>R>QSp_QSh9Y!���34��v� � 9�¤�VlQK^ QSVKR>QS[�XfRUWUW WUR>Xfg��
}UW>QSRURUc�x�bSg>QS]_R>QShlmfpUWUxkR>QKmfWUVlX\u>{i^�Qzy�XfV�n>Xfg>XfR>QKmfWUVK{i^
`Sm�mfWUhKRUc�xa��gU]_�
hKn>Xfg>X\dZWkR9`r��`vdZn>Q���`rg9`rR>X�X�QSnUg>X\d9X\u9XfRURUc�^�^
`rgU[�gU]_Vr`S^ �

�%`Sm�m�^�QSVKgUW>^�^�Q�d9X\u>{�WUR>XfgU}UW>QSRUR>QS�zQ�gU¤�VKj>XfVr` �_pMQSVlQSg9`rT bSceu/`¨W>m�m\u9X	�
d9QSh�`rR9`!h¡���3434v� � � bKQS��R9`zjUW>^ j>Xfg>Xf�

x
W
v
m�QKQSVKhlXfVlmfVKhlXfRUR>Q©nUg>QKmfVKg9`rR��

mfVKhlXfRURU]_� pMQKQSg�d>WUR9`rVK]!Wqmfp_QSg>QKmfVK{�j9`SmfVKWU}Uc ^
`Sm�mfc
m
�
γ �

X�mfVK{ZmfVlX	�
n>XfRU{ahKT3��pMQS�zQaVKg>XfRUWUT �X6«g9`rhKR>XfRUWUT�mfVlQzsM`SmfVKWUj>X�mfpMQSx©d>WUR9`S^%WUpUW!W>^�Xf�wV
hKW3d�ª

ẋ = v, mv̇ = −γv − U ′(x) + F + y(t) +
√

2Dξ1(t).
� ���04343/l�

y(t) �

}UhlXfVKR>QSx©R>X�m�^�Xf��XfRURUc�xq[�]_^���^�Q�d9X\u>WUgU]_�«��WUx©mfVlQzsM`SmfVKWUj>X�mfpUW>X
R>Xfg9`rhKR>QShlX�mfRUc�X�hlQS�fd9Xfx>mfVKhKWUT �

ξ1(t) �

VlXfn3u9QShKc�X�|�u>]_pUVK]�`r}UWUW¡WURUVlXfR��
mfWUhKR>QKmfVKW

D
�U®"mfn>Qru>{K��]KTaR>QSg>^%WUg>QShKpU]

t̃ =
t

t0
, x̃ =

x

x0
, ṽ =

vt0
x0

, ỹ =
yV0

x0
, V (x̃) =

U(x)

V0
, F̃ =

x0F

V0
,



� ��� ����� � �
	 ��� � �������
�
��2�����������

�
�

^�Qzy�R>Q���`rnUW>mz`rVK{�]Mg9`rhKR>XfRUWUT�d>hKWUy�XfRUWUT¬h©n>QSVlXfRU}UW9`vu9X
V
m
V (x̃) =

V (x̃ + 1)
h©bKXf��g9`r�z^�XfgUR>QSx |�QSg>^�X ��²�u>T�VlQS�zQ���jUVlQKbSc bKXf��g9`r�z^�XfgURUc�x

pMQS¤z|¨|"WU}UW>XfRUV�VKg>XfRUWUTkbSceuag9`rhlXfR!�	�_n>Qru/`r�\`SX�^
t0 = γx2

0/V0
�UP"Xfg>XfR>QSg��

^%WUg>QSh�`rRURUc�X�^
`Sm�mz`�Wkn9`rg9`S^�XfVKgUc¥[�]_^
`�W>^�Xf�wVim\u9X\d>]_�«��WUxahKW3d�ª

µ =
mV0

x2
0γ

2
, D̃ =

D

V0γ
, Q̃ =

Q

V0γ
, τ̃ =

τV0

γx2
0

.

9 g>Xf��]�u>{vVr`rVlX�]_g9`rhKR>XfRUWUT�d>hKWUy�XfRUWUT�h�bKXf��g9`r�z^�XfgUR>QSxq|�QSg>^�X���`rnUW>mfc
�
h�`r�wVlm°Tam\u9X\d>]_�«��W>^�QKbSg9`r�zQK^�ª

ẋ = v, µv̇ = −v−V ′(x)+F +y(t)+
√

2Dξ1(t), ẏ = −y
τ

+

√
2Q

τ
ξ2(t)� ���0434��K�

�E�fd9X�mf{iW d/`vu9X�X���R9`rpUWqY ỸfQSnU]lmfp_`r�wVlm°T9�	�
��`rW>bKQru>{K[�WUx)WURUVlXfg>X�m�nUg>X\d9mfVr`rhSu>T3�wV mfg>X\d>RUT3T¬mfpMQSg>QKmfVK{ 〈v〉 W3u>Wn>QSVlQSp�mfVS`r}UW>QSR9`rgUR>QSx�hlXfg>Q�T3VKR>QKmfVKW¨n>QS��gU]_y�XfRURUces¨bSg>QS]_R>QShlmfpUW3s�j9`SmfVKWU}

W X�X���`rhKW>mfW>^�QKmfVKWaQSV�n9`rg9`S^�XfVKg>QSh�[�]3^
`�W��Mh�j9`SmfVKR>QKmfVKW��_QSV�^
`Sm�mfc¯j9` �
mfVKWU}Uc�����Xf��]vu>{�VS`rVKc¡nUg>X\d9mfVS`rhSu9XfRUcGdUu>T�n>QSVlXfRU}UW9`vu/`�� ���0434K¦l�	���eg>X\sU^�Xfg��
RU]_� ^
`rgUpMQShlmfpU]_� d>WUR9`S^%WUpU]�^�Q�y�R>Q�W>m�m\u9X\d9QSh�`rVK{�R>X�mfpMQru>{KpUW>^%WZ^�XfVlQ �
d/`S^%W��_®"m�m\u9X\d9QSh�`rRUWUT+h�g9`S^%p_`vs�`vd>W9`Sbl`rVKWUj>X�mfp_QS�zQ�nUgUW>bru>WUy�XfRUWUT bSceu>W
nUg>QShlX\d9XfRUc�h g9`SbKQSVlXk���343�\�
W�n>XfgUhKc�x�hKp3u/`vd�h g9`r�fu9Qzy�XfRUW>X ∝ 1/γ

QSV �
R>QKmfWUVlX\u>{KR>Q bKQru>{K[�QS�zQiVKg>XfRUWUT�bSceu�m°d9X\u/`rRZh+g9`SbKQSVlXi���34��v� �2£�VK]�d>WUR9` �
^%WUpU]!^�Q�y�R>QZWU��]_j9`rVK{�m�n>QK^�QS��{K� ^�XfVlQ�d9QSh�`rR9`vu>WUVKWUj>X�mfpUW3sGnUgUW>bru>W��
y�XfRUWUx���Vr`rpUW3sqp_`rp!]_RUW>|"WU}UWUg>QSh�`rRUR>QKX+nUgUW>bru>WUy�XfRUW>X�}UhlXfVKR>QS�zQZ[�]3^
`
� 	

 ��� ��� ��� � � 	 ��� 
 � � ��� � � � 	 � � � � � � � � 
 � � � ���"� �	� ��W>m\u9XfRUR>Q"^
`rgUpMQShlmfp_`rT

d>WUR9`S^%WUp_`"W>m�m\u9X\d>]lXfVlm°T�u>W>bKQwnUg�TU^%c�^�pMQK^%nU{K�wVlXfgURUc�^�^�Q�d9X\u>WUg>QSh�`rRUW��
X�^G]_g9`rhKR>XfRUWUT�� ���0434��K���_u>W>bKQ�nU]_VlX�^GnUgUW>^�XfR>XfRUWUTa^�XfVlQ�d/` � ���qpkm�QKQSV �
hlXfVlmfVKhK]_�«��X�^%] 6`;�P �
��L�N�'aN ��N �� /H$)ULOL� /I � �ON�	
��N ��I�LONOI �OH9I�(3L� � � � ��)-B �O`Sm�m�^�QSV �
gUW>^!|¨QSg>^%]�u>WUg>QShKpU]�nUgUW>bru>WUy�XfRUR>QS�zQ�^
`rgUp_QShlmfpMQS�zQ�QSnUW>mz`rRUWUT�h¨QKbS��X�^
m\u>]_j9`SXaR>XfVKgUWUhKW9`vu>{KR>QSx¯R>X�^
`rgUpMQShlmfp_QSx¯d>WUR9`S^%WUpUW³���34K�v� �e£�VlQSV©^�XfVlQzd
W>m�m\u9X\d9QSh�`rRUWUT!bSceu�g9`r��g9`SbKQSVr`rR!dUu>TZn>Xfg>X\d9X�^%n>|�WUg>QSh�`rRUR>QSxqmfVlQ�sM`SmfVKW��
j>X�mfpMQSx+d>WUR9`S^%WUpUWin>QzdihlQS�fd9Xfx>mfVKhKW>X�^qnUg>QS}>X�m�mz` � gURU[�VlXfxUR9`

�

6%u9XfR>bKXfp_`
���34r¢S����pMQSVlQSgUc�x©hZQKbS��X�^¥m\u>]_j9`SXimfnUg9`rhlX\dUu>WUh�nUgUWq^
`vu>ces�W©bKQru>{K[�W3s
hKg>X�^�XfR9`vs+p_QSgUg>X\u>T3}UWUW

τ
� 6%u>]_jU[�XfRURUc�X«W�QKbKQKbS��XfRURUc�XwnUgUW>bru>WUy�XfRUWUT �

nUg>X\dUu9Qzy�XfRURUc�X�hZ���f¢�� � �34K¦v���5bSceu>W�W>mfn>Qru>{K�zQSh�`rRUc�hig9`SbKQSVS`vsq���f¢D1 �K43/��v�
dUu>T�WU��]Mj>XfRUWUT+R9`rnUg9`rhSu9XfRUR>QS�zQ�n>Xfg>XfR>QKmz`�h�nUgUW>mf]_VlmfVKhKWUWk}UhlXfVKR>QS�zQ�[�] �
^
`��

9�R9`�j9`vu9X¡R>X\u>WUR>XfxURUc�X�pMQKQSg�d>WUR9`rVKc
x, v, y

nUg>X�QKbSg9`r��]_�wVlm°T�h¬u>W��
R>XfxUR>Q�R>X�mfhKT3��`rRURUc�X�mfVlQ�sM`SmfVKWUj>X�mfpUW>X�n>Xfg>X�^�XfRURUc�X � 52`rVlX�^Zn>QKmfg>X\d9mfVKhlQK^
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g9`r�fd9X\u9XfRUWUT¬hKg>X�^�XfRURUces)^
`Smf[�VS`SbKQSh�R>QShKces¯n>Xfg>X�^�XfRURUces ��nUg>X\d>n>Qru/` �
�\`rT�`vd>W9`Sbl`rVKWUj>X�mfpMQKX�W>mfp3u>�«j>XfRUW>XkYfbSc�mfVKgUces@Y\n>Xfg>X�^�XfRURUces �2n>Qru>]_j9`r�wV
^
`rgUpMQShlmfp_QKX�QSnUW>mz`rRUW>X"VlQru>{KpMQ�dUu>TkpMQKQSgld>WUR9`rVKc

x
�

P�gUW>^�XfRUT3T�d/`rRUR>QKX�QKbKQKbS��XfRUW>X�pa� ���0434��K���SnUgUW3s�Q�d>W>^�p�Qzd>R>QK^%]�]_g9`rh �
R>XfRUWU� ¨`rRUy�XfhlXfR9`GmaW>mfVlQSjURUWUp_`S^%W)bKX\u9QS�zQ©[�]_^
`���§ZQ�y�R>Q©��`rnUW>mz`rVK{
hKc�g9`ry�XfRUWUTqdUu>T�^
`vu>ces�hKg>X�^�XfR!p_QSgUg>X\u>T3}UWUx

τ
W©Q�d>R>QShKg>X�^�XfRUR>QZdUu>T

mfW3u>{KR>QZn>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QSx©d>WUR9`S^%WUpUW
µ → ∞ �X9<WURUVlXfgUnUg>XfVS`r}UWUW

��VKg9`rVlQSR>QShKWUj9`iW>^�X�X�^�m\u9X\d>]M�w��X�X"hKc�g9`ry�XfRUW>X+���3�z¦v�'ª

ẋ =
1

g(x)

(

−V ′(x) + F +
√

2(Q+D) ξ(t)
)

,
� ���043431l�

�°d9X�|"]_RUpU}UWUT
g(x)

�U��`rhKW>m°T3��`rT�QSV�m�QKmfVlQzT3RUWUTaWa^
`Sm�mfc �9W>^�X�XfV�hKW3d

g(x) = 1 +
d

dx

τ Q [V ′(x)− F ]

(D +Q)(1 + µ/τ) + τV ′′(x)
.

� ���043432l�

®"mfn>Qru>{K��]KT¨mfVS`rR3d/`rgUVKRUc�X�^�XfVlQzd>c ���\���z^�Q�y�R>Q�hKc�jUW>m\u>WUVK{«n>QSVlQSp�mfVS` �
}UW>QSR9`rgUR>QSx�hlXfg>Q�T3VKR>QKmfVKW

J
�M²�u>T 〈v〉 = 〈ẋ〉 = J

R9`vs�Qzd>W>^

〈ẋ〉 =
L (Q+D)

[

1− exp
(

Φ(1)/(Q +D)
)]

1
∫

0

dx g(x) exp
(

− Φ(x)/(Q+D)
) x+1
∫

x
dy g(y) exp

(

Φ(y)/(Q+D)
)

.

� ���04K���l�
9¡d/`rRUR>QK^�hKc�g9`ry�XfRUWUWanUgUW>mf]_VlmfVKhK]lXfV�¤z|�|¨XfpUVKWUhKRUc�x�n>QSVlXfRU}UW9`vu �>W>^�X	�
�w��WUxahKW3d�ª

Φ(x) =

∫ x

0
g(y) [V ′(y)− F ] dy.

� ���04K�3���

9 nUg>X\d9X\u9XabKX\u9QS�zQ![�]3^
`
τ → 0

WU�q� ���043432l��m\u9X\d>]lXfV �8jUVlQ
g(x) → 1

�

��`rpUW>^¡QKbSg9`r�zQK^��Un>QSVlQSp 〈ẋ〉τ=0
mfVKg>X�^%WUVlm°T�p�RU]vu>�<m�QS�°u/`SmfR>Qa�����K� �'�343/v���

X�m\u>W
F 6= 0

R>Xf��`rhKW>mfW>^�Q�QSV�^
`Sm�mfc
µ
�%®�R9`�j>X	�%VlQ�X�mfVK{�nUgUW

0 < τ <
∞ ��n>QSVlQSp h!QKbS��X�^�m\u>]Mj9`SX�QSVzu>WUj>XfR¯QSV�RU]�u>TGdUu>T¡R>X�mfW>^�^�XfVKgUWUjURUces
n>QSVlXfRU}UW9`vu9QSh

V (x)
d/`ry�X�nUgUW

F = 0
� �«mfW>^%nUVlQSVKWUj>X�mfp_QKX�n>QShlX\d9XfRUW>X

� ���04K���l�enUgUWZ^
`vu>ces
τ
Wah�QSVlmf]_VlmfVKhKW>X�hlQS�fd9Xfx>mfVKhKWUT

F = 0
W>^�X�XfV�hKW3d

〈ẋ〉 = − τ̂2Q

A(0)(D +Q)2

∫ 1

0
V ′(y)V ′′(y)2 dy,

� ���04K�34l�

A(F ) =

1
∫

0

dx

x+1
∫

x

dy exp
(

[V (y)− V (x) + (x− y)F ]/(D +Q)
)

.
� ���04K�K�l�
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�"QSg>^%WUg>QSh�`rRUR>QKX�hKg>X�^%T"pMQSgUg>X\u>T3}UWUW
τ̂ = τ/(1+µ/τ)

n>Qru>R>QKmfVK{K��hKp3u>� �
j9`SXfV�h«m�X�b�T���`rhKW>mfW>^�QKmfVK{"QSV

µ
g>Xf��]�u>{vVr`rVS`�� ���04K���l���rn>Qru>]Mj>XfRUR>QS�zQwh�g9`S^ �

p_`vskW>mfn>Qru>{K��]lX�^�QS�zQ+nUgUW>bru>WUy�XfRUWUT �
��`!gUW>m �����0/34qmfg9`rhKRUWUh�`r�«VlmoT�g>Xf��]vu>{�VS`rVKc �en>Qru>]Mj>XfRURUc�X�mZW>mfn>Qru>{ �

�zQSh�`rRUW>X�^)QSnUW>mz`rRUR>QS�zQknUgUW>bru>WUy�XfRUWUT �@W�d/`rRURUc�X�jUW>m\u9XfRUR>QS�zQa^�Q�d9X\u>W��
g>QSh�`rRUWUTGm�QKQSVKhlXfVlmfVKhK]M�w��W3s©]Mg9`rhKR>XfRUWUx ¨`rRUy�XfhlXfR9`�� ���04343/l��dUu>Tqg9`r� �
u>WUjURUces���R9`�j>XfRUWUx

µ
�X�)]_hlX\u>WUj>XfRUW>X�^¬^
`Sm�mfc�^
`rpMmfW>^%]3^¯��g9`S|"WUp3`k`rn��

nUg>QSpMmfW>^
`r}UWUW�m°d>hKWU�\`SXfVlm°T<QSVKR>QKmfWUVlX\u>{KR>Q jUW>m\u9XfRURUces¬d/`rRURUces)h�mfVlQ �
g>QSRU]�bKQru>{K[�W3s

τ
�8§�`rp_mfW>^
`vu>{KR>QKXZ��R9`zj>XfRUW>X�n>QSVlQSp3`�h!nUgUW>bru>WUy�XfRUWUW

� � ���<R>X¨��`rhKW>mfWUV�QSV ^
`Sm�mfc h�mfW3u>]k]Mn>QK^%T3RU]_VlQSxZhKc�[�X���`rhKW>mfW>^�QKmfVKW
QSV

τ̂
�

0.1 1.0τ

0.001

0.01

0.1

<v>

�

0.1 1.0τ

0.001

0.01

0.1

<v>

�
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� �ON 	 �%N���I�LON�I"NOL�(_I  ��)�� ) �� ( ��)UI���(  ��N�� � ��� � NOL�I � �ON� 9LOL�# �
��%�( ��I�( �� $(3IML �ON�)��  9H�B P"Q�d9QKbSR>Q�pUh�`rRUVlQShlQSx¡^�X\sM`rRUWUp_Xkn>Xfg>X�|�QSg>^%] �
u>WUg>QShKp_`�mfVlQ�sM`SmfVKWUj>X�mfpMQSx¥d>WUR9`S^%WUpUW¯d/`SXfVG]�d9QKbSR>QKX�nUg>X\d9mfVr`rhSu9XfRUW>Xqm
n>QK^�QS��{K�¥WURUVlXf��g9`vu9QSh�n>Q�VKg9`SXfpUVlQSgUWUTU^¬���34���� � 9¡g9`S^%p_`vs QS��g9`rRUWUj>XfRUWUT
m\u/`SbKQS�zQ�VlXfn3u9QShlQS�zQ�[�]3^
`"n>QSVlQSp bSg>QS]MR>QShlmfpUW3s�j9`SmfVKWU}�^�Q�y�R>Q�`rnUnUg>QSp��
mfW>^%WUg>QSh�`rVK{ m�n>QK^�QS��{K��QSnUW>mz`rRUWUTamfpMQSg>QKmfVlXfx@ª

〈ẋ〉 = k+ − k−,
� ���04K�r¢M�

�°d9X
k+

�
k−
�

�

WUR3d>]M}UWUg>QSh�`rRUR9`rT�[�]3^�QK^�mfpMQSg>QKmfVK{�n>Xfg>X�mfpMQSpMQSh�h�m\u9X\d>] �
�w��]_� m�QKm�X\d>RU�w� nUg9`rhK]_� � u9XfhK]M����TU^%]��3pMQSVlQSg9`rTkW>^�X�XfV���`rhKW>mfW>^�QKmfVK{ �
n>Q�d9QKbSRU]_����`rpMQSRU] ��gUg>XfRUWU]lmz`

k± = ζ± exp−∆Φ±/D
�
∆Φ±

QSnUg>X\d9X	�
u>TUXfV!¤z|�|¨XfpUVKWUhKRUc�X�bl`rgU{lXfgUc �
R>Xf��`rhKW>moT3��W>X�QSV

D
�
x#

�

n>Qru9Q�y�XfRUW>X
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u9QSp_`vu>{KR>QS�zQ�^
`rpMmfW>^%]3^
`�n>QSVlXfRU}UW9`vu/`
V (x)− xF �3W

x+
W
x− = x+ − 1

�

n>Qru9Qzy�XfRUWUT�m�QKQSVKhlXfVlmfVKhK]_�«��W3sZm�QKm�X\d>RUW3sZ^%WURUW>^%]3^�QShkmfnUg9`rh�`�W�m\u9X	�
h�`��X9³m\u>]Mj9`SXi^
`vu>ces

τ
���3431v�
VlQSjURUc�X�g>Xf��]vu>{�VS`rVKc W>^�Xf�wV�m\u9X\d>]M�w��WUx

hKW3dq���3434v�

∆Φ±(τ) = ∆Φ
(0)
± +∆Φ

(1)
± (τ)

� ���04K�K¦l�

=
V (x#)− V (x±) + (x± − x#)F

1 +R
+ τ2 R

(1 +R)2

∫ ∞

−∞
q̈2±(t) dt

W
R = Q/D

� ;�]_RUpU}UWUW
q±(t)

m�QKQSVKhlXfVlmfVKhK]M�wV¯VKg9`SXfpUVlQSgUWUT3^ m�X\dUu9Q �
hKcesZVlQSj>Xfp��-n>Qru>]_j>XfRURUc�^¯WU��d>WUR9`S^%WUpUW�h�QSVlmf]_VlmfVKhKW>X�[�]_^
`

µq̈±(t) =
−q̇±(t) − V ′(q±(t)) + F

W m R9`�j9`vu>{KRUc�^%W�]lm\u9QShKWUT3^%W h�^
`rpMmfW>^%]3^�X	�
pMQSVlQSgUc�X+W>^�Xf�wVaW>mfj>Xf��`r�«��Xi^
`vu>]_� mfpMQSg>QKmfVK{�W�nUgUW3s�Q�d>T3V�h�Q�d>WURqWU�
hlQS�z^�Qzy�RUces�^%WURUW>^%]_^�QSh�nUgUW

t→∞ �

P�g>X�|¨`rpUVlQSgUc
ζ±

^�Qzy�R>Q�`rnUnUg>QSp_mfW>^%WUg>QSh�`rVK{ hGRU]vu9XfhlQK^ nUgUW>bru>W��
y�XfRUWUW

ζ(τ) ' ζ(τ = 0)
¤z|�|¨XfpUVKWUhKRUc�^�[�]_^�QK^

(D +Q)
���3432v� � �O`rpUW>^

QKbSg9`r�zQK^��9^�Q�y�R>Q���`rp3u>�wjUWUVK{ �>jUVlQ

〈ẋ〉 = k0
+[ exp (−∆Φ(1)

+ /D)−exp (−[∆Φ
(1)
− +LF/(1+R)]/D)],

� ���04K�3/l�
�°d9X

k0
+ = k+(τ = 0)

�ljUVlQ�m�QKQSVKhlXfVlmfVKhK]lXfV�n>Xfg>X\s�Qzd>]�j>Xfg>Xf��bl`rgU{lXfg
∆Φ

(0)
+h�nUgUW>mf]_VlmfVKhKWUWad>hK]Ms�W>mfVlQSjURUWUp_QSh+bKX\u9QS�zQ�[�]3^
`k� m�^ �@� � �043�z�l�'� �

®�RUVlXfg>X�mfR>QwQSVl^�XfVKWUVK{ �zjUVlQ
∆Φ

(1)
+ −∆Φ

(1)
−
^�Qzy�XfV�^�XfRUT3VK{«mfhlQSx���R9`rp�h

��`rhKW>mfW>^�QKmfVKWZQSV
µ
h�g>Xfy�W>^�X"^
`vu9QS�zQ���`rVK]�sM`rRUWUT � �8u9X\d9QSh�`rVlX\u>{KR>Q��9hKc
�

g9`ry�XfRUW>X�� ���04K�3/l��nUg>X\d9mfp3`r��c�h�`SXfVZWU�z^�XfR>XfRUW>X+R9`rnUg9`rhSu9XfRUWUT�d>hKWUy�XfRUWUT
n>QSVlQSp_`iR9`�QKbSg9`rVKR>QKX¨h�m\u>]Mj9`SX�m\u/`SbKQS�zQ�VKg>XfRUWUT!�

µ� 1
���UjUVlQ�n>Q�d>VKhlXfg��

y�d/`SXfVlm°T¬g>Xf��]vu>{�VS`rVr`S^%W � ��� `rR9`vu>WU��`�� � d>R9`rpMQ�WU�z^�XfR>XfRUW>X�R9`rnUg9`rh �
u9XfRUWUT�nUg>QSW>m°s�Q�d>WUVkh+g>Xfy�W>^�X�QS��g9`rRUWUj>XfRUR>QSx�d>W>|�|�]M��WUWZ¤�R>XfgU��WUW��9�od9X
� ���04K�3/l�wR>X�hKc�n>Qru>RUTUXfVlmoT!m�p_`zj>X�mfVKhlXfRUR>QSxqVlQSjUpUW���g>XfRUWUT �79³¤�VlQK^)m\u>] �
j9`SX�hlQS��RUWUp_`r�wV�dUu>WUVlX\u>{KRUc�XenUg>Q�s�Q�y�d9XfRUWUT�j>Xfg>Xf��^%R>QS�zQSjUW>m\u9XfRURUc�X�bl` �
gU{lXfgUc �-pMQSVlQSgUc�X�R>X�]_jUWUVKc�h�`r�wVlm°T�h hKc�g9`ry�XfRUWUW � ���04K�r¢M�	�79¥s�QSg>QS[�X�^
nUgUW>bru>WUy�XfRUWUW�W3s hlQS��RUWUpUR>QShlXfRUW>X�QSnUg>X\d9X\u>TUXfVlmoTZmfpMQSg>QKmfVvTU^%W

k±
Wa��` �

hKW>mfWUV�QSVZ`SmfW>^�^�XfVKgUWUWGgU¤�VKj>XfV�n>QSVlXfRU}UW9`vu/`��
£�VlQSVZ|¨`rpUVZ^�Qzy�R>Q�bSceu9Q
bSc�g9`Sm�m�^
`rVKgUWUh�`rVK{�hap_`zj>X�mfVKhlXiWUR3d>WUp3`rVlQSg9`aWU�z^�XfR>XfRUWUT!R9`rnUg9`rhSu9XfRUWUT
d>hKWUy�XfRUWUT�n>QSVlQSp_`�� �OXf��]�u>{vVr`rVKc �-n>Qru>]_j>XfRURUc�X�m�n>QK^�QS��{K��^�XfVlQ�d/`+WUR��
VlXf��g9`vu/`«d>hKWUy�XfRUWUT�� ���04K�3/l���Kmfg9`rhKRUWUh�`vu>W>mf{�m8jUW>m\u9XfRURUc�^%W�d/`rRURUc�^%W�R9`
gUW>m �����0/34��3<�g>QK^�X�`SbKm�Qru>�wVKR>QS�zQ"��R9`�j>XfRUWUT�n>QSVlQSp3` �KpMQSVlQSg>QKX�VlQSjUR>X�X�hKc
�
jUW>m\u>TUXfVlm°TGm�n>QK^�QS��{K� � � � � �2hlX\u>WUjUWUR9`�mfg>X\d>R>Xf�zQ�n>QSVlQSp3`�m°s�Q�d>WUVlm°T
hKn>Qru>R>X"]vd9QShSu9XfVKhlQSgUWUVlX\u>{KR>QihKn3u9QSVK{�d9Q���R9`�j>XfRUWUx

τ = 0.5
� <�`zj>X�mfVKhlXfR��

R>Q!QSnUW>mfc�h�`r�wVlm°T¯m d>hKWU��QSVKR>QKmfWUVlX\u>{KR>Q
τ
W¡WU�z^�XfR>XfRUW>X�^
`rpMmfW>^%]3^
`©m

]_hlX\u>WUj>XfRUW>X�^�WUR>XfgU}UW>QSRUR>QKmfVKW
µ
�
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� L�)���N � � �� ��� � � � �wI�(  � ) ��)
( ��N��OL�# � ��I ��L�# � � �� 	9I ���������	�zB
��`�n>XfgUhlQK^�[�`r�zX�h � ����`rR9`vu>WU�zX"mfVr`r}UW>QSR9`rgUR9`rT�n3u9QSVKR>QKmfVK{

P (x, v, y)nUg>X\d9mfVr`rhSu>TUXfVlmoTkh�hKW3d9X«g9`r�fu9Qzy�XfRUWUT�R9`�£�g>^%WUVlQShKc¬|"]_RUpU}UWUW+n>Q
v
W
yW ;�]_gU{lX	�'^�Q�d>c n>Q�pMQKQSgld>WUR9`rVlX

x
�3Wk��`rVlX�^�g>Xf[�`r�wVlm°T�`vu>�zX�bSg9`rWUj>X�mfpUW>X

]_g9`rhKR>XfRUWUT�QSVKR>QKmfWUVlX\u>{KR>Qk`S^%n3u>WUVK]vd � ��QSjURUc�X���R9`zj>XfRUWUTZn>QSVlQSp_QSh �-hKc
�
jUW>m\u9XfRURUc�X�dUu>T�d>hK]Ms���R9`zj>XfRUWUx

Q
�rnUgUWUhlX\d9XfRUc�R9`wgUW>m �����0/K� �S�od9X���R9`�j>X	�

RUWUTiWURUVlXfR>mfWUhKR>QKmfVKW
Q
hKc�bSWUg9`vu>W>mf{�^�XfRU{K[�X«W�bKQru>{K[�XwWURUVlXfR>mfWUhKR>QKmfVKW

bKX\u9QS�zQ�[�]3^
`
D
�
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1
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τ
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0.004

0.008

0.012
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� ����K�
�����
�
���������! � ��� P � ��� Q/D < 1

��� �
� Q/D > 1
W�M ���

Q
�

D
� ��� � ���������	����� � �

� � �L	�� � � �������
�
��Q � ���KS ���OQ ����� V � ����� � �����,G�����S � �OQ���� � �
�����!H��

�
� � �����UH�������M��XS�T����

� � ��� ��� � �

<"QSR>XfjUR9`rT�WUR>XfgU}UW>QSRUR>QKmfVK{�nUgUWUhlQ�d>WUV�p!m\u9Q�y�R>QK^%]�n>QShlX\d9XfRUWU� n>Q �
VlQSp_` ��jUVlQ�^�Qzy�R>Q¨]lmfVr`rR>QShKWUVK{�WU��hlm�X\s�n>QKm\u9X\d>]M�w��W3s�gUW>mf]_RUpMQSh �MP"QSVlQSp
mfVKg>X�^%WUVlm°T�p¡RU]vu>� nUgUW

µ → ∞ �8Vr`rp�y�Xap3`rp W hqm\u>]_j9`SXZ^
`vu>ces�W
bKQru>{K[�W3s

τ
� ��`�jUWUR9`rT�m�R>X�bKQru>{K[�W3sZ��R9`�j>XfRUWUx

µ
�/hkQSnUg>X\d9X\u9XfRUR>QSx©QKb �

u/`SmfVKW���R9`�j>XfRUWUx
τ
^�Qzy�R>Q�R9`Sbru>�ed/`rVK{"R>QShlQKXeR>X�Q�y�W3d/`rRUR>QKX�]MhlX\u>WUj>XfRUW>X

n>QSVlQSp_`�h���`rhKW>mfW>^�QKmfVKWkQSV
µ
�D9eQS��RUWUp_`SXfV��ou9QKbl`vu>{KRUc�xk^
`rpMmfW>^%]3^©QSVKR>Q �

mfWUVlX\u>{KR>Q
µ
W
τ
nUgUWqp_QSR>XfjUR>QSx©^
`Sm�m�X	��n>QzT3hSu9XfRUW>X�pMQSVlQSg>QS�zQ�R>X�nUg>X\d �

mfp_`r��c�h�`vu9QKmf{�h�g9`S^%p3`vsa`rR9`vu>WUVKWUj>X�mfpUW3sanUgUW>bru>WUy�XfRUWUx��
²�`vu>{KR>XfxU[�X�X�]_hlX\u>WUj>XfRUW>X

µ ≈ 0.1
nUgUWUhlQzd>WUV�p�bSc�mfVKg>QK^%]�]_^�XfRU{K[�X	�

RUWU�¥n>QSVlQSp3`��UP�gUW ��`vd/`rRUR>QK^
µ
^
`rp_mfW>^%]_^�QSVKR>QKmfWUVlX\u>{KR>Q

τ
m d>hKWU�f`SXfVlm°T

h�mfVlQSg>QSRU]�bKQru>{K[�W3s���R9`�j>XfRUWUx��vjUVlQ�m�QS�ou/`Smf]lXfVlm°T�m�d>hK]_^%T�W>mfn>Qru>{K��]lX�^%c
�
^%W nUgUW>bru>WUy�XfRUWUTU^%W��9P"Qzd9QKbSR>QKX�g>Xf��pMQKX�]3^�XfRU{K[�XfRUW>X�n>QSVlQSp3`�n>QSRUT3VKR>Q �
9�u>WUT3RUW>X�|�u>]MpUVK]�`r}UWUx�W�hKR>Xf[�RUW3s�mfW3u�QKm\u/`SbKXfh�`SXfV �MX�m\u>W�j9`SmfVKWU}Uc�W>^�X	�
�wV�bKQru>{K[�]_�³^
`Sm�mf]��,� ]MhlX\u>WUj>XfRUW>X�^�^
`Sm�mfc)d>hKWUy�XfRUW>X�j9`SmfVKWU}���`S^�X\d �
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u>TUXfVlm°T �/£�VlQ�^�Qzy�XfV�pMQK^%n>XfR>mfWUg>QSh�`rVK{lmoTZbKQru>{K[�W>^G��R9`�j>XfRUW>X�^¡hKg>X�^�XfRUW
pMQSgUg>X\u>T3}UWUW

τ
�3jUVlQ�QKb��2TUmfRUT3XfV+m d>hKWU��^
`rp_mfW>^%]_^
`��
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�����

�
�������O_

�� � ���
τ
� � �	� � ���5������� N����K�������� µ

� �����
�
����Y

�
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��� � �
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��W � �
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9)m\u>]_j9`SX�QSj>XfRU{ ^
`vu9QS�zQ+VKg>XfRUWUT�nUgUW�nUg>QSWU��hlQru>{KRUces
R
hlQS��RUWUp3`r�«V

QSVKgUWU}9`rVlX\u>{KRUc�X�mfp_QSg>QKmfVKW)nUgUW¬mfg>X\d>RUW3s ��R9`�j>XfRUWUT_s
τ
��²�u>T¯mfg>X\d>RUW3s

��R9`�j>XfRUWUx
µ
mfp_QSg>QKmfVK{¨d>h�`ry�d>c�^�XfRUT3XfV�mfhlQKX�R9`rnUg9`rhSu9XfRUW>X«R9`�QKbSg9`rVKR>QKX

h���`rhKW>mfW>^�QKmfVKW�QSV�hKg>X�^�XfRUW¡p_QSgUg>X\u>T_}UWUW<�Dm�^ ��gUW>m �8���0/r¢�`l� � � VKgUWU}9` �
VlX\u>{KRUc�XZn>QSVlQSpUW R9`Sbru>�ed/`r�wVlm°T h!pMQSR>XfjUR>QK^�WURUVlXfgUh�`vu9XZ��R9`�j>XfRUWUx

τ
�

P�gUWGbKQru>{K[�W3s
µ
nUg>QSW>m°s�Q�d>WUV�X\d>WUR>mfVKhlXfRUR>QKX�WU�z^�XfR>XfRUW>XiR9`rnUg9`rhSu9XfRUWUT

n>QSVlQSp_`¯�EgUW>m �e���0/r¢lb��	� �"Q!WU��gUW>m �e���0/K¦�R>X�^�X\dUu9XfRUR>QGm\u9X\d>]lXfV ��jUVlQG`Sb �
m�Qru>�wVKRUc�X ��R9`�j>XfRUWUT�g>XfhlXfg>mfWUhKRUces�n>QSVlQSpMQSh�R9`S^%R>QS�zQ�^�XfRU{K[�X	�Oj>X�^<h
m\u>]_j9`SX�^
`rpMmfW>^
`vu>{KR>QS�zQ�n>QSVlQSp_`�nUgUW�^
`vu9QSx�^
`Sm�m�X �
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®��z^�XfR>XfRUW>XwR9`rnUg9`rhSu9XfRUWUTid>hKWUy�XfRUWUT+n>QSVlQSp3`�h�m\u>]Mj9`SXwm\u/`SbKQS�zQ�VKg>X	�
RUWUT�bSceu9Q�n>Q�d>VKhlXfg�y�d9XfR>Q¨jUW>m\u9XfRURUc�^�^�Q�d9X\u>WUg>QSh�`rRUW>X�^ ���3434v� �39�g>X�^�XfR��
RUc�Xag>Xz`vu>WU��`r}UWUW¡dUu>T�d>hK]MsGQSV�d9X\u>{KRUces¡VKg9`SXfpUVlQSgUWUx�d9X�^�QSR>mfVKgUWUgU]_�«V
¤z|�|�XfpUV mfW3u>{KR>QSx WUR>XfgU}UWUW �EgUW>m �«���0/K¦Sb��	� 9 m\u>]_j9`SX!m\u/`SbKQS�zQ VKg>XfRUWUT
^�Qzy�R>QZg9`r�fd9X\u>WUVK{Zd>h�`kVKWUn9`am�QKmfVlQ�T3RUWUx@ªeYfbKXf��]_��W>Xim�QKmfVlQzT3RUWUT@Y\W¬Y\��` �
s3h�`�j>XfRURUc�X�m�QKmfVlQzT3RUWUT@Y � �"Q���p_`rp¬bSceu9QqnUg>QShlXfg>XfR>QGjUW>m\u9XfRUR>QGW n>Qzd �
VKhlXfg�y�d9XfR>Q�^�XfVlQzd9QK^GWURUVlXf��g9`vu9QSh�d>hKWUy�XfRUWUT �3WU�z^�XfR>XfRUW>XwR9`rnUg9`rhSu9XfRUWUT
nUg>QSW>m s�Qzd>WUV!WU� � ��`�`SmfW>^�^�XfVKgUWUW�n>QSVlXfRU}UW9`vu/`��8£�VlQ�hKc�g9`ry�`SXfVlmoT�j>Xfg>Xf�
QKbSg9`rVKRU]_� g9`r��R>QKmfVK{amfpMQSg>QKmfVlXfx

k+
W
k−

dUu>TZn>Xfg>X\s�Qzd9QShkWU����`vs3h�`�j>XfR��
R>QS�zQ�m�QKmfVlQ�T_RUWUT�h�u9XfhlQ �8W3u>WknUg9`rhlQKbKXf��]_��X�X�m�QKmfVlQzT3RUW>X �

A2B ��B�� � H�� �«I ��L�#�� ��%�( �OI�(
�eQru>{K[�WUR>mfVKhlQ¡VlX�QSg>XfVKWUj>X�mfpUW3s)^�Q�d9X\u9Xfx¥n>QSVlXfRU}UW9`vu/`�g9`Sm�m�^
`rVKgUWUh�`r�«V
m\u>]_j9`rW�Qzd>R>QK^�XfgURUces�n>XfgUW>Qzd>WUj>X�mfpUW3s�mfVKgU]_pUVK]Mg��,9¬VS`rpUW3sZ��`vd/`�j9`vs���` �
hKW>m°T3��W>X¨QSV�hKg>X�^�XfRUW�mfW3u>c¥R9`rnUg9`rhSu9XfRUc n9`rg9`vuUu9X\u>{KR>Q�d>hKWUy�XfRUWU��WUR��
d>]_}UWUg>QSh�`rRURUces!n>QSVlQSpMQSh ��� d>gU]_�zQSxqmfVlQSg>QSRUc �ObKQru>{K[�WUR>mfVKhlQZ¤�pMmfn>XfgUW��
^�XfRUVlQSh¯n>Q¡n>Xfg>XfR>QKmf]¥h nUW3u9QKQKbSg9`r��RUces³n>QSVlXfRU}UW9`vu/`vs W>^�Xf�wV¡d9X\u9Q�m
d>hK]3^�XfgURUc�^%W���`vd/`zj9`S^%W��
��`rnUgUW>^�Xfg��_h��04323/ � 432�� � ���3�\�@R9`Sbru>�ed/`vu9QKmf{�R9` �
nUg9`rhSu9XfRUR>QKX�d>hKWUy�XfRUW>X�j9`SmfVKWU}kh�d>hK]_^�XfgUR>QSxamfVKgU]_pUVK]_g>X�nUg>XfnUT_VlmfVKhKWUx��
pMQSVlQSg9`rT�W>^�X\u/`�hKW3d©Y\g>Qzy�d9X�mfVKhlXfR>mfp_QSx�X\u>W�Y �

� bKQKmfR>QSh�`rRUW>X�^ dUu>T�n>QKmfVKg>QKXfRUWUT¯Vr`rpUW3s�mfW>mfVlX�^ T3hSu>TUXfVlm°T�R>X�QKb�s�Q �
d>W>^�QKmfVK{�h�¤z|�|¨XfpUVKWUhKR>QSx�^�XfVlQ�d>WUpMXadUu>T�m�QSgUVKWUg>QShKpUW¡^
`rpUg>QK^�Qru9XfpU]�u
�04����

�

4���2 ���K��� ���K�3�\� �S��ceu9Q«QKbSR9`rgU]My�XfR>Q��rjUVlQ�h�nUgUW>mf]_VlmfVKhKWUW�n>QK^�X\s ��W>^�X	�
�w��W3sa�zX�QK^�XfVKgUWU��h+|�QSg>^�X�gU¤�VKj>XfV+n>QSVlXfRU}UW9`vu/` �5h+d>hK]_^�XfgURUces�mfW>mfVlX	�
^
`vsim�n>QKmfVlQ�T3RURUc�^%W mfW3u/`S^%W ^�Qzy�XfV�hlQS��RUWUpURU]MVK{�n>Xfg>XfR>QKm«QSgUVlQS�zQSR9`vu>{ �
R>QkR9`rnUg9`rhSu9XfRUWU� d9Xfx>mfVKhK]_�«��Xfx!mfW3u>c��@�eQru9X�X�VlQS�zQ��@X�m\u>W�|¨QSg>^
`�nUg>X	�
nUT3VlmfVKhKWUx¡mfW>^�^�XfVKgUWUjUR9`�h�R9`rnUg9`rhSu9XfRUWUW�d9Xfx>mfVKhK]_�«��Xfx�mfW3u>c �OVlQ�WUR��
d>]_}UWUg>QSh�`rRURUc�xZn>QSVlQSp�T3hSu>T3XfVlmoTaj>XfVKR>QSxZ|�]MRUpU}UW>XfxZhKR>Xf[�R>Xf�zQihlQS�fd9Xfx��
mfVKhKWUTk���K�3�\� �v²�`rRUR9`rT�QKm�QKbKXfRUR>QKmfVK{�d9X\u/`SXfV"¤�VlQSV"¤z|�|�XfpUV�bKQru9X�XeWURUVlXfg>X�m	�
RUc�^¬dUu>T�nUg9`rpUVKWUj>X�mfpUW3sqnUgUW3u9Qzy�XfRUWUx��OVS`rp!p_`rpqn>QSVlQSp�R>X���`rhKW>mfWUV�QSV
R9`rnUg9`rhSu9XfRUWUT©hKR>Xf[�R>XfxGmfW3u>c ��W©n>QS¤�VlQK^%]!^�Q�y�XfV�bSc�VK{ZW>mfn>Qru>{K�zQSh�`rR>Q
n>XfgUW>Q�d>WUj>X�mfp_QKX�hlQS�fd9Xfx>mfVKhKW>Xi���K���v� �

� L � � �ON �� /H$)ULOL� /I � � �� � �
H9N���IML�NOI�� ( ��)UL���H9I�����)�� �9L� 9I �
I � 	
��(3H � � ��I ����N ��I>B �%`Sm�m�^�QSVKgUW>^¯m\u9X\d>]M�w��]M��|"WU��WUj>X�mfpU]_��mfWUVK]�`r}UWU�
���K�34v�'ª_mfW>^�^�XfVKgUWUT�d>hK]_^�XfgUR>QS�zQ�nUW3u9QKQKbSg9`r��R>QS�zQ�n>QSVlXfRU}UW9`vu/`�R9`rgU]_[�`SXfV �
m°T+h¨R9`rnUg9`rhSu9XfRUWUW pMQKQSg�d>WUR9`rVKc

x
��P"QKmfVlQ�T3RUR>QKXwQSVKp3u9QSR>XfRUW>X«d9Xfx>mfVKhK]lXfV

h�R9`rnUg9`rhSu9XfRUWUW
y
W+hlX\d9XfV�mfW>mfVlX�^%]�h�R>Xfg9`rhKR>QShlX�mfR>QKX"m�QKmfVlQ�T3RUW>X �_P�g>X\d �

n>Qru/`r�\`r�wVlm°TZn>XfgUW>Q�d>WUj>X�mfpUW>X���g9`rRUWUjURUc�X�]lm\u9QShKWUTkn>Q
x
W
y
�



��� ��� � ��T � ����� � �
��� V Q`SUT��
��� � ���
��������� � � � �

0 0.5 1 1.5 2

x0

0.5

1

1.5

y

0.5

1

V(x,y)

=?>A@�B CDB�� �DB � ��T�������� V Q ��� � ��� � �����
V (x, y)

�����
A = 0.3

W
L = 1

W
F = 0

�
k = 0.8

P"QSVlXfRU}UW9`vu
V (x, y)

�MpMQSVlQSgUc�xk]vd9QShSu9XfVKhlQSg�TUXfV�R9`r[�W>^qVKg>X�bKQSh�`rRUWUTU^
hiWURUVlXfgUh�`vu/`vs

x ∈ [0, 1]
�
y ∈ [0, L]

�/n>QSp_`r��`rR�R9`�gUW>m �/���0/3/�� 9¬hKc�jUW>m\u9X	�
RUWUT_s�n>QSVlXfRU}UW9`vuknUg>X\d9mfVr`rhSu>TUXfVlm°T h¨T3hKR>QK^qhKW3d9X�m\u9X\d>]_�«��W>^©QKbSg9`r�zQK^�ª

V (x, y) = V0(x, y)− F y = {1−A sin(2πy/L)}U(x)− F y. � ���04K���K�

U(x)
QKbKQS��R9`zj9`SXfV�Q�d>R>QK^�XfgURUc�xkpU]lm�QSjUR>Q � u>WUR>XfxURUc�xanUW3u9QKQKbSg9`r��RUc�xan>Q �

VlXfRU}UW9`vu�X\d>WURUWUjUR>QSx hKc�m�QSVKc mkn9`rg9`S^�XfVKg>QK^ `SmfW>^�^�XfVKgUWUW
k ∈ (0, 1) �X�m\u>W

k = 1/2
�2VlQ

U(x) �

mfW>^�^�XfVKgUWUjURUc�x��
U(x)

n>XfgUW>Qzd>WUj>X�mfpUWq^�Qzd>] �
u>WUgU]lXfVlm°T+h

y
R9`rnUg9`rhSu9XfRUWUW�m�`S^%n3u>WUVK]vd9QSx

A
� "WUR>XfxURUc�x�j3u9XfR+QSVKhlXfj9` �

XfV���`"n>QKmfVlQzT3RUR>QKX"QSVKp3u9QSR>XfRUW>X	�_pMQSVlQSg>QKXw]_hlQ�d>WUV�mfW>mfVlX�^%]iQSV�m�QKmfVlQ�T3RUWUT
g9`rhKR>QShlX�mfWUT �
²¨WUR9`S^%WUp_`GQSnUW>mfc�h�`SXfVlmoT¬mfW>mfVlX�^�QSx d>hK]Ms¡Q�d>R>QK^�XfgURUces¯]_g9`rhKR>XfRUWUx

¨`rRUy�XfhlXfR9`

ẋ = fx(x, y) +
√

2Dξx(t), ẏ = fy(x, y) +
√

2Dξy(t).
� ���04K�31l�

m�R>Xf��`rhKW>mfW>^%c�^%W�W>mfVlQSjURUWUp3`S^%WZ�f`�]lm�m�QShlmfp_QS�zQ+bKX\u9QS�zQ�[�]3^
`
ξi
�
fi(x, y)��`vd/`r�wV¨mfW3u9QShKc�X�n>Qru>T �lQKbS]lm\u9QShSu9XfRURUc�X�n>QSVlXfRU}UW9`vu9QK^�� ���04K���K�	��®���¤�VKW3s

]_g9`rhKR>XfRUWUxa^�Qzy�R>Q�mfg9`r��]in>Qru>]_jUWUVK{�d>hK]_^�XfgUR>QKX�]_g9`rhKR>XfRUW>X ��^�Qru>]Ms�QSh �
mfpMQS�zQ��/QSnUW>mfc�h�`r�«��X�X�¤�hlQru>�w}UWU�<n3u9QSVKR>QKmfVKWahlXfg>QzT3VKR>QKmfVKW

p(x, y, t)
�

9 `SmfW>^%nUVlQSVKWUj>X�mfpMQK^ m\u>]_j9`SX�W m�n>XfgUW>Q�d>WUj>X�mfpUW>^%W ��g9`rRUWUjURUc�^%W
]lm\u9QShKWUTU^%W

ps(x, y) = p0(x + 1, y) , ps(x, y) = ps(x, y + L)
]_g9`rhKR>X	�

RUW>X ��^�Qru>]�s�QShlmfp_QS�zQ�g>Xf[�`SXfVlm°T©jUW>m\u9XfRUR>Q�m+n>QK^�QS��{K��^�XfVlQ�d/`�pMQSR>Xfj��
RUces"¤fu9X�^�XfRUVlQSh����K�34 � �K�K�v� ����VS`r}UW>QSR9`rgUR9`rT¨n3u9QSVKR>QKmfVK{

ps(x, y)
m�Q�d9XfgMy�WUV

hlmf��WUR>|�QSg>^
`r}UWU� �lR>X�QKb�s�Q�d>W>^%]_�¯dUu>T�QSnUg>X\d9X\u9XfRUWUT�n>QSVlQSpMQSh�mfW>mfVlX�^%c �
h�j9`SmfVKR>QKmfVKW@ª

Jx(x, y) = fx(x, y)p
s(x, y)−Dx

∂

∂x
ps(x, y),

Jy(x, y) = fy(x, y)P
0(x, y)−Dy

∂

∂y
P 0(x, y).

� ���04K�32l�
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9�c�jUW>m\u>WUh�mfg>X\d>RU�w��mfpMQSg>QKmfVK{ 〈vx〉
�2^�Q�y�R>QaQS}>XfRUWUVK{aQKbS��WUx�n>Xfg>X	�

R>QKm���`iQzd>WUR�n>XfgUW>Q�d�h�R9`rnUg9`rhSu9XfRUWUW�pMQKQSgld>WUR9`rVKc
x
� 6wjUWUVKc�h�`rTZ]lm\u9Q �

hKW>X�R>QSg>^%WUg>QShKpUW��2mfg>X\d>RU�w� mfp_QSg>QKmfVK{a^�Qzy�R>QkhKc�g9`r��WUVK{kj>Xfg>Xf��QKbS��WUx
n>QSVlQSpZm\u9X\d>]_�w��W>^�QKbSg9`r�zQK^�ª

〈vx〉 = J tot
x =

∫ 1

0

∫ L

0
Jx(x, y)dxdy.

� ���04r¢��l�

� Vzu>WUjURUc�xGQSVaRU]vu>T�R9`rp3u9QSR
F 6= 0

WUR3d>]M}UWUgU]lXfVZ]lmfg>X\d>R>XfRURUc�X+n>Q �
VlQSpUW¯h©mfW>mfVlX�^�X � ��`rgMT_d>] m�Qzy�W3d/`SX�^%c�^ n>QSVlQSp_QK^ hqR9`rnUg9`rhSu9XfRUWUW

yhlQS��RUWUp_`SXfV�Vr`rpUy�Xin>QSVlQSpqhkR9`rnUg9`rhSu9XfRUWUW
x
�X9eXfpUVlQSgUR>QKX�n>Qru9X�n3u9QSVKR>Q �

mfVKW�hlXfg>QzT3VKR>QKmfVKW+n>QSVlQSp_`wWU�zQKbSg9`ry�XfR>Q¨R9`«gUW>m �l���0/������`rnUg9`rhSu9XfRUWUT�d>hKW��
y�XfRUWUT�n>QSVlQSp_`+R9`�hlm�XfxZn3u9QKmfp_QKmfVKW

[0, 1] × [0, L]
n>QSp3`r��`rRUc�mfVKg>X\u>p_`S^%W

X\d>WURUWUjUR>QSxZdUu>WURUc�� 9�W3d>R>Q��UjUVlQ�pMQK^%n>QSR>XfRUVS`+n>Q
x
u9QSp_`vu>{KR>QS�zQin>QSVlQSp_`

nUgUWURUW>^
`SXfVin>Qru9Q�y�WUVlX\u>{KRUc�X�WaQSVKgUWU}9`rVlX\u>{KRUc�X¨��R9`zj>XfRUWUT �
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[Jx(x, y), Jy(x, y)]
� � & ) 4 ,�%�' �

,�'�$�'�'2���
�
��N V ���Z � ��� ����������������� ��� � �

�
��W

�
� � ��� V Q T ������� � �
����  ���� � � �^ ��� � ���!_

� ��� ���J� H��KN����
�
���
��� � � ��� � N�� � ��� ������ ��� � � T�N���1�����

D = 0.2
W
A = 0.8

W
L = 1

W
F = 5

�
k = 0.8 	 � �	� ������� � V � ���

�
� ��Y � V � ��� � �

�
� � �5��� � �O��� ��� �

Dx = 0.3
�

Dy = 0.01
�
F = 1

W
L = 1

W
k = 0.8

�
A = 0.8

� mfR>QShKR>QSxGhKp3u/`vdqh�QKbS��WUxqn>QSVlQSpqhKR>QKmfWUV�n>QSVlQSp���nUg>Q�s�Q�d>T3��WUx�j>X	�
g>Xf�km�X\dUu9QShK]M� VlQSjUpU]�n>QSVlXfRU}UW9`vu/`��

x = 0.8
W
y = 0.75

�	�U9 �°u9QKbl`vu>{ �
R>QK^ g9`Sm�m�^�QSVKg>XfRUWUW�d9QK^%WURUWUgU]M�w��W>^¯QSp3`r��c�h�`SXfVlm°T�n>QSVlQSp��9R9`rnUg9`rhSu9XfR��
RUc�x�hwu9XfhK]M�¡mfVlQSg>QSRU]�����`�gUW>m �K���0/31K`«n>QSp_`r��`rR9`�]lmfg>X\d>R>XfRUR9`rT�mfpMQSg>QKmfVK{ �
9 mfW3u>]©mfW>^�^�XfVKgUWUW�n>QSVlXfRU}UW9`vu/`

V0(x, y)
h
y
R9`rnUg9`rhSu9XfRUWUW�n>QSVlQSpGR>X

^�XfRUTUXfVlm°TGnUgUWG��`S^�XfR>X
F → −F �%P�gUWG^
`vu>ces F n>QSVlQSp

J tot
x (F )

X�mfVK{
O(∝ F 2)

���K�3�\� � 6«hlX\u>WUj>XfRUW>X
F
nUgUWUhlQzd>WUV�p!hlQS��RUWUpUR>QShlXfRUWU� QSVKgUWU}9` �
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VlX\u>{KR>QS�zQan>QSVlQSp3` �@W
J tot

x

d9QKmfVKWU�\`SXfV�mfhlQKXf�zQa^
`rpMmfW>^
`vu>{KR>QS�zQ�`SbKm�Qru>�wV �
R>QS�zQa��R9`zj>XfRUWUT�nUgUW

F ' 5.5
�O£�VlQknUg>QSW>m°s�Q�d>WUV�hlbru>WU��W!pUgUWUVKWUj>X�mfp_QS�zQ

��R9`�j>XfRUWUT!hKR>Xf[�R>Xfx!mfW3u>c �@hKc�[�X�p_QSVlQSg>QS�zQan>QSVlXfRU}UW9`vu©^�QSR>QSVlQSRUR>Q���` �
VK]MsM`SXfV�h�R9`rnUg9`rhSu9XfRUWUW

y
�_P�gUW bKQru>{K[�W3s���R9`�j>XfRUWUT_s

F
¤z|�|�XfpUV�n>Q�d/`rh �

u>TUXfVlm°T �
�OXf��]�u>{vVr`rVKc jUW>m\u9XfRUR>QS�zQ�^�Q�d9X\u>WUg>QSh�`rRUWUT<]Mg9`rhKR>XfRUWUx ¨`rRUy�XfhlXfR9`

� ���04K�31l�iman>QK^�QS��{K� ^�XfVlQ�d/`q§ZQSRUVlX
�

<�`rg3u9Q©Vr`rpUy�X�nUg>X\d9mfVS`rhSu9XfRUc R9`
gUW>m �����0/31K`¬W�n>Q�d>VKhlXfgMy�d/`r�«V³n>Qru>]Mj>XfRURUc�X�d/`rRURUc�X ����QSg>QS[�X�X¡m�QKQSV �
hlXfVlmfVKhKW>Xkg>Xf��]vu>{�VS`rVlQSh!g9`r�fu>WUjURUcesGjUW>m\u9XfRURUcesG^�XfVlQzd9QSh��\`rg9`rRUVKWUgU]lXfV
mfnUg9`rhlX\dUu>WUhlQKmfVK{�W>mfn>Qru>{K��]lX�^%ces�`vu>�zQSgUWUVl^�QSh � � d>R9`rpMQ�h�g9`SbKQSVlX����K�34v�
bSceu9Q�QSVl^�Xfj>XfR>Q���jUVlQ�^�Q�d9X\u>WUg>QSh�`rRUW>X m�n>QK^�QS��{K� ^�XfVlQ�d/`<§�QSRUVlX

�<�`rg3u9Q h¡QKbS��X�^ m\u>]Mj9`SX�T_hSu>TUXfVlmoT ^�XfR>X�X�VlQSjURUc�^ W¥VKg>X�bS]lXfV�QSj>XfRU{
bKQru>{K[�QSx�hKc�jUW>m\u>WUVlX\u>{KR>QSx�^�QS��R>QKmfVKW¨n>Q�mfg9`rhKR>XfRUWU��m%g>Xf[�XfRUW>X�^k]_g9`rh �
R>XfRUWUT ��^�Qru>]Ms�QShlmfpMQS�zQ�^�XfVlQ�d9QK^�p_QSR>XfjURUcesa¤fu9X�^�XfRUVlQSh �
* ��)UH9LOI�LON�I �  ��L� ��wI ��L�# � �«N� ) � ��N � ��%�( �OI�( �� "(3I �ON�)��  ���B
�%`Sm�m�^�QSVKg>XfRURU]M� mfW>mfVlX�^%]Gmid>hK]3^�XfgURUc�^<gU¤�VKj>XfVlQK^�^�Qzy�R>Q�WURUVlXfgUnUg>X	�
VKWUg>QSh�`rVK{!p3`rp�g9`SmfnUg>QKmfVKg9`rR>XfRUW>X�p_QSRU}>XfnU}UWUW Qzd>R>QK^�XfgUR>QS�zQ!^%WU�\`r�w��X	�
�zQ�gU¤�VKj>XfVS`�� ��`SmfVKWU}Uc �9d>hKWUy�]_��W>X�moT�h

y
R9`rnUg9`rhSu9XfRUWUW��5QKbKX�mfn>XfjUWUh�`r�«V

n>XfgUW>Q�d>WUj>X�mfpU]_� ^�Q�d>]vu>T3}UWU� Vr`rpUW>^¬y�X�mfn>QKm�QKbKQK^��2p_`rp!j9`SmfVKWU}9` hkn>X	�
gUW>Q�d>WUj>X�mfpUW�^%WU�f`r�«��X�^³Q�d>R>QK^�XfgUR>QK^<n>QSVlXfRU}UW9`vu9X �
£�VlQZm�QKQSVKhlXfVlmfVKhKW>X
mfVr`rR>QShKWUVlmoTZVlQSjURUc�^��9X�m\u>Wad>WUR9`S^%WUpU] hKVlQSg>QS�zQ�]_g9`rhKR>XfRUWUT ¨`rRUy�XfhlXfR9`
� ���04K�31l�e��`S^�XfRUWUVK{iR9`

ẏ = F
�

²�`rRUR9`rT�mfWUVK]�`r}UWUT�^�Q�d9X\u>WUgU]lXfVlm°T m n>QK^�QS��{K� d9QKbl`rhSu9XfRUWUT¡`rRUWU�zQ �
VKg>QSnUR>QS�zQk[�]_^
`in>Q

x
W
y
R9`rnUg9`rhSu9XfRUWUTU^��2W>^�Xf�w��Xf�zQ m�QKQSVKhlXfVlmfVKhlXfRUR>Q

WURUVlXfR>mfWUhKR>QKmfVKW
Dx

W
Dy

� ��`�gUW>m �����0/31Sb�mfg9`rhKRUWUh�`r�«VlmoT¡VKgUW¡m\u>]_j9`rT
h�nUgUW>mf]_VlmfVKhKWUW VS`rpMQS�zQqVKWUn9`�[�]_^
`3ª
Qzd>R>QK^�XfgURUc�x¬^%WU�\`r�w��WUx gU¤�VKj>XfV
Dy = 0

W d>hK]_^�XfgURUc�xagU¤�VKj>XfV�m�WU�zQSVKg>QSnUR>QSxad>W>|�|�]M��W>Xfx!�
Dx = Dy

��W
`rRUWU�zQSVKg>QSnUR>QSxZd>W>|�|"]_��W>Xfx!�

Dx � Dy = 0.01
�	�

®��8gUW>mf]_RUp_`�hKW3d>R>Q��vjUVlQ�nUgUW�`S^%n3u>WUVK]�d/`vs¨hKR>Xf[�R>Xfx�mfW3u>c �vnUg>XfhKc�[�` �
�w��W3skn>QSg>QS�k�

F ' 5
���>��R9`zj>XfRUWUT�n>QSVlQSpMQShkm�QShKn9`vd/`r�wV � �
m\u>W

F
nUgUWURUW��

^
`SXfVw��R9`�j>XfRUWUT¨n>QSgMT_d>p_`
10

��VlQ�WURUVlXfR>mfWUhKR>QKmfV�TU^%W�[�]3^
` �zp3`rp
Dx = 0.3

�
Vr`rpGW

Dy = 0.01
�%^�Qzy�R>Q�nUg>XfR>X�bSg>XfjU{ �OW!g>Xz`vu>WU��]lXfVlmoT�mfWUVK]�`r}UWUT �On>Q �

d9QKbSR9`rTam\u>]_j9`r�<m�n>XfgUW>Qzd>WUj>X�mfpUW�^%WU�f`r�«��W>^�n>QSVlXfRU}UW9`vu9QK^ �
� d>R9`rpMQ¨nUgUWi^�XfRU{K[�W3s���R9`zj>XfRUWUT_s

F
n>QShlX\d9XfRUW>X�d>hK]3^�XfgURUces�mfW>mfVlX�^

^�XfRUTUXfVlm°T©W©mfVS`rR>QShKWUVlm°T�QSVzu>WUjURUc�^�QSV�nUg>QKmfVlQSxG^�Q�d9X\u>W���²¨hK]3^�XfgURUc�x
gU¤�VKj>XfV�m�WU�zQSVKg>QSnUR>QSxkd>W>|�|�]M��W>Xfx+d/`SXfV�bKQru9X�X"m\u/`SbSc�xkn>QSVlQSp��3j>X�^�^%W��
�\`r�w��WUx�n>QSVlXfRU}UW9`vu ��£�VlQ+nUg>QSW>m s�Qzd>WUVah mfW3u>]aVlQS�zQ��5jUVlQ+R9`�d>hKWUy�XfRUW>X
j9`SmfVKWU}Uc<h

y
R9`rnUg9`rhSu9XfRUWUW���R9`zjUWUVlX\u>{KR>QKX�hSu>WUT_RUW>X�QSp_`r��c�h�`r�wVkhKR>Xf[ �

RUW>X�hlQS�fd9Xfx>mfVKhKWUT ��W3d>]_��W>X�QSVGn>QSVlXfRU}UW9`vu/`
V0

��W¬QKmfVr`SXfVlmoT¬g>Xfy�W>^ m
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� � � ������� V � ������� ����� � ��� � � � �JT�Z:I �!	 ��� � ������ ��� �1����� � ������������� � � � � �
� � ��� �	���������
��� ���J�
��������M�� ���!M���Z I �\M�� � � � ��� � ��� � ��� � ������� �1����T�����������M��2��� � ��� � �������2�

�
� � � _

� � � ����� � ���1����� �
� � � �!������Q � ��������� �
� � � �!������Q ��� � � T�N���� ��� � �����
� � � V P
Dx = 0.3

W
k = 0.8

�
A = 0.8

n>QKmfVlQzT3RUR>QSxamfg>X\d>R>XfxkmfpMQSg>QKmfVK{K�³hSd9Qru>{�pMQKQSg�d>WUR9`rVKc
y
�U£�VlQK^%]�d>hKWUy�X	�

RUWU��nUg>XfnUT_VlmfVKhK]_�wV�hKc�m�QSpUW>Xkbl`rgU{lXfgUc ��W�j9`SmfVKWU}Uc ^�QS��]_V�d>hKWU�\`rVK{lmoT
mfhlQKbKQ�d>R>QaVlQru>{KpMQkhSd9Qru>{kR9`rnUg9`rhSu9XfRUWUT

y
�5nUg>X�Qzd9Qru9Xfh�`rT�bl`rgU{lXfgUc m�n>Q �

^�QS��{K�³VlXfn3u9QShlQSx�`rpUVKWUh�`r}UWUW��
9�`rRUWU�zQSVKg>QSnUR>QK^³m\u>]Mj9`SX

Dx � Dy
�2R9`Sbru>�ed/`SXfVlm°T©bKQru9X�Xim\u9Qzy�R>QKX

n>QShlX\d9XfRUW>XemfW>mfVlX�^%c��vP�g>QSW>m°s�Q�d>WUV"R>X�Q�y�W3d/`rRURUc�x�¤z|¨|�XfpUV>ª�nUgUW�R>X�bKQru>{ �
[�W3s���R9`�j>XfRUWUT_s

F
QKbS��WUx�n>QSVlQSp�mfVS`rR>QShKWUVlm°T�n>Qru9Q�y�WUVlX\u>{KRUc�^��ljUVlQ�p_` �

j>X�mfVKhlXfRUR>Q�QSV�u>WUj9`SXfVlm°TaQSV�mfW>mfVlX�^%c¬mwQzd>R>QK^�XfgURUc�^�^%WU�\`r�w��W>^GgU¤�VKj>XfV
n>QSVlXfRU}UW9`vu9QK^ �39�¤�VlQK^�m\u>]Mj9`SX8u9QSp_`vu>{KRUc�x�n>QSVlQSp�hlXfg>QzT3VKR>QKmfVKW�QSVKg9`ry�` �
XfVkm\u9Qzy�RU]_� d>WUR9`S^%WUpU]�bSg>QS]_R>QShlmfpUW3sZj9`SmfVKWU}¡�Dm�^ �5gUW>m �2���0/31Sb��	�2®��z^�X	�
R>XfRUW>X�R9`rnUg9`rhSu9XfRUWUT�n>QSVlQSp3`�m�QSnUg>QShlQ�y�d/`SXfVlm°T�hlQS��RUWUpUR>QShlXfRUW>X�^�}UWUgUpU] �
u>WUgU]_�«��W3skn>QSVlQSpMQSh � ��Xfn>XfgU{ihlXfpUVlQSgUR>QKX�n>Qru9X"W>^�X�XfVi^%R>QS�zQSjUW>m\u9XfRURUc�X
mfWURU��]vu>T_gUR>QKmfVKW��
P"Q�d>j>XfgUpUR>X�^�VlQSV<|¨`rpUV �¨jUVlQ)n>Qzd9QKbSRUc�X }UWUgUpU]vu>T3}UWUW�hlQS��RUWUp3`r�«V

VlQru>{KpMQGh©m\u>]Mj9`SX�`rRUWU�zQSVKg>QSnUR>QSx¯d>W>|�|�]M��WUW�� � RUW�m�Qzs_g9`rRUT3�wVlm°T�nUgUW
jUg>Xf��hKc�j9`rxUR>Qk^
`vu>cesahKR>Xf[�RUW3s�hlQS�fd9Xfx>mfVKhKWUT_s

F
�9R>Qih+QSVlmf]_VlmfVKhKW>X�QKb �

��Xf�zQqn>QSVlQSp3`��eP�gUW¯bKQru>{K[�W3s¡��R9`zj>XfRUWUTMs
F
m\u9Q�y�R9`rT¬mfVKgU]MpUVK]_g9`!u9Q �

p_`vu>{KR>QS�zQ+n>QSVlQSp_`�W>mfj>Xf��`SXfViWkn>QSVlQSp�hKR>QShK{+mfVr`rR>QShKWUVlm°T�u/`S^%WUR9`rgURUc�^ �

A2B ��B�� � N���� ��I�(_L�#�� ��%�( �OI�(
9�d/`rRUR>QK^�n>Q�d>g9`r�fd9X\u9XenUgUWUhlX\d9XfRUcGg>Xf��]vu>{�VS`rVKcqdUu>T�R9`rnUg9`rhSu9XfRUR>QS�zQ�n>X	�
g>XfR>QKmz`�m�d>W>mfpUg>XfVKRUc�^%Wkn>Xfg>X�mfp_QSp_`S^%W��A�O`rpMQKX�g9`Sm�m�^�QSVKg>XfRUW>X�W>mfn>Qru>{K��] �
XfVlm°TinUgUWiW>m�m\u9X\d9QSh�`rRUWUWkbSW>QK|"WU��WUj>X�mfpUW3simfWUVK]�`r}UWUx m�jUW>m\u9QK^!j9`SmfVKWU}+W
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nUgUWUhlX\d9XfRUW>X�^�d>WUR9`S^%WUpUW+^
`rpUg>QK^�Qru9XfpU]�uiW3u>W�W>QSRURUces�p_`rR9`vu9QSh�p�^
`vu9Q �
^%]¨^%R>Q�y�X�mfVKhK]k�Eg�T_d>]U�@d>W>mfpUg>XfVKRUces�pMQSR>|"WU��]_g9`r}UWUx���9�d/`rRUR>QK^�n>Q�d>g9`r� �
d9X\u9X«g9`Sm�m�^
`rVKgUWUh�`r�«VlmoT�QKmfR>QShKRUc�Xw^�Q�d9X\u>W��MpMQSVlQSgUc�X�^�Qzy�R>Q�QKbKQKbS��WUVK{
R9`�m\u>]_j9`rWanUgUWUp3u/`vd>RUcesa��`vd/`�j��

�"X\u>{K�¯T3hSu>T3XfVlmoT�WU��]_j>XfRUW>X�nUg>QKmfVlQS�zQ�gU¤�VKj>XfV�n>QSVlXfRU}UW9`vu/` �lpMQSVlQSgUc�x
��`vd/`SXfVlm°TkQKm�QKbSc�^%WkmfpMQSg>QKmfVvTU^%Wkn>Xfg>X\s�Q�d/`

Wσ(i→ i± 1)
dUu>Tid>W>mfpUg>XfV �

RUces ^�QK^�XfRUVlQSh � ��WUy�RUWUx¯WUR3d9XfpMm
σ = ±1

m�QKQSVKhlXfVlmfVKhK]lXfVGhKR>Xf[�R>X�^%]
hKg>X�^�XfRUR>QK^%]GhlQS�fd9Xfx>mfVKhKWU� �U<�`rp�bS]vd9XfV�n>QSp_`r��`rR>Q�d/`vu9X�X	�%W>mfn>Qru>{K�zQSh�` �
RUW>X�bl`r�zQShKces!mfW>mfVlX�^¬n>QS��hlQru>TUXfV�QKbKmf]My�d/`rVK{ZVr`rpUW>X�WURUVlXfg>X�mfRUc�XiT3hSu9X	�
RUWUTip3`rp�QSVKR>QS[�XfRUW>Xw^�Xfy�d>]�R9`rnUg9`rhSu9XfRURUc�^©n>Xfg>XfR>QKm�QK^qW+d>W>|�|"]_��W>Xfx��
g9`r��]_n>QSg�T_d9QSj>XfRURUc�Xwn>QSVlXfRU}UW9`vu>c�W+mfhKT_��`rRURUc�X�n>QSVlXfRU}UW9`vu>c �_W>^�Xf�«��W>X
mfhlQSx>mfVKhlQi|¨QSg>^%WUg>QSh�`rRUWUT�mfVKgU]MpUVK]_g��
�³N�LON ��)�� �9L�#�� ��N���� ��I�(_L�#�� �wN  ) � ��N�� ��%�( �OI�(��� "(_IML �ON�)���B
��`rgU]_[�XfRUR9`rTimfW>^�^�XfVKgUWUT+QSVKg9`ry�XfRUWUT+m�RU]�u9XfhKc�^�n>QSVlQSp_QK^!h"g9`rhKR>QShlX�m	�
R>QK^�m�QKmfVlQ�T_RUWUW VKg>X�bS]lXfV�n>Q�pUg9`rxUR>Xfx¡^�Xfg>XaR9`vu>WUjUWUT�VKg>X\sGm�QKmfVlQ�T_RUWUx
h�VlXfj>XfRUW>X+n>XfgUW>Q�d/`©���K�r¢S� ��P�gUWqn>XfgUW>Qzd>WUj>X�mfpUW3sq��g9`rRUWUjURUces!]lm\u9QShKWUT_s
��`rpMQSR d9Xfx>mfVKhK]_�w��W3s+^
`Sm�mwhKc�n>Qru>RUTUXfVlm°T �>X�m\u>W ]3^%R>Qzy�XfRUW>X�R9`¨nUgMTU^%c�X
mfpMQSg>QKmfVKWZg9`rhKR>Q�nUg>QSWU��hlX\d9XfRUWU��QKbSg9`rVKRUceskmfp_QSg>QKmfVlXfx�� ��QS�°d/`�h�m\u>]_j9`SX
d>hK]MsGm�QKmfVlQ�T_RUWUx mfW>^�^�XfVKgUWUjURUc�X�mfpMQSg>QKmfVKW�QSj>XfhKW3d>R>Q�]vd9QShSu9XfVKhlQSg�T3�«V
VlQru>{KpMQ���`rpMQSRU]�d9Xfx>mfVKhK]_�«��W3s�^
`Sm�m�W�]lm\u9QShKWU� n>XfgUW>Q�d>WUjUR>QKmfVKW��U�8u9X	�
d9QSh�`rVlX\u>{KR>Q��
^�Qzd9X\u>W�n>QSVlXfRU}UW9`vu9QSh�m�d>hK]3^%T©m�QKmfVlQ�T3RUWUT3^%W�hKp3u>�wj9`r�wV
hKR>Xf[�RUW>X�mfW3u>c¥W d>hKWUy�XfRUW>X"d/`ry�X¨h�g9`rhKR>QShlX�mfR>QK^¡m�QKmfVlQ�T_RUWUWG�043/34v� �
P�g>X\d>n>Qru9Qzy�W>^��OjUVlQamfp_QSg>QKmfVKWqn>Xfg>X\s�Qzd9QShZ^�Xfy�d>]�g9`r�fu>WUjURUc�^%WGm�Q �

mfVlQzT3RUWUTU^%W
i = 1, 2, 3

^�QS��]MV�bSc�VK{inUg>X\d9mfVS`rhSu9XfRUc³hihKW3d9X�¤�pMmfn>QSR>XfRU}UW��
`vu>{KRUces�|�]MRUpU}UWUx+W+hKg>X�^%T+R>QSg>^%WUgU]lXfVlm°Tkm�n>QK^�QS��{K�¥QKbS��Xf�zQ�nUg>X�|¨`rp��
VlQSg9`���P"XfgUW>Qzd>WUjUR>QKmfVK{�W�R9`rgU]M[�XfRUR9`rT�mfW>^�^�XfVKgUWUTqQSVKg9`ry�XfRUWUT!W>^�Xf�wV
^�X�mfVlQ��>X�m\u>Wkd>hlX"mfp_QSg>QKmfVKW�nUgMT3^%ces n>Xfg>X�mfpMQSp_QSh

i→ i+ 1
^�XfRU{K[�X

1 � WR9`SQKbKQSg>QSV ��QKmfVr`vu>{KRUc�X�bKQru>{K[�X
1
��£�VlQS�zQkd9QKmfVr`rVlQSjUR>QkdUu>T�VlQS�zQ��2jUVlQKbSc

QSnUg>X\d9X\u>WUVK{
Wσ(1→ 2) = Wσ(2→ 3) = kσ

� ���04r¢>���
W

Wσ(3→ 4) = k−2
σ = 1/[Wσ(1→ 2)×Wσ(2→ 3)],

� ���04r¢D4l�
W�hkmfW3u>]Zn>XfgUW>Qzd>WUjUR>QKmfVKWqm�QKmfVlQ�T_RUW>X �'¢ ��m�QShKn9`vd/`SXfV�m�m�QKmfVlQ�T_RUW>X�^ ��� � �
� bSg9`rVKRUc�X�nUgUc�y�pUW�bS]�d>]_V�QSnUg>X\d9X\u9XfRUc¥hihKW3d9X"QKbSg9`rVKRUces�|"]MRUpU}UWUx

Wσ(i→ i− 1) =
1

Wσ(i− 1→ i)
.

� ���04r¢��l�

§ZWU�\`rRUW>X+W3u>W�p_`zj9`rRUW>X+gU¤�VKj>XfVZn>QSVlXfRU}UW9`vu/`anUg>X\d>n>Qru/`r�f`SXfVZhKg>X�^�XfRUR>QKX
hlQS�fd9Xfx>mfVKhKW>X	�>p_QSVlQSg>QKX"hKc�g9`ry�`SXfVlmoTaj>Xfg>Xf�"hKg>X�^�XfRURUc�X"WU�z^�XfR>XfRUWUTamfp_Q �
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g>QKmfVlXfx��OP�gUW�g9`Sm�m�^�QSVKg>XfRUWUW�mz`S^�QSx!nUg>QKmfVlQSxq^%WU�f`r�«��XfxG^�Q�d>c �
σ = 1m�QKQSVKhlXfVlmfVKhK]lXfV�n>QSVlXfRU}UW9`vu>]qh�m�QKmfVlQ�T_RUWUW �'hKp3u>�wj>XfR �iW

σ = −1 �

n>Q �
VlXfRU}UW9`vu>]�h�m�QKmfVlQzT3RUWUW �'hKc�p3u>�wj>XfR � �5§�Qzy�R>Q+nUg>X\d>n>Qru9Qzy�WUVK{�R9`vu>WUjUW>X
d>hK]Ms+j>Xfg>X\d>]_�«��W3s�m°TkR9`SbKQSg>QShimfp_QSg>QKmfVlXfxq�Dm�^ �3gUW>m �>���0/32l��^�Xfy�d>]�n>Xfg>X	�
p3u>�wj>XfRUWUT3^%W�mfW>mfVlX�^%c m�Q�mfp_QSg>QKmfVK{K�

γ
�

��QS�°u/`SmfR>Q�W>mfn>Qru>{K��]lX�^%c�^!QKbKQS��R9`�j>XfRUWUTU^��
σ = 1

m�QKQSVKhlXfVlmfVKhK]lXfV�mfpMQ �
g>QKmfV�TU^

k < 1
�U`¨dUu>T

σ = −1
nUg>QKmfVlQ�n>Qru/`r�\`SXfVlmoT

k = 1
�&9¡¤�VlQSx mfWUVK]�` �

}UWUW�m�Qzs_g9`rRUTUXfVlm°TZnUg>QKmfVr`rT d>W>|�|�]M��WUT �A��`rpUW>^ QKbSg9`r�zQK^��>QKmfVr`r�wVlm°T�d>hlX
pMQSR>mfVS`rRUVKc�ª

k
W mfp_QSg>QKmfVK{Gn>Xfg>Xfp3u>�«j>XfRUWUx

γ
�

�

nUgUW¯|"WUpMmfWUg>QSh�`rRUR>QK^
n>XfgUW>Q�d9X

L = 1
�

§ZWURUW>^
`vu>{KRUc�x¨d>W>mfpUg>XfVKRUc�x�^%WU�\`r�w��WUx�gU¤�VKj>XfV«QSnUW>mfc�h�`SXfVlmoT�^�Qzd9X	�
u>{K� ��W>^�Xf�w��Xfx /�m�QKmfVlQzT3RUWUx��_W�m«n>XfgUW>Q�d>WUj>X�mfpUW>^%W���g9`rRUWUjURUc�^%Wk]lm\u9Q �
hKWUTU^%W)�����3/ ���K�r¢S� �%P"Qru/`r�\`rT �%jUVlQ

σ(t)
X�mfVK{�d>W3s�QSVlQK^%WUj>X�mfpUWUx¡nUg>QS}>X�m�m	�

QSnUg>X\d9X\u9XfRURUc�x¬mfpMQSg>QKmfVK{K� n>Xfg>Xfp3u>�wj>XfRUWUx
γ
�
^�Qzy�R>Qqm�^�Q�d9X\u>WUg>QSh�`rVK{

mfVlQ�sM`SmfVKWUj>X�mfpUW>X�n>Xfg>Xfp3u>�«j>XfRUWUT�^�Xfy�d>]"d>hK]3^%T¨n>QSVlXfRU}UW9`vu/`S^%W���£�hlQru>� �
}UWUT���`rhKW>m°T3��Xfx�QSV�hKg>X�^�XfRUW�hlXfg>Q�T_VKR>QKmfVKW

Pσ(j, t)
R9`vs�Qzy�d9XfRUWUT�QSV�d9X\u>{ �

R>QSx�j9`SmfVKWU}Uc³him�QKmfVlQ�T_RUWUW
j
�9h�n>QSVlXfRU}UW9`vu9X

σ
�9QSnUg>X\d9X\u>T3XfVlmoT�m\u9X\d>]_� �

��W>^�]MnUg9`rhSu>T3�w��W>^�]Mg9`rhKR>XfRUW>X�^�ª

∂Pσ(j, t)

∂t
= Wσ(j + 1→ j)Pσ(j + 1, t) +Wσ(j − 1→ j)Pσ(j − 1, t)

− [Wσ(j → j + 1) +Wσ(j → j − 1)]Pσ(j, t) − γPσ(j, t) + γP−σ(j, t) .� ���04r¢K¢M�

��pMQSg>QKmfVKW�n>Xfg>X\s�Q�d/`
Wσ(i→ j)

^�Q�y�R>Q�nUg>X\d9mfVS`rhKWUVK{ �SX�m\u>W¨g9`Sm�m�^�QSV �
g>XfVK{Zd>h�`aj>Xfg>X\d>]_�«��W3s�m°T©n>QSVlXfRU}UW9`vu/` �Op_`rp©n>QSp_`r��`rR>Q�R9`�gUW>m �O���0/32 ��W
QSnUg>X\d9X\u>WUVK{

kσ = exp
(

− σ(t) + 1

2
∆U/D

)

.
� ���04r¢�¦l�

��`rpUW>^¡QKbSg9`r�zQK^��>nUg>QSWU��hlX\d9XfRUW>X�mfp_QSg>QKmfVlXfx�nUg>X�QKbSg9`r��]lXfVlm°T�h�mf]_^�^%]�n>Q
n>QSp_`r��`rVlX\u>TU^�pU]lm�QSjUR>Q � �ou/`vd>pUW3sku>WUR>XfxURUces m�Xf�z^�XfRUVlQSh �3p_QSVlQSg9`rT�d9Qru>y �
R9`�bSc�VK{�g9`rhKR>QSx¥RU]�u>� �a52`vd/`rRUW>X�RU]vu9XfhlQS�zQ���R9`�j>XfRUWUT)n>QSVlXfRU}UW9`vu/`�h
Y\hKc�p3u>�wj>XfRUR>QK^�Yfm�QKmfVlQzT3RUWUW�n>Q�d>VKhlXfgMy�d/`SXfVlm°T�R>QSg>^%WUg>QShKpMQSx�hKg>X�^�XfRUW��
®"mfn>Qru>{K��]KT�gUW>m �5���0/32 �5^�Qzy�R>Q QKb��2TUmfRUWUVK{ hlQS��RUWUpUR>QShlXfRUW>X�R>Xfg9`rhKR>Q �

hlX�mfR>QS�zQ!m�QKmfVlQ�T3RUWUT)�04K¦���� �
P�g>X\d>n>Qru9Qzy�XfRUW>XZn>QKmfVlQ�T3RURUces¡mfpMQSg>QKmfVlXfx
γ^�Xfy�d>]ag9`r�fu>WUjURUc�^%W�|�QSg>^
`S^%W�n>QSVlXfRU}UW9`vu/`+R>Xf��`rhKW>mfW>^�QkQSVi��R9`zj>XfRUWUT

n>QSVlXfRU}UW9`vu/`�dUu>T©g9`r�fu>WUjURUces
i
m\u>]My�WUV�W>mfVlQSjURUWUp_QK^�R>Xfg9`rhKR>QShlX�mfR>QS�zQ

m�QKmfVlQzT3RUWUT ��²�u>Tig9`rhKR>QShlX�mfR>QS�zQ�m�QKmfVlQzT3RUWUT�VKg>X�bS]lXfVlm°T�R9`vu>WUjUW>X�QSnUg>X\d9X	�
u9XfRURUcesam�QSpUg>QKmfVlXfx

γi
�Un>Qzd>jUWURUT3�«��W3s�m°Ta��`rp_QSRU] ��gUg>XfRUWU]lmz`��
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1 ↔ 3 �
�
� � �����!_

��T�Z � � � ��� V Q � V H����1�
�
������� � �OQ �������\	 ��� �

6wnUg9`rhSu>T_�w��X�X�]_g9`rhKR>XfRUW>X�� ���04r¢K¢M�kdUu>T)[�X�mfVKW³m�QKmfVlQ�T_RUWUx<^�Qzy�R>Q
nUg>X\d9mfVr`rhKWUVK{�hi|�QSg>^�X"^
`rVKgUWUjUR>QS�zQi]Mg9`rhKR>XfRUWUT2ª

Ṗ = WP ,
� ���04r¢D/l�

�°d9X�hlXfpUVlQSg
P
m�QKmfVlQSWUVaW3s�[�X�mfVKW�p_QK^%n>QSR>XfRUV�W

W
X�mfVK{�^
`rVKgUWU}9`an>X	�

g>X\s�Q�d/`��X��]3^�^%WUgU]KTahlm�X¨mfVKg>QSpUW�^
`rVKgUWU}Uc �5^�Qzy�R>Qiu9Xf��pMQ+]MhKW3d9XfVK{ �/jUVlQ
g9`rRU�

W
^�XfRU{K[�Xe[�X�mfVKW��l£�VlQ��zQShlQSgUWUV�Q�m�Q�s3g9`rR>XfRUWUW�hlXfg>QzT3VKR>QKmfVKW�� � d �

R9`rpMQi]lm\u9QShKW>X"R>QSg>^%WUg>QShKpUWZd/`SXfV�R>Xf��`rhKW>mfW>^�QKX�[�X�mfVlQKX"]_g9`rhKR>XfRUW>X �
��Vr`r}UW>QSR9`rgUR>QKXGg>Xf[�XfRUW>Xq]Mg9`rhKR>XfRUWUT � ���04r¢D/l�anUgUW

Ṗ = 0
^�Qzy�R>Q

n>Qru>]_jUWUVK{�`rR9`vu>WUVKWUj>X�mfpUW�nU]MVlX�^�g>Xf[�XfRUWUT�u>WUR>XfxURUces�`vu>�zX�bSg9`rWUj>X�mfpUW3s
]_g9`rhKR>XfRUWUx��9P"QSVlQSp

J(i, t)
^�Xfy�d>] m�QKmfVlQ�T3RUW>^%W

i
W
i+ 1

W>^�X�XfVihKW3d�ª

J(i, t) = [ W+1(i→ i+ 1) P+1(i, t) −W+1(i+ 1→ i) P+1(i+ 1, t) ]
+[ W−1(i→ i+ 1) P−1(i, t) −W−1(i+ 1→ i) P−1(i+ 1, t) ] .� ���04r¢��K�

�eXf��]lm\u9QShKR>Q��9nUgUW
t→∞ mfVS`r}UW>QSR9`rgURUc�x�n>QSVlQSp

J0
R>X"��`rhKW>mfWUV�QSVig9`Sm	�

n>Qru9Qzy�XfRUWUT �MV � X �
J0 = J(1) = J(2) = J(3)

�3£�VlQ¨QSVKg9`ry�XfR>Q�R9`"gUW>m �M����� �
h���`rhKW>mfW>^�QKmfVKW�QSV�mfpMQSg>QKmfVKWan>Xfg>Xfp3u>�wj>XfRUWUT

γ
W�mfp_QSg>QKmfVKWan>Xfg>X\s�Q�d/`

k
�

�"X�^�QSR>QSVlQSRURUc�x�sM`rg9`rpUVlXfg ��`rhKW>mfW>^�QKmfVlXfx¯mfVr`rR>QShKWUVlmoT�QSj>XfhKW3d>RUc�^��
X�m\u>W!g9`Sm�m�^�QSVKg>XfVK{�nUg>X\d9X\u>{KRUc�X�m\u>]Mj9`rW���P�gUW!W>mfj>Xf��`r�w��X+^
`vu9QSxqmfp_Q �
g>QKmfVKW n>Xfg>Xfp3u>�wj>XfRUWUx mfVr`rVKW>mfVKWUj>X�mfp_`rT ��`vd/`�j9`<m�QKQSVKhlXfVlmfVKhK]lXfV�d>hK]3^
R>X�mfhKT3��`rRURUc�^ `rR>mz`S^�bru>TU^�mwg9`r�fu>WUjURUc�^%W�n>QSVlXfRU}UW9`vu/`S^%W�� ��`rpkp3`rp�QSV �
d9X\u>{KRUc�x¬`rR>mz`S^�bru>{qR>X d9X�^�QSR>mfVKgUWUgU]lXfV�QKbS��Xf�zQ�n>Xfg>XfR>QKmz` ��VlQ�h!mfW3u>]
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k = 0.1
�"!�#$�%& '�) � W k = 0.2�+*�! ,�-�. $�/�0 ,�'�$�' 0 � � k = 0.4

�"&(-�3�453�$�/�0�,�'�$�'�0 � � ���
�
�����AT�� ����� � �� � � � ��T � � ���O���O_
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�
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ω ≈ 2
�

k ≈ 0.2
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d9XfVr`vu>{KR>QS�zQ�bl`vu/`rR>mz`©QSj>XfhKW3d>R>Q©R>X�mf]_��X�mfVKhK]lXfVqn>QSVlQSp3` ��p_QSVlQSgUc�x)bSc
mfhKT3��c�h�`vu�QKbl`�`rR>mz`S^�bru>T �5P�gUW�QSj>XfRU{�hKc�m�QSpUW3s�mfp_QSg>QKmfV�T_s�n>Xfg>Xfp3u>�wj>X	�
RUWUx¨hlX\u>WUjUWUR9`�n>QSVlQSp_`«mfVKg>X�^%WUVlm°T�p�RU]vu>� ��VS`rp�p3`rp¨hKg>X�^%T �znUg>QShlX\d9XfRUR>QKX
h m�QKmfVlQzT3RUWUW

σ = −1
�/m\u>WU[�p_QK^�^
`vu9QidUu>Tad9QKmfVKWUy�XfRUWUT�m�QKm�X\d>R>Xf�zQ�bl` �

gU{lXfg9`�m�n>QK^�QS��{K�¯d>W>|�|"]_��WUW��(9�nUg>QK^�Xfy�]_VlQSjUR>QK^©m\u>]_j9`SX�mf]_��X�mfVKhK]lXfV
QSnUVKW>^
`vu>{KR>QKX���R9`zj>XfRUW>Ximfp_QSg>QKmfVKW�n>Xfg>Xfp3u>�«j>XfRUWUT �@m�p_QSVlQSg>QSx�d>W>|�|"] �
��WUT�h�mfVlQSg>QSRU]�nUg9`rhlQS�zQ�^%WURUW>^%]3^
`�QSp_`r��c�h�`SXfVlm°TabKQru9X�X�¤z|¨|�XfpUVKWUhKR>QSx��
j>X�^�h�mfVlQSg>QSRU] u9XfhlQS�zQ �

55R9`�j>XfRUW>X�mfp_QSg>QKmfVKW
k = 1

QS��R9`�j9`SXfV�hKc�bKQSg¯�ou/`vd>pMQS�zQGn>QSVlXfRU}UW9` �
u/`Zh�m�QKmfVlQ�T3RUWUW

σ = +1
� � d>R9`rpMQ�h�¤�VlQK^<m\u>]Mj9`SX�nUg>QKmfVKg9`rR>mfVKhlXfRUR9`rT

`SmfW>^�^�XfVKgUWUT�W��3p3`rpZm\u9X\d9mfVKhKW>X	�9n>QSVlQSpaW>mfj>Xf��`r�«V �,�8u>]_j9`rx
k → 0

m�QKQSV �
hlXfVlmfVKhK]lXfV�]_hlX\u>WUj>XfRUWU� hKc�m�QSVKc bl`rgU{lXfg>QSh�h�m�QKmfVlQ�T3RUWUW Y\hKp3u>�«j>XfR>Q>Y �
nUg>XfhKc�[�`r�«��W3s¬hlm�X�nUg>X\d9X\u>c��a<"QSRU}>XfRUVKg9`r}UWUT¥g9`SmfnUg>X\d9X\u9XfRUWUT¥h¡^%W��
RUW>^%]3^�X«R>Xw^�Qzy�XfV�bSc�VK{�nUg>X�Q�d9Qru9XfR9`�m«n>QK^�QS��{K�¥d>W>|�|"]_��WUW��ln>QS¤�VlQK^%]
n>QSVlQSp�W>mfj>Xf��`SXfV �39�nUg>QK^�Xfy�]_VlQSjUR>QK^�m�QKmfVlQzT3RUWUW�mf]M��X�mfVKhK]lXfVwQSnUVKW>^
`vu>{ �
R>QKX"��R9`zj>XfRUW>X¨mfpMQSg>QKmfVKW�n>Xfg>X\s�Q�d/`��
����N���)ULON�I ��N���� ��I�(_L�# � �� "(_IML �ON�)��  /H � �� ��� � � �  KN�	$) � 	
��I ��B P�gUWag9`Sm�m�^�QSVKg>XfRUWUWZ}>Xfn>QSjUpUW�W3d9XfRUVKWUjURUcesan>QSVlXfRU}UW9`vu9QSh�^�Qzy�XfV
hlQS��RUWUpURU]_VK{�hlQSnUg>QKmwQKb"¤�hlQru>�w}UWUW+R>Xfp_QSVlQSg>QS�zQ¨WU��R9`zj9`vu>{KR>Q�QSnUg>X\d9X\u9XfR��
R>QS�zQag9`SmfnUg>X\d9X\u9XfRUWUT �:9�QS��gU]_bru9XfRUR>QK^³^
`Smf[�Vr`SbKXiQ�y�W3d/`vu9QKmf{�bSc ��jUVlQ
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g9`SmfnUg>X\d9X\u9XfRUW>X�bS]vd9XfV"n>Xfg>X�^�Xf��`rVK{lm°Tim�Q"mfg>X\d>R>Xfximfp_QSg>QKmfVK{K�¯h"R9`rnUg9`rh �
u9XfRUWUW���QSnUg>X\d9X\u9XfRUR>QK^ `SmfW>^�^�XfVKgUW>Xfx¥n>QSVlXfRU}UW9`vu/` ��W¬hGVlQqy�X�hKg>X�^%T
g9`Smf[�WUg�T3VK{lm°TZh�mfW3u>]+d>W>|¨|"]M��WUW������3/ � �3��1 � �K�K¦v� �
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®"mfn>Qru>{K�zQSh�`rRUW>X �3`�]lm�m�QShlQSxiQS��W>bl`r�w��Xfx�T3hSu>T_u9QKmf{�QKmfR>QShlQSx�dUu>T�nUgUW��
bru>WUy�XfRUR>QS�zQ�QSnUW>mz`rRUWUT ��nUgUW>^�XfRUTUX�^�QS�zQ�p¯d>W3s�QSVlQK^%WUj>X�mfpMQK^%] ^%WU�\`r� �
��X�^%]+n>Xfg>X\d9X�^%n>|"WUg>QSh�`rRUR>QK^%]�gU¤�VKj>XfV�n>QSVlXfRU}UW9`vu>]��043/3/v� � ��QSViy�X"n>Qzd �
s�Q�d�bSceuZ`vd/`rnUVKWUg>QSh�`rR�R9`�m\u>]_j9`rx d>W>mfpUg>XfVKR>QSxZ^�Q�d9X\u>W�� � s m�QKmfVlQ�T_RUWUx��
nUg>X\dUu9Qzy�XfRUR>QSx�hKc�[�XZ�����3/v���@nUg>XfW>^%]_��X�mfVKhlQ�pMQSVlQSg>QS�zQ�m�QKmfVlQSWUV�h�VlQK^��
jUVlQ�^�Qzy�R>Q�`rR9`vu>WUVKWUj>X�mfpUWG]lmfVr`rR>QShKWUVK{�mfhKT3��{Z^�Xfy�d>]!mfp_QSg>QKmfVK{K� �Op_Q �
¤z|�|"WU}UW>XfRUVlQK^ d>W>|�|�]M��WUW³W<n9`rg9`S^�XfVKg9`S^%W�mfW>mfVlX�^%c ��p_`rp�n>QSp_`r��`rR>Q
h����K�3/ � �K����� �
²¨W>|�|"]_��WUT nUg>XfnUT3VlmfVKhK]lXfV+g9`SmfnUg>QKmfVKg9`rR>XfRUWU��y�X\u/`SX�^�QS�zQ�n>Xfg>XfR>QKmz`

^�Qru9XfpU]vu>T_gUR>QSx�mfW>mfVlX�^%c �>p_QSVlQSg9`rTkVKg>X�bS]lXfV �>jUVlQKbSc ��gU]M��bSceuZR9`vd9Xfy�R>Q
d9QKmfVr`rhSu9XfR+h�nU]_RUpUV"R9`r��R9`�j>XfRUWUT �lV � X �K��`wpMQSg>QSVKpUWUx+nUg>QK^�Xfy�]MVlQSp+hKg>X�^�X	�
RUW��>�eQru>{K[�`rT d>W>|�|"]_��WUT�nUgUWUhlQzd>WUVip�bKQru>{K[�W>^�QSVKp3u9QSR>XfRUWUTU^ hKg>X�^�XfR
d9QKmfVr`rhKpUW��OV � X ��p!^
`vu9QSx©R9`vd9Xfy�R>QKmfVKW��?<�g>QK^�X�VlQS�zQ���h���`vd/`�j9`vs©m�QSgUVKW��
g>QShKpUW d>W>|�|"]_��WUTiQSp3`r��c�h�`SXfV�hSu>WUT3RUW>X«R9`�¤z|�|¨XfpUVKWUhKR>QKmfVK{�^�X\sM`rRUWU�z^
`
m�QSgUVKWUg>QShKpUWG�04���1 � �K���v� �

<"QSRUpU]_g>XfRU}UWUT ^�Xfy�d>] d>g>Xfx>|�QK^
v
W d>W>|�|�]M��W>Xfx

D
h���`vd/`zj9`vs

`vd>hlXfpU}UWUT
�

d>W>|�|"]_��WUT¨j9`SmfVlQwhKc�g9`ry�XfVlmoT�bKXf��g9`r�z^�XfgURUc�^ZjUW>m\u9QK^
�

jUW>m	�
u9QK^�P"Xfp3u9XKª

Pe =
|v|L
D

.
� ���04r¢D1l�

L �

VKWUnUWUjURUc�x�^
`Smf[�VS`Sb"dUu>WURUc �MQKbKQS��R9`�j9`r�w��WUx�h"R9`r[�X�^!m\u>]Mj9`SXedUu>W��
RU]+QSV�d9X\u>{KR>QS�zQ�¤fu9X�^�XfRUVr`�gU¤�VKj>XfV�n>QSVlXfRU}UW9`vu/`�� �"X�^©bKQru>{K[�XwjUW>m\u9Q�P"X	�
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pMQSVlQSg>QSx�d>g>Xfx>|¡n>QKbKXfy�d/`SXfV«d>W>|¨|"]M��WU� �
QSnUg>X\d9X\u>TUXfV�pUgUWUVKWUj>X�mfpU]_� dUu>WURU]

Lc = 2D/v
�X�O`rp�p_`rp�¤�VS`�dUu>WUR9` R>X

d9Qru>y�R9`¨nUg>XfhKc�[�`rVK{¨dUu>WURUc QSVzd9X\u>{KR>QS�zQ�¤fu9X�^�XfRUVr`¨gU¤�VKj>XfV¨n>QSVlXfRU}UW9`vu/`
a
�>VlQ�jUW>m\u/`�P"Xfp3u9X�R>Xwd9Qru>y�RUc³bSc�VK{i^�XfRU{K[�X 4��
²�u>TGn>QKm\u9X\d9QSh�`rVlX\u>{KR>QS�zQGQKb��2T3mfR>XfRUWUT�¤�hlQru>�w}UWUW¡QS��W>bl`r�w��Xfx¡g9`Sm	�

m�^�QSVKgUW>^�hKR9`zj9`vu9X�n>QzdUs�Q�dZ��g9`vd>W>XfRUVKR>QS�zQ+g9`r�fu9Qzy�XfRUWUT2ª

Pσ(x, t) =

∞
∑

n=0

pn
σ(x)∂n

xP(x/λ, t) .
� ���04r¢D2l�

�"Xf��`rhKW>m°T3��W>X�QSVihKg>X�^�XfRUW�|"]_RUpU}UWUW
pn

σ(x)
QSVKg9`ry�`r�wV+n>XfgUW>Qzd>WUjUR>QKmfVK{

n>QSVlXfRU}UW9`vu9QSh �5VlQS�°d/`ip_`rp�|"]MRUpU}UWUT P(x/λ, t)
QSnUW>mfc�h�`SXfV QS��W>bl`r�«��]M� �

pMQSVlQSg9`rT+¤�hlQru>�«}UW>QSRUWUgU]lXfV�hlQ�hKg>X�^�XfRUWih¨R>XfpMQSVlQSg>QK^q��gU]_bKQK^�^
`Smf[�Vr`SbKX
λ� L

�Dm�^ �SgUW>m �������_���	�36%u>]_jU[�XfRUR9`rT�mfVKgU]MpUVK]_g9`�VlQSjUR>QS�zQ"g>Xf[�XfRUWUT �KpMQ �
VlQSg9`rT�W>^�X�XfVwj>XfVKpUW>X�WU����W>bSc �SQKb��2TUmfRUTUXfVlm°T�nUg>QSWU��hlQ�d>RUc�^%WiQS��W>bl`r�w��Xfx
bKQru9X�X"hKc�m�QSp_QS�zQin>QSgMTMd>p3`

∂n
xP(x/λ, t)

�
£�hlQru>�w}UWUT�QS��W>bl`r�w��Xfx�h���gU]3bKQK^�^
`Smf[�VS`SbKX

λ
QSnUW>mfc�h�`SXfVlm°T�¤z|¨|�Xfp��

VKWUhKRUc�^ 6`;�P�ª

∂tP(x/λ, t) = ∂x(v −D∂x)P(x/λ, t) ,
� ���04K¦��l�

pMQSVlQSg>QKX�mfnUg9`rhlX\dUu>WUhlQ�VlQru>{Kp_Q+h�nUgUW>bru>WUy�XfRUR>QK^¬m�^%c�m\u9X�n>Q�mfVlXfn>XfRUTU^
1/λ

��P�`rg9`S^�XfVKgUc
v
W
D
QKbKQS��R9`zj9`r�«V�mfpMQSg>QKmfVK{�d>g>Xfx>|�`!W¬p_QS¤z|�|"W��

}UW>XfRUV�d>W>|�|"]_��WUW�g9`Smf[�WUgMT3�«��Xf�zQKm°T �_`z]lm�mfW9`rR9`�� ��QKQSVKR>QS[�XfRUW>Xw^�Xfy�d>]
RUW>^%W©W�hKces�Q�d>R>QSx©d>WUR9`S^%WUpMQSx©]lmfVr`rR9`rhSu>WUh�`SXfVlmoT�m�n>QK^�QS��{K� n>Q�d9mfVr` �
R>QShKpUW�nUgUW>bru>WUy�XfRUWUT¡� ���04r¢D2l�whkQKmfR>QShKR>QKX�d>WUR9`S^%WUj>X�mfpUW>X�]_g9`rhKR>XfRUW>X

�]_nUg9`rhSu>T_�w��X�X"]Mg9`rhKR>XfRUW>X�� ���04r¢K¢M�	�
£�VK] mfhKT_��{+^�Qzy�R>Q�n>Qru>]_jUWUVK{ �UW>mfn>Qru>{K��]KT�m\u9X\d>]_�w��X�X"g9`r�fu9Q�y�XfRUW>XKª

P (x, σ, t) =
∞
∑

n=0

p(n)(x, σ)∂n
xP(x/λ, t) .

� ���04K¦3���

²�`rRUR>QKX�g9`r�fu9Q�y�XfRUW>X�m�QKmfVlQSWUV¨WU�ebKX�mfp_QSR>XfjUR>QS�zQ�R9`SbKQSg9`wn>XfgUW>Qzd>WUj>X�mfpUW3s
|"]_RUpU}UWUx

p(n) n>XfgUW>Qzd/` L � �wu9XfRUc³g�T_d/`im�^
`vu>c�^ n
QSnUW>mfc�h�`r�«V �°u/`vd �

pUW>X�pMQK^%n>QSR>XfRUVKc<W��9m\u9X\d9QSh�`rVlX\u>{KR>Q��-n>Qru>]_j9`SX�^¡VlQru>{Kp_Qin>XfgUhKc�X�|"]_RUp��
}UWUW

p(0) � p(1) W p(2) �UpMQSVlQSgUc�X�W>mfn>Qru>{K��]_�«VlmoTahiQSnUW>mz`rRUWUWZQS��W>bl`r�w��Xfx��
²�Xfx>mfVKhKWUVlX\u>{KR>Q��/nUgUWUg9`rhKRUWUh�`rTaj3u9XfRUc¥n>QSgMTMd>p3`

1/λn �3W>^�X�X�^

[W + Γ ] p(0) = 0,
� ���04K¦34l�

[W + Γ ] p(1) = −(v − V̂ )p(0),
� ���04K¦K�l�

[W + Γ ] p(2) = (D − T̂ )p(0) − (v − V̂ )p(1),
� ���04K¦r¢M�
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d>h�`�QSn>Xfg9`rVlQSg9`��D^
`rVKgUWU}Uc«���KhKp3u>�wj9`r�«��W>X�h"m�X�bzT�mfpMQSg>QKmfVKW
w(n→ m,σ)

W
γ
�Dm�^ �-�����3/v�E�	�&6«g9`rhKR>XfRUW>X+� ���04K¦34l��n>QSp_`r��c�h�`SXfV �9jUVlQ

p(0)

nUg>X\d9mfVr`rhSu>TUXfV�m�QKbKQSx!mfVS`r}UW>QSR9`rgUR>QKXig>Xf[�XfRUW>X�]_nUg9`rhSu>T3�«��Xf�zQk]_g9`rhKR>X	�
RUWUT�� ���04r¢K¢M�	� 52`rnUW>mz`rh�m\u9X\d!^
`rVKgUWU}Uc�W�hKc�n>Qru>RUWUhZm�QKQSVKhlXfVlmfVKhK]M�w��]_�
R>QSg>^%WUg>QShKpU]��

� 	 {p(n)} =

+1
∑

σ=−1

3
∑

i=1

p(n)(i, σ) = δn,0,
� ���04K¦K¦l�

n>Qru>]_j9`SX�^ W>mfpMQK^%c�Xqm�QKQSVKR>QS[�XfRUWUT¯dUu>T¯¤z|�|�XfpUVKWUhKRUces�pMQS¤z|�|�WU}UW>XfR��
VlQSh>ª

v =
� 	 {V̂ p(0)}, � ���04K¦3/l�

D =
� 	 {T̂ p(0)} − � 	 {V̂ p(1)}. � ���04K¦��K�

��QZQKbKmfVlQzT3VlX\u>{lmfVKhlQ��OjUVlQ�|"]_RUpU}UWUT
p(2) R>X�W>mfn>Qru>{K��]lXfVlmoT!hanUg>QShlX\d9XfR��

RUces�d9Xfx>mfVKhKWUT_s �lmfVS`rR>QShKWUVlm°T+n>QSRUT_VKRUc�^��MX�m\u>W���`rnUW>mz`rVK{�m\u9X\d�^
`rVKgUWU}Uc
� ���04r¢�¦l�

�

� ���04r¢��K�	� �O`rpap_`rpaQSn>Xfg9`rVlQSg
[W + Γ ]

W>^�X�XfVimfhlQSx>mfVKhlQ�m�Q�s3g9`rR>X	�
RUWUT�`SbKm�Qru>�«VKR>QS�zQ���R9`zj>XfRUWUT �
m\u9X\d�h�u9XfhKces©j9`SmfVvTMs�mfVKg>X�^%WUVlm°T�pGRU] �
u>� Q�d>WUR9`rp_QShKc�^³QKbSg9`r�zQK^ �:55R9`�j>XfRUWUT©|"]MRUpU}UWUx

p(0) W p(1) R9`vs�Q�d>T3VlmoT
nU]_VlX�^ g>Xf[�XfRUWUT�m�QKQSVKhlXfVlmfVKhlXfRUR>Qk]Mg9`rhKR>XfRUWUx¡� ���04K¦34l��W�� ���04K¦K�l�	� 9�c�g9` �
y�XfRUWUT�� ���04K¦3/l��W�� ���04K¦��K��^�Qzy�R>Q�n>Qru>]_jUWUVK{ �3nUg>QShlX\d>T hlm�X«R>X�QKbzs�Q�d>W>^%c�X
d9Xfx>mfVKhKWUT¬h�g9`S^%p_`vs�u>WUR>XfxUR>QSx `vu>�zX�bSgUc���®ws¯^�Qzy�R>Q�QKmf]_��X�mfVKhKWUVK{¡m
n>QK^�QS��{K� pMQK^%nU{K�wVlXfgUR>QSx�nUg>QS��g9`S^�^%c `vu>�zX�bSg9`rWUj>X�mfpUW3s©hKc�jUW>m\u9XfRUWUx��
P"Qru>]_j9`r�«��W>X�m°TGh�g>Xf��]�u>{vVr`rVlXkhKc�g9`ry�XfRUWUTGW>^�Xf�«V�d9QKmfVr`rVlQSjUR>Q�dUu>WUR��
RU]_��|�QSg>^%] ��`rnUW>mfWZWZR>X�^�QS��]_V+bSc�VK{�]MnUg>QS��XfRUc�� � d>R9`rp_Q�W3s�QKm�QKbKXfR��
R>QKmfVK{km�QKmfVlQSWUV hiVlQK^��/jUVlQ+m�`rR9`vu>WUVKWUj>X�mfpMQSx�VlQSjUpUW���g>XfRUWUT�QSRUWZT3hSu>T�
�wVlm°T�VlQSjURUc�^%W©W�T3hKRUc�^%W�� 9<j9`SmfVKR>QKmfVKW��O^�Qzy�R>QZhKc�jUW>m\u>WUVK{�VlQSjURUc�X
nUg>X\d9X\u>c��
� N�'!' � ��N�� N��%N � ��I ��'�B � nU]lmfp3`rTad9XfVS`vu>W�`rR9`vu9QS��WUjURUces�hKc�jUW>m\u9X	�
RUWUx��2nUgUWUhlX\d9X�^¬p_QSR>XfjURUc�X�hKc�g9`ry�XfRUWUT�dUu>T�mfpMQSg>QKmfVKW

v
W�pMQS¤z|�|�WU}UW��

XfRUVr`�d>W>|�|"]_��WUW
D
�����3/v�'ª

v =
1

3

∑

σ=±

∑

i=1,2,3

[Wσ(i→ i+ 1)−Wσ(i→ i− 1)]p0
σ(i) ,

� ���04K¦31l�

D =
1

6

∑

σ=±

∑

i=1,2,3

[Wσ(i→ i+ 1) +Wσ(i→ i− 1)]p0
σ(i)

−1

3

∑

σ=±

∑

i=1,2,3

[Wσ(i→ i+ 1)−Wσ(i→ i− 1)]p1
σ(i) .

� ���04K¦32l�



� � � ����� � �
	 ��� � �������
�
��2�����������

�
�

� Vl^�XfVKW>^��3jUVlQ�mfpMQSg>QKmfVK{
v
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J0
�_jUVlQ

^�Qzy�R>Q�bSceu9Q¡Q�y�W3d/`rVK{ � ��VS`r}UW>QSR9`rgUR>QKX©g>Xf[�XfRUW>X
p0

σ(i)
��VS`rp¥y�X!p_`rp

p1
σ(i)

�S^�Q�y�R>Q�n>Qru>]MjUWUVK{ �KX�m\u>W�g>Xf[�WUVK{«d>hlXemfW>mfVlX�^%cGu>WUR>XfxURUces�]Mg9`rhKR>X	�
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|�QSg>^%]vu/`kdUu>T

v(k, γ)
W
D(k, γ)

m�QKmfVlQSWUV�WU� ^%R>Qzy�X�mfVKh�`�j3u9XfR>QSh �?��X�^
R>X�^�XfR>X�X	�2}>XfRUR>QKmfVK{kd/`rRUR>QSxq^�Q�d9X\u>{KR>QSxqmfW>mfVlX�^%c�m�QKmfVlQSWUVah VlQK^��2jUVlQ
g>Xf��]vu>{�Vr`rVKc³hlm�X"y�X�QKmfVr`r�wVlm°TZ`rR9`vu>WUVKWUj>X�mfpUW>^%W��

<�g>QK^�Xw��`rhKW>mfW>^�QKmfVKWamfpMQSg>QKmfVKW�d>g>Xfx>|¨`¨p_`rpk|"]_RUpU}UWUW�mfp_QSg>QKmfVKWkn>X	�
g>Xfp3u>�wj>XfRUWUx

γ
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γ
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d>]_�«��W3s�m°T�m\u>]_j9`SXfh � 5/d9X�mf{k��R9`zj>XfRUW>X

D(k = 1, γ) = 1/3
� �¥g>QKmfVlQK^
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k
�eV � X �edUu>T¬m\u>]_j9`SXfh�d9QShlQru>{KR>Q�pUgU]_VKces



��� ��� � ��T � ����� � �
��� V Q`SUT��
��� � ���
��������� � � � �

R9`rp3u9QSR>QSh ��u9QSp_`vu>{KRUc�xG^
`rpMmfW>^%]3^¥hlQS��RUWUp3`SXfVZnUgUW©QSVzu>WUjURUcesqQSVaRU]vu>T
γ
� �
m\u>Wkg9`Sm�m�^�QSVKg>XfVK{+¤�VlQSV�g>Xf��]�u>{vVr`rV+h�p_QSRUVlXfpMmfVlX¨��`vd/`�jUWa¤z|�|¨XfpUVKWUh �
R>QSxGm�QSgUVKWUg>QShKpUW��%VlQa]lm\u9QShKW>X ^
`rpMmfW>^
`vu>{KR>QS�zQ�n>QSVlQSp3`�nUgUW

k ≈ 0.2
W

γ ≈ 3
mfhKT3��`rR>Q��3p m�Qzy�`vu9XfRUWU� �9m�d9QShlQru>{KR>Q�hKc�m�QSp_QSx d>W>|�|"]_��W>Xfx��K²�Xfx��

mfVKhKWUVlX\u>{KR>Q��l^
`rp_mfW>^
`vu>{KR>QKX«`SbKm�Qru>�wVKR>QKXe��R9`�j>XfRUW>X
v
W�QSVKR>QKmfWUVlX\u>{KRUc�x

^
`rpMmfW>^%]3^
D
n>QSjUVKW�m�QShKn9`vd/`r�wV �

��`�gUW>m �9�����S��nUgUWUhlX\d9XfRUc³m�QKQSVKhlXfVlmfVKhK]M�w��W>X�jUW>m\u/`�P"Xfp3u9X	�
Pe

�

0 2 4 6 8 10
γ

0.00

0.05

0.10

0.15

Pe

=?>A@�B(CDB��!CDB � ������� � �
�
���JW

Pe
W����!��
��M���Z:I �OM�� ��� � ��� � ��� ��� ����� ��NK�
�����������(�

�
������_

� � ��
\���!M��
���� 

γ
���� � ���\	 ����N����!��� V 	aN����L��������Q ���������
� � ��� �����!� ��� � ����� P

k = 0.1�"!�#�$�%& '�) � W k = 0.2
�+*�! ,�-�. $�/�0 ,�'�$�'�0 � � k = 0.5

���5,�'�$�$�� � !�#$�%&('�) �

9�W3d>R>Q���jUVlQ�jUW>m\u/`�P"Xfp3u9X8RUWUpMQS�od/`�R>X8d9QKmfVKWU�\`r�wVw��R9`�j>XfRUWUx�n>QSg�T_d>p_`
� ��£�VlQSV¨QKmfR>QShKR>QSx�nUgUW>^�XfgiT3mfR>Q�n>QSp3`r��c�h�`SXfV ��jUVlQ"¤z|�|�XfpUVKc©d>W>|�|"]_��WUW
R>X\u>{K��T¨R>X�]_jUWUVKc�h�`rVK{ � � Vl^�XfVKW>^��vjUVlQ«VlQSV«y�X�mz`S^%c�x�p_`zj>X�mfVKhlXfRURUc�x�g>X	�
��]vu>{�Vr`rV�bSceu�n>Qru>]Mj>XfR�nUgUWi`rR9`vu>WU�zX�d>W>mfpUg>XfVKR>QS�zQ�p_`zj9`r�«��Xf�zQKm°TigU¤�VKj>XfV
n>QSVlXfRU}UW9`vu/`«nUgUW�d9QKbl`rhSu9XfRUWUW�m�QKQSVKhlXfVlmfVKhK]M�w��W3s�mfpMQSg>QKmfVlXfx�h�]_nUg9`rhSu>T�
�w��X�X�]_g9`rhKR>XfRUW>X �

��`rpUW>^qQKbSg9`r�zQK^���QKbS��`rT�QKm�QKbKXfRUR>QKmfVK{�mfVlQzsM`SmfVKWUj>X�mfpMQS�zQ�d>hKWUy�XfRUWUT+h
gU¤�VKj>XfVkn>QSVlXfRU}UW9`vu/`vs�m�QKmfVlQSWUVkh�VlQK^��5jUVlQ+^
`rp_mfW>^
`vu>{KRUc�x�d>g>Xfx>| mfhKT�
��`rR�m�d9QShlQru>{KR>Q«hKc�m�QSpMQSx�d>W>|�|"]_��W>Xfxi�����3/v� � � ��g9`rRUWUj>XfRUW>X	�vR9`rp3u/`vd>c�h�` �
X�^�QKX�d>W>|¨|"]M��W>Xfx!R9`k¤z|�|�XfpUVKWUhKR>QKmfVK{Zn>Xfg>XfR>QKmz` ��^�Q�y�R>Q�W>m�m\u9X\d9QSh�`rVK{
pMQru>WUj>X�mfVKhlXfRUR>Q��5W>mfn>Qru>{K��]KTabKXf��g9`r�z^�XfgUR>QKX�jUW>m\u9Q�P"Xfp3u9X �
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A2B ��B�� � �OI � #&� ��N��  $ 	 ��) �ML� ����)UH9N��lN �� $��( ��� �� $(3I�L ��N�)�� )
9 nUg>X\d>ced>]M��X�^©n>Q�d>g9`r�fd9X\u9X"g9`Sm�m�^
`rVKgUWUh�`vu9moT�QSVzd9X\u>{KRUc�xk��]3bKXf} nUW3u9Q �
QKbSg9`r��R>QS�zQ�n>QSVlXfRU}UW9`vu/`!m+n>XfgUW>Qzd>WUj>X�mfpUW>^%W ��g9`rRUWUjURUc�^%W¡]lm\u9QShKWUT3^%W��
� j>XfhKW3d>R>Q���n>Q�d9QKbSRUc�XZVKWUnUc ^�Qzd9X\u9Xfx¯QSnUW>mfc�h�`r�wV!VS`rpUy�X�mfVr`r}UW>QSR9`rg��
RUc�XZn>QSVlQSpUW hqu/`rR3d>[�`S|�Vr`vs�n>QSVlXfRU}UW9`vu/` ��m�QKmfVlQzT3��W3s¡WU�Z^%R>Q�y�X�mfVKh�`
��]3bS}>QSh �2pMQSVlQSgUc�X+m�QShlXfgU[�`r�wVapMQS�zXfg>XfRUVKRUc�X+pMQru9X�bl`rRUWUTq^�Xfy�d>]Zd>hK]3^%T
m�QKmfVlQzT3RUWUTU^%W��39�u>��bKQK^Z^�X�mfVlX8u/`rR3d>[�`S|�Vr`�n>QSVlXfRU}UW9`vu�R9`vs�Qzd>WUVlm°T�u>W>bKQ
h�m�QKmfVlQzT3RUWUW�Y\hKp3u>�«j>XfR�Y �Su>W>bKQ�Y\hKc�p3u>�wj>XfR�Y � �8u9X\d9QSh�`rVlX\u>{KR>Q�����`vd/`rh�`rT
QSVzd9X\u>{KRUc�x+��]_bKXf}��rWUR3d>WUhKW3d>]�`vu>{KRUc�x+R>QK^�Xfg�Xf�zQwm�QKmfVlQ�T3RUWUT�X�mfVK{

σi
�r�od9X

i �

n>Qru9Q�y�XfRUW>X�QSVzd9X\u>{KR>QS�zQ+��]_bS}9`��9P�g>X\d>ced>]M��`rTa^�Q�d9X\u>{+nUg>X\d>n>Qru/`r�\` �
XfV �8jUVlQ

σi = σj
dUu>T�nUg>QSWU��hlQru>{KRUces

i, j
�e£�Vr`�mfWUVK]�`r}UWUT R9`r��c�h�`SXfVlm°T

pMQSgUg>X\u>WUg>QSh�`rRURUc�^�gU¤�VKj>XfVlQK^ �
P"Xfg>Xfx3d9X�^ QSV�m\u>]_j9`rT�QSVzd9X\u>{KR>QS�zQ!��]_bS}9`�p�g9`Sm�m�^�QSVKg>XfRUWU� }>Xfn>QSj��

pUW��lm�QKmfVlQ�T_��Xfx�WU��^%R>Qzy�X�mfVKh�`���]3bS}>QSh �(9eQS�z^�Qzy�RUc�x mfn>QKm�QKb¨QKbKQKbS��XfRUWUT
d/`rRUR>QSx¨nUg>QKbru9X�^%c©m�QKmfVlQSWUV�h�]_j>XfVlX�R9`rgU]_[�XfRUWUx�n>XfgUW>Qzd>WUj>X�mfpMQSx�pMQK^%n>Q �
R>QShKpUW!}>Xfn>QSjUpUWq��]_bS}>QSh©�043/3/v� �-²¨gU]_�zQSx�n>Q�dUs�Qzd©nUg>X\d>n>Qru/`r�f`SXfV�g9`r�fu>WUj��
RUc�XZnUg>QKmfVKg9`rR>mfVKhlXfRURUc�X�pMQSgUg>X\u>T3}UWUW)^�Xfy�d>]�m�QKmfVlQzT3RUWUTU^%W)m�QKm�X\d>RUW3s
��]3bS}>QSh����K�r¢S� � 9eQS�z^�Qzy�RUc�^%W�nUg>X\d9X\u>{KRUc�^%W�m\u>]_j9`rTU^%WaT3hSu>T3�«VlmoT
� ����pMQSgUg>X\u>WUg>QSh�`rRURUc�X�m�QKmfVlQzT3RUWUT2ª

σi+1 = σi (〈σi+1 σi〉 = 1) �� 4l�i`rRUVKW�� pMQSgUg>X\u>WUg>QSh�`rRURUc�X�m�QKmfVlQzT3RUWUT2ª
σi+1 = −σi (〈σi+1 σi〉 = −1) �� �l��R>XfpMQSgUg>X\u>WUg>QSh�`rRURUc�X�m�QKmfVlQzT3RUWUT2ª 〈σi+1 σi〉 = 0

�

6w�°u9QShKc�XemfpMQKbSpUW�QKbKQS��R9`zj9`r�«V�]lmfg>X\d>R>XfRUW>Xen>Q�d>W3s�QSVlQK^%WUj>X�mfp_QK^%]�[�]3^%]��
�8u>]_j9`rx�� ���2m�QKQSVKhlXfVlmfVKhK]lXfV�p_QS�zXfg>XfRUVKR>QK^%]¨n>Xfg>Xfp3u>�wj>XfRUWU��hlm�X\s¨m�Xf�z^�XfR��
VlQSh ��p3`rp¡QKbKmf]My�d/`vu9QKmf{qg9`rR>X�X ��9 `rRUVKW�� pMQSgUg>X\u>WUg>QSh�`rRUR>QK^ m\u>]_j9`SX!� 4l�
}>Xfn>QSjUp_`�hKR>QShK{�nUgUWURUW>^
`SXfV�VlQru>{KpMQ©d>h�`Gm�QKmfVlQ�T_RUWUT ��²�Xfx>mfVKhKWUVlX\u>{KR>Q��
n>QSVlXfRU}UW9`vu�W>^�X�XfV+n>XfgUW>Qzd�d>hK]�sa��]3bS}>QSh �"��`rnUgUW>^�Xfg��5h+n>XfgUhlQK^�m�QKmfVlQ�T�
RUWUWZu9XfhKc�x���]3bKXf}�n>Xfg>Xfp3u>�wj9`SXfVlm°T�h+m�QKmfVlQzT3RUW>XkY\hKp3u>�wj>XfR�Y �5`�nUg9`rhKc�x

�

h©m�QKmfVlQzT3RUW>X�Y\hKc�p3u>�«j>XfR�Y �a��QKQSVKhlXfVlmfVKhlXfRUR>QGhlQ!hKVlQSg>QK^�m�QKmfVlQ�T_RUWUW
nUg9`rhKc�x!R9`vs�Qzd>WUVlm°T�ham�QKmfVlQ�T3RUWUW�Y\hKp3u>�wj>XfR�Y ��`+u9XfhKc�x

�

ham�QKmfVlQ�T_RUWUW
Y\hKc�p3u>�wj>XfR�Y �

9�mfg9`rhKR>XfRUWUWam«nUg>X\d>ced>]_��W>^%WkW>m�m\u9X\d9QSh�`rRUWUT3^%W��9R>XfpMQSgUg>X\u>WUg>QSh�`rR��
RUc�xGm\u>]Mj9`rx¬� �l��T3hSu>TUXfVlm°T©p_`zj>X�mfVKhlXfRUR>Q�R>QShlQSx©mfWUVK]�`r}UW>Xfx��%P"Xfg>Xfp3u>� �
j>XfRUW>Xwp_`ry�d9QS�zQ���]3bS}9`�nUg>QSW>m°s�Q�d>WUV�R>Xf��`rhKW>mfW>^�Q�QSV�Xf�zQ�m�QKm�X\d/` �_p_`rp n>Q �
p_`r��`rR>QiR9`�gUW>m �9�����v¢ �

<�`rp�QSnUW>mz`rR>QwRUWUy�X«���K�r¢S���S`rR9`vu>WU��R>QShKces¨mfWUVK]�`r}UWUx�nUg>QShlQzd>WUVlm°T�`rR9` �
u9QS��WUjURUc�^¥QKbSg9`r�zQK^¯W�Xf�zQk^�Q�y�R>QamfhlX�mfVKW�p�g9`Sm�m�^�QSVKg>XfRUWU� QSVzd9X\u>{KR>Q �
�zQ���]3bS}9`��,9)`rRUVKW�� pMQSgUg>X\u>T3}UW>QSRUR>QK^)m\u>]_j9`SX�¤�VlQSV mfn>QKm�QKb�d/`SXfV�VlQSjURUc�x
g>Xf��]vu>{�Vr`rV �O²�u>T©`rR9`vu>WU��`ZR>Xfp_QSgUg>X\u>WUg>QSh�`rRUR>QS�zQ!m\u>]_j9`rTqW>mfn>Qru>{K��]lXfVlmoT
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nUgUW>bru>WUy�XfRUW>Xqmfg>X\d>R>Xf�zQ�n>Qru>T � �"QShKc�^ nU]MRUpUVlQK^ hqd/`rRUR>QK^ W>m�m\u9X\d9Q �
h�`rRUWUWaT3hSu>T3�«VlmoTkm�QKQSVKhlXfVlmfVKhK]M�w��`rTa|¨QSg>^%]�u>WUg>QShKp3`���g9`rRUWUjURUcesk]lm\u9Q �
hKWUx���p_QSVlQSgUc�Xa]lmfVr`rR9`rhSu>WUh�`r�wVqmfhKT3��{!^�Xfy�d>]qu9XfhlQSx�W�nUg9`rhlQSx�j9`SmfVvT�
^%W¡��]3bS}9` �
W W>mfn>Qru>{K��]lX�^�QKX�g>Xf[�XfRUW>X�mfVr`r}UW>QSR9`rgUR>QS�zQ©]_nUg9`rhSu>T_�w��Xf�zQ
]_g9`rhKR>XfRUWUT � ��Xfn>XfgU{a¤�VlQ�g>Xf[�XfRUW>X���`rhKW>mfWUV�QSVknUg9`rhKW3u�n>Xfg>Xfp3u>�«j>XfRUWUx��
hKc�bSg9`rRURUces�m�QKQSVKhlXfVlmfVKhK]_�«��W>^%WZm�QKmfVlQ�T_RUWUTU^%W

σi±1
m�QKm�X\d>RUW3sk��]_bS}>QSh �

9 `rRUVKW�� pMQSgUg>X\u>WUg>QSh�`rRUR>QK^�m\u>]Mj9`SX�R>X�QKbzs�Q�d>W>^�Q�nUgUW>^�XfRUWUVK{�`rRUVKW��
mfW>^�^�XfVKgUWUjURUc�X���g9`rRUWUjURUc�Xe]lm\u9QShKWUT � �
m\u>W

i
� c�x���]3bKXf}�R9`vs�Q�d>WUVlmoT�h"m�Q �

mfVlQzT3RUWUW �'hKp3u>�wj>XfR � �3VlQ�m�QKm�X\d>RUWUxk��]_bKXf}
�

h�m�QKmfVlQzT3RUWUW �'hKc�p3u>�wj>XfR � �3W
R9`SQKbKQSg>QSV �9£�VlQ�QS��R9`zj9`SXfV �UjUVlQ�n>QSVlQSpUW hlXfg>QzT3VKR>QKmfVlXfxanUgUW

σi = 1
d9Qru>y �

RUc bSc�VK{�mfhKT3��`rRUc m�n>QSVlQSp3`S^%W!nUgUW
σi±1 = −1

�@P"Qru>]Mj9`SXfVlmoT�nUg>QKmfVr`rT
p_`rgUVKWUR9`�dUu>T!Qzd>R>QS�zQ���]3bS}9` �@R9`rnUg9`rhSu9XfRURUc�X�h�mfVlQSg>QSRU]�n>QSVlQSpUWqT3hSu>T�
�wVlm°TahSs�Qzd>RUc�^%W�n>QSVlQSp_`S^%W�R9`�d>gU]_�zQK^�pMQSRU}>X¨��]_bS}9` �9R>Q�h�m�QKmfVlQzT3RUW>X�m
d>gU]_��W>^

σi
�

²�u>T�R>XfpMQSgUg>X\u>WUg>QSh�`rRUR>QS�zQGm\u>]_j9`rT�bl`vu/`rR>man>QSVlQSp_QShqhlXfg>Q�T_VKR>QKmfVlXfx
^�Qzy�R>Q�m�|�QSg>^%]vu>WUg>QSh�`rVK{�`rR9`vu9QS��WUjURUc�^³QKbSg9`r�zQK^ � �"Q�VlXfn>XfgU{Z¤�VKW©hlX	�
g>QzT3VKR>QKmfVKRUc�X�n>QSVlQSpUW�T3hSu>T3�wVlm°T�m\u>]_j9`rxURUc�^%W�WZ��`rhKW>m°T3V+QSV�VlXfpU]_��Xf�zQ
m�QKmfVlQzT3RUWUT¡m�QKm�X\d>R>Xf�zQ!��]_bS}9`�� � bKQS��R9`zjUW>^ j>Xfg>Xf�

J(σi − 1, σi)
j>XfVKc�g>X

hlQS�z^�Qzy�RUces�n>QSVlQSp_` ^�Xfy�d>]�m�QKmfVlQzT3RUWUTU^%W
n = 3

dUu>T
(i − 1)

� �zQ ��]3bS}9`
W
n = 1 i

� �zQ���]3bS}9` �UR9`rnUg9`rhSu9XfRURUcesaQSV
i− 1→ i

�UP"QSVlQSpUW
J(σi − 1, σi)QSnUg>X\d9X\u>T3�«VlmoT�m\u9X\d>]_�«��W>^�QKbSg9`r�zQK^�ª

J(σi−1, σi) = W (3→ 1, σi−1)P
σ̄i−1(3, σi−1)−W (1→ 3, σi−1)P

σ̄i(1, σi),� ���043/��l�
�°d9X

P σ̄i(n, σi)
X�mfVK{�|"]_RUpU}UWUTkhlXfg>QzT3VKR>QKmfVKW�dUu>T�m�QKmfVlQ�T_RUWUTG�

n, σi
�
i
� �zQ

¤fu9X�^�XfRUVr` �/pMQSVlQSg9`rT���`rhKW>mfWUViQSV���`vd/`rRUR>QSx�mfg>X\d>c
σ̄i = {σi−1, σi+1}

�

��QS�od/`�QKbS��`rTk|�QSg>^%]�u>WUg>QShKp3`���g9`rRUWUjUR>QS�zQ�]lm\u9QShKWUTkR9`�nUg9`rhlQSxZmfVlQ �
g>QSR>X�^�Xfy�d>] ��]3bS}9`S^%W�m"WUR3d9XfpMmz`S^%W

i
W
i+ 1

W>^�X�XfVihKW3d�ª
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J(σi−1, σi) =
1

2
(1+σi−1σi)J(σi, σi)+

1

2
(1−σi−1σi)J(−σi, σi).

� ���043/3���

9�m\u>]_j9`SX�pMQSgUg>X\u>WUg>QSh�`rRURUces�¤fu9X�^�XfRUVlQSh�hKVlQSg>QSx+j3u9XfR+mfVKg>X�^%WUVlmoTip�RU] �
u>� �9VlQS�od/`�p_`rp�dUu>TZm\u>]_j9`rT�`rRUVKW�� p_QSgUg>X\u>WUg>QSh�`rRURUces!m�QKm�X\d>RUW3sZ��]3bS}>QSh
nUg>QSn9`vd/`SXfVkn>XfgUhKc�x�j3u9XfR��,9¥m\u>]Mj9`SX�R>XfpMQSgUg>X\u>WUg>QSh�`rRUR>QSx!mfg>X\d>c�^�Q�y �
R>QaR9`rxUVKWqnUgUW>bru>WUy�XfRUR>QKX�hKc�g9`ry�XfRUW>X�nU]_VlX�^¬]lmfg>X\d>R>XfRUWUT ��R9`rnUgUW>^�Xfg��
hinUg>X\d>n>Qru9Q�y�XfRUWUW�g9`rhKR>QSx�hlXfg>QzT3VKR>QKmfVKW�dUu>T�m�QKmfVlQzT3RUWUx �'hKp3u>�«j>XfR �"W
�'hKc�p3u>�wj>XfR �¨m�QKm�X\d>RUW3s ¤fu9X�^�XfRUVlQSh+WabKXf��]_j>XfVr`�p_QSgUg>X\u>T_}UWUW�m"��]3bS}>QK^ �

6wj>XfV�g9`Sm�m�^�QSVKg>XfRURUces VKg>X\s hlQS�z^�Qzy�RUces�m�QKmfVlQ�T3RUWUxan>Xfg>Xfp3u>�«j>XfRUWUx
��`rhlXfgU[�`SXfV�R9`SbKQSga��g9`rRUWUjURUcesk]lm\u9QShKWUx��_²�u>Tkm\u>]Mj9`SXfh�� ����W!� 4l��nUg>QSWU� �
hlX\d9XfRUW>X���`S^�XfRUTUXfVlm°T�m�QKQSVKhlXfVlmfVKhlXfRUR>Q�R9`

+1
W −1

�:9�QKbKQSW3sqm\u>]_j9`rT_s
��`rhKW>mfW>^�QKmfVK{ZQSV

σ̄i
T_hSu>TUXfVlmoT�|�QSg>^
`vu>{KR>QSx�W�QSnUg>X\d9X\u>TUXfVlm°TqVlXfpU]M��W>^

m�QKmfVlQzT3RUW>X�^
σi
�A9¡R>Xfp_QSgUg>X\u>WUg>QSh�`rRUR>QK^¯m�QKmfVlQzT3RUWUW�]lmfg>X\d>R>XfRUW>X¨nUg>QShlQ �

d>WUVlm°TGn>QZhlQS�z^�Qzy�RUc�^�m�QKmfVlQ�T3RUWUT3^�m�^�Xfy�RUcesG��]3bS}>QSh �OP�g>QSWU��hlX\d9XfRUW>X
σi−1σi

h�mfg>X\d>R>X�^�mfVKg>X�^%WUVlm°Tap RU]vu>�¥W ��`rhKW>mfW>^�QKmfVK{iQSV
σ̄i
nUg>QSn9`vd/`SXfV �

��`igUW>m �5�����S¦�n>QSp_`r��`rRUc�mfVr`r}UW>QSR9`rgURUc�X�n>QSVlQSpUWZdUu>T�VKg>X\sZg9`Sm�m�^�QSV �
g>XfRURUces�m\u>]Mj9`SXfh¨nUgUW���`vd/`rRUR>QK^

k = 0.2
���K�r¢S� �r²�u>T�hlm�X\s���R9`�j>XfRUWUx�mfpMQ �

g>QKmfVKW�n>Xfg>Xfp3u>�wj>XfRUWUx
γ
`SbKm�Qru>�wVKR>QKX���R9`�j>XfRUW>X�n>QSVlQSp3`wdUu>T�R>XfpMQSgUg>X\u>W��

g>QSh�`rRUR>QSxiW�`rRUVKW�� pMQSgUg>X\u>WUg>QSh�`rRUR>QSxamfWUVK]�`r}UWUxig9`SmfVlXfV¨n>Q�mfg9`rhKR>XfRUWU�)m
g9`Sm�m�^
`rVKgUWUh�`SX�^%c�^!QKbSc�jUR>Qwp_QSgUg>X\u>WUg>QSh�`rRURUc�^�m\u>]Mj9`SX�^ �l£�VlQSV�g>Xf��]vu>{ �
Vr`rV¨p_`�j>X�mfVKhlXfRUR>Q�QKmfVS`SXfVlm°TimfnUg9`rhlX\dUu>WUhKc�^�dUu>T�hlm�X\s�m�QKQSVKhlXfVlmfVKhK]_�«��W3s
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anticorrelated
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uncorrelated

anticorrelated

correlated

Valley−Pot.
k = 5.0

J 0

=?>A@�B CDB�� �(B � � � �
�
�`����� � � � ����� ��NO������������� �������	� ������ ��� � ��� � �������

��R9`�j>XfRUWUx
0 < k < 1

�/��Qru>{K[�WUx�n>Q���R9`�j>XfRUWU��n>QSVlQSpZn>Qru>]Mj9`SXfVlmoTahig>X	�
��]vu>{�Vr`rVlX�m\u9X\d>]M�w��Xf�zQ �?9 pMQSgUg>X\u>WUg>QSh�`rRUR>QK^ m\u>]_j9`SX+d>W>|�|"]_��W>QSRURUc�x
n>Xfg>XfR>QKmwj9`SmfVKWU}Uc�^�Xfy�d>]ig9`r�fu>WUjURUc�^%W m�Xf�z^�XfRUVS`S^%WknUg>QSW>m s�Qzd>WUV�VlQru>{ �
pMQ¨VlQS�°d/` ��pMQS�°d/`¨n>QSVlXfRU}UW9`vu R9`vs�Q�d>WUVlm°T+h�n>Qru9Qzy�XfRUWUW �'hKc�p3u>�«j>XfR � � ��` �
mfVKWU}9`ad9Qru>y�R9`�QKmfVS`rh�`rVK{lm°T©hanUg>X\d9X\u/`vsqQ�d>R>QS�zQ�m�Xf�z^�XfRUVr`Zn>Q�pUg9`rxUR>Xfx
^�Xfg>X
h�VlXfj>XfRUW>X8hKg>X�^�XfRUW

τ = γ−1 dUu>WUVlX\u>{KR>QKmfVKW�m�QKmfVlQ�T3RUWUT �'hKp3u>�wj>XfR � �
�8u9X\d9QSh�`rVlX\u>{KR>Q��3nUg>QS}>X�m�m�n>Xfg>XfR>QKmz`¨nUg>XfgUc�h�`SXfVlm°T �
��`SQKbKQSg>QSV ��h¨d>gU]M��W3s
m\u>]_j9`rTMs n>Xfg>XfR>QKm"^�Qzy�XfVinUg>QSW>m°s�Q�d>WUVK{ih�u>��bKQKX�hKg>X�^%T �A9¡nUg>X\d9X\u>{KR>QK^
`rRUVKW�� pMQSgUg>X\u>WUg>QSh�`rRUR>QK^ m\u>]_j9`SXaj9`SmfVKWU}9`!mfn>QKm�QKbSR9`�d9QKmfVKWUjU{©m\u9X\d>]M� �
��Xf�zQ��2R>QkQ�d>R>QS�zQZm�Xf�z^�XfRUVr`khkVlXfj>XfRUW>X�d>hK]�s�^�QK^�XfRUVlQShan>Xfg>Xfp3u>�wj>XfRUWUT
τ
�

55R9`�jUWUVlX\u>{KR>QKX ]lmfW3u9XfRUW>X�n>QSVlQSp3`�j9`SmfVKWU}©R9`Sbru>�ed/`SXfVlm°TGhZVlQK^ m\u>] �
j9`SX	�_X�m\u>WiWU�z^�XfRUTUXfVlm°T���R9`rp+n>QSVlXfRU}UW9`vu/`+�

U(x)→ −U(x)
�5W3u>W��ljUVlQ�¤�p��

hKWUh�`vu9XfRUVKR>Q��lX�m\u>W�nUg>QSWU��hlX�mfVKW���`S^�XfRU]
k → k−1 � �2g9`S|"WUpUW�n>QSVlQSp_QSh�n>Q �

p_`r��`rRUc¯R9`¨gUW>m �M������/�� 9�pMQSgUg>X\u>WUg>QSh�`rRUR>QSxZmfWUVK]�`r}UWUW ^�XfRUTUXfVlmoTiVlQru>{KpMQ
R9`rnUg9`rhSu9XfRUW>Xid>hKWUy�XfRUWUT�n>QSVlQSp_QSh �O` Xf�zQk��R9`zj>XfRUW>X+QKmfVS`SXfVlm°TqR>XfWU�z^�XfR��
RUc�^ � 9�m\u>]Mj9`rT_s�R>XfpMQSgUg>X\u>WUg>QSh�`rRUR>QSx�W�`rRUVKW�� pMQSgUg>X\u>WUg>QSh�`rRUR>QSx�}>Xfn>Q �
j>Xfpi`SbKm�Qru>�wVKR>QKX���R9`�j>XfRUW>X�n>QSVlQSp3`���R9`�jUWUVlX\u>{KR>Q¨hlQS��g9`SmfVr`SXfV �D9qn>QKm\u9X\d �
R>X�^ m\u>]Mj9`SXZn>QSVlQSp ]_hlX\u>WUjUWUh�`SXfVlm°T�n>Q�hlX\u>WUjUWUR>X�n>QSjUVKW�R9`�n>QSgMTMd9QSp��
£�VlQ�n>QSp_`r��`rR>QkR9`+gUW>m �2������/+nUgUW

k = 5.0
�5P�gUWUjUWUR>QSx�n>Qzd9QKbSR>QS�zQkn>QShlX	�

d9XfRUWUTaT3hSu>TUXfVlm°Ta|�QSg>^
`�n>QSVlXfRU}UW9`vu/`�� ��QS�od/`�p3`rpanUgUW�QKbSc�jUR>QSx�|�QSg>^�X
n>QSVlXfRU}UW9`vu/`!�

U > 0
�wQKbru/`SmfVKW!n>QKmfVlQzT3RURUces�n3u/`rVlQ��EhaQSVlmf]MVlmfVKhKW>X�hlQS� �

d9Xfx>mfVKhKWUT9����`rn>Qru>R>XfRUc QSVKVS`vu>pUWUh�`r�«��W>^%W¡m�Xf�z^�XfRUVr`S^%W��8VlQ�nUgUW�m�^�XfR>X



��� � ����� � �
	 ��� � �������
�
��2�����������

�
�

n>Qru9Qzy�XfRUWUT n>QSVlXfRU}UW9`vu/`�R9`�QKbSg9`rVKR>QKX��
U < 0

�
¤�VKW�QKbru/`SmfVKW QSpUgU]_y�XfRUc
nUgUWUV�T3��WUh�`r�w��W>^%W�mfW3u/`S^%W��

A2B ��B�� �  � �wN �� /H$)ULON�I � �� $��( ��)UL���(_H/I�LOL�# ����( � � ��( � � �
�� ��� � � � ��%�( ��I�( �� "(_IML �ON�)�� )
�egUW m�QKmfVlQ�T3RUWUT gU¤�VKj>XfV n>QSVlXfRU}UW9`vu/`¡^�Q�y�R>Q¡WURUVlXfgUnUg>XfVKWUg>QSh�`rVK{¬p3`rp
pMQSR>|�WU��]Mg9`r}UWUW�m�QKmfVlQ�T_RUWUx�^�Qru9XfpU]vu>c �rnUg>XfVlXfgUn>Xfh�`r�«��Xfx�pUgU]M�zQShK]_��s3W��
^%WUj>X�mfpU]_�³g>Xz`rpU}UWU��ª

Da ↔ Ds ↔ Dr ↔ Da.
� ���043/34l�

²�u>T¨g>Xz`vu>WU��`r}UWUW�^%WU�f`rRUWUT�^�Q�y�R>Q�d9QSn>Qru>RUWUVlX\u>{KR>QwnUg>X\d>n>Qru9Q�y�WUVK{"hlQS� �
d9Xfx>mfVKhKW>Xqn>Xfg>Xfp3u>�«j>XfRUWUT hKR>Xf[�RUW3s)hKg>X�^�XfRURUces¥hlQS�z^%]_��XfRUWUx ^�Xfy�d>]
d>hK]3^%Tam�QKmfVlQzT3RUWUTU^%W

σ(t) = ±1
m�Qimfg>X\d>RUW>^�hKg>X�^�XfR>X�^

τ
�

9Gj9`SmfVKR>QKmfVKW��_bS]�d9XfV�n>QSp3`r��`rR>Q���jUVlQ�¤z|�|�XfpUV�hlQS�fd9Xfx>mfVKhKWUT�hlQS�z^%]_��X	�
RUWUT�nUgUWUhlQzd>WUVkpZWU�z^�XfR>XfRUWU��hlQ�hKg>X�^�XfRUW�mfp_QSg>QKmfVlXfx�n>Xfg>X\s�Q�d/`�^�Xfy�d>]
g9`r�fu>WUjURUc�^%W�p_QSR>|"WU��]Mg9`r}UWUTU^%W��-P�g>X\d>n>Qru9Qzy�W>^)hKR>QShK{ �/jUVlQ+dUu>T�d>hK]�s
m�QKmfVlQzT3RUWUx

σ
R9`SbKQSg�mfpMQSg>QKmfVlXfx�]vd9QShSu9XfVKhlQSg�TUXfV���`rp_QSRU]!d9Xfx>mfVKhK]_�«��W3s

^
`Sm�m �A�8u9X\d9QSh�`rVlX\u>{KR>Q��3h�nUg>X\d9X\u9X�`vd>W9`Sbl`rVKWUj>X�mfpUWa^�X\dUu9XfRUR>QS�zQ�hlQS�fd9Xfx��
mfVKhKWUT©�

τ →∞ ��g>Xz`rpU}UWUTah+QKbKQSW3s�m\u>]_j9`rT_skd9QKmfVKWU�\`SXfV m�QKmfVlQzT3RUWUT�g9`rh �R>QShlX�mfWUT �rd/`rRUR>QKX�d9XfVr`vu>{KRUc�^�bl`vu/`rR>m�QK^ �39©m�QKmfVlQzT3RUWUW�g9`rhKR>QShlX�mfWUT�pUgU] �
�zQSh�`rTkg>Xz`rpU}UWUTaR>X�W>^�X�XfViQKbS��Xf�zQ�n>QSVlQSp3`��

� d>R9`rpMQ��UX�m\u>Wkmfp_QSg>QKmfVKWkhKc�bSg9`rRUc¥`SmfW>^�^�XfVKgUWUjUR>Q��UVlQ�pUgU]M�zQSh�`rT�g>X	�
`rpU}UWUT�nUg>X\d9mfVS`rhSu>T3XfV�m�QKbKQSx¨nUg>QSVlQSVKWUn�gU¤�VKj>XfVr`��rP�gUW¨mfg>X\d>RUW3s�hKg>X�^�XfR9`vs
n>Xfg>Xfp3u>�wj>XfRUWUT

τ
WUR3d>]_}UWUgU]lXfVlm°T�n>QSVlQSp¨g>Xz`rpU}UWUW��zR9`rnUg9`rhSu9XfRURUc�x�n>Q�j9` �

m�QShlQSxZmfVKg>X\u>p_X � <�`rpZbS]�d9XfV�n>QSp3`r��`rR>Q��9¤�VlQSVipUgU]M�zQShlQSxZn>QSVlQSp�nUgUWUhlQ�d>WUV
p�|�QSg>^%WUg>QSh�`rRUWU�<R>Xfg9`rhKR>QShlX�mfRUcesZmfVKgU]_pUVK]_g����K�32v� � 9¯QSVlmf]MVlmfVKhKW>X�hlQS� �
^%]_��XfRUWUT �

τ → ∞ �>W3u>W��9X�m\u>W�n>Xfg>Xfp3u>�wj>XfRUWUT�nUg>QSW>m s�Qzd>T3VabKX�mfpMQSR>XfjUR>Q
bSc�mfVKg>Q��

τ → 0
�9mfVKgU]_pUVK]Mg9`�W>mfj>Xf��`SXfV � ��`rpUW>^�QKbSg9`r�zQK^��9nUg>X\d>n>Qru/`r�f`SXfV �

m°T �3jUVlQ�gU¤�VKj>XfV�^�Q�y�R>Q�g9`Sm�m�^
`rVKgUWUh�`rVK{ih�p_`zj>X�mfVKhlX�W>mfVlQSjURUWUp_`�|�QSg>^%W��
g>QSh�`rRUWUTaR>Xfg9`rhKR>QShlX�mfRUces�mfVKgU]_pUVK]Mgq���K�31v���UjUVlQ�bS]vd9XfV�n>QSp_`r��`rR>Q�d/`vu9X�X �
� � � � 9H"#�I �@N �wN���I�����NOI �OI�)
� ��NON¬N ��%�( ��I�( �� $(3I�L ��N�)��eB P�]lmfVK{
h�pUgU]M�zQShK]_� g>Xz`rpU}UWU��bS]�d9XfV�hKp3u>�wj>XfR>Q�Xf��X Q�d>R>Q�WUR>XfgUVKR>QKX�s3W>^%WUj>X	�
mfpMQKXZnUg>XfnUT3VlmfVKhKW>X

S
�
Da mfn>QKm�QKbSR>Q!g>Xz`r��WUg>QSh�`rVK{©R9`�nUg>XfnUT3VlmfVKhKW>X S �|�QSg>^%WUgU]KTkp_QK^%n3u9XfpMm
Ds �>pMQS�°d/`�nUg>XfnUT3VlmfVKhKW>X�]3bSg9`rR>Q�m�n>QShlXfgls3R>QKmfVKW��

Da + S
α+

←→
α−

Ds.
� ���043/K�l�
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α+ QKbKQS��R9`zj9`SXfVZmfp_QSg>QKmfVK{�nUg�TU^�QSx�g>Xz`rpU}UWUW��
α−

�

mfpMQSg>QKmfVK{�QKbSg9`rVKR>QSx
g>Xz`rpU}UWUW��
P�g>X\d>n>Qru/`r�\`SXfVlmoT �/jUVlQim�QShlQSpU]MnUR>QKmfVK{

Ds T3hSu>T3XfVlmoTahKVlQSgUc�^¡m�QKmfVlQ�T�
RUW>X�^¬j9`SmfVKWU}

D
� �
m\u>W�hkVlXfj>XfRUW>X+mfhlQKXf�zQam\u>]_j9`rxUR>QS�zQabru>]My�d/`rRUWUTqm�Q �

hlQSpU]_nUR>QKmfVK{GmfVS`vu>pUWUh�`SXfVlm°T¬m�d>gU]M��W>^ nUg>XfnUT_VlmfVKhKW>X�^
S
�8VlQ�p_QK^%n3u9XfpMm

g9`Smfn9`vd/`SXfVlm°T�R9`ij9`SmfVKWU}U]
D
h+X�X�VKg>XfVK{lX�^¯m�QKmfVlQzT3RUWUW

Dr W�n>QK^�X\s3] S �pMQSVlQSg9`rT�g9`Smfn>Qru/`r�\`SXfVlm°T�h�QSpUg>X�mfVKR>QKmfVKW�hlmfVKg>XfjUR>QS�zQinUg>XfnUT3VlmfVKhKWUT �

Ds + S
β+

←→
β−

Dr + 2S.
� ���043/r¢M�

<�`rp¨W�h�n>XfgUhlQK^Zm\u>]Mj9`SXw� ���043/K�l����¤�VS`�g>Xz`rpU}UWUT¨^�Q�y�XfV"bSc�VK{«QKmf]_��X�mfVKhSu9X	�
R9`�W+h�QKbSg9`rVKR>QK^©R9`rnUg9`rhSu9XfRUWUW��

β+ W β− QKbKQS��R9`zj9`r�«V�m�QKQSVKhlXfVlmfVKhlXfRUR>QmfpMQSg>QKmfVKW�h�nUg�TU^�QK^¡WaQKbSg9`rVKR>QK^�R9`rnUg9`rhSu9XfRUWUT_s �
��`"n>QKm\u9X\d>R>X�^©¤�VS`rn>X�j9`SmfVKWU}Uc �_R9`vs�Q�d>T3��W>X�m°T�h�m�QKmfVlQ�T_RUWUW

Dr ��hlQS� �
hKg9`r��`r�«VlmoTahKR>QShK{�h�m�QKmfVlQzT3RUW>X

Da m�R>XfpMQSVlQSg>QSxZmfp_QSg>QKmfVK{K� γ+ WamfVS` �
R>QShKT3Vlm°T�hKR>QShK{w`rpUVKWUhKRUc�^%W��(��pMQSg>QKmfVK{�m�QKQSVKhlXfVlmfVKhK]M�w��Xfx�QKbSg9`rVKR>QSx�g>X	�
`rpU}UWUWZX�mfVK{

γ−
�

Dr
γ+

←→
γ−

Da.
� ���043/K¦l�

� bS��X�X�jUW>m\u9Q
N
g>Xz`r�zXfRUVlQSh

D
W
M

nUg>XfnUT3VlmfVKhKWUx
S
m�Q�s3g9`rRUTUXfVlm°T �

� bKQS��R9`�j9`rTknUg>QSnUW>mfRUc�^%W�bS]MpUh�`S^%Wkn3u9QSVKR>QKmfVKWkg>Xz`r�zXfRUVlQSh
D
W nUg>XfnUT_V �

mfVKhKWUx
S
�Un>Qru>]_j9`SX�^�m\u9X\d>]_�«��W>X"]_g9`rhKR>XfRUWUT2ª

1

A

∫

A

dA (da + ds + dr) = 1;
1

A

∫

A

dA (s+ ds) = 1 ,
� ���043/3/l�

�°d9X ∫
A

dA
QKbKQS��R9`�j9`SXfV�WURUVlXf��g9`vuin>Q�n>QShlXfgls3R>QKmfVKW

A
W�mf]3^�^
`rgURUc�X�n3u9QSV �

R>QKmfVKWaR>QSg>^%WUgU]_�«VlmoTaR9`
1
�

F�L�I ��L�IMI�H$ � ��I ����(3H/N�I�� ��%�( �OI�(��� $(3I�L �ON�)��eB 9�d/`rRUR>QK^�n>Q�d>g9`r�fd9X	�
u9X�^%c ]MnUg>QKmfVKW>^q��`vd/`�jU]��Mn>Qru9Qzy�WUh

s = const.
P�]lmfVK{

σ(t)
nUg>X\d9mfVr`rhSu>T�

XfVam�QKbKQSx�d>W3s�QSVlQK^%WUj>X�mfpUWUxq^
`rgUp_QShlmfpUWUx�nUg>QS}>X�m�m �@P�g>X\d>n>Qru9Qzy�W>^���jUVlQ
hlm�X�nUg�TU^%c�X�W©QKbSg9`rVKRUc�Xkmfp_QSg>QKmfVKW���`rhKW>m°T3V�QSV�VlXfpU]M��Xfxqg>Xz`vu>WU��`r}UWUW
d>hK]Ms�hlQS�z^�Q�y�RUces���R9`zj>XfRUWUx

σ
�/²�u>T�p_`ry�d9QS�zQk��R9`zj>XfRUWUT

σ
^�Qzy�R>Q���` �

nUW>mz`rVK{iVKgUWkpUWUR>XfVKWUj>X�mfpUW3sZ]Mg9`rhKR>XfRUWUT dUu>TkmfW>mfVlX�^%c¥g>Xz`rpU}UWUW@ª
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ḋa
σ = −(α+

σ s+ γ−σ + 1
τ ) da

σ + α−
σ d

s
σ + γ+

σ d
r
σ + 1

τ d
a
−σ,

ḋs
σ = α+

σ s d
a
σ − (α−

σ + β+
σ s− 1

τ ) ds
σ + β−σ s

2 dr
σ + 1

τ d
s
−σ,

ḋr
σ = γ−σ s d

a
σ + β+

σ s d
s
σ − (β−σ s

2 + γ+
σ + 1

τ ) dr
σ + 1

τ d
r
−σ.

� ���043/��K�

5/d9X�mf{
da,s,r

σ �

n3u9QSVKR>QKmfVKWqdUu>TqVKg>X\sqm�QKmfVlQzT3RUWUx
D
W
ασ, βσ , γσ �

mfp_Q �
g>QKmfVKWadUu>Tk��`vd/`rRUR>QS�zQi��R9`�j>XfRUWUT

σ
�_²�u>Tkp_QSR>mfVr`rRUVKc

s
mfW>mfVlX�^%]�� ���043/��K�

^�Qzy�R>Q�g>Xf[�WUVK{�`rR9`vu>WUVKWUj>X�mfpUW¨h�mfVS`r}UW>QSR9`rgUR>QK^�nUg>X\d9X\u9X8n>QKm\u9X�]_g9`rhKR>X	�
RUWUx�� ���04r¢K¢M��W�� ���04r¢��K�	�MP"QSVlQSp+QSnUg>X\d9X\u>TUXfVlm°T m\u9X\d>]M�w��W>^�hKc�g9`ry�XfRUW>X�^

J =
〈

α+
σ s d

a
σ − α−

σ d
s
σ

〉

=
〈

β+
σ s d

s
σ − β−σ s

2 dr
σ

〉

=
〈

γ+
σ d

r
σ − γ−σ da

σ

〉

,� ���043/31l�
hap_QSVlQSg>QKX�d9Qru>y�RUc�bSc�VK{�hKhlX\d9XfRUc mfVr`r}UW>QSR9`rgURUc�X�n3u9QSVKR>QKmfVKW���` 〈. . .〉QS��R9`�j9`SXfV mf]3^�^%WUg>QSh�`rRUW>X�n>Q

σ
�

P"QSVlQSp
J
n>QSp3`r��`rR�R9`�gUW>m ����������h���`rhKW>mfW>^�QKmfVKW¡QSVZhKg>X�^�XfRUW�n>Xfg>X	�

p3u>�wj>XfRUWUT
τ
dUu>T�VKg>X\s�n3u9QSVKR>QKmfVlXfxqn>QK^�X\s

s
�2§ZQ�y�R>QkhKW3d9XfVK{�p_Qru9QSpMQ �

QKbSg9`r��RU]_� ��`rhKW>mfW>^�QKmfVK{�QSVKR>QKmfWUVlX\u>{KR>Q
τ
�5P"QSVlQSpUW�W>mfj>Xf��`r�«V h m\u>]Mj9`SX

^�X\dUu9XfRURUcesiW�bSc�mfVKgUces�hlQS�fd9Xfx>mfVKhKWUx�� ��`rpUW>^©QKbSg9`r�zQK^��lnUgUWiQSnUVKW>^
`vu>{ �
R>QK^)��R9`zj>XfRUWUW

τ
R9`�s3W>^%WUj>X�mfpU]_� g>Xz`rpU}UWU� QSp3`r��c�h�`SXfVlm°TG^
`rpMmfW>^
`vu>{ �

R>QKXqhlQS�fd9Xfx>mfVKhKW>X©m�Q mfVlQSg>QSRUc hKR>Xf[�RUW3s)hlQS�z^%]_��XfRUWUx�m!}>X\u>{K� nUgUW��
bru>WUy�XfRUWUTip�R>Xfg9`rhKR>QShlX�mfR>QK^%]�m�QKmfVlQ�T3RUWU� �MP�g>QSW>m s�Q�d>WUV�mfVr`r}UW>QSR9`rgURUc�x
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�
�	� � �!MOT���� � �!Q �RN������������
��� � �

� � �����5� ���OM�� ����O������� �������
�
�!Z �������!

τ
���! � ���O	#N����K�������!Q ����� � ����� � � ���J�
�O	

s
W

α+
+1 = β+

+1 = 10
�

α+
−1 = γ+

−1 = 10
W ����T�M���� ���������
� � � V P

α+
σ = 1/α−

σ ; β+
σ =

1/β−
σ ; γ+

σ = 1/γ−
σ = 1/(α+

σ β+
σ )
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R>X�QKbSg9`rVKW>^%c�x�QKbK^�XfR

Da → Ds → Dr → Da.
� ���043/32l�

£�|�|�XfpUVKWUhKR9`rTamfp_QSg>QKmfVK{ig>Xz`rpU}UWUxZnUg>QSn>QSgU}UW>QSR9`vu>{KR9`�n>QSVlQSpU]
J
�

,�)
� � �OI �
I ��I�LOL�) � �lN���(3I ��) � '! � �wN �� 9H")UL�NOI LOI���)UH9L� 9H/I��lL�# �
��( � � ��( � ��B ��`r�zQShlX�^

D
^�Qru9XfpU]vu>c g>Xz`r�zXfRUVr`S^%W��epMQSVlQSgUc�X�^�QS��]_VGm�Q �

hlXfgU[�`rVK{Gd>W>|�|"]_��W>QSRUR>QKX�d>hKWUy�XfRUW>X�R9`!d>hK]_^�XfgUR>QSx¬n3u9QKmfp_QKmfVKW��a�%`Sm	�
m�^
`rVKgUWUh�`rT�g>Xz`r�zXfRUVKc�p_`rp�bSg>QS]_R>QShlmfpUW>Xej9`SmfVKWU}Uc �vW3s¨d>hKWUy�XfRUW>X�^�Qzy�R>Q
QSnUW>mz`rVK{+m�n>QK^�QS��{K�<]Mg9`rhKR>XfRUWUx ¨`rRUy�XfhlXfR9`Z���r¢�� � �r¢>�\�'ª

ẋi =
√

2 ε ξx
i , ẏi =

√
2 ε ξy

i .
� ���04�� �l�

ξx,y
i �

W>mfVlQSjURUWUpUW+�\`�]lm�m�QShlmfp_QS�zQ�bKX\u9QS�zQ�[�]_^
` �
i = 1, . . . , N

QKbKQS��R9`�j9`SXfV
jUW>m\u9QZg>Xz`r�zXfRUVlQSh ��£�VKW©]_g9`rhKR>XfRUWUTq^�Q�d9X\u>WUgU]_�wV�d>W>|�|�]M��W>QSRUR>QKX�d>hKW��
y�XfRUW>X	�v�°d9X

ε
nUg>X\d9mfVS`rhSu>TUXfV�m�QKbKQSx�pMQS¤z|¨|"WU}UW>XfRUV�d>W>|�|�]M��WUW"g>Xz`r�zXfRUVlQSh

D
�3p_QSVlQSgUc�xZh�jUW>m\u9XfRURUcesk¤�p_mfn>XfgUW>^�XfRUVr`vs�|�WUpMmfWUgU]lXfVlm°T

ε = 104 �

9¯VlQ�hKg>X�^%Tap3`rpad>hKWUy�XfRUW>X¨g>Xz`r�zXfRUVlQSh
D
R>XfnUg>XfgUc�hKR>Q+h�nUg>QKmfVKg9`rR��

mfVKhlX	�_n>Qru9Qzy�XfRUWUT�nUg>XfnUT3VlmfVKhKWUx
S
QS��g9`rRUWUj>XfRUc�g>Xf[�XfVKpMQSx��3mfVlQSg>QSR9`�pMQ �

VlQSg>QSx<W>^�X�XfV¬X\d>WURUWUjURU]M� dUu>WURU]
∆L = 1 � g>Xf[�XfVKp3`¡W>^�X�XfV¯g9`r�z^�Xfg

200 × 200
W³n>XfgUW>Qzd>WUj>X�mfpUW>X���g9`rRUWUjURUc�XG]lm\u9QShKWUT �+<�`ry�d/`rT<T_j>XfxUp3`

¤�VlQSx!g>Xf[�XfVKpUWG^�Qzy�XfV�m�Q�d9XfgMy�`rVK{�Qzd>R>Q�W3u>WqRUW!Q�d>R>QS�zQZnUg>XfnUT3VlmfVKhKWUT �
jUVlQ©QS��R9`�j9`SXfV �ejUVlQqnUg>XfnUT3VlmfVKhKWUT¡W>^�Xf�wV©QKb��@X�^�n>Qqg9`r�z^�XfgU]�T3j>XfxUpUW��
��` p3`ry�d9QK^)hKg>X�^�XfRUR>QK^)[�`r�zX�nUg>QShlXfgMT3XfVlmoT ��hkp3`rpU]M� T3j>XfxUpU]�n>QSn9`vu/`
j9`SmfVKWU}9`3ª%m�Q�d9XfgMy�`r��]M��n>QK^�X\s_]!W3u>WqR>XfV � �8m\u>W©j9`SmfVKWU}9`ZR9`vs�Qzd>WUVlm°TGh
T3j>XfxUpMX"m«n>QK^�X\s�QSx��3VlQ�nUg>QSW>m s�Q�d>WUVig>Xz`rpU}UWUT �_RU]_y�d/`r�«��`rTUm°T�h�n>QK^�X\s�X �
9�nUg>QSVKWUhKR>QK^�m\u>]_j9`SXwW>^�X�XfV�^�X�mfVlQ�g>Xz`rpU}UWUT �3p_QSVlQSg9`rT�R>X«RU]_y�d/`SXfVlm°T h
n>QK^�X\s�X �
P"XfgUhlQSR9`�j9`vu>{KR>Q nUg>XfnUT3VlmfVKhKWUT �-Vr`rp�y�X�p_`rp�WZg>Xz`r�zXfRUVKc �/g9`SmfnUg>X\d9X	�

u9XfRUc�R9`�n>QShlXfgls3R>QKmfVKW¬m\u>]Mj9`rxURUc�^ QKbSg9`r�zQK^ m�g9`rhKR>QK^�XfgUR>QSx�hlXfg>Q�T3V �
R>QKmfVK{K� ��P�gUW3u9Q�y�XfRUW>X�n>Xfg>Xfp3u>�wj>XfRUWUx¯hlQ�hKg>X�^�XfRUW�d>W3s�QSVlQK^%WUj>X�mfpMQS�zQ
mfWU��R9`vu/`

σ
nUgUWUhlQzd>WUV�p�hlQS��RUWUpUR>QShlXfRUWU�)¤z|¨|�XfpUVKWUhKR>QS�zQ�nUg�TU^�QS�zQ�n>QSVlQ �

p_`�p_QKQSgld>WUR9`rVKc�g>Xz`rpU}UWUW�� ��W>mfVlX�^
`Zd9X�^�QSR>mfVKgUWUgU]lXfV!nUg>QS}>X�m�m�|�QSg>^%W��
g>QSh�`rRUWUT!p3u/`SmfVlXfg>QSh�nUg>XfnUT3VlmfVKhKWUx

S
hZQSnUg>X\d9X\u9XfRUR>QSx�QKbru/`SmfVKWG��R9`�j>X	�

RUWUx�hKg>X�^�XfRUW�n>Xfg>Xfp3u>�wj>XfRUWUT
τ
�2P"QKm\u9X\d9QSh�`rVlX\u>{KR>QKmfVK{�^�QK^�XfRUVS`vu>{KRUces

mfRUW>^%pMQSh �5nUgUWUhlX\d9XfRUR9`rTZR9`�gUW>m �/������1 �9W3uUu>�wmfVKgUWUgU]lXfV+d/`rRURUc�x�¤z|�|�XfpUV
dUu>T¥��R9`zj>XfRUWUT hKg>X�^�XfRUW<n>Xfg>Xfp3u>�wj>XfRUWUT

τ = 1.25
��P"XfgUhKc�x�mfRUW>^�QSp

�EhlXfgls3R>X�X"u9XfhlQKX¨WU�zQKbSg9`ry�XfRUW>X��«bSceuZm°d9X\u/`rRZmfnU]lmfV�T�hKg>X�^%T
t = 500

�9pMQ �
VlQSg>QKX�m�QKQSVKhlXfVlmfVKhK]lXfV������ ������WUVlXfg9`r}UWUx��rW�QSVKg9`ry�`SXfVwR9`zj9`vu9Q«|¨QSg>^%WUg>Q �
h�`rRUWUT n3u9QSVKRUces QKbru/`SmfVlXfx��,�8u9X\d>]M�w��W>XwWU�zQKbSg9`ry�XfRUWUTaW3uUu>�wmfVKgUWUgU]_�wV
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������� � � �!Y	� V 	 �������A_
�
����W ��� �!T����������� ������������� V � �
��������������� � �����K� �����

τ = 1.25
� � ����� V ��� � ���!_

�
����� ���

�
��N��
� V ��������� ������ �������! � � � ����Q

S
� � ��T�M���� ��� �����
� � � V P

ε = 104 �
�

�
������� � � W

�
�

�
��� ����� ����� � ��� G � �����	 ���\M�� ��������M�� �������

�
�

�
��� � ���K�AT ���������_

�AT(P
t = 500, 1000, 2000, 4000, 8000, 9000

� � ���
t = 9000

��JN����
�
� � � �5������� � ������ V Q

T � � ��Q!����� V Q
�
����� � ���

nUg>QS}>X�m�m�¤�hlQru>�w}UWUW�mfW>mfVlX�^%c¥QSV�R9`vu>WUjUWUTabKQru9X�X�n3u9QSVKRUceskQKbru/`SmfVlXfx�d9Q
QKbSg9`r�zQSh�`rRUWUT¯R>X�mfpMQru>{KpUW3s�p3u/`SmfVlXfg>QSh �epMQSVlQSgUc�x¯��`rp_`rRUjUWUh�`SXfVlmoT)|�QSg��
^%WUg>QSh�`rRUW>X�^ Q�d>R>QS�zQ©X\d>WUR>mfVKhlXfRUR>QS�zQGm�|�XfgUWUj>X�mfpMQS�zQqp3u/`SmfVlXfg9`!mfnU]lmfVvT
hKg>X�^%T

t = 9000
�

�OXf��]�u>{vVr`rVKc jUW>m\u9XfRUR>QS�zQ�^�Qzd9X\u>WUg>QSh�`rRUWUTGdUu>T!g9`r�fu>WUjURUcesGhKg>X�^�XfR
n>Xfg>Xfp3u>�wj>XfRUWUT

τ
d9X�^�QSR>mfVKgUWUgU]_�wV �OjUVlQanUg>QS}>X�m�m�|�QSg>^%WUg>QSh�`rRUWUT!p3u/` �

mfVlXfg>QShwnUg>XfnUT_VlmfVKhKWUx�R9`rW>bKQru9X�X�T3gUpMQ«hKc�g9`ry�XfR�dUu>T¨^
`rp_mfW>^
`vu>{KR>QS�zQ"n>Q �
VlQSp_`

J
nUgUWaR>XfpMQSVlQSg>QK^�QSnUVKW>^
`vu>{KR>QK^¡��R9`zj>XfRUWUWZhKg>X�^�XfRUWZn>Xfg>Xfp3u>�«j>X	�

RUWUT � <wu/`SmfVlXfgUc³R>X"n>QzT3hSu>T3�wVlm°T�h+m\u>]Mj9`SX¨W>mfj>Xf��`r�«��X¨^
`vu>ceskn>QSVlQSpMQSh
nUgUW�QSj>XfRU{wbKQru>{K[�W3s¨W�QSj>XfRU{w^
`vu>ces���R9`�j>XfRUWUT_s�hKg>X�^�XfR�n>Xfg>Xfp3u>�wj>XfRUWUT
τ
�

�  "(_IML �ON�)�� # � �� � � ) � ��NOI ��( ��� ��( � ��# B ��`zj9`vu9Q�nUg>QS}>X�m�mf]¯|�QSg��
^%WUg>QSh�`rRUWUT�mfVKgU]_pUVK]Mg�d/`SXfV R>Xfg9`rhKR>QShlX�mfRUc�x�n>QSVlQSp�^�Xfy�d>]�g9`r�fu>WUjURUc
�
^%WZm�QKmfVlQ�T3RUWUT3^%W�g>Xz`r�zXfRUVlQSh

D
�3²�u>Tkd9QSp_`r��`rVlX\u>{lmfVKh�`+d/`rRUR>QS�zQ�|¨`rpUVr` �

g9`Sm�m�^�QSVKgUW>^q]MnUg>QS��XfRURU]M�¬^�Qzd9X\u>{�� ���043/32l���lhKp3u>�wj9`r�w��]_�¡d>W>|¨|"]M��WU� �
²�u>T�d/`rRUR>QSxkmfW>mfVlX�^%c)`rR9`vu>WU��WUgU]lXfVlm°T R9`rnUg9`rhSu9XfRURUc�xkn>QSVlQSp m�nUgMTU^%c
�
^%W�mfp_QSg>QKmfV�TU^%W

α+, β+, γ+ ∝ J(τ)
Wam"W>mfj>Xf��`r�w��X¨^
`vu>c�^%WZQKbSg9`rVKRUc
�

^%W�mfpMQSg>QKmfVvT3^%W
α− = β− = γ− = 0

�9²�QKbl`rhSu9XfRUW>X�d>W>|�|"]_��WUWZg>Xz`r�zXfR��
VlQSh

D
WknUg>XfnUT_VlmfVKhKWUx

S
d/`SXfV
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ḋa = γ+ dr − α+s da + ε∆da , ḋs = α+s da − β+s ds + ε∆ds,

ḋr = β+s ds − γ+ dr + ε∆dr , ṡ = β+s ds − α+s da + ε0ε∆s,� ���04��_���
�°d9X

ε0 � 1
X�mfVK{�QSVKR>QS[�XfRUW>X�^�Xfy�d>] mfVlXfn>XfRUTU^%W¬n>Q�d>hKWUy�R>QKmfVKW)g>Xz` �

�zXfRUVlQSh�WanUg>XfnUT3VlmfVKhKWUxG�D^
`vu/`rT�n>Qzd>hKWUy�R>QKmfVK{
S
W>^%WUVKWUgU]lXfV+pMQSR>XfjURUc�x

QKb��@X�^�nUg>XfnUT3VlmfVKhKWUx/�	�
6wg9`rhKR>XfRUWUT�� ���04��_����W>^�Xf�«V�^
`rpMmfW>^%]3^¥VKgUWGQ�d>R>QSg>Qzd>RUcesqg>Xf[�XfRUWUT �

� bSc�jURUc�xk`rR9`vu>WU��]lmfVlQSxUjUWUhlQKmfVKWid9QSp3`r��c�h�`SXfV¨u>W>bKQ¨^�QSR>QKmfVr`SbSW3u>{KR>QKmfVK{
n>Qru9Qzy�WUVlX\u>{KRUces�mfVr`r}UW>QSR9`rgURUcesGg>Xf[�XfRUWUx

sstat > 0
W
da,s,r

stat > 0
��u>W��

bKQ�bSW>mfVS`SbSW3u>{KR>QKmfVK{ m"d9QSn>Qru>RUWUVlX\u>{KRUc�^ ]lmfVlQSxUjUWUhKc�^�m�QKmfVlQzT3RUW>X�^¡nUgUW
sstat = 0

�

6
mfVlQSxUjUWUhlQKX�m�QKmfVlQ�T3RUW>X�mfhlQKbKQ�d>RUces�nUg>XfnUT3VlmfVKhKWUx+m�QSV�u>WUjUR>QSx+QSV"RU] �
u>T�n3u9QSVKR>QKmfVK{K�

sstat 6= 0
^�Q�y�R>Qwd9X�mfVr`SbSW3u>WU��WUg>QSh�`rVK{�m�n>QK^�QS��{K��d>W>| �

|"]_��WUWag>Xz`r�zXfRUVlQSh
D
h+m\u>]Mj9`SX�R>XfRU]�u9XfhlQS�zQin>QSVlQSp_`

J
�_²�Xfx>mfVKhKWUVlX\u>{KR>Q��
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